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Abstract. Moment estimation for stochastic differential equations (SDEs)
is fundamental to the formal reasoning and verification of stochastic dy-
namical systems, yet remains challenging and is rarely available in closed
form. In this paper, we study time-homogeneous SDEs with polynomial
drift and diffusion, and investigate when their moments can be computed
exactly. We formalize the notion of moment-solvable SDEs and propose a
generic symbolic procedure that, for a given monomial, attempts to con-
struct a finite-dimensional linear ordinary differential equation (ODE)
system governing its moment, thereby enabling exact computation. We
introduce a syntactic class of pro-solvable SDEs, characterized by a block-
triangular structure, and prove that all polynomial moments of any pro-
solvable SDE admit such finite ODE representations. This class strictly
generalizes linear SDEs and includes many nonlinear models. Experi-
mental results demonstrate the effectiveness of our approach.
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1 Introduction

Stochastic differential equations (SDEs) are foundational mathematical models
for describing the evolution of stochastic systems across a wide range of fields,
from physics and biology [21] to finance [3] and engineering [12]. Moments, de-
fined as expectations of monomial functions of the system variables, provide crit-
ical insights into the behavior and stability of the underlying stochastic systems.
Consequently, moment estimation is a central problem in various applications,
including formal verification of stochastic dynamical systems [7,15,2], sensitivity
analysis [1,10], and the derivation of bounds for safety-critical models [23,18].

Despite their importance, exact moment estimation for SDEs remains a
formidable challenge. Since SDEs, even linear ones, are often difficult to solve
in closed form, their moments are correspondingly hard to compute directly. To
the best of our knowledge, existing approaches based on the synthesis of super-
martingales [27] can provide bounds on moments [22], but these methods are
often conservative and rely heavily on the choice of template functions for the
supermartingale, which may require significant manual effort. As illustrated in
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our case study (cf. Sect. 5.1), such approaches may fail to yield tight estimates
for the moments of interest. Currently, there is no general framework for the
exact computation of moments in general SDEs.

In this work, we focus on time-homogeneous SDEs with polynomial drift and
diffusion terms, and seek to systematically characterize when the moments can
be computed exactly. Motivated by advances in the verification of probabilistic
programs [2], we introduce the notion of moment-solvable SDEs, for which every
moment admits an explicit, closed-form solution. Central to our approach is
a symbolic procedure that, given any monomial, attempts to construct a finite-
dimensional linear ODE system governing the moment dynamics. This procedure
iteratively expands the set of coupled moments by applying the infinitesimal
generator of the SDE, and halts if the expansion closes after finitely many steps.

Our main theoretical contribution is the identification of a syntactic class of
SDEs, termed pro-solvable SDEs, which are characterized by a block-triangular
structure in their coefficients. We prove that for all pro-solvable SDEs, the sym-
bolic closure procedure always terminates, ensuring that every moment can be
computed by solving a finite-dimensional linear ODE system. Notably, this class
strictly generalizes the linear SDEs, encompassing a broad array of nonlinear
models encountered in practice.

We demonstrate the practical effectiveness of our approach through experi-
ments on a diverse suite of SDE benchmarks. Our method efficiently computes
exact moments for many linear and nonlinear systems of interest, including
higher-order cases, illustrating its scalability and applicability to the formal anal-
ysis of stochastic systems.

In summary, our main contributions are as follows:

– After the problem formulation (Sect. 2), we introduce the concept of moment-
solvable SDEs and establish a general procedure for constructing finite-
dimensional ODE systems governing the moment dynamics. (Sect. 3)

– We introduce and characterize the class of pro-solvable SDEs, proving that
they are moment-solvable and that all their moments can be computed ex-
actly. Furthermore, we provide a complexity analysis of our method. (Sect. 4)

– We implement our method and conduct experiments to demonstrate the
broad applicability and effectiveness of our approach. (Sect. 5)

Related work. The closest related works are those on prob-solvable loops and
related classes of probabilistic programs in discrete time [2,18], where loop mo-
ments satisfy solvable linear recurrences and can be computed exactly. Our
setting differs in that we consider continuous-time SDEs and build on the in-
finitesimal generator. A second line of work provides structural exact-moment
results for stochastic reaction networks [17] and jump Markov processes [26,4],
where specific network topologies (i.e., feedforward structures) yield closed finite
moment equations. These results, however, are tailored to particular classes of
jump processes [9,25] and do not offer a uniform procedure for general polyno-
mial SDEs. Finally, existing works employ martingales [22,5,11] and semidefinite
relaxations [8,16] to approximate moments and provide bounds used for the ver-
ification and analysis of SDEs and stochastic hybrid systems.
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2 Problem Formulation

Let N, Z, and R denote the sets of natural numbers, integers, and real num-
bers, respectively. Vectors are denoted in bold; for x ∈ Rn, xi refers to its i-th
component. For x = (x1, . . . , xn)

⊤, let α ≜ (α1, . . . , αn) ∈ Nn be a multi-index,
with |α| ≜

∑n
i=1 αi. We use the notation xα ≜ xα1

1 · · ·xαn
n for presenting the

corresponding monomial.

Probability and Moments. Let (Ω,F , P ) be a probability space, where Ω
is the sample space, F ⊆ 2Ω is a σ-algebra, and P : F → [0, 1] is a probability
measure. A random variable X defined on (Ω,F , P ) is an F -measurable function
X : Ω → Rn; its expectation (w.r.t. P ) is denoted by E[X]. Given a multi-index
α = (α1, . . . , αn) ∈ Nn, the α-moment of X is E[Xα] ≜ E[(X(1))α1 · · · (X(n))αn ],
where X(i) denotes the i-th component of X. A (continuous-time) stochastic pro-
cess is a collection of random variables {Xt}t∈T , where unless otherwise noted,
the index set T is the half-line [0,∞).

Stochastic Differential Equations (SDEs). We consider a class of stochastic
dynamical systems governed by time-homogeneous stochastic differential equa-
tions (SDEs) of the form

dXt = b(Xt) dt+ σ(Xt) dWt, t ≥ 0, (1)

where {Xt} is an n-dimensional continuous-time stochastic process, {Wt} is an
m-dimensional Wiener process (standard Brownian motion), b : Rn → Rn is a
vector-valued polynomial drift coefficient modeling the deterministic part of the
dynamics, and σ : Rn → Rn×m is a matrix-valued polynomial diffusion coefficient
encoding the system’s coupling to Gaussian white noise dWt.

Under standard regularity and growth conditions [19, Chap. 5.2], given an
initial state (random variable)X0, the SDE (1) admits a unique solutionXt(ω) =
X(t, ω) : [0,∞)×Ω → Rn that satisfies the stochastic integral equation

Xt = X0 +

∫ t

0

b(Xs) ds+

∫ t

0

σ(Xs) dWs.

The solution process {Xt} of (1) is also called an (Itô) diffusion process, and

may be denoted X0,X0

t (or simply XX0
t ) to indicate the initial condition X0 at

time t = 0. In the special case where σ ≡ 0, the SDE reduces to an ordinary
differential equation (ODE), recovering the classical deterministic setting.

The exact moment estimation (EME) problem of SDEs studied in this paper
reads as follows:

EME Problem. Let {Xt}t≥0 denote the solution of SDE (1). Our objective
is to compute the α-moment of the random variable Xt, that is,

mα(t) ≜ E[Xα
t ] = E

[(
X

(1)
t

)α1 · · ·
(
X

(n)
t

)αn
]

for any given multi-index α = (α1, . . . , αn) ∈ Nn and any t ≥ 0.
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3 Reduction of EME Problem to ODE Solving

In this section, we formalize the concept of moment-solvable SDEs, which pre-
cisely delineates those systems for which the exact moment estimation prob-
lem admits an explicit solution. We then present a generic symbolic procedure
that, given a target monomial, systematically attempts to construct a finite-
dimensional linear ODE system governing the evolution of its moment, thus
enabling exact computation of the desired expectation.

Definition 1 (Moment-solvable SDE). Given a multi-index α ∈ Nn, we say
that the SDE (1) is moment-solvable for α if there exists an explicit function
hα : [0,∞) → R such that

mα(t) = E[Xα
t ] = hα(t) for all t ≥ 0.

If this property holds for all multi-indices α, then the SDE is moment-solvable.

Clearly, solving the EME problem for a multi-index α is equivalent to estab-
lishing that the SDE is moment-solvable for α. In practice, obtaining explicit
formulas for moments is highly nontrivial. First, closed-form solutions for non-
linear SDEs are generally unavailable. Second, even when a stochastic repre-
sentation of the solution is known, the evaluation of E[Xα

t ] typically involves
high-dimensional integrals that do not admit simple analytical expressions.

To circumvent these challenges, rather than attempting to compute E[Xα
t ]

directly, we instead consider the time evolution of moments. By deriving dif-
ferential equations for moments using the infinitesimal generator, we seek to
construct a closed, finite-dimensional linear ODE system for the evolution of a
suitable collection of moments. This approach is grounded in Dynkin’s formula,
which serves as the stochastic analogue of the Newton–Leibniz rule and connects
the dynamics of the process to the evolution of expected values.

Theorem 1 (Dynkin’s formula [19]). Let {Xt}t≥0 be the solution of (1). If
f ∈ C2(Rn) has compact support, then for all t ≥ 0,

d

dt
E[f(Xt)] = E[(Af)(Xt)],

where A is the infinitesimal generator of (1) given by

Af(x) =

n∑
i=1

bi(x)
∂f

∂xi
(x) +

1

2

n∑
i,j=1

(σσ⊤)ij(x)
∂2f

∂xi∂xj
(x).

Since both the drift vector b(x) and the diffusion matrix σ(x) are polynomial,
applying Dynkin’s formula to the test function f(x) = xα yields

d

dt
mα(t) = E[A(xα)|x = Xt] [Suppose A(xα) =

∑
γ

aαγx
γ + cα ]

= E

[∑
γ

aαγX
γ
t

]
+ cα =

∑
γ

aαγE[Xγ
t ] + cα =

∑
γ

aαγmγ(t) + cα (2)
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Algorithm 1 Construction of a finite moment system for a given multi-index α

Require: Drift b, diffusion σ, generator A of (1), initial multi-index α
Ensure: multi-index set S which entails a closed linear ODE of moments if terminates.
1: S ← {α} ▷ set of multi-indices (monomials)
2: P ← {α} ▷ set of unprocessed multi-indices
3: while P ̸= ∅ do
4: Select and remove some β ∈ P
5: Compute the generator action on the monomial xβ : Axβ =

∑
γ aβγ x

γ + cβ
6: for all γ such that aβγ ̸= 0 do
7: if γ /∈ S then
8: S ← S ∪ {γ}
9: P ← P ∪ {γ}
10: Let S = {α, β1, . . . , βk} be the final set of indices.

11: Form the moment vector m(t)←
(
E[Xα

t ],E[Xβ1
t ], . . . ,E[Xβk

t ]
)⊤

.

12: Use Thm. 1 to obtain the closed linear ODE system
d

dt
m(t) = Am(t) + c.

This procedure reveals that the dynamics of any single moment are coupled
to the dynamics of other moments. We can systematically uncover the full set
of coupled moments by starting with our initial moment mα and recursively
applying the generator A to any new monomials that appear on the right-hand
side of Eq. (2).

We formalize this process by constructing a set of monomials that is closed
under the action of A, as described in Alg. 1 (the moment closure algorithm).
The key steps are summarized as follows:

1. Initialization. Initialize the set of monomials S := {xα}.
2. Closure construction. While there exists a monomial xβ ∈ S that has not

yet been processed, compute A(xβ) and expand it as a linear combination
of monomials (line 4-5 in Alg. 1):

Axβ =
∑
γ

aβγ x
γ + cβ .

For each new monomial xγ appearing on the right-hand side that is not
already in S, add xγ to S. Mark xβ as processed. (line 6-9 in Alg. 1)

3. Exact moment calculation. If this procedure terminates after finitely
many steps, we obtain a finite multi-index set S = {α, β1, . . . , βk}. In this

case, defining the moment vector m(t) ≜
(
E[Xα

t ],E[X
β1

t ], . . . ,E[Xβk
t ]

)⊤
,

Dynkin’s formula yields a closed linear ODE system

d

dt
m(t) = Am(t) + c , (3)

where the matrix A and the vector c collects the coefficients from the gen-
erator expansions.
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If Alg. 1 terminates, the resulting finite-dimensional ODE system yields ex-
plicit expressions for all moments in the set S, and in particular for the target
moment E[Xα

t ]. Consequently, whenever the closure procedure terminates, the
SDE is moment-solvable for α. We formalize it as the following theorem.

Theorem 2 (Explicit moment computation). If Alg. 1 terminates, then
SDE (1) is moment-solvable for α. In particular, the moment vector m(t) can
be explicitly expressed as(

E[Xα
t ],E[X

β1

t ], . . . ,E[Xβk
t ]

)⊤
= m(t) = eAtm(0) +

∫ t

0

eA(t−s) c ds. (4)

where m(0) =
(
E[Xα

0 ], E[X
β1

0 ], . . . , E[Xβk

0 ]
)⊤

is determined by the initial distri-
bution, and the target moment E[Xα

t ] is given by the first component of m(t).

Proof. Since Alg. 1 terminates, we obtain a linear ODE system Eq. (3) for m(t),
whose solution is given explicitly by Eq. (4). This completes the proof. ⊓⊔

Remark 1. The matrix exponential and integral appearing on the right-hand
side of (4) can typically be evaluated in closed form using standard symbolic
computation tools (e.g., Mathematica), making the explicit computation of
m(t) readily achievable in practice.

Depending on the specific moment mα and the structure of the drift and dif-
fusion coefficients, Alg. 1 may either terminate or diverge. The following example
illustrates a nonlinear dynamics for which the closure procedure terminates, re-
sulting in a finite-dimensional moment system.

Example 1 (Chemical process in an Ornstein–Uhlenbeck environment [13]). Con-
sider a chemical system, where Xt models a fluctuating environment and Yt de-
notes the concentration of a chemical species influenced by the environment:dXt = −Xt dt+ dW

(1)
t ,

dYt =
(
−2Yt +Xt +X2

t

)
dt+Xt dW

(2)
t ,

(5)

Suppose the initial state is (X0, Y0) = (0, 0). We seek to compute the second
moment of Yt, i.e., m(0,2) = E[Y 2

t ]. Applying Alg. 1, we obtain a closed 8-
dimensional linear ODE system for the collection of moments

m(0,2), m(2,1), m(2,0), m(1,1), m(4,0), m(3,0), m(0,1), m(1,0)

where m(i,j) ≜ E[Xi
tY

j
t ]. Solving this system (see Appendix A for the explicit

ODE system), we obtain an explicit formula for the second moment:

E
[
Y 2
t

]
=

1

3
+

2

3
e−3t +

(
− t

4
− 11

8

)
e−2t +

(
3

4
t2 + t+

3

8

)
e−4t . �

The following example illustrates a case in which Alg. 1 does not terminate.

Example 2 (Double-well potential [6]). Consider the bistable Langevin system
describing the dynamics of a particle in a double-well potential,

dXt =
(
aXt −X3

t

)
dt+ σ dWt,
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where a, σ ∈ R are constants. Applying the generator A to the monomial xn

for n ≥ 2, we obtain Axn = −nxn+2 + anxn + σ2

2 n(n − 1)xn−2. Therefore,
starting from xn, each application of the generator introduces a new, higher-
degree monomial xn+2, and recursively, all monomials of the form xn+2k for
k ≥ 0 are generated. As a result, the set S continues to expand indefinitely,
and Alg. 1 does not terminate. �

Combining Thm. 2 with Def. 1, we obtain the following characterization:

Theorem 3. Given an SDE (1), if Alg. 1 terminates for every monomial xα,
then the SDE (1) is moment-solvable; that is, explicit closed-form expressions
can be computed for all moments.

4 A Class of SDEs with Moment-Solvable Property

In this section, we identify a class of SDEs, termed pro-solvable SDEs, for which
Alg. 1 terminates for any monomial xα, thereby ensuring the moment-solvable
property by Thm. 3. The class of pro-solvable SDEs contains both linear SDEs
and certain nonlinear SDEs whose variables exhibit a triangular dependence
structure. We present the definition of pro-solvable SDEs in Sect. 4.1 and prove
Alg. 1 terminates for any pro-solvable SDE and any multi-index α in Sect. 4.2.

4.1 Pro-Solvable SDEs

We begin by formalizing the concept of ordered partition, which serves as a
foundation for introducing the notion of pro-solvable SDEs.

Definition 2 (Ordered partition). We say that non-empty blocks G1, G2, . . . , Gr

form an ordered partition of {1, 2, . . . , n} if

{1, 2, . . . , n} = G1 ⊔ · · · ⊔Gr, Gi ∩Gj = ∅ for any i ̸= j,

and the blocks G1, G2, . . . , Gr are equipped with the natural order G1 ≺ · · · ≺ Gr.
For each p ∈ {1, . . . , r}, let x(p) ≜ (xi)i∈Gp

denote the collection of variables

whose indices belong to block Gp, and x(<p) ≜ (xi)i∈G1∪···∪Gp−1
be the collection

of all variables whose indices belong to the preceding blocks of Gp.

Definition 3 (Pro-solvable SDEs). An SDE (1) is pro-solvable if there
exists an ordered partition G1, G2, . . . , Gr of {1, 2, . . . , n}, such that its drift
b = (b1, . . . , bn) and diffusion matrix σ = (σik)1≤i≤n, 1≤k≤m satisfy the block-
triangular affine structure: for every block Gp, and for all i ∈ Gp, k = 1, . . . ,m,

bi(x) =
∑
j∈Gp

Λijxj +Bi

(
x(<p)

)
, Λij ∈ R, Bi ∈ R[x(<p)], (6)

σik(x) =
∑
j∈Gp

Aikjxj + Pik

(
x(<p)

)
, Aikj ∈ R, Pik ∈ R[x(<p)]. (7)

In particular, each bi and σik is affine-linear in the variables of its own block
x(p), and any nonlinearity depends only on variables from earlier blocks x(<p).
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The block-triangular affine structure in pro-solvable SDEs imposes a natu-
ral hierarchy among the variables: within each block Gp, the drift and diffusion
coefficients are affine-linear functions of the variables in that block, while any
nonlinear dependence is restricted to variables in preceding blocks x(<p). It en-
sures that the moment dynamics associated with variables in higher-indexed
blocks only depend on moments of lower-indexed blocks, and never vice versa.

Example 3. Reconsider the SDE in Exmp. 1, given in Eq. (5). Suppose its drift
and diffusion coefficients are

b(x1, x2) =

(
−x1

−2x2 + x1 + x2
1

)
, σ(x1, x2) =

(
1 0
0 x1

)
.

It is straightforward to verify that SDE (5) is pro-solvable under the ordered
partition G1 = {1}, G2 = {2} with r = 2. �

The class of pro-solvable SDEs subsumes several important subclasses. In par-
ticular, when the ordered partition is taken as (i) r = 1 with G1 = {1, 2, . . . , n},
the pro-solvable SDEs specializes to the well-known class of linear SDEs, in which
both the drift and diffusion coefficients are affine functions of all variables. On
the other hand, when the partition is (ii) r = n with Gi = {i} for 1 ≤ i ≤ n, the
pro-solvable condition reduces to the strictly triangular case, where each variable
may depend nonlinearly only on those variables with strictly smaller indices.

4.2 Pro-solvable SDEs are moment-solvable

In this subsection, we establish that pro-solvable SDEs guarantee termination of
the iterative moment closure procedure described in Alg. 1 (Lines 3–9). That is,
for any monomial xα, Alg. 1 generates only finitely many new moments, thereby
ensuring the moment-solvable property.

Clearly, the termination of Alg. 1 hinges on whether infinitely many new
monomials are added to the set P. The intuitive strategy is to construct a ranking
function over monomials such that, whenever a new monomial xγ arises from
the generator action Axβ , its rank is no greater than that of xβ .

To formalize this idea, we examine in detail how the operator A acts on
pro-solvable SDEs. For such systems, the generator A expands as

A f =

n∑
i=1

bi(x)∂xif +
1

2

n∑
i,j=1

m∑
k=1

σik(x)σjk(x) ∂xi∂xjf

=
n∑

i=1

 ∑
l∈GI(i)

Λilxl +Bi

(
x(<I(i))) ∂xif (8)

+
1

2

n∑
i,j=1

m∑
k=1

 ∑
l∈GI(i)

Aiklxl + Pik

(
x(<I(i))) ∑

l∈GI(j)

Ajklxl + Pjk

(
x(<I(j))) ∂xi∂xjf
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where I(i) denotes the unique block index for which i belongs to GI(i), and ∂xi

is the partial differential operator that maps a function f to ∂f/∂xi. Thus, the
operator A is a linear combination of primitive terms of the form

xγ ∂xi , xγ ∂2
xi
, xγ ∂xi∂xj , (9)

where the monomial xγ arises from the polynomial coefficients of bi and σij .
Depending on how xγ is produced, we distinguish two types of primitive terms.

Definition 4 (Classification of primitive terms in A). Suppose SDE (1)
is pro-solvable with ordered partition G1, G2, . . . , Gr, then the primitive terms in
operator A are classified into

(i) Linear-produced terms: if monomial xγ in primitive term comes entirely
from the affine linear parts

∑
l∈Gp

Λilxl,
∑

l∈Gp
Aiklxl or

∑
l∈Gq

Ajklxl with
no factor from any Bi, Pik or Pjk. A monomial in linear-produced terms is
not necessarily linear, as we allow the product of two affine linear parts.

(ii) Polynomial-produced terms: if monomial xγ in primitive term contains at
least one factor from some Bi(x

(<I(i))), Pik(x
(<I(i))), or Pjk(x

(<I(j))).

For a polynomial-produced primitive term, we define its source block index
as follows. If the monomial xγ contains a factor from Bi or Pik for some i ∈ Gp,
then p is regarded as a candidate source block index. In cases where multiple
candidate source block indices exist (e.g., cross terms involving both Pik and
Pjk), we select the source block index as the larger one (e.g. max{p, q} if i ∈ Gp

and j ∈ Gq in the cross term case). Consequently, every polynomial-produced
primitive term is associated with a unique source block index p ∈ {1, . . . , r}.

Example 4. Continuing Exmp. 3, the generator A corresponding to SDE (5)
simplifies to

A = − x1 ∂x1 +
(
−2x2 + x1 + x2

1

)
∂x2 +

1

2
∂2
x1

+
1

2
x2
1 ∂

2
x2
. (10)

Following the classification in Def. 4, the linear-produced terms are {x1 ∂x1 , x2 ∂x2},
while the polynomial-produced terms are {x1 ∂x2

, x2
1 ∂x2

, ∂2
x1
, x2

1∂
2
x2
}. Moreover,

the corresponding source block indices for the polynomial-produced terms x1 ∂x2
,

x2
1 ∂x2

, ∂2
x1
, and x2

1 ∂
2
x2

are 2, 2, 1, and 2 respectively. �

We proceed to analyze how the exponents change when applying A to a
monomial xβ . To facilitate this analysis, we introduce the notion of the block
exponent sum and block exponent difference.

Definition 5. Given the notations above, let β be a multi-index with xβ =∏n
i=1 x

βi

i . For each block Gp, the block exponent sum is defined as

sp(β) ≜
∑
i∈Gp

βi, for p = 1, . . . , r.

Moreover, for any two multi-indices β and β′, the block exponent difference is
defined by ∆sp(β, β

′) ≜ sp(β
′)− sp(β) for 1 ≤ p ≤ r.
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Now, given a monomial xβ , let xβ′
be any monomial that appears in the

expansion of Axβ . According to Eq. (8), there must exist a unique primitive
term T of the form xγ ∂xi , x

γ ∂2
xi
, or xγ ∂xi∂xj such that Txβ = cxβ′

for some
constant c. The following result shows that the change in exponents is bounded,
and this bound is independent of the specific monomials xβ and xβ′

.

Lemma 1 (Bound on exponent change). Given a monomial xβ, let xβ′

be any monomial that appears in the expansion of Axβ. Suppose xβ′
is produced

by a primitive term T (i.e., T is of the form given in Eq. (9), and Txβ = cxβ′

for some constant c). Then the following properties hold:

– If T is a linear-produced term, then ∆sq(β, β
′) ≤ 0 for all q = 1, . . . , r.

– If T is a polynomial-produced term with source block index p, then
(1) ∆sp(β, β

′) ≤ −1;
(2) ∆sq(β, β

′) = 0 for all q > p;
(3) For each q < p, there exists a constant Cp,q ∈ N (independent of β and

β′, depending only on q and on the degrees of Bi and Pik for all i in
G1 ∪ · · · ∪Gp) such that 0 ≤ ∆sq(β, β

′) ≤ Cp,q.

Proof. The proof proceeds by a case-by-case analysis of the primitive term T .
Case 1: T is a linear-produced term. Suppose T is a linear-produced term,

then T can only take the form in either xl ∂xi for some i, l ∈ Gp or xlxl′ ∂xi∂xj

for some i, l ∈ Gp and j, l′ ∈ Gp′ . A direct calculation shows that ∆sq ≤ 0 for all
q = 1, . . . , r. Indeed, each derivative ∂xi

reduces the exponent of some xi in its
block by 1, and the linear coefficient can reintroduce at most as many variables
in that block as there are derivatives; hence the total exponent in each block
never increases under linear-produced terms.

Case 2: T is a polynomial-produced term. Suppose T is a polynomial-produced
term with source block index p. By Eq. (8) and definition of the source block
index, T always contains at least one derivative with respect to some xi in block
Gp, and T can only take the form in the following three cases:

∗ xγ∂xi
with xγ a monomial in Bi(x

(<p));

∗ xγ∂2
xi

with xγ a monomial in 2xlPik(x
(<p)) or

(
Pik(x

(<p))
)2

for some k and
some l ∈ Gp;

∗ xγ∂xi
∂xj

with xγ a monomial in Pik(x
(<p))Pjk(x

(<u)) for some k, and for
some j ̸= i with j ∈ Gu and u ≤ p.

In either case, we can directly check that:

(1) ∆sp ≤ −1, i.e. the total exponent in the source block Gp strictly decreases;
(2) ∆sq = 0 for all q > p, i.e. no later block is affected;
(3) For each q < p, there exists a constant Cp,q ∈ N (depending only on q and on

the degrees of Bi and Pik for all i in G1∪· · ·∪Gp) such that 0 ≤ ∆sq ≤ Cp,q.

Intuitively, the above result implies each application of a polynomial-produced
term from block p differentiates at least once in some variable of Gp, thus re-
ducing sp by one or two, while the coefficient can at most reintroduce at most
one variable from Gp and some bounded amount of variables from earlier blocks
G1, . . . , Gp−1. Combining both cases, we obtain the desired result. ⊓⊔
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At the beginning of this subsection, we mention that our strategy is to con-
struct a ranking function over monomials to prove the termination of Alg. 1.
Now, we introduce the following weighted block degree serving as a ranking
function, such that its value over a newly added monomial does not increase.

Definition 6. Given the notations above, the weighted block degree for a mono-
mial is defined as

degW (xβ) ≜
r∑

p=1

Wp sp(β),

where the block weights W1, . . . ,Wr are chosen as follows: set W1 ≜ 1, and for
each p = 2, . . . , r, choose Wp inductively by

Wp >
∑
q<p

Cp,q Wq.

The following lemma shows that the weighted block degree is indeed non-
increasing. Intuitively, by Lem. 1, no new higher-degree monomials are created
within the same block. Any additional complexity can only arise from depen-
dencies on variables in earlier blocks, whose closure is handled inductively. This
behavior is precisely captured by the choice of block weights in Def. 6.

Lemma 2 (Non-increase of weighted block degree). Given a monomial
xβ, let xβ′

be any monomial that appears in the expansion of Axβ, then

degW (xβ′
)− degW (xβ) ≤ 0 .

Proof. Given the notations above, suppose T is a polynomial-produced term
with source block p, then by Lem. 1

degW (xβ′
)− degW (xβ) =

r∑
q=1

Wq ∆sq ≤ Wp ∗ (−1) +
∑
q<p

WqCp,q < 0.

Therefore, any genuinely new monomial produced by a polynomial-produced
term strictly decreases the weighted block degree. On the other hand, If T is a
linear-produced term, we have, by Lem. 1

degW (xβ′
)− degW (xβ) =

r∑
q=1

Wq ∆sq ≤ 0,

Hence, the weighted degree is nonincreasing under linear-produced terms. This
completes the proof. ⊓⊔

Consider the directed graph whose vertices are monomials and with an edge
xβ → xβ′

whenever xβ′
appears in Axβ . Starting from xα, any monomial that

appears in some Am(xα) is reachable via a directed path. Along any path of

distinct vertices xβ(0)

= xα → xβ(1) → xβ(2) → · · · , the sequence degW (xβ(k)

)
is non-increasing by Lem. 2. Thus, for every reachable monomial xβ we have

degW (xβ) ≤ degW (xα).
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Since all weights Wp are positive, this implies each block sum sp(β) is bounded:

0 ≤ sp(β) ≤
degW (xα)

Wp
, p = 1, . . . , r.

In particular, each individual exponent is bounded:

0 ≤ βi ≤ sp(β) ≤
degW (xα)

Wp
for all i ∈ Gp, p = 1, . . . , r.

Therefore, the set of all multi-indices β ∈ Nn with degW (xβ) ≤ degW (xα) is
finite, hence only finitely many monomials are reachable from xα. Based on the
above analysis, we present the main result for pro-solvable SDEs as follows.

Theorem 4. If SDE (1) is pro-solvable, then Alg. 1 terminates after finitely
many iterations for any monomial xα, and SDE (1) is moment-solvable.

Proof. By Lem. 2, only finitely many monomials can appear when iteratively
executing lines 3–9 of Alg. 1, starting from any xα. It implies that Alg. 1 termi-
nates for any multi-index α, hence SDE (1) is moment-solvable by Thm. 3. ⊓⊔

Complexity Analysis. The computational complexity of our method for exact
moment estimation arises primarily from two sources: constructing the moment
closure set S in Alg. 1, and solving the resulting linear ODE system (3).

(1) Complexity of closure construction. For a fixed pro-solvable SDE and
initial multi-index α, let Sα denote the finite set of monomials reachable from
xα by Alg. 1. By Lem. 2 and the argument preceding Thm. 4, there exists a
constant C0 (depending only on the SDE) such that for every xβ ∈ Sα,

|β| =

n∑
i=1

βi ≤
r∑

p=1

degW (xα)

Wp
≤ C0|α| .

Hence, Sα is contained within the set of all monomials of total degree at most
C0|α| in n variables, which gives the combinatorial bound

|Sα| ≤
(
n+ C0|α|
C0|α|

)
.

In particular, for fixed dimension n, this yields |Sα| = O
(
(|α|)n

)
, while for

fixed moment order k = |α|, we have |Sα| = O
(
nk

)
. Since Alg. 1 processes

each element of Sα at most once, the time and memory complexity of closure
construction (cf. lines 3 – 9 in Alg. 1) is O(|Sα|). The hidden constants in the
big-O notation depend only on the given SDE, in particular on the degrees and
number of monomials in the polynomial drift and diffusion coefficients.

(2) Complexity of solving the ODE system. According to Eq. (4) in Thm. 2,
solving the resulting ODE system reduces to computing the matrix exponential
eAt where A is a |Sα| dimensional matrix. Using standard algebraic methods
(e.g., Jordan or rational canonical form), this can be done in time polynomial in
|Sα|, with worst-case complexity O(|Sα|3). �
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5 Experiments

To demonstrate the effectiveness and applicability of our EME framework, we
implemented 1 Alg. 1 in Python 3.13, leveraging standard symbolic and numer-
ical linear algebra libraries. Given a polynomial SDE (1) and a target monomial
xα, our prototype automatically constructs the moment-closure set Sα, derives
the corresponding linear ODE system, and computes the desired α-moment.

Benchmarks. We evaluated our method on a suite of SDE benchmarks (details
see Appendix B), encompassing both linear and nonlinear examples in the liter-
ature as well as models with practical relevance. Specifically, we present in detail
two cases: a consensus network with noise [20] and a nonlinear vehicle platoon
system adapted from [14] to illustrate our method and demonstrate its useful-
ness for verification problems. All experiments were performed on a MacBook
Pro with an Apple M4 processor, 16 GB of RAM, and running macOS Sequoia.

5.1 Case studies

Consensus network with noise [20]. This model describes an n+ 1 dimen-
sional multi-agent consensus network (e.g., distributed sensors or robots) with
noisy communication:

dXi(t) =
(
ai − λXi(t) + κ

(
Xi+1(t)− 2Xi(t) +Xi−1(t)

))
dt+ σiXi(t) dW

(i)
t ,

for i = 1, . . . , n+1, with periodic boundary conditions X0(t) = Xn(t), Xn+1(t) =
X1(t). Since this dynamic is linear, it is pro-solvable by Def. 3. Consider the
case n = 2 with parameter values a1 = 0, a2 = 0, λ = 1, κ = 0.5, σ1 = 1,
σ2 = 1, and initial state (1, 0). The verification objective is to ensure that, with
probability at least 1− e−t, the disagreement between the two agents, encoded
by |X1(t)−X2(t)|, remains less than 0.1 for any t ≥ 10, that is,

P (|X1(t)−X2(t)| ≥ 0.1) ≤ e−t for t ≥ 10.

To this end, we compute E[(X1(t)−X2(t))
2]. By explicitly calculating the mo-

ments E[X1(t)
2], E[X1(t)X2(t)], and E[X2

2 (t)], we obtain

E[(X1(t)−X2(t))
2] =

(17− 3
√
17)e

(
√

17−7)t
2 + (17 + 3

√
17)e−

(
√

17+7)t
2

34
.

Consequently, by applying Markov’s inequality, we obtain, for any t ≥ 10,

P (|X1(t)−X2(t)| ≥ 0.1) ≤ E[(X1(t)−X2(t))
2]

0.12
≤ e−t .

This verifies the goal. It is worth noting that, to the best of our knowledge,
this verification problem cannot be solved directly by a martingale-based ap-
proach that seeks a polynomial h(t, x1, x2) satisfying the supermartingale con-
dition to upper bound E[(X1(t) − X2(t))

2]. Specifically, if such a polynomial

1 Available at https://github.com/Shenghua-Feng/Exact Moment Estimation

https://github.com/Shenghua-Feng/Exact_Moment_Estimation
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h existed, we have P (|X1(t) − X2(t)| ≥ 0.1) ≤ 100E[(X1(t) − X2(t))
2] ≤

100E[h(t,X1(t), X2(t))] ≤ 100h(0, x1(0), x2(0)). Since there must exist some
T > 10 such that e−T < 100h(0, x1(0), x2(0)), the standard martingale-based
method cannot certify the property holds for all t ≥ 10. �

Vehicle platoon [14]. We consider a nonlinear system adapted from [14] that
involves two vehicles moving along a straight lane. For each vehicle, denote its
position and velocity by (p1(t), v1(t)) and (p2(t), v2(t)), respectively. The first
vehicle acts as the leader and follows a stochastic acceleration model:

dp1 = v1 dt, dv1 =
(
−a1v1 + u1

)
dt+ σ1 dW

(1)
t ,

where a1 > 0 is a damping coefficient, u1 is a control input (desired acceleration),

and σ1 scales the driving noise W
(1)
t . The second vehicle implements a nonlinear

control law based on both its own velocity and the velocity of the leader:

dp2 = v2 dt, dv2 =
(
−a2v2 + (v1 − 1)2

)
dt+ σ2 dW

(2)
t ,

where a2 and σ2 are parameters. It can be checked that this system is pro-
solvable under the ordered partition G1 = {v1}, G2 = {p1, p2, v2}. Consider the
parameter instantiation a1 = 1, u1 = 1, σ1 = 1, a2 = 1, and σ2 = 1, with initial
state (p1, v1, p2, v2) = (1, 0, 0, 0). Suppose that the verification objective is to
ensure that the expected distance between the vehicles, E[p1(t)− p2(t)], always
remains between 0.5 and 1.5 for all t ≥ 0.

To verify this, we compute the expected values E[p1(t)] and E[p2(t)], yielding

3

4
≤ E

[
p1(t)− p2(t)

]
=

3

4
+

e−t

2
− e−2t

4
≤ 1,

which verifies the desired safety property. �

5.2 Evaluation of effectiveness

Table 1 summarizes the experimental results of our method on a diverse suite of
polynomial SDE benchmarks, which cover a range of system dimensions, poly-
nomial degrees, and moment orders, illustrating the generality of our approach.

Efficiency and scalability. For all pro-solvable SDEs, our method successfully
constructs the finite closures and computes the exact moment for all tested cases.
Closure construction times are consistently short, and the dimension |Sα| scales
polynomially with the moment order and system size (cf. ou-env), consistent
with our theoretical analysis. The subsequent ODE solving is also efficient for
moderate dimensions, with larger |Sα| (e.g., high-order moments in gene) leading
to higher computational cost primarily due to the complexity of matrix exponen-
tiation. Note that developing more efficient symbolic solvers for linear ODEs is
a complementary and orthogonal direction to our work; in our implementation,
we simply rely on off-the-shelf symbolic packages for this step.
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Table 1: Experimental results for exact moment calculation.

SDE System Moment Obtained Closure Sα Solve ODE

Benchmark dim deg p-s xα |α| succ time |Sα| succ time

ou-env [13] 2 2 yes

E[x2
2] 2 ! 0.01s 8 ! 0.2s

E[x3
2] 3 ! 0.02s 15 ! 0.6s

E[x4
2] 4 ! 0.02s 24 ! 1.2s

E[x5
2] 5 ! 0.04s 35 ! 2.8s

E[x10
2 ] 10 ! 0.17s 120 ! 39.4s

gene [24] 5 3 yes
E[x1x5] 2 ! 0.04s 23 ! 3.0s

E[x2
5] 2 ! 0.14s 85 ! 79.6s

E[x1x
2
5] 3 ! 0.17s 115 ! 164.1s

consensus [20] 2 1 yes E[x1x2] 2 ! 0.01s 3 ! 0.2s

vehicles [14] 4 2 yes E[x2
2] 2 ! 0.01s 13 ! 0.5s

oscillator [11] 3 2 yes E[x2x
2
3] 3 ! 0.01s 6 ! 2.3s

coupled3d 3 3 no E[x2
1x

2
2] 4 ! 0.01s 3 ! 0.2s

dim: Dimension of the SDE system; deg: Maximum polynomial degree of drift/diffusion terms in
the SDE; p-s: Whether the SDE is pro-solvable; xα: Target moment to compute; |α|: Degree of the
target moment; succ: Whether a closed linear ODE system was successfully constructed and solved;
time: Time required to obtain the closure Sα (i.e., construct or solve the linear ODE system); |Sα|:
Dimension of the resulting linear ODE system.

Comparison across models. Linear and low-dimensional systems (such as
the consensus and oscillator) exhibit particularly fast closure and solution times.
For nonlinear pro-solvable examples (e.g., ou-env and gene), the closure remains
tractable even for moments of degree up to 10, validating the practical scalability
of our framework. The benchmark coupled3d further shows that our method may
still terminate for certain SDEs that do not satisfy the pro-solvable property;
however, termination is not guaranteed in general.

Overall, the experimental results demonstrate that our approach is effective,
broadly applicable to both linear and a wide class of nonlinear systems, and
scales well in practice for pro-solvable SDEs.

6 Conclusion

We presented a generic symbolic method for exact moment estimation of poly-
nomial SDEs, and identified a broad class of pro-solvable systems in which all
moments can be computed exactly via finite-dimensional linear ODEs. Both
theoretical analysis and experimental results demonstrate its effectiveness and
scalability for a wide range of linear and nonlinear models, paving the way for
moment-based verification and analysis of stochastic dynamical systems. As fu-
ture work, we plan to characterize more subclasses of moment-solvable SDEs.
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A Details for Example 1

In Exmp. 1, we obtain a closed 8-dimensional linear ODE system for the collec-
tion of moments

m(0,2), m(2,1), m(2,0), m(1,1), m(4,0), m(3,0), m(0,1), m(1,0)

where m(i,j) ≜ E[Xi
tY

j
t ]. The corresponding ODE system is

ṁ(0,2)(t) = −4m(0,2)(t) + 2m(2,1)(t) +m(2,0)(t) + 2m(1,1)(t)

ṁ(2,1)(t) = −4m(2,1)(t) +m(4,0)(t) +m(3,0)(t) +m(0,1)(t)

ṁ(2,0)(t) = 1− 2m(2,0)(t)

ṁ(1,1)(t) = m(2,0)(t)− 3m(1,1)(t) +m(3,0)(t)

ṁ(4,0)(t) = 6m(2,0)(t)− 4m(4,0)(t)

ṁ(3,0)(t) = −3m(3,0)(t) + 3m(1,0)(t)

ṁ(0,1)(t) = m(2,0)(t)− 2m(0,1)(t) +m(1,0)(t)

ṁ(1,0)(t) = −m(1,0)(t)

Solving this linear ODE system yields the explicit expression

E
[
Y 2
t

]
= m(0,2)(t) =

1

3
+

2

3
e−3t +

(
− t

4
− 11

8

)
e−2t +

(
3

4
t2 + t+

3

8

)
e−4t .

B Benchmarks

Benchmark 1 (ou-env [13]) The system dynamics is the same as in Exmp. 1:dXt = −Xt dt+ dW
(1)
t ,

dYt =
(
−2Yt +Xt +X2

t

)
dt+Xt dW

(2)
t ,

(11)

with initial state (X0, Y0) = (0, 0). �

Benchmark 2 (gene [24]) The system dynamics is:

dX1,t =
(
−X1,t + 1

)
dt+ 0.5 dW

(1)
t ,

dX2,t =
(
1.2X1,t − 0.8X2,t

)
dt+

(
0.3X1,t + 0.4

)
dW

(2)
t ,

dX3,t =
(
1.0X2,t − 0.7X3,t + 0.2X2

1,t

)
dt+

(
0.5X2,t + 0.1X2

1,t

)
dW

(3)
t ,

dX4,t =
(
0.9X3,t − 0.6X4,t + 0.1X1,tX2,t

)
dt+

(
0.4X3,t + 0.2X2

2,t

)
dW

(4)
t ,

dX5,t =
(
0.8X4,t − 0.5X5,t + 0.15X2

3,t + 0.05X3
1,t

)
dt

+
(
0.3X4,t + 0.1X2

3,t + 0.05X3
1,t

)
dW

(5)
t .

(12)
with initial state Xi,0 = 0 for i = 1, 2, . . . , 5. �
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Benchmark 3 (consensus [20]) The system dynamics correspond to those in
the first case study, namely the consensus network with noise. Under the specific
parameter instantiation considered there, the dynamics are given bydX1,t =

(
−2X1,t +X2,t

)
dt+ X1,t dW

(1)
t ,

dX2,t =
(
X1,t − 2X2,t

)
dt+ X2,t dW

(2)
t .

(13)

with initial state (X1,0, X2,0) = (1, 0). �

Benchmark 4 (vehicles [14]) The system dynamics correspond to those in the
second case study, namely the vehicle platoon. Under the specific parameter in-
stantiation considered there, the dynamics are given by

dp1 = v1 dt,

dv1 =
(
−v1 + 1

)
dt+ dW

(1)
t ,

dp2 = v2 dt,

dv2 =
(
−v2 + (v1 − 1)2

)
dt+ dW

(2)
t .

(14)

with initial state (p1, v1, p2, v2) = (1, 0, 0, 0). �

Benchmark 5 (oscillator [11]) The system dynamics is:
dX1,t = X2,t dt,

dX2,t =
(
−0.3X2,t −X1,t + 0.8X2

3,t

)
dt+ 0.2X2,t dW

(1)
t ,

dX3,t = −X3,t dt+ 0.5 dW
(2)
t ,

(15)

with initial state Xi,0 = 0 for i = 1, 2, 3. �

Benchmark 6 (coupled3d) The system dynamics is:
dX1,t =

(
− 1

2X1,t −X1,tX2,t − 1
2X1,tX

2
2,t

)
dt+X1,t

(
1 +X2,t

)
dW

(1)
t

dX2,t =
(
−X2,t +X3,t

)
dt+ 0.3X3,t dW

(2)
t ,

dX3,t =
(
X2,t −X3,t

)
dt+ 0.3X2,t dW

(3)
t .

(16)

with initial state (X1,0, X2,0, X3,0) = (0, 0, 0). �
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