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ARTICLE INFO ABSTRACT

Keywords: Simulink is widely used in the design of safety-critical embedded systems, including avionics and automotive
Simulink applications. While it offers simulation for model validation, formal verification remains essential to rigorously
Dlscfete ensure system correctness. Existing approaches often translate Simulink diagrams into third-party formal
Continuous . . models, however, the lack of a rigorously defined semantics for Simulink can lead to inconsistencies between
Denotational and operational semantics .. . . . .

Consistency the original diagrams and their translated formal counterparts. In this paper, we present a formal semantic
Isabelle/HOL foundation for a core subset of Simulink by defining both denotational and operational semantics. The

denotational semantics offers a mathematical interpretation of the diagram’s input-output behavior, faithfully
capturing its hierarchical structure. In contrast, the operational semantics specifies the concrete execution of
Simulink diagrams, resolving block execution order, solving continuous dynamics, and coordinating hybrid
discrete-continuous interactions. Both semantics have been fully formalized in Isabelle/HOL, and we have
established their consistency by proving the existence and uniqueness of the timed state trajectories defined by
the denotational semantics. Furthermore, to facilitate application, we developed a translator that automatically
converts Simulink graphical diagrams into their Isabelle representation. Our formal semantics supports the
rigorous analysis of Simulink diagram properties, as demonstrated through a PID control example. The
semantics also establishes a foundation for validating simulation results and ensuring consistency between
Simulink models and other formal models, thus enabling sound verification.

for original Simulink diagrams. Establishing such consistency requires
precise formal semantics for Simulink. Current efforts either restrict

1. Introduction

Simulink has been widely used in model-driven design of embedded
systems, particularly in safety-critical domains such as avionics and au-
tomotive systems. It provides efficient simulation for model validation,
however, simulation-based analysis remains inherently incomplete as
it can only examine a finite set of scenarios. In contrast, formal veri-
fication checks properties against all possible inputs, making it indis-
pensable for safety-critical applications. The commercial tool Simulink
Design Verifier (SLDV) enables property verification but is limited to
discrete-time systems. Crucially, its lack of formal semantics for both
models and properties may yield unsound results, as demonstrated
by the bugs and conflicting verification results in [1]. In academia,
an alternative approach translates Simulink diagrams into third-party
formal models for verification [2-4]. However, most existing work fail
to preserve semantic consistency between the original diagram and its
formal representation, compromising the validity of verification results

Simulink semantics to a limited subset of Simulink (e.g., excluding
continuous-time semantics or hierarchical subsystems [5,6]), or lack
machine-checked formalization [7,8].

In this paper, we establish a formal semantic foundation for a
core subset of Simulink, covering both discrete/continuous blocks,
hierarchical subsystems, and their composition. We begin by defining
a denotational semantics for Simulink diagrams, which provides a
mathematical interpretation of the diagrams as sets of timed states
that record the evolution of all variables with respect to time. The
denotational semantics preserves the graphical hierarchy of Simulink
diagrams, and captures the input—output relationships of blocks. We
then define an operational semantics for Simulink diagrams, which
specifies the actual execution of Simulink diagrams, in the form of
timed state transitions. It determines the execution order of blocks by
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sorting them based on data dependencies, solves continuous dynamics
by formulating all integrator blocks as systems of ordinary differ-
ential equations, coordinates hybrid discrete-continuous interactions,
and moreover, enables modular execution by processing subsystems
recursively while preserving their hierarchical structures.

We have formalized both semantics in Isabelle/HOL and further-
more proven their consistency, establishing the existence and unique-
ness of the timed state trajectories defined by the denotational se-
mantics. Specially, the existence theorem states that the concrete timed
states produced by the operational semantics are contained within the
denotational semantics set, while the uniqueness theorem states that
the denotational semantics set contains exactly one unique timed state
for any given inputs. An immediate corollary of these theorems is the
determinism of the operational semantics across all block execution or-
ders that adhere to data dependencies. All above definitions and proofs
related to the two semantics are formalized in Isabelle/HOL. To facili-
tate practical application, we developed a translator that automatically
converts Simulink graphical diagrams into their Isabelle representation.
The proposed semantics then enables the formal analysis of Simulink
diagrams in Isabelle. As a case study, we apply it to formalize a discrete
PID controller and verify a key safety property that the continuous
plant converges to the setpoint under the control. Furthermore, the
semantics can be used to prove consistency between Simulink models
and other formal representations, thereby ensuring sound verification;
it also offers a basis for validating numerical simulation results.

This work also constitutes a key component of MARS [9], an in-
tegrated framework for modeling, analyzing and verifying hybrid sys-
tems. The MARS toolchain begins with a graphical model combining
AADL and Simulink/Stateflow, which is then transformed into a formal
HCSP model [10] for verification, and finally, generates C code from
the verified HCSP model. A central challenge is to ensure the correct-
ness of the translation from Simulink/Stateflow to HCSP. In previous
work [11], we formalized the syntax and semantics of Stateflow models
in Isabelle/HOL. As future work, we plan to establish the semantic
consistency between Simulink diagrams and their corresponding HCSP
models by combining the semantics of Simulink developed in this paper
with the existing semantics of Stateflow from [11].

After presenting the related work, the remainder of this paper is or-
ganized as follows: Section 2 gives a brief introduction of Simulink. Sec-
tion 3 presents the syntax of Simulink blocks and diagrams. Section 4
and Section 5 present the denotational semantics and the operational
semantics of Simulink respectively. Section 6 proves the consistency be-
tween the two semantics. Section 7 presents the main implementation
issues in Isabelle/HOL and Section 8 illustrates our approach via three
case studies. Section 9 discusses the limitation of our approach and
presents the possible extensions. Section 10 concludes with the future
work.

1.1. Related work

Earlier work focus on defining the semantics of the discrete-time
subset of Simulink [5,6,12-14]. Later work translate Simulink to formal
models for verification. Agrawal et al. [15] translated Simulink dia-
grams to hybrid automata using graph transformation rules. Filipovikj
et al. [16] provided an execution order preserving transformation of
Simulink blocks into UPPAAL for statistical model checking. Chen
et al. [17] applied a Timed Interval Calculus specification language to
complement Simulink with formal verification. Zou et al. [2] proposed
a translation from Simulink to Hybrid CSP and used Hybrid Hoare
logic for verification. Herber et al. [3] proposed a transformation from
Simulink to differential dynamic logic and applied KeYmaera X theorem
prover for verification. Bourke et al. [4] formalized Simulink diagrams
through Zélus [18] for formal analysis, a synchronous language ex-
tending Lustre with ordinary differential equations (ODEs). While these
approaches account for both discrete and continuous blocks, they give
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an indirect characterization of Simulink through the semantics of trans-
lated formal models, for which the correctness of the translation process
is difficult to verify and furthermore the applicability is constrained
to the target formalism. Our approach avoids this because it provides
a direct formal semantics for Simulink diagrams, without translation
to an intermediate formalism. The denotational semantics precisely
defines constraints on system states, while the operational semantics
defines state transitions. Both are defined directly over the diagrams
rather than rely on other translations.

Bouissou et al. [19] present an operational semantics for the simula-
tion engine of Simulink by formalizing continuous and discrete blocks
with numerical semantics. In contrast to their approach, our semantics
provides an exact solution of continuous dynamics independent of
any specific simulation algorithms, which avoids numerical errors and
preserves analytical properties of continuous systems that may be lost
during numerical discretization. We also plan to formalize a numerical
semantics which can provide a bound for difference of operational
semantics with itself in Isabelle/HOL. Xu et al. [20] formalize a deno-
tational semantics for hierarchical Simulink diagrams using the hybrid
Unifying Theories of Programming (UTP) and prove its determinacy.
Their determinacy result aligns with our theorems concerning the
existence and uniqueness of our denotational semantics, both requiring
the loop-free condition and the Lipschitz condition for the underlying
ODEs. The difference is that, their determinacy is proved via induction
on an ordering of signal updates derived from input-output relations,
a notion weaker than our refined data dependency, whereas our ap-
proach constructs an executable operational semantics and furthermore
all proofs are mechanized. Liu et al. [7,8] proposed a contract-based
semantics for Simulink diagrams based on a set of contract composition
operators and a verification framework via refinement calculus. How-
ever, neither of them provides machine-checked formalization of their
semantics, which given the inherent complexity of Simulink’s behavior,
is essential for the well-definedness and consistency of the semantic
definitions.

Dragomir et al. [21-25] defined the execution semantics of Simulink
hierarchical block diagrams via the series, parallel and feedback op-
erators in Refinement Calculus of Reactive Systems (RCRS). This line
of work is most closely related to ours. They define a fine-grained
input-output dependency relation which, for Simulink blocks, coincides
with our refined notion of data dependency between blocks. Their
approach also disallows instantaneous dependency loops. Based on the
dependency relation, blocks are first sorted, then the parallel and series
composition operators are applied accordingly, with a final decision
on whether to apply feedback composition based on the existence of
(non-instantaneous) cycles. It is noteworthy that their parallel operator
implicitly permits all valid execution permutations, which aligns with
the role of deep permutation in our semantics. Consequently, as demon-
strated in their work [24], the determinacy of the semantics is formally
proven in Isabelle/HOL. However, RCRS only addresses the discrete
case in essence as the ODEs of continuous blocks are approximated by
fixed-step Euler assignments.

2. An overview of simulink

In Simulink [26], blocks serve as the basic units for constructing
Simulink models and can be connected to form block diagrams. Blocks
can also be grouped into subsystems, which may recursively contain
subsystems inside to form a hierarchical structure. A Simulink diagram
is thus composed of connected blocks and subsystems. Fig. 1 models a
continuous physical system and its corresponding PID controller, which
form a closed-loop system. In the diagram, the continuous plant is
modeled as an inherently unstable first-order system, where the Integ
block is driven by positive feedback from Sum1. To stabilize this, the
Discrete pid subsystem functions as a feedback controller that computes
a correction signal ¢ based on the error e—the difference between the
constant setpoint and the plant’s sampled output. Within this discrete
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Fig. 1. A Simulink diagram of a discrete PID control example.

controller, the Unit Delay block UD1 serves as a differentiator by
holding the previous value to estimate the rate of change, while the
feedback loop between Sum2 and UD2 acts as a discrete integrator
that sums past errors. These derivative and integral components are
combined with the proportional error and scaled by Kd to generate the
control signal, which adjusts the plant’s input dynamics to counteract
the instability and force the system state b to converge to the target
setpoint. We will use this example as a running case study throughout
this paper.

Blocks, subsystems and diagrams A block has inputs and outputs,
as well as internal states. Its dynamic behavior is governed by two
functions: an output function that calculates the outputs and a state
update function that computes the next state values, both using current
inputs and the previous states. The sample time of a block defines
how frequently the computation of outputs and states is performed.
Based on sample times, blocks are categorized into two types: discrete
blocks for st>0, that execute only at the integer multiples k-s¢ for
k € N; and continuous blocks for st=0, that execute continuously over
time. In Fig. 1, the discrete Unit Delay block UD1 delays the input
with one time step, composing a differentiator in PID module, while
the continuous integrator block Integ representing ordinary differential
equations (ODE) models the evolution of a positive feedback system.
Non-integrator blocks may also be configured as continuous (termed
calculational blocks), e.g. the Sum1 block in Fig. 1. A calculational block
refers to a stateless continuous block whose output at any time instant
is the result of applying a mathematical function to its inputs. Blocks
in the categories listed in Table 1, such as Math Operations, Logical
Operators, Relational Operators, Signal Routing, and Discontinuities,
are all calculational blocks.

Blocks are connected through signals, which are represented as
variables and interpreted as mappings from time to values, called timed
state in our semantics. If a connection exists from block A to block
B, and B depends on the outputs of A, then A must execute before
B. When the data dependency relations form a loop, the behavior
of the diagram becomes ill-defined. Blocks such as Unit Delay and
Integrator can break the mutual dependency in loops, as their outputs
are depending on internal states rather than immediate inputs. In Fig.
1, the entire diagram forms a feedback control loop: at the beginning
of each time step, the Discrete pid takes the difference between Const
and Integ, computes the new control signal, and sends it back to Integ
for use in the next time step.

A hybrid discrete-continuous diagram contains both discrete and
continuous blocks, and its time step is determined by the fundamental
sample time, i.e. the greatest common divisor of all the discrete blocks
within the diagram. Throughout the paper, we assume that the fun-
damental sample time is 1, without loss of generality. For diagrams
with non-integer sample times, we show in Section 8.2 how they can
be transformed into equivalent diagrams with an integer fundamental
sample time through time scaling. A subsystem consists of blocks and
may be organized hierarchically, containing other subsystems inside.
We consider three types of subsystems in this paper: atomic subsystems,
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that execute a set of encapsulated blocks as a single unit; enabled and
triggered subsystems, both of which are conditional subsystems and
will execute when the corresponding control signals hold. An atomic
subsystem is illustrated in Fig. 1, whereas examples of enabled and
triggered subsystems are provided in Section 8.2.

Simulink offers a comprehensive library of predefined blocks, cover-
ing a wide range of functionalities for modeling dynamic systems. These
blocks enable users to construct complex models efficiently without
starting from scratch. The syntax and semantics defined in this paper
support a wide subset of Simulink blocks, as presented in Table 1.

3. Syntax of simulink blocks and diagrams

In this section, we will define the formal syntax of Simulink blocks
and diagrams. All definitions and proofs given in this paper have
been formalized in Isabelle/HOL, but for ease of understanding, we
write them in usual mathematical notations. The syntax for Simulink
diagrams, blocks and subsystems is defined in Box I.

The syntax definition uses boldface to represent sequences. A se-
quence may be an empty sequence e or recursively a concatenation of
an element a with a sequence of elements a, denoted « - a. A Simulink
diagram is formally defined as a sequence of blocks, denoted by B.
These blocks fall into three categories: discrete blocks d B, continuous
blocks ¢ B, and subsystems Sub.

A discrete block is represented as a tuple (i, 0, s, sy, st, di, f, g), where:
i, o and s denote the input, output, and state variables of the block,
respectively, s, specifies the initial values for states, sz is the sample
time, di is a sequence of Boolean values indicating whether the corre-
sponding input is instantaneously required by the outputs, f and g two
sequences of functions that map states and inputs to the outputs and up-
dated states, respectively. Take the Unit Delay block UD1 in Fig. 1 as an
example, which has input e, output i, state variable k, initial state 1 and
sample time 1, and is formally defined as (e, i, k, 1, 1,0, As.Ai.s, As.Ai.i).
In this case, the input is not instantaneously required by the output. As
specified by the functions, the output takes the value of the previous
state k, while the state is updated to the current input value e.

Continuous blocks comprise calculational blocks and integrators.
Both are formally defined by a tuple of the form (i, 0, s, f, isC), where
i and o denote the input and output variables, respectively, consistent
with their definitions for discrete blocks, s, specifies the initial values
of the states, f is a sequence of functions defining the output behavior,
and isC is a Boolean value indicating whether the block is calculational.
If isC is true, the block is calculational and stateless. In this case, s, is
disregarded, and f is a sequence of functions that map inputs directly
to outputs. If isC is false, the block is an integrator: its outputs coincide
with its states, s, gives their initial values, and f defines functions that
map the inputs to the derivatives of the outputs. For example, the
calculational block Sum1 in Fig. 1, with inputs ¢ and b and output q,
implements the equation a = ¢ + b, and is therefore defined by the
tuple: (c- b,a,—, A iy. i| +i,, 1); the Integrator block Integ has input a,
output b, and initial value 0.5. It implements the ordinary differential
equation b = a via the function Ai. i. It is correspondingly defined as:
(a,b,0.5, Ai. i,0). Note that the output a of Sum1 is connected to the
input of Integ, which is also denoted by « in this context.

A subsystem block is represented as a tuple (i, 0,B, sz, Sty), where
i and o are defined as above, B the sequence of blocks contained
within the subsystem, st the subsystem’s sample time, which is equal
to the greatest common divisor of all internal blocks’ sample times,
and Sty the type of the subsystem. Atomic subsystems require no
additional parameters, whereas enabled and triggered subsystems are
parameterized as follows: Enab sre sig, with sig indicating whether it
is enabled to execute and sre indicating whether to reset the states of
the subsystem upon each enabling; Trig 1ty sig, with #zy € N a natural
number representing the trigger type (0 for rising edge, 1 for falling
edge and 2 for either) and sig the variable providing the trigger signal.
Take Discrete pid in Fig. 1 as an example. It is an atomic subsystem



Y. Qi et al

Journal of Systems Architecture 174 (2026) 103724

Table 1

The subset of Simulink blocks supported by our approach.
Category Blocks
Sources Constant, Clock, Sine, Discrete/Continuous Pulse Generator
Continuous Integrator (Limited), State-Space
Discontinuities Saturation, Coulomb and Viscous Friction, Dead Zone
Discrete Discrete PID Controller, Unit Delay

Logical & Bit
Math Operations
Signal Routing
Signal Attributes

Switch, Multiport Switch

Logical Operators, Relational Operators
Add, Bias, Gain, MinMax, Abs, Product, Sqrt, Square, Sign, Sine Wave function

IC (Initial Condition for signals)

Subsystems Atomic/Enabled/Triggered Subsystems
Diagrams Diag := B Blocks B = dB|cB| Sub
Discrete dB = (i,0,s,8p,st,di,f,g) Continuous c¢B := (i,0,s)f isC)
Subsystem Sub := (i,0,B,st,Sty) Sty := Atomic | Enab sre sig | Trig tty sig
Functions fsf, : RSIxRil s R gog : RSIxRI SR
Box I.

with input e and output ¢, consisting of the blocks within the blue box,
with sample time 1, thus can be represented as (e, ¢, Sum2 - UD1 - Sub2 -
UD2 - Kd - Add, 1, Atomic).

A Simulink diagram is composed of interconnected blocks and
subsystems, where the connections between them are reflected by their
inputs and outputs. Specifically, if the output of one block serves as
the input of another, these blocks are considered connected. Thus, it
is natural to represent a Simulink diagram as a sequence of blocks,
capturing both the components and their interconnections.

The syntax of blocks and diagrams defined above must satisfy a set
of well-formedness conditions ensuring that a structure Diag defined
within this syntax corresponds to a valid Simulink diagram. These
conditions are collectively denoted by the predicate wf(Diag). The
conditions include the outputs of blocks should be distinct, the outputs
and states must match the output functions and state functions in length
respectively, etc. In addition to the well-formedness conditions, we im-
pose a syntactic restriction that subsystems contain only discrete blocks.
This design choice ensures modular composability in the semantics: As
continuous integrators must be solved collectively via a global ODE
system, consistent with Simulink’s solving strategy, subsystems contain-
ing integrators are therefore required to be flattened before semantic
evaluation. We avoid this unfolding in semantics, instead, the syntax
restriction can be relaxed by pre-flattening any subsystem containing
continuous integrators during the diagram construction phase. With
the proposed syntax, we have represented a wide range of Simulink
blocks, as listed in Table 1.

Discussion of limitations Some Simulink features are not currently
handled in our formalization. These mainly include blocks involving
differentiation (Derivative blocks), zero-crossing, dynamics-dependent
blocks such as variable transport/time delay, dashboard components,
model verification blocks, certain complex subsystem types, messages
and data store memory. Among these, zero-crossing detection has been
separately discussed in Section 9; Model verification blocks serve a
purpose distinct from the modeling of systems, as verification can be
conducted within Isabelle after translation; Derivative blocks are ex-
cluded due to the well-known challenges in guaranteeing well-defined
solutions under general assumptions; Blocks such as dashboard are
primarily related to user interface and visualization, which fall outside
the focus of our behavioral modeling. Importantly, most remaining
features could be incorporated through syntactic and semantic exten-
sions. However, to maintain focus and clarity in presenting our core
contribution, we have limited the scope accordingly.

4. Denotational semantics

The denotational semantics of a Simulink diagram is interpreted
over timed states 2 : Var - R — Val, which assign to each variable
x € Var (including inputs, outputs and state variables of the diagram)
a value over the whole time interval [0, ), i.e. A(x)(f) denotes the
value of variable x at time ¢. Given a time domain 7, the denotational
semantics of a diagram over 7 is defined as the set of all timed
states that satisfy the behavioral constraints of the diagram throughout
T. The structure of 7 reflects the hybrid discrete-continuous nature
of Simulink diagrams. Specifically, since discrete blocks execute at
isolated time instants, their behavior is captured at single points n
(where n € N). In contrast, continuous blocks evolve over intervals
and may also be influenced by discrete events at endpoints. Therefore,
the semantic definition must separately account for both single time
instants n and continuous intervals, such as (n,n + 1) or [n,n + 1], to
accurately model the system’s behavior over each type of domain.

Formally, given a diagram Diag, its denotational semantics over a
time domain 7 is denoted by [[Diag]](;"”’r”), where 7T is either a discrete
time instant » € N, or a continuous interval such as (n,n+1) or [n,n+1].
The denotational semantics of diagrams or blocks over the set 7, U7, is
equal to the intersection of its denotational semantics over 7, and over
7,. Thus, we can compose the denotational semantics over [0, n] from
the denotational semantics over discrete time instants and continuous
intervals. The Boolean flags ena and res indicate whether the diagram is
enabled and whether a state reset is required, respectively. By default,
the top-level diagram executes with ena = True and res = False. These
parameters are updated when execution encounters enabled or trig-
gered subsystems within Diag, as presented in Fig. 2, which provides
the full denotational semantics for Simulink blocks and diagrams.
Discrete blocks The denotational semantics of a discrete block dB
is defined by [[dB]](Te"“‘r”). The two parameters ena and res denoting
whether d B is enabled and whether a state reset is needed, are essential
as the behavior of a discrete block may be affected when it resides
within an enabled or triggered subsystem. In the semantics, let f, and
g, denote the functions of d B corresponding to the output o and state
s, respectively; and define preS(d B, h,t,res) to return the state values
prior to update at time ¢, depending on the reset signal res,

preS(dB, h,t,res)=(t=0Vres)?s, . hs)(—1)

which equals to the initial values of the states at time O or when a
reset is signaled, otherwise the state values from the previous time
step. Notice that an external reset signal may occur at any time,
potentially altering the state values before the next sampling instant.
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hG[[dB]]glem’Tes) iff Let s’ = preS(dB, h,n, res) in
if (stjn A ena)
Vo € i.h(0)(n) = £,(s') (h(i)(n))A
then ( Vs € s.h(s)(n) = g,(s') (h(D)(n) )
olse ( Vo € 0.h(0)(n) =(n=0) 7 0: h(o)(n —1) >
AVs € s.h(s)(n) = s,
he[[dB]]Ef:;ﬁ? iff Vt € (n,n+1).Yv € oUs.h(v)(t) = h(v)(n)

h,e[[CB ]] enares

heleBc] f;‘j ﬁs

he [[CBIHOena,res

eleil ey

he[[Sub]] eneTes) iy

iff Vo € 0.h(0)(n) =
iff Vt € (n,n+ 1).Yo € 0.h(0)(t) = £,(h(i)(t))
iff Yo € 0.h(0)(0) = s,

. (h(o) is continuous on [n,n + 1]A

! < vt € (n,n+ 1)-(’1(0))'(75) = fo(h(i)(2))) >

VBeB.he[B]{
VBeB.he [[B]] ena/\En(szg,h n),resV Res(sig,sre,h,n))

fo (R (i)(n))

if Sty = Atomic

if Sty = Enab sig sre

VBeB.he[B]\n Triolsiottuhn)res) ¢ 6y, — Trig tty sig

[Sublionls) = NsenlBIGY
[[Dmg]] ena,res) ﬂBetop (Diag) [[B]](ena ,T€s)

Fig. 2. The denotational semantics of Simulink diagrams.

Thus, previous state values are referenced at t—1 rather than r—st, based
on the fact that the fundamental sample time is 1.

According to the semantics of dB, the behavior is defined over

discrete time steps n € N and the intervals between them, as follows:
At time instant n, if the execution condition st|n A ena holds, meaning
it is both a sampling instant and the block is enabled, then the block
executes. Thus, the outputs and updated states are computed by apply-
ing their respective functions to the previous state values and current
inputs. Otherwise, if either condition is false, both outputs and states
remain unchanged from the previous time step, except at n = 0 or upon
a state reset event, where they are initialized to their initial values.
Between discrete time points, i.e., over the interval (n, n+1), the outputs
and states of d B remain constant, holding their values at n.
Continuous blocks and subdiagrams The denotational semantics for
continuous blocks ¢ B are defined for calculational blocks and integra-
tors separately. For a calculational block c¢B, its output at any time
point is determined by applying the corresponding output functions
to the inputs. For an integrator cB;, its semantics consists of an
initialization at time 0, where outputs take their initial values, and the
continuous integration over each interval [n, n+1] for all n € N, where
the outputs are continuous and their derivatives are governed by the
corresponding derivative functions.
Discrete subsystems For defining the semantics of subsystems, we first
introduce several predicates that encode the enabled and triggered con-
ditions of subsystems: En determines whether the subsystem is enabled
at time ¢ depending on the value of enabling signal sig; Res determines
whether the subsystem should be reset at time f, depending on the
reset signal sig and the reset condition sre; Trig determines whether
the subsystem is triggered at time ¢ depending on the triggering signal
sig and the trigger type try. Below the formal definitions are given.

En(sig, h,t) = (h(sig)(t) > 0)

Res(sig, sre, h,t) = (sre = 0 A h(sig)(t) > O A h(sig)(t—1) <0)
Trig(sig,tty, h,t) = ((tty =0 or 2) A h(sig)(t) > O A h(sig)(t—1) <0
V(tty=1or 2) Ah(sig)t) < OA h(sig)(t—1) > 0)

As shown in Fig. 2, for each subsystem type, the denotational semantics
of Sub at time instant » is defined by intersecting the semantics of all
its constituent blocks in B, while enforcing their respective enabled,
reset, and trigger conditions. On the interval (n,n + 1), the subsystem
simply maintains the outputs and states of its internal blocks at their
values from time n, so the denotational semantics is the intersection of
the denotational semantics of all internal blocks.

Simulink diagrams Finally, the denotational semantics of a Simulink
(sub-)diagram Diag, denoted by [[Dzag]](e”” 7e5) s defined as the inter-
section of the semantics of its top-level blocks and subsystems, denoted
by top(Diag). The classification of each constituent block as discrete
or continuous, a prerequisite for determining its semantic definition, is
derived from its sampling time property. If Diag is a top-level diagram,
the enabled flag ena is set to True and the reset flag res to False
by default, as none of its top-level components are nested within an
enabled or triggered subsystem.

5. Operational semantics

The denotational semantics defined above provides a mathemati-
cal interpretation of Simulink behaviors through sets of timed states.
We now present an operational semantics that defines the concrete
execution of Simulink diagrams via transitions between timed states.
Compared to denotational semantics, this transition-based operational
semantics provides a step-wise construction of the timed state for a
Simulink diagram executed over continuous time. Due to the hybrid
nature of Simulink diagrams, the operational semantics defines transi-
tions that update the state over both time instants and time intervals.
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Fig. 3. A subsystem forming a non-direct feedthrough loop.
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Fig. 4. An example of calculating getODE.

Each transition corresponds to the execution of the diagram at a specific
time (particularly for discrete blocks at sample points) or throughout an
interval (for continuous blocks), reflecting the computation of outputs
and state updates over that evolution period.

Next we begin by introducing some key concepts and definitions,
and then present the operational semantics.

5.1. Refined data dependency and block execution order

A Simulink diagram executes by evaluating its blocks and subsys-
tems in an order determined by their data dependencies, where a block
cannot rely on outputs from the blocks executed after it. Therefore,
determining a proper execution order is crucial for correct execution.
However, the data dependency implied by block connections is overly
coarse. A connection from block A to block B does not necessarily mean
B instantaneously depends on A’s output. Given a block B, we define
its direct feedthrough inputs d f In(B) as those inputs that instantaneously
affect its output:

{ili €indi; = True}
dfIn(B) =1inU,ep df In(h)
AN Upep df Ind) U {sig}

As defined above, if B is a block, d fIn(B) is determined by di; If B
is a subsystem, d f In(B) comprises the subset of its inputs that are the
direct feedthrough inputs of its inside blocks, plus the external control
signals (when present). Based on this notion, a refined data dependency
can be defined: Block B is said to depend on block A, denoted by
A — B, if and only if some output of A is one of B’s direct feedthrough
inputs. Consider Fig. 3 where a loop exists. The subsystem has one
direct feedthrough input x and one non-direct feedthrough input y (as
Unit Delay does not instantaneously rely on its input). According to the
— definition, no direct feedthrough loop exists for this example.

Recall that we define a diagram as a sequence of blocks in syn-
tax. With the help of the data dependency relation —, we define a
recursive predicate besorted to represent that a diagram has been sorted
according to —.

B=dBd,_,_,_,_.di,_)
B = Sub(i,_, B, _, Atomic)
B = Sub(i,_,B,_,_(_,sig))

besorted € = True besorted B-B = besorted B AY A€set(B - B).~(A—B)
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In the above definition, subsystems are considered as a whole and
the sorting of blocks inside them is not considered. The predicate
total_besorted builds upon besorted to represent that all blocks including
those nested inside subsystems are recursively sorted. Having defined
a diagram being sorted, we then present a recursive function sort(B) to
sort a given diagram B, to be employed in the operational semantics:

€ if find_Oindegree(B) = (None, B)

sort(B) = { b-sort(B') if find_Oindegree(B) = (Some b,B’)

which iteratively finds a zero-indegree block of an unsorted diagram
using function find_Oindegree (which returns a pair consisting of one
zero-indegree block and the remaining blocks after its removal), adds it
to the sorted sequence, and terminates when no such block exists. Ob-
viously, sort(B) is always a subset of B and sorted. A Simulink diagram B
is acyclic, denoted by loop_free B, if and only if length(sort(B))=Ilength(B).
Based on sort, we define function deep sort further to recursively per-
form sorting on nested blocks inside subsystems. We prove the correct-
ness of the sorting function in Isabelle/HOL, i.e. total_besorted (deep_sort
B), denoted by L1 for further reference. Meanwhile, the acyclicity
for nested subsystems can be defined by checking nested blocks upon
loop_f ree, denoted by rotal_loop_free. We prove that total_loop_free B —
B ~ (deep_sort(B)), denoted by L2, i.e., when B is total loop free, the re-
sulting diagram after sorting and the original diagram are permutation
of each other (denoted by =~).

5.2. Operational semantics of discrete subdiagrams

Before giving the semantics, we recall the update of the outputs and
states of a discrete block d B with sample time st, formalized as follows:

o(k - sty =f(s(k - st — 1),i(k - s1))  s(k - st) = g (s(k - st — 1),i(k - 51))

where o € 0, and s € s represent outputs and states of dB, f, and g,
are corresponding output and state functions for o and s, respectively.
Both outputs and states are computed based on the previous states and
current inputs (that might be outputs of other blocks). Our operational
semantics for discrete subdiagrams employs a two-phase execution
process that separates output and state updates: First, at the output
update phase, all blocks compute their outputs in the order according to
their data dependencies; then, at the state update phase, as all outputs
have already been computed, all blocks can update their states in any
execution order.

Fig. 5 illustrates the operational semantics of discrete blocks, sub-
systems, and diagrams, which are formally defined both at discrete
time instants n and over the open intervals (n,n+1) for n € N. They
are defined by distinct forms of transition relations, with the following
explanations:

* (dB,ena,res, h) —n>D h' and (dB,ena,res,h) -:'»D h' specify the
transition relations for output computation and state update, re-
spectively, of a discrete block d B at time n. Each relation executes
from an initial state 4 under the enabled condition ena and reset
condition res, resulting in a new state A’. Rules (dB-O) and (dB-
S) define the execution of a discrete block at time n, reflecting
its behavior of computing new outputs and updating states at
discrete sampling points, while incorporating the effects of ena
and res. h[o — (n,0,,,)] represents a new timed state obtained
from h by updating the value of each o € o at time n by the
corresponding value in o,,,,,,.

(B, ena,res, h) =">D h' defines the execution of a discrete subdi-
agram, as defined by Rule (dDig). This execution consists of two
phases: first, the output computations of all constituent discrete
blocks and subdiagrams are performed in a sorted order deter-
mined by their data dependencies, as defined by Rule (dDig-O);
subsequently, state updates are carried out in an arbitrary order,
in accordance with Rule (dDig-S).
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s’ = preS(dB, h,n, res)
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o = ((n=0)20: ho)(n — 1))

Yo € 0.0pew = (stIn A ena)?(f,(s")(h(i)(n))) : o
)l

dB-O

(dB, ena, res, h) ~>p h[o — (1, Opew

s’ = preS(dB, h,n, res)
Vs € 8.8pew = (stin A ena)? (gs( "(h(i)(n))) : s

dB-S

(dB, ena, res, h) ~>p h[s — (1, Spew)|

sort(B) = B-B' (B, ena,res,h) =p hy (B', ena, res, h1) ==po ha )
~ dDig-O
(B, ena, res, h) =pp ha
B =B B (B, ena,res,h) ~p h1 (B, ena,res,h)) =ps hy )
~ dDig-S
(B, ena, res,h) =ps ha
(B, ena, res, h) =0 hi (B, ena, res, hi) 55 ho D
ig
(B, ena, res, h) ==p ho
Sub = (i, 0, B, st, Atomic) (B, ena, res, h) ==p hy _
- Atomic
(Sub, ena, res, h) —p hy
Sub = (i, 0, B, st, (Enab sre sig)) end = ena A En(sig, h,n)
res’ = res\ Res(sig, sre,h,n) (B, end,res’,h) ==p h
- Enabled
(Sub, ena, res, h) —p hy
Sub = (i,0,B, st, (Trig tty sig)) end = ena A Trig(sig, tty, h,n)
(B, end', res, h) ==p hy
- Triggered
(Sub, ena, res, h) —p hq
Yv € 0U S.Upew = h(v)(n
new = Mo)(n) dB-ivl

(dB, ena, res, h) Lo,

D hlv = (t,Vpew) | Vo € 0US,Vt € (n,n + 1)]

Sub.B = bs (bs, ena,res, h) o :+>1)D h1 )
: dS-ivl
(Sub, ena, res, h) WL—+)>D hi
_ ’ (n,n+1) ’ (n,n+1)
sort(B) = B-B' (B, ena,res,h) —p h1 (B, ena,res,h1) = "p ha IDig-iv]
ig-iv
(B, ena, res, h) (ngl)p ho

Fig. 5. The operational semantics of discrete blocks, subsystems and subdiagrams.

+ A discrete subsystem is handled as discrete blocks, so its semantics
is defined using the same transition relation —n>D. Depending on
the type of subsystems, the semantics are specified by three rules:
(Atomic), (Enabled), and (Triggered). The internal blocks are
executed by recursively invoking the semantics of discrete subdi-
agrams, with additional enabled or triggered conditions incorpo-
rated based on the types. Note that the semantics of subdiagrams

and subsystems are mutually recursive.
(n.n+1))
(dB/Sub,ena,res, h) L»D h’ denotes the execution of a dis-

crete block d B or subsystem Sub from an initial state i through-
(n,n+1)
out the interval (n, n+1) respectively; finally, (B, ena, res,h) =

h' denotes the execution of a discrete diagram throughout the
interval (n,n+ 1). Simply, the values of all outputs and states pre-
serve their values at time n, while other variables are unchanged.
hlv — (1,0,,,) | YU € 0US,Vt € (n,n+ 1)] denotes a new timed
state obtained from A by updating the value of each v at time ¢ to
the corresponding v

new:*

5.3. Operational semantics of continuous subdiagrams

A continuous subdiagram in diagram B comprises calculational
blocks and integrators, denoted by B, and B, respectively. Since
calculational blocks must be scheduled together with discrete blocks at
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each fundamental sample time, separate semantic rules are required for
points and open intervals to properly interoperate with discrete blocks.
At every fundamental sample time, the integrator’s computation must
be completed before proceeding with the discrete part. The behavior
of an integrator is described by an ODE and an initial value, and the
solution to the ODE is defined over a continuous interval. Therefore,
to define the integrator’s semantics, the overall interval is partitioned
into an initial point followed by a sequence of left-open, right-closed
intervals. Their semantics are defined separately in Fig. 6.

» (cB,ena,res, h) —T>D h' defines the transition relations for the

execution of a calculational block at a time instant 7 = n and over
an interval T = (n,n + 1), respectively. In both cases, as specified
by Rules (Cal) and (Cal-ivl), the block’s outputs are computed
by applying their output functions to the inputs, while all other
variables are not changed. This definition captures the stateless
nature of calculational blocks, where outputs depend solely on
instantaneous inputs.
The operational semantics of a calculational subdiagram is sim-
ilar to that of discrete subdiagrams but excludes state updates,
specifically, following the rule (dDig-O). It begins by ordering all
blocks according to their data dependencies and then executes
them sequentially in the resulting order. Since discrete and cal-
culational blocks are typically combined in the overall semantics
of a diagram, we represent both using the same form of transition
relations.

(B;,B,ena,res, h) =T>l h' defines the transition relation for the
execution of all integrator blocks B; within the whole diagram B,
for the initial time 7 = 0 and over the interval T = (n,n + 1],
respectively. In contrast to other block types, the semantics of
integrators cannot be defined in isolation. All integrators in a con-
tinuous diagram must be solved together as a system of ordinary
differential equations (called an ODE system). Rule (Integ-0) ini-
tializes the states of all integrator blocks B;, returned by outputs.
Rule (Integ-ivl) governs the continuous evolution of B; over the
interval (n, n+1]. It constructs the ODE system associated with B;
from B (defined by getODE) and then solves the resulting initial
value problem with initial values given at time n over the interval
(n,n+1].

We illustrate the function getODE using the example continuous
diagram bl shown in Fig. 4. The diagram b/ includes an integrator
block Integ and several calculational blocks, while the discrete block
Const is outside it . The integrator Integ corresponds to the ODE ¢ = a.
Here, a is the output of the calculational block Add, which implements
the equation a=b+c. The variable ¢ is itself the output of another
calculational block Add1, defined by c=b+d. Furthermore, d is the
output of the Gain block, defined as d=e. By successive substitution,
we derive the ODE: é=b+(b+e), where all variables on the right-hand
side are either integrator state variables (such as e) or external inputs to
the continuous subdiagram (such as b). All intermediate variables, that
are the outputs of certain calculational blocks, are eliminated during
this process.

Although the behavior of these calculational blocks is incorporated
within the integrators, their values are still retained in the operational
semantics. This is because they are necessary for verifying the consis-
tency between the operational and denotational semantics, and may
also be required as inputs to other blocks.

5.4. Operational semantics of simulink diagrams

Above we have defined the operational semantics for core compo-
nents of a Simulink diagram B, including its discrete (Bj), calculational
(Bc), and integrator (B;) subdiagrams. Fig. 6 bottom presents the op-
erational semantics for a hybrid discrete-continuous diagram B, where

T
(B, ena, res, h) => h’ defines the transition relation for the execution of
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a diagram B for the initial time T = 0 and over the interval (n,n + 1]
respectively.

The execution order of different parts of B is critical for its op-
erational semantics. Rule (Diag-0) performs the initialization: It first
initializes the states of integrators, then updates the outputs and states
of discrete and calculational blocks together. Especially, the latter sorts
the combined discrete and calculational blocks according to their data
dependencies and then executes them together in the order. Rule (Diag-
ivl) defines the execution over (n,n + 1]: First, the outputs and states
of discrete blocks are updated over (n,n + 1), which depends solely on
variable values at time »; next, the integrators are solved over (n,n+1],
also relying exclusively on values at n; then, the outputs of calculational
blocks are updated over (n,n + 1), which depends on values from both
integrators and discrete blocks over (n,n + 1); finally, the outputs and
states of discrete and calculational blocks at time »n + 1 are updated,
potentially incorporating values from integrators at time n + 1.

The execution order of these different parts of Simulink diagrams is
determined by data dependencies. If the order is violated, the system
behavior would fail to satisfy the constraints defined in the denota-
tional semantics, thereby leading to an inconsistency between the two
semantics.

6. Consistency of denotational and operational semantics

From the definitions of the denotational and operational seman-
tics, they exhibit fundamental differences. Notably, the operational
semantics prescribes the execution order of blocks, and more impor-
tantly, alters the overall diagram structure in order to solve integrators.
These substantial distinctions make it both non-trivial and essential
to formally study the relationship between these two semantics. Es-
tablishing their consistency is critical for ensuring the correctness of
the semantics, as it confirms that the formal mathematical meaning
aligns with the executable behavior. In this section, we prove the
consistency between the denotational and operational semantics for
Simulink, expressed by the existence and uniqueness of the timed state
trajectories defined by the denotational semantics.

6.1. The existence theorem

Theorem 1 (Existence). B is a Simulink diagram. If the conditions wf B,
total_loop_free B, ODE_cond_global B and N one_Con_sub B hold, then for

True,False)

[0.n]
any initial state hy, (B, True, False, hy) => h implies h € [[B]]E0 l

The conditions for this theorem include: B is a valid Simulink dia-
gram (wf), B is loop free (total_loop_free), the ODE system of B satisfy
the continuity and global Lipschitz conditions (ODE_cond_global, to
guarantee the existence and uniqueness of solutions of corresponding
ODEs), and the subsystems within B contain no continuous blocks
(None_Con_sub). The last condition restricts the type of subsystems
in order to have a modular operational semantics, while the first
three conditions are necessary for a Simulink diagram to have well-
defined behavior. For brevity, we refer to these first three conditions
collectively as WDEF B.

The theorem is proved by decomposing the diagram into separate
components, as defined in the semantics (Rules Diag-0, Diag-ivl), prov-
ing the required result for each component, and then re-composing
them back into the diagram while verifying result preservation. This
compositional approach relies on two fundamental properties we have
formally proven: Locality, each component’s operational semantics ex-
clusively modifies its own output/state variables without affecting
those of other components; existence preservation, the property of each
component remains preserved under output and state updates of other
components. We now present two representative lemmas for discrete
and continuous integrator components respectively, highlighting their
distinct behavioral properties. The first one states the existence of
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Vo € 0.0pep = f5(R(i)(n))

Cal

(¢B, ena, res, h) SN hlo — (n, Onew)]

Vt € (nyn+1).0 € 0.0new = £, (h(i)(t))

(cB, ena, res, h) m

getODE(B) = (5 = f(s, 1))
a(n) = h(s)(n)

Cal-ivl
D hlo — (t,0new) | VE € (n,n + 1)]
tputs(By) =
outputs(Br )0 ° Integ-0
(Br,B, ena, res, h) =1 h[s — sq]
q(t) is continuous over [n,n + 1]
vt € (n,n+1).q(t) = flq(t), h(i)(t)) :
Integ-ivl

(B, B, ena, res,h) = (ol

(B1,B, ena, res, h) :0>I h

7 his— (t,q(t))) | Vt € (n,n + 1]]

(Bp - B¢, ena, res, hy) :O>D ha

5 Diag-0
(B, ena, res, h) = ho
<BD, ena, res, h> (n:tl)p h1 <B[, B, ena, res, h1> MI hg
C, €Nna, res, Na nél D N3 D -bc, ena, es, hy) ==p hy
B ha) "2V s (Bp B hs) “Ep b
: Diag-ivl
(B, ena, res, h)  — (n ntl] hy

Fig. 6. The operational semantics of continuous subdiagrams and hybrid diagrams.

denotational semantics of discrete subdiagrams at all sampling instants
neN.

Lemma l. Bisa discrete diagram. If wf B and total_loop_free B hold,

then (B, ena,res, h) :;»B h implies h & [B]"*".

The proof for the discrete case must account for the sorting al-
gorithm used when defining operational semantics, which determines
block execution order through dependency analysis. It makes use of
the following properties: (1) Function deep_sort produces a totally
ordered diagram respecting all data dependencies (L1 in Section 5.1);
(2) For loop-free diagrams, the sorted result is permutation to the
original (L2 in Section 5.1); (3) Permutation preserves well-formedness,
i.e. VBB’ B~B — wf B — wf B'; and (4) Permutation-equivalent
diagrams yield identical denotational semantics, i.e. VB B’B ~ B’ —
[[B]](ena res) _ [[B/]](ena res)

Another important lemma is the existence of the operational seman-
tics for all integrators over an interval [n, n+1].

Lemma 2. B is a Simulink diagram, and its discrete, integrator and calcu-

lational parts are denoted as By, B 7 and B respectively. If WDEF B holds,
(n.n+1)
and if we have (B;, ena,res, hy) : h, and (B, ena,res, h) = hy,

and hy(v)(t) = h;(v)(n) for all t € (n,n+ 1) and v € outputs(Bp), then

hy € 1B, 1.

where h|, h, are respectively the timed states reached after the ex-
ecution of B; and B in sequence, as defined in the diagram execution
(Rule Diag-ivl). Besides the well-defined conditions, it requires addi-
tionally that the outputs of discrete components B, that the integrators
depend on must remain invariant under the execution of calculational
B, which is actually ensured by the operational semantics of B.. The
proof of this lemma relies primarily on two key properties. First, for

any input v of an integrator in B, the arithmetic expression obtained
by substituting the outputs of calculational blocks with their computed
values within gerODE is consistent with the denotational interpretation
of v. This ensures the correctness of the derived ODE system for B;.
Second, the inputs of each arithmetic expression are disjoint from
the outputs of B, demonstrating the completeness of the reduction by
eliminating all intermediate outputs of B.

6.2. The uniqueness theorem

Theorem 2 (Uniqueness). B is a Simulink diagram. If the conditions
W DEF B and None_Con_sub B hold, and if both hl,hze[[B]]ioT; ue.False)
and h,, h, have the same values for external inputs, i.e. Yv € inputs(B) \
outputs(B).Vt € [0,n].h;(v)(®) = hy(v)(®), then h;,h, have the same
values for all outputs and states, i.e. Yv € (states(B) U outputs(B)).Nt €

[0, n].hy (U)(®) = hy(V)(®.

Under the same conditions as the Existence theorem, plus the con-
dition that A4, and h, have identical values for all external inputs to
B, then they coincide on all states and outputs of B. The proof of the
uniqueness theorem follows the similar compositional approach as the
Existence theorem.

One direct consequence of the existence and uniqueness of the
denotational semantics is the determinism of the operational semantics
under different execution orders (indicated by B =~ B’), stated as
follows.

Theorem 3 (Determinism of Operational Semantics). B and B’ are two
Simulink diagrams and B ~ B’ holds. If they both satisfy the same conditions

for the Existence theorem, then for any initial state h, (B, True, False, h)
[0,n] [0,n]
= h if and only if (B', True, False, hy) => h for some h.
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7. Implementation

We have formalized the syntax and semantics of Simulink diagrams
in Isabelle and proved all relevant theorems.' To apply the semantics, a
Simulink diagram must first be represented in Isabelle according to the
syntax given in Section 3. Manually writing such representation is often
tedious and error-prone. To overcome this, we developed an automatic
translator that converts graphical Simulink diagrams into their Isabelle
representation. This allows us to rigorously analyze system behavior by
applying the semantic rules within Isabelle.

7.1. Translation from Simulink diagrams to Isabelle representation

We have implemented a translator® that automatically translates
Simulink diagrams into their Isabelle representation. Using Matlab
function save_system, a Simulink diagram can first be exported into
an XML file. In the Mars toolchain [9], we implemented a translator
from Simulink to representations in Python. The translator reads a
Simulink diagram in the XML format and outputs a Python object,
which contains all the necessary information of the Simulink diagram
required for syntax translation, including the blocks, their attributes,
the nested subsystems, etc. Hence, after calling the translator from
Simulink to Python, we traverse the resulting Python objects of the
Simulink diagram and construct the Isabelle representation of the entire
diagram according to our syntax.

For the use of the translator, it requires that the input Simulink dia-
grams first pass Simulink’s own compilation, and moreover, it provides
an explicit post-translation validation step to ensure the absence of al-
gebraic loops. However, a formal re-verification of well-formedness for
the transformed blocks is still required within Isabelle itself. Currently,
all types of blocks listed in Table 1 are supported by the translator. They
all successfully pass both the translator’s checks and the subsequent
well-formedness verification in Isabelle, providing an end-to-end sanity
check for the supported Simulink components.

7.2. Formalization in Isabelle/HOL

In the remainder of this section, we present and discuss selected key
aspects of this formalization. In Isabelle implementation, a Simulink
diagram is represented as a list of blocks. Each block is either an atomic
block or a composite subsystem, which itself contains a list of blocks.
This recursive definition allows diagrams to be nested arbitrarily, re-
flecting their hierarchical structure. This is central to both our semantic
definitions and the corresponding proofs.

7.2.1. Formalization of the operational semantics

As defined in Section 5, the operational semantics for (sub-)dia-
grams and subsystems are defined mutually recursive. For instance, the
output computation rule for subdiagrams at time instants (Rule dDig-O)
is mutually recursive with the rules for subsystems (Atomic, Enabled,
and Triggered). To simplify proofs, the implementation in Isabelle
avoids explicit mutual recursion by folding the semantic definitions
into a single recursive function. Rule dDig-O is implemented by the
following function exeDL_o_att, which incorporates the semantics of
subsystems and is defined in a self-recursive manner.

fun exeDL_o_att :: block list = bool = bool = nat = timed vars = timed_vars
where

exeDL_o_att [] exeres n h = h|

exeDL_o_att (b#bl) exe res n h = exeDL_o_att bl exe res n (case b of

1 The Isabelle implementation can be found at https://gitee.com/infiniteob/
sim-sem/tree/master/.

2 The translator can be found at https://gitee.com/lee_sen/mars/tree/Ix/
Simulink2Isabelle.
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(cB il ol _ ofl dir) = (if dir then exeCal_att ... else h)|
(dB il ol sl vl st_ ofl sfl) =(if ((get.st b)|n A (get.st b) = 0) A exe
then exeD_o_att ... else exeD_o_not_att ... )|
(Sub il ol bs st typ) = (case typ of
Atomic = (exeDL_o_att bs exe res n h) |
Enab re var =(if (h var n)>0
then (if (h var n-1)<OAre=0
then exeDL_o_att bs exe True n h
else exeDL_o_att bs exe resn h)
else exeDL_o_att bs False res n h)|
Trig tty var =
@f ((tty=0 v tty=2) A (h var n) > O A (h var n-1) <0)
Vv ((tty=1 v tty=2) A (hvar n) < 0 A (h var n-1) >0)
then exeDL_o_att bs exeresn h
else exeDL_o_att bs False res n h)))

As defined above, it processes each block in the block list by induction:
for a calculational or discrete block, it directly invokes the semantics of
that block; for a subsystem, it computes the environmental parameters
based on its type and signals, then recursively invokes exeDL_o_att on
the block list of the subsystem.

Integrators The most challenging part of the operational semantics
of continuous subdiagrams is solving the integrators. As mentioned
previously, it needs to first derive the ODE system corresponding to all
integrators and then solve the resulting initial value problem. Function
getODE extracts the ODE system from the whole diagram, and its core
is the function ger_ode_fn. Consider an integrator I representing the
ODE y = v in diagram Diag, get_ode_fn Diag v constructs a modified
ODE y = f(vl) for I, where v is replaced by a composite expression
function f(v!) derived from the calculational blocks in Diag.

get ode fn Diag v = (let b = find (Ab. v € set (outputs b) A isC b) Diag in
(if b = None then (AL(hd D, [v])
else (let bl’ = removel b Diag in
let fvl = map (get.ode_fn bl’) (inputs b) in
let vl = concat (map snd fvl) in
let fns = Al a b. (fst a + length (snd b) , (snd @) @[fst b
(take (length (snd b)) (drop (fst @) D)]) in
let get vals = Al L snd (foldl (fns D) (0,[1) fv) in
let f = Al (outfns b)[index (outputs b) v] (get.vals fvl D) in (f,vD)))

The above function get_ode_fn Diag v returns a pair (f,vl), where f
is a function for computing v in Diag, and vl are integrator variables
or those external to the continuous part of Diag. If v is not the output
of some calculational block b, then f(v/) is v itself. Otherwise, let fuvl
be the results of applying get_ode_fn recursively to all inputs of b, then
vl is obtained by concatenating all parameter variables obtained from
ful, and f is constructed by combining the functions in ful, i.e. firstly
computing the inputs of » by applying functions in fv/ to values of
their corresponding v/, via function get_vals, and then computing v by
applying b’s output function to the inputs.

Using getODE, we obtain the ODE system describing the continuous
behavior of Diag. To solve such ODEs, we define function solveODE
using the function solution defined in the locale unique_on_closed in
Isabelle/HOL’s built-in Initial Value Problem theory, taking the follow-
ing as inputs: an initial timed state h, a Simulink diagram Diag, an
initial time 70 and an integration interval length 7. The function returns
the solution of the ODE, mapping time to the values of all variables
throughout the integration interval:

solveODE h Diag tO t = unique on_closed.solution t0 {tO——t0+t}
(Var2Vec h t0) (getODE Diag) UNIV (SOME L. unique on univ Diag h tO t L)

where U N1V denotes the universal set of all variables and unique_on_univ
specifies the conditions that guarantee the existence and uniqueness of
the solution to the ODE system. These conditions include: the integral
interval [z, t,+¢] (denoted by T') is compact; U N IV (denoted by X) is a
closed subset of the state space; the ODEs getO D E(Diag) are continuous
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on T x X and satisfy the global Lipschitz condition with respect to state
variables; and the ODEs exhibit a self-mapping property over T and X,
defined as follows (¢0 is the initial time, x, is the initial value at ¢, and
f is the ODE function):

self mapping T t0 x0 f X = T is interval At0 € TA X0 € X AVT € T.Vx :
X .x(10) = x0 A x is continuous on [t0, 7] — x(10) + /I(; ft,x(t)dte X

[10, 7] —

which ensures that the Picard operator maps continuous functions from
T to X to continuous functions from 7 to X.

7.2.2. Key proof techniques in Isabelle/HOL

Given the hierarchical structure of diagrams, properties of diagrams
are generally proved by structural induction. To facilitate induction
over nested subsystems, we define a function that computes the depth
of a diagram, aka. a block list, as follows:

fun levelbl :: block list = nat where

levelbl [] = 0]

levelbl (b#bl) = max (levelbl bD) (case b of (dB il ol sl vl st dl ofl sf) = 1

_____ ) =1 |(Sub__bs__) =1+ levelbl bs)
The depth of an empty list is 0, while the depth of a non-empty list
without subsystems is 1, otherwise it is the maximum depth of the
nested subsystems within the subsystems plus 1. When we need to apply
the inductive hypothesis to the block lists within subsystems, we can
induct on the depth.

Moreover, in the operational semantics of Simulink diagrams, blocks
are ordered according to their data dependencies; however, multiple
valid execution orders may exist. To address this, we define a permuta-
tion relation (~ used previously) over diagrams, based on the standard
list permutation relation (~):

inductive deep perm :: block list = block list = bool (infixr ~ 50) where
deepin: length al = length bl A (Vi <length al. (al;=bl;v(3il ol bs bs’ st typ.
al;=(Sub il ol bs st typ) Abl,=(Sub il ol bs' st typ) Abs=~bs'))) — al ~ bl
| step: al ~ bl - bl ~cl - al ~ cl

As defined above, al ~ bl indicates that not only may the order of
top-level blocks differ, but also the order of blocks within subsystems,
recursively at all nested levels. We have proven that ~ preserves
properties such as commutativity and transitivity, the structural in-
variants including diagram length and depth, and so on. These results
ensure that some semantic definitions remain consistent across all valid
permutations of block orderings.

Finally, proving properties of the semantics of diagrams relies on
the condition /oop_free, which also ensures the termination of certain
recursive functions over diagrams. However, the original definition
of loop_free, given in terms of the sort function, is not sufficiently
constructive for reasoning about loops. To overcome this limitation,
we introduce a more foundational characterization of loops. We define
the positive transitive closure —* of the direct dependency relation —,
to indicate that there is a direct dependency path of positive length
between two blocks. We further define a predicate dp_loop(b) = Ja.a =+
b Aa—% ato denote that block » depends on some direct feedthrough
loop. From this, we can derive the equivalence (Vb € bl.dp_loop(b)) <
(Vb € bl.3a € bl.a — b), which states that every block in b/ depends
on some node involved in a cycle, implying the absence of blocks
with zero in-degree. This formulation allows us to reinterpret sorting
in terms of loop freedom: sort bl ~ filter (Ab.~dp_loop(b)) bl, meaning
that sort bl consists exactly of those blocks not involved in any direct
feedthrough loop, up to permutation. Most importantly, we establish
the key equivalence: loop_free D «— Vb € D.-dp_loop(b), connecting
the notion of loop freedom with a more constructive characterization
of loops. This facilitates inductive reasoning about loop structures and
simplifies the proof of loop-related semantic properties.
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Table 2
Lines of Code (LOC) in Isabelle by category.
Category LOC
Syntax 125
S Denotational semantics 155
Definitions . .
Operational semantics 199
Auxiliary definitions 161
Discrete 2696
Proofs Continuous 2872
Consistency Theorems 5923
The PID control example 875
Applications Temperature Control example 180
PP LiDAR scanning angle sampling example 116
Block library 100
Total 13402

7.2.3. Statistics on the isabelle formalization

Table 2 lists the lines of code for each part in Isabelle implemen-
tation: 640 lines for definitions, 11,491 lines for proofs, 1271 lines for
applications, totaling 13,402 lines.

8. Application to case studies

This section presents the application of our semantic framework to
several case studies. First, the PID control example demonstrates the
end-to-end workflow: the Simulink diagram is translated into Isabelle
automatically, its execution trace over a time interval is computed and
the key properties are formally verified using our semantics and the
consistency theorem. Furthermore, we demonstrated the broad appli-
cability of our semantic framework through two additional examples:
one involving a multi-rate system with non-integer sample times, and
another involving systems with triggered/enabled subsystems.

8.1. The PID control example

We now demonstrate the application of our semantics using the PID
control example shown in Fig. 1, hereafter referred to as Diag. A crucial
property of Diag is that the process variable b of the controlled plant
converges to the setpoint d = 1 under the PID controller. In this section,
we employ our formally defined semantics to model the behavior of this
example and rigorously verify this property.

The blocks UD1, UD2, Sum1, Integ, and Discrete pid have been
previously defined within our formal syntax. For the remaining blocks,
the zero-order hold block ZOH is used to assign a discrete sampling
time to Sub1, thus it is syntactically merged with Sub1 while retaining
the designated sampling time. By applying the translator and block
library, we obtain the Isabelle representation of Diag expressed in
our syntax, as depicted in Fig. 7. With the syntax defined, to apply
our semantics to Diag, the conditions required by the existence and
uniqueness theorems on the semantics established in Section 6 must
be verified. These include the well-formedness condition wf Diag, the
absence of algebraic loops total_loop_free Diag, the global ODE con-
dition ODE_cond_global Diag, and the type restriction to subsystems
None_Con_sub Diag; all of these have been formally proven to hold for
this example.

Upon completion of the above steps, the operational semantics of
Diag can be derived according to the definitions in Section 5. We
have proven the following result about the execution of Diag over the
interval [0, 2].

[0,2]
Lemma 3. (Diag, True, False, hy) => h

where h records the values of variables over [0, 2] as defined in Fig.
8. At time 0, the execution initializes the output of Integ to 0.5. For
te[0, 1), the explicit solution for the continuous variable b is 1.4¢'-0.9, ¢
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abbreviation ex_pid_Integ :: block where " ex pid Integ = Integ (CHR ''a'') (CHR ''b'') 0.5 "

abbreviation ex_pid_Suml :: block where " ex_pid _Suml = Add ''cb'' [True,True] (CHR ''a'') "

abbreviation ex_pid_Const :: block where " ex pid Const = Const (CHR ''d'') 1 "

abbreviation ex pid Subl :: block where " ex pid Subl = Add d ''db'' [True,False] (CHR ''e'') 1 "

abbreviation ex_pid Discrete pid Add :: block where " ex pid Discrete pid Add = Add d ''feg'' [True,True,True] (CHR ''c'') 1 "
abbreviation ex_pid Discrete pid Kd block where " ex pid Discrete pid Kd = Gain_d (CHR ''h'') (CHR ''g'') 1 0.2 "
abbreviation ex_pid_Discrete_pid_Sub2 :: block where " ex_pid Discrete pid _Sub2 = Add_d ''ei'' [True,False] (CHR ''h'') 1 "
abbreviation ex_pid Discrete pid _Sum2 :: block where " ex pid Discrete pid Sum2 = Add_d ''ej'' [True,True] (CHR ''f'') 1 "
abbreviation ex pid Discrete pid UD1 :: block where " ex pid Discrete pid UD1 = UD (CHR ''e'') (CHR ''i'') (CHR ''k'') 11"
abbreviation ex_pid Discrete pid UD2 :: block where " ex pid Discrete pid UD2 = UD (CHR ''f'') (CHR "'j'') (CHR ''l'') @ 1 "

definition ex_pid Discrete pid :: block where

"ex pid Discrete pid = Subsystem '‘e'' ''c'' [ex pid Discrete pid Add,ex pid Discrete pid Kd,ex pid Discrete pid Sub2,
ex_pid Discrete pid Sum2,ex pid Discrete pid UD1,ex pid Discrete pid UD2] 1 Atomic"
definition " ex_pid = [ex_pid_Integ,ex_pid_Suml,ex_pid_Const,ex_pid_Subl,ex_pid Discrete_ pid] "

Fig. 7. The Isabelle representation of the PID control example.

Value

oo N oo

Fig. 8. The timed states of variables for the PID control example.

keeps constant 0.9, and a is 1.4¢', satisfying a=b+c and b=a. For t€[1,2],
the value of b becomes (3.68¢~'—1.68)e’+3.08¢—4.58. At t = 1, b exceeds
the setpoint d and changes from increasing to decreasing, reflecting
the process of the plant’s output approaching the setpoint under PID
control.

To analyze the convergence of the continuous process variable b, it
is necessary to determine its values over the interval [0, n] for arbitrary
n. Using the denotational semantics, we establish that the value of
b at each fundamental sampling instant k (denoted as b,) satisfies a
recurrence relation. Together with the initial values at n = 0, 1,2, this
recurrence leads to the following result.

Lemma 4. Suppose h € [[Diag]]EOT;‘]“"F”’”) and let b, be the value of b at
time instants k € {0, 1, ...,n} in h, i.e. h(b)(k), then h satisfies the following
recurrence relation at time k:

« by =05, b, = 1.4e — 0.9, b, = 6.76¢ — 1.68¢> — 4.58.
© Vk+3 < nbyyy = (3.2=1.2€)byp+(0.4e—1.4)by 1 +(0.2—0.2¢)by +e—1
Due to the complexity of the coefficients, we construct a bounding

k
sequence ¢, = 176 (%) , and have proven the following two facts:

Vk.c, > |b, —1|,and klim ¢, =0

thereby obtaining lim,_, ., b, = 1.

Furthermore, we also derive from the denotational semantics of
Diag that the values of b over each interval [k, k+1] satisfy the following
fact.

Lemma 5. Suppose h € [[Diag and let b;, be the value of b at

]](True,False)
[0,n]
time instants k € {0,1,...,n} in h, then for any k < n, any t € [k, k + 1],

e by = by

b1 —b
h(b)(r) = —H——='F
e—1 e—1
From the consistency between the denotational and operational

semantics, the above timed state h € IIDiag]]EOT;'jE’F”l”) is exactly the
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timed state constructed by the operational semantics. Therefore, we
have obtained the continuous evolution of b over arbitrary intervals
[0, n] for any n € N by following our semantics. Fig. 8 shows the values
of b over the finite interval [0, 15] according to our computed timed
states, showing its convergence toward the setpoint value d = 1. But
to rigorously establish this convergence property, we formally prove
the following theorem in Isabelle/HOL, stating that b converges to the
setpoint value 1.

Theorem 4 (Convergence to Set Point). Let € > 0 be an arbitrary precision,
then there exists N € N such that for all n € N,t € R, if n > N and

[0,n]
(Diag, True, False, h) :n h, then for any t € [N,n], |h(b)(1)—1| < &
holds.

We have also compared the above results with the simulation results
produced by Simulink for this example, which turn out to be consistent.

8.2. Other case studies

We have also applied our approach to two additional case studies.
In the first example, we demonstrate how to handle multi-rate systems
with non-integer sample times through time scaling, while the second
example shows that our approach is applicable to Simulink diagrams
containing triggered/enabled subsystems and state resets.

A multi-rate system Fig. 9 shows a temperature control system with
two distinct discrete sample times. The original system (top), with a
fundamental sample time less than 1, cannot be handled directly by
our approach; and it is transformed via time scaling into the system
shown below, which has a fundamental sample time of 1 and thus can
be handled.

Given an arbitrary Simulink diagram D, suppose each discrete block
i has a sample time of %, where p; and ¢, are coprime integers. Let n be
the least common muitiple of all denominators g;, then the fundamental
sample time of D can be set to % We aim to define a transformation
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Fig. 9. A Temperature Control System.

process that turns the fundamental sample time to 1, while ensuring
the semantics of the original and transformed diagrams are consistent
modulo time scaling. Specifically, let 7 be the trace for D and 7’ for
the transformed diagram, they satisfy that for every variable v in D
and every time #, A’ (v)(nt) = h(v)(f). To construct a diagram D’ whose
execution trace is exactly A’, we apply a general method as follows:
multiply the sample time of every discrete block in D by n, and insert
a Gain block with gain ’1, before the input of every integrator, while
leaving all other parts unchanged.

In the upper half of Fig. 9, the Discrete PID Controller is a tempera-
ture controller that outputs a control signal, with a sample time of 0.4.
Sum1 and Integrator together form a model of the ambient temperature,
i.e. the plant to be controlled, and are both continuous blocks. Constant
provides the reference setpoint, outputting a constant value of 1. Sum
represents a low-frequency temperature sensor that outputs the differ-
ence between the ambient temperature and the setpoint, and its sample
time is set to 0.6 via a Zero-Order Hold. The fundamental sample time

of the entire system is é

The lower half of Fig. 9 shows the transformed system. The key dif-
ferences are: Gain1 block with gain % is inserted before the integrator;
the sample time of Zero-Order Hold1 is set to 3; and the sample time of
Discrete PID Controller1 is set to 2.

A system with triggered/enabled subsystems Fig. 10 illustrates a
LiDAR scanning angle sampling system, which includes both a triggered
subsystem and an enabled subsystem with state reset capabilities.
Scanner System models the process of how the scanning angle of the
radar changes over time. It is an enabled subsystem with state reset
functionality, receiving signal b as the enable signal. Inside this sub-
system, there is a discrete accumulator that represents the periodically
increasing scanning angle, with a sample time of 1. The input a denotes
the scanning speed, while the output i provides the current scanning
angle. Signal b indicates the operational status of the radar: when
b = 0, the radar is off and all internal blocks maintain their outputs
unchanged; when b transitions from 0 to 1, a scan starts, triggering the
internal Unit Delay’s state to reset, ensuring that each scan starts from
the initial position. Angle Detector acts as an angle latch, implemented
as a triggered subsystem. It reads the current angle i and updates its
output h to match i every time a rising edge of the sampling signal e is
detected. When not triggered, it holds the value of s constant.

Formalization. For both the case studies, we first translated them
into our syntax in Isabelle using the translator we implemented. Dur-
ing translation, the well-formedness of the models was automatically
checked. We then formally proved in Isabelle that both the models
satisfy the conditions required by the existence and uniqueness theo-
rems, i.e., the WDEF and None_Con_Sub conditions, thereby enabling
the use of denotational semantics to analyze and verify properties of
their operational semantics, similar to the PID control example.

9. Extensions and discussion

9.1. The continuity and Lipschitz conditions

The theorems for the semantics established in Section 6 rely on
the condition ODE_cond_global, i.e. the continuity and global Lipschitz
conditions, to ensure the existence and uniqueness of the solution
for the ODE system corresponding to the given Simulink diagram.
Recall that the ODE system is derived using the getODE function,
which reduces the calculational blocks in the continuous subdiagram
by incorporating their functionalities into the Integrator blocks.

We define a predicate form_ode(B,b) to determine whether a block
b is a calculational block contributing to the ODE system of diagram B,
i.e. it recursively provides input to an Integrator block:

form_ode(B,b) = b € B AisC(b)A
Ja € B.(isl(a) vV form_ode(B, a)) A outputs(b) N inputs(a) # @

For all blocks b in B satisfying form_ode(B, b), if they satisfy the con-
tinuity and the Lipschitz conditions, then the ODE system of B itself
also satisfies these conditions. Now consider blocks in Table 1, we
find that the blocks of the following types: Coulomb and Viscous
Friction, Continuous Pulse Generator, IC (Initial Condition for signals),
(Multiport) Switch, Sqrt, Sign, and Square, may violate the continuity
and the Lipschitz conditions of the ODE system. However, these types of
blocks can still be employed for constructing diagrams in our approach,
provided that form_ode(B,b) does not hold, i.e. when their outputs
are directed to discrete blocks. It is also noteworthy that Saturation
and Dead Zone, although categorized under Discontinuities in Simulink
block library, they satisfy both continuity and the Lipschitz condition.

9.2. Relaxation of the constraint on discrete subsystems

The constraint None_Con_sub requires subsystems to contain only
discrete blocks, in order to have a modular and compositional opera-
tional semantics for Simulink diagrams. This constraint can be relaxed
in the denotational semantics by specifying that continuous blocks
satisfy their equations only when enabled or triggered, while maintain-
ing their states or outputs otherwise. We omit these details here and
focus on the operational semantics of subsystems containing continuous
blocks.

To relax the constraint in the operational semantics, we pursue two
methods: by syntactic transformation, we unfold the internal structure
of a subsystem containing continuous blocks and transform it into an
equivalent form that satisfies the constraint; or alternatively, we extend
the semantic framework itself to directly handle these subsystems.
Next consider a Simulink diagram B that contains a subsystem S with
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Fig. 10. A LiDAR Scanning Angle Sampling System.

internal continuous blocks. Based on the subsystem type, we discuss
each method together with their specific limitations.

Syntactic transformation If S is an atomic subsystem, it is recursively
flattened and its constituent atomic blocks are incorporated into the
parent diagram B, preserving their original interconnections. If S is
a triggered subsystem, since Simulink prohibits triggered subsystems
from containing integrators, .S can only contain internal calculational
blocks. In this case, as the triggering signal occurs only at integer mul-
tiples of the fundamental sample time of B, each internal calculational
block can be replaced by a stateless discrete block, defined with the
fundamental sample time and an identical output update function. This
transformation eliminates continuous blocks within S.

Enabled subsystems, however, present a fundamental limitation to
the current semantic framework. Their dynamic behavior, which is
determined by an enabling signal, prevents them from being trans-
formed into a single, static ODE system. For example, an enabled
subsystem containing an integrator corresponds to two distinct ODE
systems: when enabled, the integrator evolves normally; when disabled,
its state remains constant. Our current semantics cannot represent this
conditional switching within a unified ODE. This may be addressed
by extending the semantics to support time-varying or switched ODE
systems that change based on the enabled signal.

Semantic extension We consider extending the current semantics to
compositionally handle subsystems .S containing continuous blocks.

If S is an atomic subsystem, its semantics is sketched as follows:

« First, if S contains integrators with states s, we derive the ODE
system corresponding to .S. We apply getODE(S) to obtain a
partial ODE system $§ = f (s, x), where variables occurring in x are
either external inputs to .S, or outputs of discrete blocks within
S. Note that this resulting ODE system is partial, as in the first
case, the external inputs originating from the rest of diagram B,
indicated by B\ .S, might be outputs of calculational blocks; and
moreover, B\ .S may also contain integrators.

Second, for external outputs o of .S, we derive their expression
functions by applying function ger_ode_fn(S,o). This yields o
g(s,x), with s, x following the same notation as above.

Third, the semantic definition of subsystem S produces three
elements for integration: the discrete components .S}, the partial
ODE system § = f(s,x), and its output functions o = g(s, x).

At last, these are subsequently incorporated into the semantics of
the parent diagram B \ S. This integration proceeds as follows:
first, merge the discrete part S, with the discrete part of B \ S;
then treat the partial ODE as an integrator block and combine it
with continuous part of B\ S; next, with the help of the output
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functions of S, derive the complete ODE system for B; finally
follow the standard semantic rules, the semantics of the overall
diagram B is defined.

We use the example subsystem in Fig. 11 to illustrate the above
procedure. Its discrete part consists of a Constant block with output d,
its output function is f = b - 1, and its partial ODE is b=(b+a) - d. For
the entire diagram, using the output function, the whole ODE system
is obtained, plus the ODE equation for Integrator1: a=b - 1.

For triggered subsystems, since they are prohibited from containing
integrators, we simply treat all internal calculational blocks as discrete
blocks, holding their outputs constant over each time interval between
triggering instants. Enabled subsystems are more complex, as we men-
tioned above. Their ODE system must be constructed conditionally
based on the enabling signal. Specifically, the behavior of calculational
blocks over a time interval depends on the enabling signal: if enabled,
their behavior follows the same rules as in an atomic subsystem; if
disabled, all internal block outputs and state variables remain constant.
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9.3. Semantic extension of algebraic loops

The current semantic framework excludes diagrams B containing
algebraic loops, i.e., those satisfying 3b.6 € B A dp_loop(b), i.e. a
direct feedthrough loop exists. For such diagrams, the semantics can
be extended to handle certain solvable algebraic loops. To simplify the
discussion, here we consider diagrams B without nested subsystems.

Analogous to solving an ODE system, all blocks constituting an
algebraic loop must be considered together to solve the underlying
algebraic equations. At time 7, suppose the blocks forming the loop in
B produce a system of equations: o = F(o,i,7). Here o denotes the set
of output variables of all discrete and calculational blocks, i denotes
the states of integrators or other external inputs (treated as known at
time 1), t is explicitly included because discrete blocks may behave
differently at different times. Function F(o,1,7) can be regarded as an
operator on R", where n = dim(0). As long as this operator admits a
unique fixed point, the values of all output variables in o at time ¢
are uniquely determined, thereby defining the operational semantics
of diagram B.

For example, in Fig. 12, both Bias and Gain are calculational blocks.
At time 7, Bias imposes the constraint b = a + 1, and Gain imposes
a = 0.5-b. With no integrators or external inputs, we obtain the equation
system:

b=a+1
a=05-b

Solving it yields a = 1, b = 2. Consequently, the operational semantics
updates the values of variables a and b at time ¢ to 1 and 2, respectively.

The current semantic framework excludes algebraic loops for two
main reasons. First, for a general diagram containing algebraic loops,
it is difficult to determine whether the corresponding equation system
admits a unique solution, making it hard to define a well-founded
operational semantics. Second, Simulink discourages the use of alge-
braic loops in models, as they can significantly degrade simulation
performance, even prevent successful simulation altogether and hinder
code generation.

Although the existence and uniqueness of solutions cannot be guar-
anteed for arbitrary equation systems, one can analyze specific classes
of equations based on their structure. In particular, if the operator F
satisfies the condition that there exists a constant k € [0, 1) such that
for all X,Y e R",

|F(X,I,t)— F(Y,1,0)| <k|X -Y]|

then F(-,I,r) is a contraction mapping on R”. By the Banach fixed-
point (contraction mapping) theorem [27], such an operator possesses a
unique fixed point, which serves as the unique solution to the equation
X = F(X, I,1). This provides a sufficient condition under which the op-
erational semantics for diagrams with algebraic loops can be rigorously
defined.

9.4. Alignment of precise semantics and numerical simulation

Our semantics models trajectories as exact, piecewise-analytic func-
tions, given by the solutions of ODEs interleaved with discrete events.
In contrast, numerical simulators like Simulink approximate these tra-
jectories through discrete-time integration using variable- or fixed-step
solvers. A critical challenge in this approximation is the detection
of discrete events, particularly zero-crossings. For detection of zero-
crossing events, Simulink employs variable-step solvers to monitor sign
changes of signals over integration intervals, and iteratively, reduces
the time step using root-finding methods such as bisection or interpola-
tion to precisely locate the instant at which a discrete event occurs. The
accuracy of this detection depends on the solver’s tolerance settings and
step-size control. When selecting the step-size type, one must balance
accuracy and efficiency by considering factors such as model stiffness,
whether the model is intended for code generation, etc.
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In principle, exact solutions allow our semantics to determine zero-
crossing events precisely. However, our current implementation detects
events only at integer multiples of the fundamental sample time. De-
tecting events within a sampling interval would require identifying the
earliest zero-crossing time in that interval, a feature not implemented
in the current framework.

We are currently deriving a numerical semantics for Simulink from
the operational semantics presented in this paper. The derivation in-
volves one key modification: replacing the exact solution of ODEs
with a verified numerical ODE solver featuring adaptive step-size and
error control [28]. This numerical semantics is being formalized in
Isabelle, from which reliable executable code can be generated directly.
Based on formal proofs in Isabelle, we aim to establish the confor-
mance bounds: for any Simulink diagram satisfying the WDEF and
None_Con_Sub conditions, for any finite time interval, an error € can be
computed such that the trajectory produced by the numerical semantics
remains within an e-neighborhood of the exact trajectories determined
by the operational semantics of this paper. This approach bridges our
formal semantics with Simulink’s simulation results while maintaining
provable guarantees.

10. Conclusion

We present complementary denotational and operational seman-
tics for Simulink diagrams, which cover Simulink’s core features (dis-
crete/continuous blocks, hierarchical subsystems) and a practical sub-
set of Simulink block library. We establish and formally verify the
consistency between the two semantics, demonstrating the existence
and uniqueness of denotational semantics, and the determinism of
the operational semantics upon different execution orders. All defini-
tions and proofs are proved in Isabelle/HOL to achieve high correct-
ness guarantee. We have also implemented a translator that converts
Simulink graphical diagrams to Isabelle representations. As an illustra-
tion, we apply our approach to a PID control example, to formally verify
its convergence property. Furthermore, this framework enables both
consistency checking of Simulink’s formal translations and simulation
validation.

In the future, we plan to extend the semantic framework along
multiple dimensions. First, we aim to integrate this work with our
previously formalized Stateflow semantics to enable the formalization
of Simulink/Stateflow hybrid models. Second, to bridge the gap be-
tween numerical simulation and precise semantics, we will develop
in Isabelle/HOL a numerical semantics incorporating adaptive step-
size control and error estimation, better reflecting real solver behavior
and ultimately supporting a reliable code generator. Finally, we will
extend support to more module and subsystem types and apply the
framework to verify concrete model translations (e.g. the translation
from Simulink/Stateflow to HCSP in the Mars toolchain [9]).
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