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Reachability Analysis for Solvable
Dynamical Systems

Ting Gan ~, Mingshuai Chen

Abstract—The reachability problem is one of the most
important issues in the verification of hybrid systems. But
unfortunately the reachable sets for most of hybrid sys-
tems are not computable. In the literature, only some spe-
cial families of linear vector fields are proved with decid-
able reachability problem, let alone nonlinear ones. In this
paper, we investigate the reachability problem of nonlinear
vector fields by identifying three families of nonlinear vec-
tor fields with solvability and prove that their reachability
problems are decidable. An n-dimension dynamical system
is called solvable if its state variables can be partitioned into
m groups such that the derivatives of the variables in the
ith group are linear in themselves, but possibly nonlinear
in the variables from the 1st to ¢ — 1th groups. The three
families of nonlinear solvable vector fields under consider-
ation are: the matrices corresponding to the linear parts of
any vector field in the first family are nilpotent; the matri-
ces corresponding to the linear parts of any vector in the
second family are only with real eigenvalues; the matrices
corresponding to the linear parts of any vector field in the
third family are only with pure imaginary eigenvalues. The
experimental results indicate the efficiency of our approach.

Index Terms—Hybrid systems (HS), reachability analysis,
solvable systems (SSs), Tarski’s algebra.

|. INTRODUCTION

YBRID systems (HSs) integrate computation with phys-
I I ical processes: embedded computers and networks mon-
itor and control physical processes and feedback loops con-
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tinuously influence computations, which are known as cyber-
physical systems (CPSs) nowadays. Applications of CPS span
over many safety-critical domains, e.g., communication, health-
care, manufacturing, aerospace, transportation, etc. To guaran-
tee the correctness of these systems is vital so that we can bet our
lives on them, and challenging [40]. Therefore, formal methods
has been widely used in the verification of HSs. The reachability
problem of HSs is to verify that unsafe states are not reachable
from the set of the initial states for a given HS, which is one of
most important issues in the verification of HSs.

As HSs consist of intangibly interaction between continu-
ous evolutions and discrete transitions, the reachability problem
of most of HSs is undecidable [21], except for some simple
cases, either their vector fields, i.e., their continuous evolution
parts, are quite simple such as timed automata [4] and multirate
automata [3], or there are very restrictive constraints on their
discrete transitions such as o-minimal HSs [26].

In [27], Lafferriere et al. investigated vector fields of the form

£=Al+u (1

where £(t) € R™ is the state of the system at time ¢, A € R"*"
is the system matrix, and u : R — R” is a piecewise continuous
function, which is called the input. They obtained the decidabil-
ity of the reachability problems of the following three families
of vector fields:

1) Ais nilpotent, i.e., A" = 0, and each component of u is
a polynomial.

2) A is diagonalizable with rational eigenvalues, and each
component of uis of the form > | ¢;e™’, where A; s are
rationals and ¢;s are subject to semialgebraic constraints.

3) A is diagonalizable with purely imaginary eigenvalues,
whose imaginary parts are rationals, and each component
of u of the form " | ¢; sin (A;t) + d; cos (A;t), where
A;s are rationals and ¢;s and d;s are subject to semialge-
braic constraints.

The above results are achieved by reducing the problems into
Tarski’s algebra [39].

In [5], Anai and Weispfenning presented a systematic ap-
proach on how to reduce the reachability problem and control
parameter set problem of parametric inhomogeneous linear dif-
ferential systems, with the form!

£ = A¢ +u(t,r) @)

where A € R"*" isann x n matrix,r = (rq,...,7;) is a vec-
tor of parameters, to the transcendental implicitization problem
of a fundamental system of solutions of £ = A¢ by quantifier

I'This form can be generalized to £ = A(¢)¢ + u(t,r).
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elimination. They further proved (see [5, Corollary 2]) that ex-
act semialgebraic implicitization is possible for a fundamental
system of solutions of f = A if and only if one of the following
cases holds:
1) All eigenvalues of A are zero, i.e., A is nilpotent.
2’) All eigenvalues Aq, ..., A, of A are nonzero, pairwise
distinct reals, and dimg(span(y,...,2,)) < L.
3’) All eigenvalues Aq, ..., A, of A are purely imaginary,
say of the form X; = p;i with nonzero, pairwise distinct
reals p; s, and dimg (span(p1, - .., fy)) < 1.
Obviously, Anai and Weispfenning’s work extended
Lafferriere et al.’s further, and particularly proved the largest
families of linear vector fields whose exact reachable set com-
putations are computable by reduction to Tarski’s algebra.
In[16] and [17], we extended the decidability results of reach-
ability problems of linear vector fields due to Lafferriere ef al.
[27] and Anai and Weispfenning [5].
1) In [16], we generalized the above cases 2) and 2’) to the
following:
a) Aisdiagonalizable with real eigenvalues, and each
component of u is of the form Y\ | ¢;e**, where
A;s are reals and c;s are subject to semialgebraic
constraints.
Note that compared with [5, case 2°)], we dropped the
constraint dimg(span(Aq,...,A,)) <1, which restrict
the eigenvalues to be linearly dependent over Q. Such
extension is substantial, since the new family is strictly
more expressive, whose reachability problem cannot be
essentially reduced to Tarski’s algebra any more as in [5]
and [27]. To obtain the decidability, we have to resort to
the decidability of the extension of Tarski’s algebra with
functions of the form
Ft.x) =" fit,x)eM! 3)
i=0
where m € N, fi(t,x) € R[t,x], » €R, i=0,1,
...,m, and e is an irrational and transcendental num-
ber approximately equal to 2.718281828459. We denote
the extension by .7,.
2) In [17], we generalized the above cases 3) and 3’) to the
following:
a) A is diagonalizable with purely imaginary eigen-
values, whose imaginary parts are reals, and each
component of u is of the form >_" | ¢; sin (A1) +
d; cos (A;t), where A;s are reals and ¢;s and d;s are
subject to semialgebraic constraints.
This is still achieved by reducing the decidability to
Tarski’s algebra [39] using the density results in number
theory [20], rather either by direct replacement such as
[27] or by reduction to the transcendental implicitization
problem such as [5]. Note that compared to [5, case 37)],
we dropped the constraint dimg (span (e, . . ., ftn)) < 1.
It is also worth noting that for linear vector fields, some other
problems that are quite related to the reachability problem have
been investigated and proved to be decidable in the literature,
such as the polytope escape problem [32], Recurrent reachability
problem [8], and the Skolem problem [9]. But a main restriction
on all of the results is that the unsafe set should only be linear and
represented as a polyhedra, whereas in our results, the unsafe

set can be nonlinear and represented by a semialgebraic set. For
an effective verification method for the reachability problem of
the former case, we refer to Yazarel and Pappas’s work [43].

Tarski’s algebra is the first-order theory of reals over the
structure (R; +, —, -, 0, 1), which is also called the elementary
algebra and geometry. In [39], Tarski showed the decidabil-
ity of Tarski’s algebra. But whether the extension of Tarski’s
algebra with exponentiation over real closed fields is decid-
able (so-called “Tarski’s conjecture™) is still open. In [2] and
[30], Weispfenning er al. gave a partial solution to Tarski’s
conjecture by showing the decidability of the extension of
Tarski’s algebra by allowing terms of the form f (¢, x, '), where
f(t,x,y) € R[t,x,y]. In [41], Xu e al. considered how to gen-
eralize Weispfenning et al.’s approach by allowing functions of
the form (3), but with the restriction that all the X;s are nonnega-
tive integers. Obviously, .7, is strictly more expressive than the
ones considered in [2], [30], and [41].

In the literature, there is very little decidability results on
the reachability problems of nonlinear vector fields. The first
decidability results are given in [42] on the reachability prob-
lems for some specific solvable nonlinear vector fields, which
are proper subsets of the second family below we consider, by
exploiting Weispfenning et al.’s result on Tarski’s conjecture
[2]. In this paper, we investigate this issue by identifying three
families of solvable vector fields and proving their reachability
problems are decidable by exploiting the techniques developed
in our previous work [16], [17], which are the three largest non-
linear vector fields with decidable reachability to the best of our
knowledge.

The notion of solvability was first proposed in [35] for a class
of polynomial programs, and was extended to dynamical and
HSs in [42]. Formally, a dynamical system

£=F(&u(t))

is called solvable system (SS) if the variable vector £ =

(&1, ... ,&,) can be classified into m groups (m < n)
Cl = (flla s aglnl )a RS C’m - (gmh e afmn,,l)
and the dynamical system can be represented as the form:
Cl A1 Cl + u; (t)
. G Az +ua(t, G1)
€= = @)
C’;n Am Cln + U, (t7 Cla ey C’m—l)
where 0<n; <...<mn, =n are integers, m € N,
Ay,..., A, are real matrices with corresponding dimen-
sions, uy,...,U,, are polynomial-exponential-trigonometric

functions (PETFs, the definition will be given later). For
example

x+et
= | 2y+2a®— e V2
V324 zy+ 2t

®)

is a SS, which is beyond the expression of the linear system.
Obviously, all linear dynamical systems (LDSs) are also SS s.
Thus, the main contributions of this paper can be summarized
as follows:
I If Ay,...,A, in (4) are nilpotent, ie., A =
0,...,AF» =0, for some kq,...,k, € N, and each

m



GAN et al.: REACHABILITY ANALYSIS FOR SOLVABLE DYNAMICAL SYSTEMS

2005

component of u; is a polynomial, then the reachability
problem of (4) is decidable. This is achieved by reduc-
tion to Tarski’s algebra similarly to [27].

27) If each A; is diagonalizable with real eigenvalues and
each component of u; is of the form Z Ucjetit
where 1;;s are reals and c;;s are subject to semlalge-
braic constraints, then the reachability problem of (4) is
decidable, where ©+ = 1,..., m. The technique adopted
for this case is adapted from [16]. In [16], it is assumed
that any expression of .7, has no multiple real roots, we
will drop such restriction in this paper.

3”) If each A; is diagonalizable with purely imaginary
eigenvalues, whose imaginary parts are reals, and each
component of w; of the form 7", ¢;;sin (Ai;t) +
d;j cos (Ai;t), where A;;s are reals and ¢i;js and d;js
are subject to semialgebraic constraints, the reachability
problem of (4) is decidable, where ¢ = 1,...,m. The
technique adopted for this case is essentially same as
what we used in [17], but the reduction procedure is
more complicated for the nonlinear case.

Additionally, similar to [5] and [17], we present an abstraction
of general solvable dynamical systems of the form (4). That is,

1) each A; is a real matrix, and each component of u; is

of the form >, pir. (t) exp®*' cos (Bt + 7ir ), where
i=1,....m, r; € N, g, Bix,vir €R, and p;(t) €
R[t].

The basic idea of our approach is as follows: For each eigen-
value o + i of A;, we introduce two fresh variables a and b,
and let a = sin Bt and b = cos Gt. So, it derives a new constraint
a’> + b?> = 1. Using such replacement, the reachable set of (4)
can be essentially represented as the form

mo n;

Zqutxab @ijt

i=0 57=0

f(t,x,a,b)

Clearly, constraints over such expressions together with all the
derived constraints fall into the decidable theory 7.

We implement a prototypical tool of our approach, and some
case studies are conducted. To demonstrate the efficiency of our
approach, first, we compare our tool with CT1D [38], a general-
ized CAD implementation of Mathematica’s Reduce command,
which can cope with quantifier elimination of .7,. For .7, formu-
las only with strict inequalities, our tool outperforms CT1D, and
for the rest cases, their efficiencies are nearly same. As other
state-of-the-art tools for quantifier elimination, e.g., REDLOG

14], QEPCAD, and SyNRAC [24] cannot handle the decidabil-
ity problems we considered in this paper in general, it is thus
not comparable. Second, we also compare our tool with several
well-known reachability computation tools based on approxi-
mation and numeric computation, e.g., HSolver [33], FLOW*
[7], dReach [25], etc., although such comparisons are not fairly
as they deal with different problems in general. After necessary
preprocessing in order to make the comparison reasonable, our
tool is more efficient.

Il. PRELIMINARIES

In this section, we first introduce some basic notions and
theories, then explain the problem we consider. We use x to
stand for a vector variable (z1,...,2,), N,Q, R, C for natural,
rational, real, and complex numbers, respectively, R[x] for the

polynomial ring in x with coefficients in R in what follows. We
denote by A(M) the set of all the eigenvalues of matrix M. For
any ¢ € C, denote by Im(c¢) the imaginary part of c.

A. Basic Notions

A term f(t,x) is called polynomial-exponential function
(PEF) w.r.t. t if it can be written in the form of (3).

A term f(t,x) is called trigonometric function (TMF) w.r.t. t
if it can be written with the following form:

r

S (x)cos (uit) + di (x)sin (sut)

=1

where r € N, ¢ (x),d;(x) € R[x], and 1y e R, I =1,...,7
Denote by I'( f(¢,x)) the set {p1, p2, - . ., i1, } in the sequel.

A term f(t,x) is called a polynomial-exponential—
trigonometric function (PETF) w.r.t. ¢, if it can be written with
the following form:

f(tv X) = (6)

= Zpk (t,x)e " cos(Brt + )
k=0

ftx )

where r € N, oy, Ok, 7 € R, and py (¢, x) € R[t,x]. Obvi-
ously, PEFs and TMFs are PETFs as sin («) can be seen as
cos (5 + a).

A function vector is said to be PEF (TMF or PETF) if every
component is a PEF (TMF or PETF).

A set X C R” is said to be semialgebraic if it is defined as

X={xeR"|pi(x)>0,--,pj(x) >0}

for some polynomials p; (x), - -+ ,p;(x) € R[x], where > € {>
,>}and j € N. X is called open semialgebraic if there is a ball
bs (x) such that b;(x) C X, where ¢ is the radius and x is the
center of the ball, for any x € X.

B. Density Results in Number Theory

In this part, we introduce some theoretical results on density
in number theory.

Definition I (Rational linear independent): Let ay,...,ay
are some real numbers. We say ay,...,a; are rational lin-
ear independent if °F_ | ¢;a; = 0 implies A", ¢; = 0, for all
c1,-.. 0 € Q.

Definition 2 (Basis): Let A C R with #(A) < 400 be a set
of real numbers, where #(A) means the number of elements in
A. A set B C A is said be a basis of A, if the elements in B
are rational linear independent and for any element a € A\ B,
where A\ B denotes the set of all the elements in A but notin B,
then the elements in {a} U B are not rational linear independent.

Let A={ay,...,a;} be a set of real number, B =
{b1,...,bj} CA be a basis of A It is easy to see
that for any a; € A, there exists ¢ = (¢1,...,¢;) €Q
such that a; = ¢;1by +---+¢;;0;. For 1 <1 < j, let d; =
lem(denom(cy;), . . ., denom(ckl)) where denom(c) is the de-
nominator of rational number cand lcm means the least common
multiple. Let B = d e Z—J]} be a basis of A, then for any
a € A, a can be written as an *integer linear combination of the
elements in B. We call such basis B an integer-basis of A.

The following Kronecker Theorem gives a nice density prop-
erty of a rational or integer linear independent set [20].

Theorem 1 (Kronecker): The set {({&th,...,{&t}) |

t € N} is dense in [0, 1]k, if 1,&,...,& are integer linear
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independent, where {£{}; € [0,1) is the decimal part of the real
number &.

Corollary 1: The set {({&it}ar,. ., {&t}ar) |t >0} is
dense in [0, 27r]k, if &,...,&; are integer linear independent,
where {£}2, € [0,27) is the remainder of £ by 2.

Proof: Let¢! = 2% for: =1,..., k.Itis easy to see that we
just need to prove that
is dense in [0, 1]".

Since &1, ...,&; are integer linear independent, i, ..., &}

are also integer linear independent. Thus, it is easy to see that
there exists & > 0 such that 1,£y&1, . . ., &&). are integer linear
independent. By Theorem 1, it follows

{{&&n}i,. .. {&&nh) | ne N} )

is dense in [0,1]". As & > 0 implies {&n | n € N} € {t | ¢ >
0}, we have that the set in (9) is a subset of the set in (8). Thus,
the set in (8) is dense in [0, 1]*. [ ]

Theorem 2: Let ay,...,a; be rational linear independent,
and

S = {(sin (a1 t),cos (ait),...,sin (axt),cos (ayt)) | t > 0}

(10)

k
S = {(auﬁh---,akﬁk) eR™| N\of + 57 = 1} a1

i=1

then S is dense in S.
Proof: ay,...,a; are rational linear independent, then also
integer linear independent. By Corollary 1, we have that

Dy = {({a1t}or, ..., {axt}er) [t > 0}

is dense in D = [0, 27r]k. On the other hand, obviously,
(sin, cos) : Dy — S, and (sin, cos) : D +— S, and (sin, cos) is
continuous, hence (sin, cos)(Dy) is dense in (sin, cos)(D), i.e.,
S is dense in S. [ |

Corollary 2: Let f(a1, 0, .., ax, B;) be a polynomial in
o, By ..., g, By.ar, . .., ap are real numbers that are rational
linear independent and S, S defined as (10),(11), then f(.5) is
dense in f(S).

C. Problem

Given an SS of the form (4) and an initial state {(0) = x,
the solution of this system at time ¢ > 0 is denoted by £(t) =
®(x,t). Then, the forward reachable set Post(X) of (4) from a
given set X is defined as follows:

Post(X) ={y e R" | IxTt : x e XAt > 0N P(x,1) =y}

(12)

The safety problem is: given an initial set X and an unsafe

set Y, verify whether any unsafe state in Y is not reachable by

some trajectory starting from X, i.e., whether Post(X) N'Y = 0.
Let

F(X,Y)=IxFyH :x e XAy EeYAL>0ND(x,t) =y.

13)
That is, the safety problem is to verify whether the formula
Z(X,Y) is true or false. If it is false then the safety property
holds, otherwise the safety property does not hold.

III. NILPOTENT

In this section, we compute the solution form of an SS of
(4) in which all the matrices Ay,..., A, are nilpotent and
all up,us,...,u, are polynomials, and show the solution is
a polynomial in R[x, ¢] by induction on the number of blocks of
variables.

We first prove it when m = 1, i.e., the linear case.

Lemma 1: Given a linear system £ = A + u(t) satisfying
A € R *" g a nilpotent matrix, and u(t) € R[¢]"', a given
initial point x € R", the solution ®(x,t) of the linear system
is a polynomial in R[x, ¢].

Proof: Clearly, in this case

¢
D(x,t) = eAf’x—i—/ eA(f’_T)u(T)dT.
0

Since A € R is a nilpotent matrix, A¥ = 0 for any k > d.

Thus, et = Z;t %A’“. Moreover,
d—1 1 t [d—-1 k
"ok (t—=7)"
k=0 k=0
As A, ..., A1 are all real matrices in R"! "™ _ it is easy to

— k L . . .
see that 37 _{ L A*x is a polynomial vector in x and ¢, and
d—1 (t—7)*
k=0 "I

AFu(7) is a polynomial vector in x, ¢ and 7. Hence

[

is a polynomial in x and ¢. Thus

d—1

_ oy
7(15 i ) Aku(7)> dr
k=0

d—1

d=1 1k t )k
Zt'Akx—i—/O (Z (t o ) Aku(7)> dr
k=0

k=0

=

is a polynomial vector in x and ¢, i.e., ®(x,t) € R[x,t]"". N

Theorem 3: Given an SS as (4) in which all the matrices
Ay, ..., A, are nilpotent and all uy, us,...,u,, are polyno-
mial vectors, then for a given initial point x, the solution ®(x, )
is a polynomial vector in R[x, ¢]", where n. = ny + -+ + n,.

Proof: Letx = (21, ...,%y ) correspond to (1,...,(y ) in
(4). For (1, by Lemma 1, we know ¢; (¢,x) € R[x,t]"".

Now, suppose that ((¢,%x),...,¢-1(t,x) are all
polynomial vectors in R[x, ", ..., R[x,t]"*", respec-
tively, for k <m. We prove that (, € R[x,¢]"". Since
w(t, ¢y .., Cr—1) is a polynomial vector, substituting
Cl(t7x)7' . -aCk—l(t>X) fOfC17. e 7(/671 in U-k(t7C1; .. '7Ck71)a
it follows ug(t, ¢y CGeor) = wg(t,x) € R[x, )"
Thus, the subdynamical system w.rt. (; is reduced to
G = ArCe +ui(t,x). By Lemma 1, this implies that
¢k (t,x) is a polynomial vector. All in all, the solution
P(x,t) € R[x, t]". [ |

Thus, (13) becomes decidable according to the decidability
of Tarski algebra [39]. That is

Theorem 4: The problem (13) is decidable.

IV. REAL EIGENVALUES

In this section, we give a decision procedure to the problem
(13) when all A;s are only with real eigenvalues and all u;s are
PEF vectors in (4).
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A. Reduction to the Decision Problem of .7,

In this part, we prove that the reachability problem above can
be reduced to the decision problem of .7, therefore is decidable
under the assumption of Schanuel’s conjecture according to
Strzebonski’s result in [38].

Before proving the solution of (4) in this case can be repre-
sented as PEF's, we first show some properties on PEFSs.

Lemma 2: The set of PEFs is closed under add, subtract,
multiply, and integral operations.

Proof: Tt is easy to see that the set of PEFs is closed under
add, subtract, and multiply operations. For the integral opera-
tion, since

1

eMdt = —e*,  and
A
tn tn—l

/tne}»tdt _ Te}\t _ n)LQ eM, e (_1)71,
" n(n — 1)"'1t€m
an+1
the integral of a PEF is still PEF. |

Lemma 3: Let A € R™*" has real eigenvalues only, then e’
is amatrix with dimension n x n, and all entries of e are PEFs.

Proof: Let J be the Jordan normal form of A, so there exist
an invertible matrix @) such that A = Q.JQ~'. Then, it fol-
lows et = Qe’'Q ', Let J = diag(Jy,Js,...,J, ), where
Ji,Ja, ..., Jy, are the corresponding Jordan blocks. Then

6‘]“"

e.]zt

eAt _ QeJthl _ Q Q—l.

et

Without loss of generality, we just need to prove that all the
elements of e/'! are PEFs. Suppose that the dimension of .J; is
d x d and the diagonal entry is A, i.e.

0 1

Ji=Al + 0
1
0

Denote the second summand of .J; by M, obviously M? = 0.
So, we have

o1t — I Mt
t2 td71
=M (T+tM+=M*+--- + M

(d—1)!

et 1 ¢ A

d—1)!
eM t ( .. .)

ekt 1

Hence, all the entries of e¢”/'* are PEFs, and so are all entries of
eAt, [ |

Theorem 5: Given an SS of (4) in which all A;s are only
with real eigenvalues and all u;s are PEF vectors, and an initial
x € R", then its solution ®(x,t) can be represented as of the

following form

(6,1 =3 b1y, ) (1)
j=1

fori =1,...,n,where ¢;;(x,t) € R[x,t],J; € Nandv;; € R
forer=1,...,n,7=1,...,s;.

Proof: Letx = (21, ...,2, ) corresponding to (1, ..., (n)
in (4).

We proceed the proof by induction on m.

When m =1, thus the SS (4) becomes a linear system.
Whence, the solution is

t
G (t,x) = etttz —|—/ e Ty (1) dr
0

By Lemma 3, it follows that all entries in e41* and et (*~7)
are PEFs. Moreover, using Lemma 2, we have eAltzl +
fot eA1(=")y, (7)dr is a PEF. Hence, (| (t,x) is a PEF vec-
tor.

Now, suppose that ¢ (t,%),...,(—1(t,%x), k < m, are all
PEF vectors, we prove that (j(¢,x) is also a PEF vector.
Since wy (t,¢1y...,Cr—1) and (p,...,(p—1 are all PEF vec-
tors, substituting ¢ (¢,%),...,C—1(¢,x) for ¢i,...,(p—1 in
ug (ta Cl PR 7<k'—1)’ it follows uk(t7 Cla teey Ck—l) = Uy (t,X)
is a PEF vector. Thus, the sub-dynamical system w.r.t. j is
reduced to ¢, = A (r + u (¢, x). From the basis case, this im-
plies that ¢ (t,x) is a PEF vector.

In a word, the solution ®(x, ¢) is a PEF vector, i.e., each of its
component is of the form (®(x,t)); = Y25, ¢ij(x,t)e” s for
i=1,...,n, where ¢;;(x,t) € R[x,t], J; € N, and v;; € R

] [ |

forer=1,...,n,7=1,...,s;.
Example 1:
& &
L= -&+e
6'3 _53 +€12

with an initial state x = (21, 29, 23) € R3, the corresponding
solution is

&(t,x) =e'ay

1 1
@(t,x) = <$21 + 2) el — (1'21 + 57 332> e !
1‘2 1‘2
53(t7x) = 31 th - ( 31

which are PEF's.
Since X and Y are two semialgebraic sets, there exist poly-
nomials p; (x), ..., ps(x) such that

X={xeR" |p(x)>0,...,ps (x)>0}
Y ={xeR"[ps+1(x)>0,...,ps(x) >0}

where > € {>, >}. Then, (13) can be reduced to verify whether

F(X,Y) = IxIydt: Q (15)
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holds, where

Q=p1(X)>0A---Aps, (X)>0Apy,+1
><(y)DO/\--~/\pJ(y)I>O/\t20/\/\yq;
i=1

Si
= di(x.t)e.
j=1

B. Decision Procedure for 7,

In this part, we give a decision procedure for .7, based on
cylindrical algebraic decomposition (CAD), due to Collins [10].

The basic idea of CADis: Given a set S of polynomials in R[x],
CAD is used to partition R” into connected semialgebraic sets,
called cells, such that each polynomial in .S keeps constant sign
(either 4, — or 0) on each cell. As CAD plays a fundamental
role in computer algebra and real algebraic geometry, in the
literature, a numerous works are done on improvement of CAD,
e.g., [6], [11], [13], [19], [22], [29]. When constraints are open
sets, GCAD [36] or openCAD [19] is enough, which partitions
the space R" into a set of open cells instead of cells (i.e., takes
sample points from open cells only), such that on each of which
every polynomial in S keeps constant nonzero sign (either + or
—). For example, suppose f; =y — x, fo = y + x. The graphs
of fi = 0and f, = 0 decompose R? into 9 cells with different
dimensions: Four of which are two-dimensional (open) cells
(.., fi ~O0A fo ~0, where ~€ {>, <}); four of which are
one-dimensional cells (i.e., fi ~0A fo =0, f{ =0A fy ~0,
where ~€ {>, <}); and one of which is zero-dimensional cell
(i.e., fi = 0 A fy = 0). Complete CAD takes at least one sample
point from each of the nine cells, while GCAD or openCAD
takes at least one sample point only from each of the four two-
dimensional (open) cells. Formally

Definition 3: For a polynomial f(xq,...,z,) € Rz, ...,
x,], a CAD (openCAD) defined by f under the order z; <
To < --- < x, is a set of sample points in R" obtained through
the following three phases:

Projection: Apply CAD (openCAD) projection oper-
ator on f to get a set of projection polynomials {f, =
f(xla "'axn)a .fnfl (mla "'axnfl)a teey fl ($1)}

Base: Choose a rational point in each of the (open) intervals
defined by the real roots of f;.

Lifting:  Substitute each sample point in Ri~! for
(x1,...,m;—1) in f; to get a univariate polynomial f/(z;), and
then, as in Base phase, choose sample points for f/(z;). Repeat
this process for ¢ from 2 to n.

Using CAD (openCAD), we develop a decision procedure for
7, as follows:

Step 1: Check whether X N'Y = (), if not, it is easy to see
that (15) holds.

Step 2: Translate the problem to an openCAD solvable
problem if X and Y are open sets, otherwise
a CAD solvable problem. By (14), y;(x,t) =
> i dij(x,t)e”it. So, we can replace p;(y)
with p;(y(x,t)), which is polynomial in x
and polynomial-exponential in ¢, abbreviated as
p;j(x,t), for j=J, +1,...,J. Simply, we de-
fine p;(x,t) as p;(x), for j=1,...,J;. Thus,
Z(X,Y) in (15) can be reformulated as & =
Ix3t Ny pi(x,1) > 0Nt > 0.

Step 3: Eliminate z,, ..., z, one by one using CAD (open-
CAD) projection operator on Hj] _, p;j and obtain a
set of projection polynomials {¢, (x1,...,2,,t) =
Hj:] pj, anl(l'Za R xnvt)}’ R q()(t)}'

Step 4: Isolate the real roots of the resulted PEF ¢y based
on Rolle’s theorem, which will be elaborated in the
next section.

Step 5: Lift the solution using openCAD or CAD lifting pro-
cedure corresponding to Step 2 according to the or-
dert, z,, ...,x based on {qo, ..., q, }, and obtain
a set S of sample points.

Step 6: Check if .# holds by testing if there exists « in S
such that A7_, p; () > 0.

In [38], Strzebonski presented another decision procedure for
7, completely based on CAD. Our decision procedure differen-
tiates from Strzeboniski’s in the following points:

1) When all constraints are open sets, our method is based
on openCAD, which requires less computation compared
to the corresponding complete CAD, as we do not need to
consider the cells that are represented as roots of equa-
tions involving PEFs, which are extremely difficult, dur-
ing the base and lifting phases in openCAD. Therefore,
as indicated later in the experiments, our decision pro-
cedure is more efficient in this case. But the two deci-
sion procedures share the same complexity in general
case.

2) In [38], an algorithm for isolating real roots of a given
PEF based on weak Fourier sequence [37] is given. It is
claimed that the algorithm is complete under the assump-
tion of Schanuel’s conjecture [34]. Whereas, in this paper,
we give another algorithm to isolate real roots of the re-
sulted PEF ¢ (t) based on Rolle’s theorem. We prove that
our approach is also complete under the assumption that
o (t) does not have any multiple real roots, which can be
implied by Schanuel’s conjecture.

C. Isolating Real Roots of PEFs

In this part, we give an algorithm PEFIsolation toisolate
the finitely many real roots of a PEF.

Definition 4: Consider a PEF in t as

F&)=>" fi(t)e"! (16)
i=0

where s € N, 0 # f; € R[t] and v; € R are pairwise differ-
ent. Real root isolation of the equation f(¢) =0 is to ob-
tain a set of intervals {I; = (a;,b;) | aj,b;j € R Naj <bj,j=
1,...,J} such that I; N I; = () if i # j, in each I; there exists
only one real root of f(t), and all real roots of f(¢) are contained
inU7_, I;.

Given an open interval I, real root isolation of f(t) over I
can be defined similarly.

Without loss of generality, in (16), we can assume

0=y <v <y <- <, f;(t)Z0,fori =0,1,...,s
A7)
since we can always multiply out by ¢”° for the smallest 1
to ensure this happens. When s =1 or every v; (0 <i<s)
is a positive integer, in [2], an algorithm named ISOL was
proposed to isolate all real roots of f(¢). This algorithm can
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be easily extended to the case when all v; (: =0,...,s) are
rationals or there exists a nonzero real number x such that for
every 0 < i < s, ;K is arational.

1) Lower and Upper Bounds on Real Roots: Similar to
[2], we can prove the following theorem, which indicates that
there is a lower and upper bound on real roots for any given
PEF.

Theorem 6 (Upper bound): Let f(t) be a PEF of the form
(16). Then, we can obtain an upper bound C on its real roots
through the following procedure:

1) Find C; > 0, M > 0 such that for all ¢ > Cy, | f,(¢)| >

1

2) lé\{nd Cy>0and k € N such that for all ¢ > C and for
all0 <i<s,|fi(t)] < L7
3) Find C3 > 0 such that for all ¢ > Cs, tF < e(vs—vs-1)t,
4) Set C = max{C’l , Oy, Cg}
Proof: Let t>C, then we have |fi(t)]> 7, tF <
s — 1. Whence

elvs =)t | Fi(1)] < 4, fori =0,

s—1 s—1 k
t S < | fol(t (e < —
Ifo()+;f,()e |_|fo()|+;|f,()e <37
s—1 tk .
+;m€
t* foe t_ Lk ¢
_ pVs-1 — Vst = RVt Vs
< SMe +;SM€ Vi < e
<|fs(t)e”!
Thus, |fo(t )+§; STLfi(t)erit| < | fo(t)e” !, and we have

Jo(t) + 33571 Fi(0)e"! + £ (t)e” " # 0. This implies £(2) # 0
forany ¢ > C. So C'is an upper bound on the real roots of f(¢).H

In order to get a lower bound, a commonly used method is to
replace f(t) with g(t) = f(—t)e”*'. Then, by Theorem 6, there
is an upper bound B on the real roots of g(t) = 0. It is easy to
see that — B is a lower bound on the real roots of f(¢) = 0. Thus,
we see that all roots of f(t) = 0 are in the interval (—B, C). In
what follows, we denote by L(f) = —B,U(f) = C, the lower
and upper bounds on the real roots of f(¢), respectively.

2) Algorithm: In this part, we present our algorithm PE-
FIsolation for isolating all real roots of a given nonzero
PEF f(t) of the form (16).

Definition 5: Let f(t) be a nonzero PEF of the form (16),
then we define

T

(f()afla .. ~7fs)T7nu(f) = (O,Vl, -
(deg<f0)7 deg(f1)7 s >deg(f8))T

coff(f) =
deg(f) =

$Vs)

where deg(g) means the degree of g, and as a convention,
deg(0) = —1. So, (16) can be shorten as

f(t) = coff(f)T ()t

where e™(/)t = (1,e"!, ..., e"")T, a- b stands for the inner

product of the two vectors, i.e., » .| a;b;.

2009
From Definition 5, it follows
COﬁ.(f/) = (f(l)7f{ + Vlfl(t)a cee 7f; + I/st(t))Tunu(fl)
= (Ovyla"'aVS)T
deg(f,) = (rnax{deg(fo) -1, _1}7 deg(fl)’ s ’deg(fh‘))T

where f’ denotes the derivative of f w.r.t. ¢.
In the following, we will explain the basic idea behind PE-
FIsolation through the following simple example.
Example 2: Consider f(t) =t + 1+ eV — (t + 2)eV5".
First, in order to isolate the real roots of f(¢) = 0, we need
to calculate the upper and lower bounds on all its real roots
according to Theorem 6.
Regarding the upper bound of f (t) =0, we have: 1) C; =0,
M=1,%t>0,[t+2|>1;2) Co=4, k=2, YVt >4, |t +
1<, 1<533) Cy =12,V > 12, 2 < (V52 Thus,
we obtain U(f) =12.
In order to obtain the lower bound, we have to calculate the
upper bound U(g) of g(t) = f(—t)eV™, ie. g(t) =t —2+
V5=Vt _ (¢t —1)eV5t Because 1) Cy = 3, M = 1,Vt > 3,
|t—1\>1 2) Oy =4, k=2,Vt>4, \t—2\<— and 1 <
2 :3)C3=1,Vt>1, and t* < eft, we obtain the upper
bound U(g) = 4
Therefore, the lower bound L(f) = —U(g) = —4 is ob-

tained. Obviously, all real roots of f(£) = 0 should be in the
interval (—4, 12), which implies that we just need to isolate all
real roots in (—4, 12).

From differential mean value theorem (i.e., Rolle’s theorem),
we know there must exist at last one real root of f/(t) =0
between every two real roots of f(t) = 0, if f(¢) is continuous
differentiable. In order to obtain the real roots of f(t) = 0, we
can try to get the real roots of f/(¢) = 0 first. Likewise, in order
to obtain the real roots of f/(t) = 0, we can try to get the real
roots of f”(t) = 0 first. We can repeat the above procedure until
the real solutions of the ith derivative of f(t) for some ¢ can
be achieved. Then, we lift the real solutions of the respective
derivative in the inverse order until f(¢) itself. We illuminate
the procedure by continuing the running example.

At the beginning,

So = f(t) =t+1+e? — (t+2)e’™
coff (Sp) = (t + 1,1, —t — 2)"
nu(Sy) = (0,v2,v5)", deg(Sy) = (1,0,1)".

Then, we obtain the derivative of f is
F(t) =142 — (V5 4+ 2V5 + 1)V
(1,v2, =5t —2v/5 — 1)

(0,v2,V5)T, deg(S1) = (0,0,1)7.
Furthermore, the derivative of f’ is

(5t + 2v/5 4 10)e¥>

(0,2, =5t — 2/5 — 10)7
(0,v2,V5)T deg(f") =

coff(S1) =
nu(S;) =

"(t) =0+ 2V —
coff (f) =

nu(f") = (-1,0,1)".
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Clearly, f’ " and the following S5 share the same real roots:

Sy = f'(t)e V2 =2 — (5t + 2v/5 + 10)el V3 V2!
(18)

coff(S,) = (0,2, =5t — 2v/5 — 10)”
nu(Sy) = (0,0,v5 — v2)", deg(S2) = (—1,0,1)".

Now, the derivative of S5 is

19)

S5 =85 =040+ helV> V2 coff(S5) = (0,0,h)"
nu(Ss) = (0,0,v5 — v2)7, deg(Ss) = (—1,—1,1)7

where h = —(5(v/5 — V2)t + 15 + 10/5 — 2¢/10 — 10v/2).
Obviously, S5 = 0 if and only if h = 0, while the real zeros
of h can be easily achieved by any real root isolation procedure
for polynomials [12].

Remark 1: In general, suppose S;(t) = fo(t) + Z}-]:I fi(@®)
et with 0# f;(t) eR[t], 0<1y <---<vy, and 0<
JeN, then we define S;.1(¢)=Si(t) if fj(t) #0;
otherwise, S 1(t) = Si(t)e ™" = (f{(t) + 1 f1(t)) + Z;-]:Q
(fi @) +vif (t))ei =)t Tt is obvious that S;,; = 0 shares
the same real roots of S/(¢) = 0. We construct S;;; from S;,
for i = 0, . ... This procedure terminates when S}, is a polyno-
mial for some k.

Theorem 7: Let f(t) be a PEF, f'(t) the derivative of f(t)
w.rt. t, I = (a,b) a nonempty open interval, and .Z;(f') =
{I;]j =1,...,J} areal root isolation of f"in I, in which I; =
(aj,bj) witha =by < a1 <by < ---<ay<by<aj.i =b
Furthermore, f () hasno real roots in any closed interval [a; , b;],
1 <j <J.Then, { (b,a;1)|f(b;)f(a;+1) <0,0<j<J}
is a real root isolation of f(t) in I.

Proof: Since f(t) has no real roots in any closed interval
laj,b;],1 < j < J,all real roots of f(t) are in U}]:O(bj, aji1)
and f(b;)f(a;+1) # 0. Moreover, f(t) has at most one real root
in each (bj N ), otherwise, there must be at least one real root
of f'(t) = 0 on it by Rolle’s theorem, which is a contradiction
with the definition of .Z;(f"). So, if f(b;)f(a;+1) <0, then
there exists only one real root of f(t) in (b;,a;;1), otherwise
no real root of f(t) in (bj, a;41). [ |

Now, let us continue the running example. As e(V5-v2)t =+
0, by S5 = he(V3-V2t — 0, it follows h(t) = 0. Thus, t =

15+10v5-2v10-10v2 _
—1o+10y5-2V70 € (=5, —4). As (=5, —4) N (—4,12) =

(), there is no real root of S3 = 0 in (—4, 12). Hence, we have
Z(S3) = 0. In addition, from (18), we have

So(—4) =2+ (10 — 2¢/5)e *(V5V2) > ¢
S5 (12) = 2 — (70 4+ 2/5)e!2(V3V2) < 0,

So, there exists only one real root of Sy in (—4,12) by
Theorem 7. Clearly, the real root isolation of Sy in (—4,12)
is same as that of f”'.

In order to construct Z{_ 1) (S1), a real root isolation of
Sy in (—4,12), from Z_4 12)(S2) by Theorem 7, the condi-
tion that there is no real root of Sy in [a,b] for any (a,b) in
Z(~4,12)(S2) should be guaranteed. This means that we have
to refine the intervals in £ _, 15 (.52 ) until the condition holds.
This is achieved by Algorithm 2 below (see lines 2—13).

The following table is the bisection procedure (line 2—13) in
Algorithm 2 to refine the interval (—4, 12), in which “3” (resp.
“=3”) means there exists (no) areal root in the observed interval.

(-4,12) | (-44) | (4,00 | (-2,0) | (-2,-1)
3 3 3 3 3 3
S 3 3 3 3 -3

Finally, a refined interval (a,b) = (—2,—1) is obtained,
which satisfies the condition of Theorem 7. Thus, (—4,—2)
and (—1,12) are two intervals that may contain at most one
real root of S (t) = 0. In addition, as Sy (—4)S;(—2) > 0 and
S1(—1)5:(12) < 0, (—1,12) contains a real root of S (t) = 0,
but (—4,—2) does not by Theorem 7. Thus, we get a real
root isolation for Sy (t) = 0 in (—4,12), i.e., Z(_412)(51) =
{(=1,12)}.

In order to compute Z(_4i9)(S), we repeat the

above procedure, and obtain Z{_4 12)(f) = {(—4, —0.59375),
(—0.390625,12)}.

Up to now, we have already explained the main idea of our
approach how to isolate real roots of a PEF by the running
example. This procedure is implemented in Algorithm 1, whose
main steps can be understood as follows:

Step 1: In line 1, compute upper and lower bounds of the
real roots of f(t).

Step 2: In line 1, construct a sequence Sy (t) = f(¢),S1(t),
Sy(t),...,S.(t), where S; is a PEF which has
the same real roots as the derivative of S;_1, i =
1,2,...,7,7 € N,and S, (t) is a polynomial in .

Step 3: Isolate all real roots of S,(t) by calling
UPIsolating(S,(¢)) in line 1. Note that the prob-
lem of isolating real roots of a univariate polynomial
is well studied (e.g., in [12]).

Step 4: In line 1, for ¢ =7 —1 down to 0, construct a
real root isolation of S; from that of S;,; using
Theorem 7 by calling PEFI. Note that during this
procedure, we use .#; to record all subintervals in
which f(¢) has no real roots, while .#; to record all
subintervals in which f’(¢) has no real roots. So, we
only need to construct a real root isolation of .S; from
that of S;, 1 on the remainder part of the considered
interval by excluding all subintervals in .#; and .%;,
and accordingly update .#; and ., in each iteration,
see the detail in Algorithm 2.

Theorem 8 (Correctness of PEFI): Algorithm PEFI always

terminates correctly.

Proof: The termination of PEFT is obvious because f (t) =
0 and f»(¢) = 0 have no common real roots. Then, we prove its
correctness.

#] and ., are updated in line 5 and line 7, respectively.
Obviously, after every update, the properties of .#/ and .#; still
hold, i.e., f1 (¢) has no real roots in U.#/, f5(¢) has no real roots
in Uy, and U.#] NUZ = (). It is also easy to see that, after
the for loop at lines 15-18, ¢” is a real root isolation of g; (¥)
on (a,b) \ U(# U .74). ]

Theorem 9 (Correctness of PEFIsolation): Algorithm
PEFIsolation always terminates and returns a real root iso-
lation for a given PEF f, if f does not have multiple real roots.

Proof: Termination is immediately obtained from
Theorem 8. Then, we prove its correctness. After the for
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Algorithm 1: PEFIsolation. Algorithm 2: PEFI.
Input: f(¢), a PEF of the form (16) with the assumption (17), Input: (1) PEFs fi(), f2(t),81(t).82(t) s.t. fo(t) and f](z)
which has no multiple real roots share same real zeros, g»(¢) and g} (r) share same real
Output: .Z, a real root isolation of f(r) zeros, and f1(1) and f5(z) have no common real zeros;
1 Calculate a lower bound a and an upper bound b on real roots (2) an open interval (a,b);
of f(1)=0 (3) 41,7, two sets of closed intervals contained in (a,b), s.t
2 set S 0, 5 0 f1(t) has no real zeros in U.#], f>(t) has no real zeros in U.%,
S| records all closed subintervals of LA 0L =0
e recor s ° crosed subinbervass o . (4) £, a real root isolation of g(¢) on (a,b) \U(.#1U.%).
[a,b] in which f(f) has no real roots, while Outout: (1) %" and .#! with i 7 ond
4 records all closed subintervals of utput: }) ;ei Zrcltivelz ‘With e same propertes as 7y an
[a,b] in which f/(r) has no real roots. */ o °P . y R
3 Construct a sequence, So(r) = £(1), S1(), Sa(t) 5.(1) (2) £, a real root isolation of g () on (a,b)\U(#| U.%).
S q 7.0 - > O1\), 02LL), » or\t)s lj{%jl’yzlﬁjz;
where S; is a PEF, which shares the common real roots with the 2 for (,u) in & do
derivative of S; 1,i=1,2,....r, r€N, and S,(1) is a 3 | while 0 e g1 ([l,u]) do
polynomial; 4 if 0 ¢ f1([/,u]) then
4 L4p)(Sr):=UPIsolating(S,(t)), a real root isolation of 5 L I 7 U{[l,u]}; break;
. f(;ﬁ’g;_r e 0 do 6 i & fo((1.u]) and f1(1)f1(u) #0 then
—hT =T 7 Iy Sy U{[l,u]}; break;
o | [A, 9, 2] PEFI(S0,51,5:, 811, (a,b), 51,55, 2L); L7 2 ey
8 if g2(1)g2(5%) < 0 then
2
7 for [c,d] € # do 9 w1
if So(c)So(d) <O then
L (j(g)(_ofg)u{(c d)}; 10 else if g>(55*) =0 then
’ ’ 1 L jp 31141 oy l+43u.
10 return .Z; 12 else
13 L [+ HT“;
loop in line 2, % is a real root isolation of Sy(t) =0 (i.e.., 14 4« 2 %<0 L« {(@1,b1)s-, (ams ) 15
f(&) =0)on (a,b) \ U(H U .%). Because f'(t) has a constant /+ where aj,by, --,ambm are the endpoints of
nonzero sign in each interval of %, f(¢) has at most one real the intervals in % and % s.t.
root in each interval of .% and this can be decided by checking a<a; <by <---<amy<by<b, (a,b;)C (a,b)\
the signs of f(¢) at two endpoints of the interval. Moreover, U(AUS) for i=1..... m, and
since there is no real root of f(t) = 0 in U.#, so % is a real UL, (@i bi) = (@.b) \U(A1 U 22). */
root isolation of Sy () in (a, b). m s for ((C’d) in 23 do .
3) Multiple Real Roots of pEFs: Termination of the algo- ' | Zca) U [ 1€ L and I C (c.d)};
rithm PEFIsolation with aninput PEF f rely on that f does "7 ?btam a real oot isolation L. ) for £1(r) on (c,d) from
not have multiple real roots, which is however not obvious to é 1 (tﬁd);y Tj;"refn 7
check. In this section, we deal with multiple real roots of PEF " 2 HULcay
based on Schanuel’s conjecture. 19 return .}, 95, L5
Definition 6 (Algebraic independence): A set of complex
numbers S = {ay,...,a,} is algebraically independent over
Qif tne elements of S do not satisfy any nontrivial polynomial <o square free part is denoted by
equation with coefficients in Q.
Definition 7 (Transcendence degree): Let L be a field exten- Ftyrs ) = filtoyrs ) Loy - ).

sion of Q, the transcendence degree of L over Q is defined as
the largest cardinality of an algebraically independent subset of
L over Q.

Conjecture 1 (Schanuel’s conjecture): Given any complex
numbers 21, ..., 2, that are linearly independent over QQ, the
extension field Q(z1,...,2,,e*,...,e* ) has transcendence
degree of at least n over Q.

In what follows, we handle the multiple real roots of PEF.
Let

F) = fo(t) + fr(t)e " + -+ fr(t)er

where fo,..., f, € Q[t], and Ay, ..., A, are different algebraic
numbers. Letay, ..., a, beaninteger-basisof A1, ..., A,. Then.
ai,...,a, are linearly independent over Q, and f(t) is a poly-
nomial W.L.. t,emt ... e " denoted by f(t,e®t, ... e¥?).

Since f(t,y1,. .. ,yn) is a polynomial, by factorlzation we
have

f(t7y1a"'7yn) :f{nl(t7yl7"'7yn)"'f5mb<t7y17---;yn)

This yields a PEF f(t,e, ...,
free part of f(t,e®?, ... e®?t).

The following corollaries can be derived based on Schanuel’s
conjecture.

Corollary 3: Let ay,...,a, be algebraic numbers that are
linearly independent over Q. The transcendence degree of the
field extension Q(t, e, ... e ') is at least n, if t # 0.

Proof: Since ay,...,a, are linearly independent over QQ
and t # 0, a1t,...,a,t are linearly independent over Q. By
Schanuel’s conjecture, the transcendence degree of the field ex-
tension

e’ '), denoted as the square

Q(art,...,ant, ™, ... e
is at least m. Besides, ai,...,a, are algebraic num-
bers, thus Q(1) = Q(ayt, ..., ant), ie., Q(ait,...,ant, et
ety =Q(t, et “"t) Therefore, the transcendence

degree of the field extension Q(¢, e, ... e !)is atleast n.H
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Corollary 4: Let f(t,e™?!,. .. “"t) be a PEF w.r.t. t, and
thus a polynomial w.r.t. t,e®? ... e! where ai,...,a, are
linearly independent. Suppose f,y1, ..., yn) is square free,
then f(¢,e“?, ... e% ") has no multiple real root except 0.

Proof: Since f (t Yl .-, Yn) is square free, we may write

f(tay17"'7yn) :fl(t7yla"'7yn)"'fm(t7yla"'7yn)

where for any 1 <i,5 <m, i #j, fi(t,y1,...,yn) is irre-
ducible and f; (¢, y1,...,y,) and f; (¢, y1,. .., y, ) are coprime.

We first prove, by contradiction, that f;(t,e®f ... e%?)
and f;(t,e™",... e ") have no nonzero common real root.
Suppose ty # 0 is a common real root of f;(t, et ... e®?!)
and f;(t,e"!, ... e""). By Corollary 3, we have that the
transcendence degree of Q(tg,e® 0 ... e ) is at least n.
Then, there must exist n elements in {to,ea‘tf’,...,e“" o}
that are algebraically independent. Without loss of general-
ity, let {tg, e, ... e -1t} be the n elements that are al-

gebraically independent. Besides, let g(¢,y1,...,y,—1) be the
resultant of f;(t,y1,...,yn) and f;(t,y1,...,yn) WL Yp,
then (tg, e, ... e®-1%0)is areal root of g(t,y1, ..., Yn_1)-
Further since f;(t,y1,...,y,) and f;j(¢t,y1,...,y,) are co-

prime, g(t,y1,...,Yn—1) is nontrivial polynomial, indicating
that (to,e® ', ... e%-1") is a real root of some nontrivial
polynomial. This contradicts that {tq,e%% ... e% -1t} are
algebraically independent Consequently, f;(t,e®t ... e®1)
and f;(t,e™, e" ') have no nonzero common real root.

Next, we prove that Ji(t et ... e ') has no multiple real
root. Suppose

fi(t,e[“f ) ,eau,t) _ ho(t) + Zhj(t)(ealt)b” .. (e(lut)bju
j=1
where hg(t),...,h,(t) are nontrivial polynomials, b;; € N,

h
1<j<s, and < k < n. Then, we have

fi/(t7ealtu"'7 _h'/ +Zh/ CLl j1+
P
Moreover
fi(tay17~-~7er = +Zh . nm

f/(t ealt _h/
2 \bs a"'7

(ar1bj1 + -

)+ Z K (t
bin

+ anbjn)h; (t))% © o Yn

Consider the degree and h () to be nontrivial, it is evident to see
that (£, 1 - > 9) £ S2(E U1 ). Then, fi(E 91 )
and f/(t,y1,...,yn) are coprime, since f;(t,y1,...,yy) is ir-
reducible. For the same reason as above, f;(t,e®! ... e®?)
and f!(t,e™", ... e*") have no common real root. Therefore,
fi(t,emt ... e ") has no multiple real root. [ |

4) Complexity analysis of PEFIsolation: Here, we give
a rough complexity analysis of PEFIsolation. Suppose
Ft) = folt) + fr(Dert + -+ fi(H)ert, L(f) and U(f)
are, respectively, a lower bound and an upper bound on
real roots of f(t), deg(f) = (do,d1,...,ds). PEFIsola-
tion computes all real roots for a PEF chain f(t) =0,
f'@)=0,f"(t)=0,...,totally,dy + - -+ + ds_1 + s+ 1 such

PEFs at most, with the corresponding degree. The last ele-
ment in the chain is a polynomial with degree d,, so it has
at most d; real roots. Clearly, for each function in the chain,
the number of intervals in its real root isolation is at most
dy+dy +---+ds+ s+ 1. In addition, suppose the lower
bound on the distances between real roots of S; and those of
Sii1 18 0, then the while loop (line 3-13) in Algorithm IV-D2
always terminates after the length of an interval is less than
0. Since the length of every interval is less than or equal to

U(f) — L(f), the while loop must terminate in log, M
steps. In a summary, the complexity of PEFIsolation is

about O((35_, di + s+ 1)% log, M)

V. PURELY IMAGINARY EIGENVALUES

In this section, we give a decision procedure for the purely
imaginary case described in Section II-C.

A. Solution Form

Theorem 10: Given an SS as (4) as described above, for any
initial point x € R", the solution ®(x,t) is of the following
form

K
(@0, 1)) = S 26,(x) o8 (iat) + 24, () sin (yixt)  (20)
k=1
fori =1,...,n, where z{; (x), 25, (x) € R[x] and ;;, € R.

Proof: Similar to Theorem 5.
Example 3: Let

& —&

& B &

fzs B 265 + 284 — & @b
& =383 — 28 + &162

an initial state x = (71,22, 23, 74) € R, then, the solution is
& (t,x) = a1 cos (t) — x2 sin (1)

& (t,x) = a1 sin (t) + x4 cos (t)

2
&(t,x) = g(az% + 221 @y — 222 + 2¢ 4 2d) sin (V/2t)

+ (2z129 + 22 + €) cos (V2t)

1
+ i(x% — 4z 29 — 23) COs (2t)
Jc% + x%

— (2 + 2129 — 23) sin (2t) — 5

1
&(tx) = i(xf — 2029 — 422 + 224) cos (V/2t)

V2

5 (I% +4xi39 — x% + 3x3 + 2x4) sin (\@t)

+ ~(=5x? + 523 + 4x29) cos (2t)

N =

. 3
(x3 — 23 + 5xyx9) sin (2t) + Z(x% +22)

which is a TMF vector.
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As X and Y are two open semialgebraic sets, there exist some

polynomial py (x), ..., ps(x) such that
X={xeR" |p(x)>0,...,ps5(x) >0}
Y={xeR" |pj+1(x)>0,...,ps(x) > 0}.
Thus, the problem (13) can be further reduced to
F(X,Y) =IxIyIt: Q (22)
where
Q=p1(x)>0,....,p;, X)Aps+1(y)>0,...,p;(y) >0
/\tZO/\/n\yl Zzlk ) cos (irt) + 25 (x) sin (ixt).

i=1
(23)

B. Reduction to Decision Problem of Tarksi’s Algebra

In this part, we show the problem (22) can be reduced to
the decision problem of Tarski’s algebra [39]. There have been
many tools available for the decision procedure, e.g., [6], [11],
[13], [19], [22], [29], [36], all of which are based on CAD [10].

From now on, we will focus on how to reduce (23) to Tarski’s
algebra equivalently.

For (23),letT = {v;; | 1 <k < K;,1 <i <n},ie., theset
of all reals appearing in some trigonometric expression in (23),
and A = {01,...,dx} be an integer-basis of I, i.e., for any
v €T, «v can be written as a linear combination of A with
integer coefficients.

In addition, obviously, cos (+t) and sin (+¢) both are polyno-
mials in sin (d1t),cos (01t),...,sin (dxt),cos (Oxt), for 1 <
k< K;,1 <i<n,thatis

cos(ixt) = £ (sin(d1t), cos(d1t), ... ,sin(dnt), cos(dnt))
(24)

sin(y;xt) = f7). (sin(d1t), cos(d1t), ..., sin(dnt), cos(Ont))
(25)

where f7., fgc are polynomials in their arguments. Denote the
following formula by =, i.e.
N
EixeX/\er/\/\u]Z+v]2:1/\
j=1

chk (X)-fzck (U1 » U,

¢ ¢ ...,UN,’UN)

Theorem 11: Suppose X,Y both are open semialgebraic
sets, I' is defined as above, which is a set of real numbers,
A is an integer-basis of I, ff;. and f} are defined as (24), (25),
and 2 and = are two formulas deﬁned as above, then

IxJydt: Q& EixEIyElj-V:luj Ei;,wzlvj (2. (26)
Proof: It is obviously that
IxTy3t: Q= IxIyI ;3 ;1 B (27)

since if there exist x, y, ¢ satisfying €2, let u; = sin (6;t),v; =
cos(d;t), then Z is satisfied. So, we just need to prove that

IxIy I w3 vy 0 E = IxTy 3t Q. (28)

Let

S = {(sin (61t), cos (01), ...,

N
€R2N|/\u?+vf:1}.

i=1

sin (Ont),cos (nt)) |t > 0}

S = {(ul,vl,...,uz\v,vN)

From Theorem 2, it follows that S is dense in .S. Denote w =
(ur,v1,...,uy,vy). Letx',y', uf, ... vly satisfy
=, l.e.

! /
sUN ULy ee ey

X eXAy eYAW € SA

n
/\ yl Z sz
i=1

+ sz ( )fzsk (W/)

where w' = (uf,v],...,u}y, vy ). Since Y is an open set, y’ €
Y, there exists an open ball B.(y’) C Y, where B.(y’) is the
ball with center y’ and radius ¢ > 0. Moreover

§ Zlk‘

) + 25 () £ (W)

is a continuous function on w (denote by y = y(w)). Thus,
there must exist an open ball B, (w’) such that y (B, (w')) C
B-(y') C Y, where o > 0. Besides, as w' € S and S is dense
in .S, there must exist wy € B, (w’), i.e., there exists t; > 0
with (a1tg,...,anty) € By (W' )andyy = y(wy) € B-(y') C
Y. Hence, X', yo, to satisfy Q2. |

From the decidability of Tarski’s algebra [39], an immediate
result of Theorem 11 is

Theorem 12: The problem described in (22) is decidable.

Example 4: Continue to consider Example 3. Let the initial
set X and unsafe set Y defined as following:

X={(21,29,23,24) | =1 <1 < 1Az =0A23 + 2} <1}
Y = {(y1,92,y3,y1) | ys +ya >4}

we want to check whether this system is safe or not. In order to
use Theorem 11, we first introduce some new variables as

o) = sin (t), B = cos (1), ay = sin (V2t), ¢ = cos(V/2t).
Then, the solution of (21) is

§(t,x) =a101 — 22011
&(t,x) = r1ar + 226
V2
2
+ 2wy 23 + 23 + ¢) B

&(t,x) = ~—= (23 + 2x119 — 223 + 2¢ 4 2d) o
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+ (2} — 4wz, — 23) (6] — o)

N | =

x% —|—x§
2

—2(z} + 2129 — 23) a1 By —

1
&i(t,x) = 5(3:? — 2wy — 43 + 224) s

2
— g( 2 fda e — x5 + 33 + 224

(=527 + 523 + dz122) (6] — af)

A~ =

+

3
— (2] — 25 + brrma)on i + Z(m% + 23).

By Theorem 11, we just need to check whether

Fi= 1<z <1IAzi+2i<1iAnal+5 =1A

i(?)a% — 33 —da1 By + 1)a?

of + B3 =1A >4
2 ﬁQ <+%(SE% +2I’3 +2l‘4)ﬂ2 — ?$30[2>

is satisfiable or not. It is easy to prove that there does not exist
any xi, xa, 3, T4, 1, 2, 1, O € R such that the above
formula holds. Thus, the system is safe.

Remark 2: Note that the openness of the initial set X and
the unsafe set Y plays a very important role in our approach.
Otherwise, there may be some point on the boundary of X or Y,
which cannot be contained by any ball contained correspond-
ingly in X or Y. But in case either of them is not open, we can
resort to the below approach to approximate the reachable set.

VI. ABSTRACTION OF SOLVABLE DYNAMICAL SYSTEMS

In this section, we present an approach to approximate the
reachable sets of the general solvable dynamical systems SS (4)
by abstracting to the case only with real eigenvalues as discussed
in Section IV.

A. Solution Form of the General Case

Given an SS of (4), we will show that its solution is a PETF
vector. Namely,

Theorem 13: Given an SS as (4) and an initial pointx € R",
then its solution ®(x,t) can be represented by the following
form

K;
(D(x,1)); = Y €4 (265 (x) cos (yixt) + 25, () sin (Y1)
k=1

(29)
for i =1,...,n, where z{} (x), 2. (x) € R[x] and cx,vir €
R.

Proof: Similar to Theorem 5. ]

B. Approximation of Reachable Sets by Abstraction

Using the solution form above, the reachability of Y from X,
i.e., the safety problem, can be formally described as

IxJy Tt : , where the quantifier free part 2 is defined by
Q=xeXAyeYAt>0A

n K;
Ay =3 e (25 (x) cos (yirt) + 23 (%) sin (yit))-
i=1 k=1

The reachability problem of this form is generally undecid-
able due to the TMFs in the formula. However, if there are no
such functions it becomes decidable, and a decision procedure
has been proposed in [16]. This fact hints us to eliminate the
TMF's by overapproximation of the reachable set, which is anal-
ogous to the technique used in Section V. Let

N
= -~ 9 2
EExeXAYEYALZ0A \ul+0] =1A
j=1
n K; c ¢
ik Zik(x)fik(ulavlw"auNavN)
PNwi=> e (L :
+Zik‘(x)fik(u1,vl,-..,UN,'U]\I)

i=1 k=1

Then, it follows immediately that
Theorem 14: Ix3Jy3t : Q1 = E|XE|yE|tE|§~\;1Uj 3?;1%' D E
Hence, we can conclude, by Theorem 14, the system to be
verified is safe, i.e., Y is not reachable from X, as long as we
can prove EIxEIyEItEI?Y:luj Elfj\‘r:lv]- : = does not hold.

VII. IMPLEMENTATION AND EXPERIMENTAL RESULTS

We have discussed the reachability problem for four cases:
nilpotent, real, purely imaginary, and general case. For the nilpo-
tent and purely imaginary case, the reachability problem can be
reduced to a quantifier elimination problem in Tarski’s algebra
by introducing some new variables. Therefore, it is easy to ob-
tain the decidability since the quantifier elimination of Tarski’s
algebra is decidable. We implement a tool to decide the reach-
ability problem for the real case. And then using such tool to
obtain an incomplete method for the general case.

A. Part 1: Only With Real Eigenvalues

We have implemented the proposed approach for the case only
with real eigenvalues described in Section IV in Mathematica
as a prototype, called LinR,> which takes an SS reachability
problem as input, and gives either False if the problem is not
satisfiable, or True otherwise associated with some valid sample
points. In the following, we report some experimental results
with LinR.

Example 6: Adopted from Example 3 in [16].

Example 7 (Adapted from [1]): Consider a vessel of water
containing a radioactive isotope, to be used as a tracer for the
food chain, which consists of aquatic plankton varieties phyto-
plankton A and zooplankton B. Let & (¢) be the isotope con-
centration in the water, & () the isotope concentration in A and
&5 (t) the isotope concentration in B. The dynamics of the vessel

is modeled as £ = A&, where

-3 6 5
2 —12 0 |.

1 6 -5

A:

2Both the tool and the case studies in this section can be found at
http://Ics.ios.ac.cn/~chenms/tools/LinR tar.bz2.
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The initial radioactive isotope concentrations & (0) = z1 >
0,£(0) =0,&(0) =

The safety property of our concern is whether V¢ > 0 &; (¢) >
& (t) + &(t). To this end, we consider a more general prob-
lem: For which ny,n9 € N s.t. F(ny,ne) =3z >0 3 >
0&1(t) < mi&(t) + naés(t) holds.

It is easy to see that the matrix A is diagonalizable with
eigenvalues 0, —10 + v/6, —10 — /6. When (n;,n2) = (1, 1),
using the method in Section IV-C, we obtain two sample points
for (z1,t), i.e., (—0.1,1),(0.1,1). But none of them satisfies
Z (1,1), which simply implies the safety property holds. When
(ny,n2) = (2,2), similarly, we obtain four sample points for
(z1,t), ie., (—=0.1,0), (0.1,0), (—0.1,1), (0.1,1), in which
(0.1, 1) satisfies .# (2, 2). It can be proved that &; (¢) > 0 for any
t>0andi=1,2,3. So, it is clear that, if .7 (ny,ns) holds,
Z (my,my) holds for m; > ny and ms > ns. Then, by check-
ing some pairs of (n1,n2) € N x N in a similar way as above,
we conclude that all pairs (nq,n2) € N x N satisfy .Z (n1, na),
except for the pairs {(0,0),(0,1),(0,2), (1,0),(1,1),(1,2),
(2,0),(2,1). (3,0),(3,1). (4,0). (5,0)}.

Example 8 ([Adapted from [1]): Consider a typical home
with attic, basement, and insulated main floor. Let
x3(t), x2(t), x1 () be the temperature in the attic, main living
area, and basement, respectively, and ¢ is the time in hours. As-
sume it is winter time, the outside temperature is nearly 35 °F’,
and the basement earth temperature is nearly 45° F'. Suppose a
small electric heater is turned on, and it provides 20 ° F' rise per
hour. We want to verify that the temperature in main living area
will never reach too high (maybe 70 °F’). Analyze the changing
temperatures in the three levels using Newton’s cooling law and
given the value of the cooling constants, we obtain the model as
follows:

. 1 1

$1=§(45—$1)+§($2—$1>

= Ser — 29) 4 (35— 29) + (g — 2) + 20

962—2$1 T2 1 L2 4965 L2

.1 3

Igzz(z2—$3)+1(35—$3)
with the initial set X = {(z1,22,23)7 | 1 — (21 —45)% —
(v2 —35)% — (z3 —35)> > 0} and the unsafe set Y =

{(y1,y2,y3)" | y2 — 70 > 0}. The safety property we are con-
cerning is to check if some state in Y is reachable from X, which
holds by using LinR.

Example 9: Consider a nonlinear SS as follows

& =& +26
Lr =& — &
& =& +&&

with the initial set X = { (71,22, 23)7 | =21 + 79 — 73 +2 <
0} and the unsafe set Y = {(y1,42,¥3)" | —y1 + 42 — s —
2 > 0}. For an initial point z = (1, 22, x3), the solution is

&i(ta)= (;a—l—\[b) (Va-1i _ (—;a+\é§b> e~ (V2H1)t

52(t,x)=<\{fa+;b> e<ﬁ‘1)f+< \4f + b) —(Va+1y

2015
(2vV2-1)t ) \[ 1
s(t,r) =€ x—i— m2—|—fxx
&(t,w) (2@—1 ( 4 e
—(2V241)t \/§ N D) ) 1
—x —x5 — =TT
2\f+1 8 4
+cfl \/ix% 71 \/img 71 HARD)
82v2 -1 42V2-1 22V2-1
1 \/il’% 1 \/ixg } T1X9
8-2v2-1 4-2y2-1 2-2y2-1)

The safety property we are concerning is to check if some state
in Y is reachable from X, i.e., check whether the following
formula is true of not:

3%131’23%33752 —1’1+$2—.’E3+2<0/\t20

N=& +&—&—2>0.

Using our tool, a point (z1,x9, z3,t) = (—36.1203, 20.7631,
59.1,1) can be found that satisfy the above formula, which
means that the system will reach Y from the initial point
(—36.1203,20.7631,59.1) € X at time ¢ = 1. Thus, it is un-
safe.

The above four examples are verified by LinR. Both the time
and memory costs on a 64-bit Linux computer with a 2.93GHz
Intel Core-i7 processor and 4GB of RAM are shown in Table I.
Besides, we have also compared on the same platform with the
performance of Strzebonski’s approach (i.e., CT1D) [38], as
well as verification tools dReach [25], HSolver [33], and Flow*
[7] on these examples. Note that both dReach and Flow* cannot
handle unbounded model checking, and even for BMC, they
are less efficient than our tool in many cases (see Examples 6,
7, and 9).% In particular, Flow* accepts only rectangular ini-
tial set, i.e., each variable needs to be specified within a closed
interval and polynomial constraints are not allowed, and thus
we tried different cube to approximate the spherical initial set
in Example 6, while none of them can derive a desired result
(unsafe). As for HSolver, due to the rejection of “sgrt,” we sim-
plify the original model by replacing all the irrational numbers
with their approximate decimals, however, 2 of the 3 examples
still cannot be answered by HSolver in reasonable time and
memory.

Remark 4: In the above examples, all constraints are open
sets. Actually, more general initial and unsafe sets, i.e., when
either Pre(X) or Post(X) is not open semialgebraic, can be
coped with in our approach also, as we have implemented CAD
in the algorithms. For the [27, Example 3.4], where A is diag-
onalizable with rational eigenvalues and Pre(X) and Post(X)
are both closed sets, it takes 57 ms using Lafferriere er al.’s
approach based on quantifier elimination by QEPCAD [11]. In
contrast, LinR takes 39 ms, and CT1D takes 33 ms. In brief,
our approach shares nearly same complexity as Strzeboriski’s in
general case, but is still better than other approaches, see Table I1
(QEPCAD stands for Lafferriere et al.’s approach).

Remark 5: Tt is worth clarifying the aim of the comparison
done in this section, though we recognize that the comparisons

3Here, we set the time bounds 2s, 2s, 5s, and 2s resp. for Examples 6, 7, 8,
and 9 when using dReach and Flow*.
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TABLE |
EVALUATION RESULTS OF DIFFERENT METHODS

LDS Time (s) Memory (kb)

LinR CTID dReach HSolver Flow* LinR CTID dReach HSolver Flow*
Example 6 1.35 X 37.36 - 112 X 3812 - -
Example 7 0.03 0.20 0.71 - 131 2018 3816 - -
Example 8 1.68 X 0.05 0.72 16.50 166 X 3812 1076932 113492
Example 9  17.56 X 22.48 - 580 X 3820 - -

% : The verification fails by nontermination within reasonable amount of time (10 hours).
—: The verification fails because of giving an answer as “safety unknown.”

TABLE Il
TIME CONSUMPTION (IN MILLISECONDS) ON EXAMPLE 3.4 FROM [27]

TABLE IlI
FEATURES SUPPORTED BY DIFFERENT TOOLS

LinR CT1D QEPCAD dReach HSolver Flow*

39 33 57 110 - -

with dReach, Flow*, and HSolver are not essentially fair in gen-
eral, due to distinction of their scopes. A more reasonable way
of doing the comparison might be with several state-of-the-art
tools for quantifier elimination, e.g., REDLOG [14], QEPCAD, and
SyNRAC [24]. However, these implementations are not capable
of dealing with the examples listed in Table I, as we are con-
sidering more general classes of systems featuring decidability
results. For instance, SYNRAC performs quantifier elimination
only over polynomial formulas, yet not available for constraints
involving transcendental functions. While, CT1D, a general-
ized CAD implementation of Mathematica’s Reduce command,
is theoretically competent in solving those examples, and thus
is listed as one of the candidates in Table I.

Aiming at an extensive evaluation of our algorithms, espe-
cially for the efficiency, we resort to the verification community
by performing comparisons with tools therein for reachability
computation. Whereas unfortunately, neither dReach, Flow*,
HSolver, nor SpaceEx [15] is fully compatible with our exam-
ples, and therefore, some simplifications or approximations over
the examples are conducted before triggering those tools. For
instance, we feed dReach and Flow* with a time bound, re-
spectively, for each example, as they cannot handle unbounded
verification; we replace the unbounded initial set with a small
compact one in Examples 7 and 9 when evaluating HSolver,
dReach, and Flow*, due to their intractability of unbounded
initial set; while a rectangular approximation of the initial set
is always needed for Flow* if the variables are not originally
specified within closed intervals.

Particularly, for systems considered in this paper, if no sim-
plification or approximation techniques are involved, one could
get an immediate overview of the advantages of our approach
through Table III.

B. Part 2: Abstraction of Solvable Dynamical Systems

To demonstrate the effectiveness of our technique that uses
abstraction for general solvable dynamical systems with com-
plex eigenvalues, we have extended our tool called LinR [16]
in Mathematica, which has been demonstrated more efficient

Features LinR HSolver dReach Flow*  SpaceEx
Unbounded time Vv Vv - - Vs
verification

Unbounded initial set Vv - - - _
Nonlinear semialgebraic vV vV v - _
initial set

Nonlinear SSs Vv 4 v Vv —

vV # : Based on existence of fixed-points of the reachable states.

than existing approaches based on approximation and numeric
computation in general, e.g., HSolver, dReach, FLOW*, etc.
For systems with real or purely imaginary eigenvalues, the tool
produces an exact result in finite time declaring the system
“SAFE” or “UNSAFE;” while for systems with complex
eigenvalues where overapproximation is used, the algorithm is
guaranteed to terminate in a finite number of steps, either by
finding a real counterexample (sample point) in the concrete
system and declaring the system “UNSAFE,” or by claiming
the system “SAFE” when the abstracted system is safe, i.e.,
no counterexample is detected, or returning an “UNKNOWN”
answer when the abstracted system is unsafe but the concrete
system is safe, where only spurious counterexamples can
be derived. In what follows, we illustrate our approach by a
practical proportional-integral-derivative (PID) controller.

Consider a PID controller (taken from [31]), which is used to
control a simple mass, spring, and damper problem. The mod-
eling equation of the mass, spring, and damper system (plant)
is

Mz + bt +kx=F

where M = 1kg,b = 10N-s/m, k = 20 N/m are given param-
eters of the plant, and F' is the controllable force. Suppose the
goal is to control the plant to reach a steady state where z = 1
with some requirements on the overshoot and rise time. Let
7(t) denote the desired trajectory for reaching the steady state
x = 1, which follows as a step function: r(¢) = 0 for ¢ < 0 and
r(t) =1fort > 0.

Given a PID controller, the model describing the composed
plant and controller is

Mg +bi + kx = Kd(r—'x)+Kp(r—x)+Ki/(7“—w)
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where K4, K, and K; are parameters indicating gains of the
derivative, proportional, and integral, respectively, while r — x
is the error in tracking the desired trajectory r.

We consider the case of using a PI controller, i.e., K; = 0, and
choose K, = 350 and K; = 300. We will prove the following
property of the system using our approach:

G(t>05=2>09Az<1.1). (30)

Note that this case has been studied in [31] but unfortunately it
cannot be proved by the method proposed there.
Letx = [[ @, 2,4,t]", then X = Ax + u, where

0 1 0 0
0 0 1 0
A =
-300 —-370 —10 300
0 0 0 0

and u = [0,0,350,1]T. The initial value is x(0) = [0,0,0, 0]
and unsafe set is Y ={x|t>05A(x<0.9Vzx>11)}.
Now, the problem has been written in the form of reachabil-
ity of an LDS. The eigenvalues of A are 0,1, A1, and Ao,
where A; (i =0,1,2) are roots of the characteristic equation
F(A) = A3 + 1042 + 3704 + 300. Solving the LDS, we get

=14 coroe™! + c1r Ml + cyroe?

where
co 1 1 17'711/15
C1 = )»() )»1 )»2 —1
Ca YISy 0

Observe that () has only one real root, denoted by %, and
by A1 and A, the other two conjugate complex roots. Let A; » =
« + (i, then the solution can be rewritten as

x =1+ corge™" + 2e*" (Re(ci A1) cos (Bt)
—Im(ciAq) sin (5t)).

Now by abstraction, we put u = cos (§t), v = cos (t) and
require that > 4+ v?> = 1. Then, the reachability of Y becomes

JuIv3t :u? + 02 = 1At > 0.5A
(¢p(u,v,t) < =0.1V ¢(u,v,t) > 0.1) 31)

where ¢(u,v,t) = corpe™’ + 2(Re(ci A )u — Im(cpAq )v)e®’.
Then, using the method proposed in [16], we prove that 1)
d(u,v,t) > 0.1 is invalid, and thus = < 1.1 in (30) is ver-
ified; and 2) the interval (0.5,7] covers all ¢ that make
o(u,v,t) < —0.1 satisfiable in (31). Here, T is the unique root
of |corgle*? + 2|erhyle®” — 0.1, which can be approximated
by real root isolation with arbitrary precision. We adopt 0.6 as
an overapproximation of 7" here (see Fig. 1).

Using our method it has been shown that Y can only be
reached when ¢ is in (0.5, 0.6]. Moreover, it can be checked by
bounded model checking or simulation based verification [18],
[23] thateven for ¢ € (0.5,0.6] Y cannot be reached. Therefore,
we have proved the property (30) for the given system.

VIIl. CONCLUSION

In this paper, we extended our previous approaches on reach-
ability analysis for linear vector fields given in [16] and [17] to
solvable nonlinear vector fields. To this end, we first identified

e

Fig. 1. Overapproximation (the “broom”) of the trajectory of z (the
curve) starting from 0. Here, the two horizontal dashed lines specify
the boundaries of the safe set, while T indicates a point in time, after
which the behavior of the overapproximated system stays within the safe
region.

three families of solvable nonlinear vector fields, i.e., the cases
when the matrices in (4) are, respectively, nilpotent, only with
real eigenvalues and only with pure imaginary eigenvalues, and
proved their reachability problems are decidable. In addition,
we presented an approach on how to abstract the reachability
problem of general solvable dynamical systems (4) to the deci-
sion problem of .7,. A prototypical tool has been implemented,
and experimental results indicate our approach is efficient.

As afuture work, it could be interesting to investigate whether
the reachable set computation of general nonlinear vector fields,
even nonpolynomial vector fields can be abstracted to that of
solvable ones, further to that of linear ones, by exploiting our
previous work in [28].
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