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Why Time Delays
©000000

Advice by a Wise Man

Indecision and delays are the parents of failure.

(George Canning)

©izQuotes
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Indecision and delays are the parents of failure.

(George Canning)

©izQuotes

m Only relevant to ordinary people’s life ?
m Or to scientists, in particular comp. sci. and control folks, too ?
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Why Time Delays
©000000

Advice by a Wise Man

Indecision and delays are the parents of failure.

(George Canning)

©izQuotes

m Only relevant to ordinary people’s life ?
m Or to scientists, in particular comp. sci. and control folks, too ?

Remember that Canning briefly controlled Great Britain!
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Why Time Delays
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Delayed Coupling in Differential Dynamics

ACAE
1935
fear ©[J. Pastor, 2016]

Vito Volterra Predator-prey dynamics

Mingshuai Chen - Institute of Software, CAS Taming Delays in Dynamical Systems CAV 2019 - NYC, USA 4/17



Why Time Delays
0®800000

Delayed Coupling in Differential Dynamics

ACAE
1935
fear ©[J. Pastor, 2016]

Vito Volterra Predator-prey dynamics

"Despite [...] very satisfactory state of affairs as far as [ordinary] differential
equations are concerned, we are nevertheless forced to turn to the study of more complex
equations. Detailed studies of the real world impel us, albeit reluctantly, to take account
of the fact that the rate of change of physical systems depends not only on their present
state, but also on their past history.”

[Richard Bellman and Kenneth L. Cooke, 1963]
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Why Time Delays
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Shall | Care about Delays ?

93 EXPECT DELAYs
ADUE T0O]

CONSTRUCTION

2003 TO 2008
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Why Time Delays
00®0000

Shall | Care about Delays ?

93 EXPECT DELAYs
'DUE TO

CONSTRUCTION

2003 TO 2008

We are no better:
As soon as computer scientists enter the scene, serious delays are ahead...
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Why Time Delays
000@000

Is Instantaneous Coupling Realistic?

Digital control needs A/D and D/A conversion, which
UWWWWN siise0i01i0 jnduces latency in signal forwarding.

Digital signal processing, especially in complex sen-
sors like CV, needs processing time, adding signal de-
lays.

Networked control introduces communication la-
tency into the feedback control loop.

Harvesting, fusing, and forwarding data through sen-
sor networks enlarge the latter by orders of magni-
tude.
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Why Time Delays
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Do Delays Have Observable Effect?

x(8) = —x(b) X(t) = —x(£-1)
{ x(0) =1 { x([~1,0)) =1
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Why Time Delays
0000080

May the Effects be Harmful

m Delayed logistic equation [G. Hutchinson, 1948] :
N(E) = N(B[1 = N(E—=1)]
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Why Time Delays
0000080

May the Effects be Harmful? - Yes, delays may well annihilate
control performance.

m Delayed logistic equation [G. Hutchinson, 1948] :
N(&) = N(&)[L — N(E— )]
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18 1 18 1 18f
16 1 16 1 16
14 4 14 4 14
12 b 12 b 12
z 1 z 1 z 1
0.8 { 1 0.8 1 0.8
0.6 b 0.6 b 0.6
0.4 4 0.4 4 0.4}
0.2 g 0.2 1 02}
0 L 0 L L
0 50 100 0 50 100 0 50

t t t
Mingshuai Chen - Institute of Software, CAS Taming Delays in Dynamical Systems

100

CAV 2019 - NYC, USA

8/17



Why Time Delays
000000e

Consequences

m Delays in feedback control loops are ubiquitous.

m They may well invalidate the safety/stability/...certificates obtained by verifying
delay-free abstractions of the feedback control systems.

Automatic verification methods addressing Feedback delays in dynamical
systems should therefore abound!
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Why Time Delays
000000e

Consequences

m Delays in feedback control loops are ubiquitous.

m They may well invalidate the safety/stability/...certificates obtained by verifying
delay-free abstractions of the feedback control systems.

Automatic verification methods addressing Feedback delays in dynamical

systems should therefore abound! . ,
Surprisingly, they don't :

S. Prajna, A. Jadbabaie : Meth. f. safety verification of time-delay syst. (CDC'05)

L. Zou, M. Franzle, N. Zhan, P.N. Mosaad : Autom. verific. of stabil. and safety (CAV'15)

H. Trinh, P.T. Nam, P.N. Pathirana, H.P. Le : On bwd.s and fwd.s reachable sets bounding for perturbed
time-delay systems (Appl. Math. & Comput. 269, '15)

Z.Huang, C. Fan, S. Mitra : Bounded invariant verification for time-delayed nonlinear networked dynamical
systems (NAHS '16)

P.N. Mosaad, M. Franzle, B. Xue : Temporal logic verification for DDEs (ICTAC'16)

o |

=]

M. Chen, M. Franzle, Y. Li, P.N. Mosaad, N. Zhan : Validat. simul.-based verific. (FM'16)

B. Xue, P.N. Mosaad, M. Franzle, M. Chen, Y. Li, N. Zhan : Safe approx. of reachable sets for DDEs
(FORMATS'17)

E. Goubault, S. Putot, L. Sahlman : Approximating flowpipes for DDEs (CAV '18)
(plus a handful of related versions)

~ -]
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Problem Formulation
[ Jole}

Delay Differential Equations (DDEs)

{20 =

F(x(t),x(t—r),...,x(t—ry)), te]0,00)
o), t€[—rmax,0
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Problem Formulation
[ Jole}

Delay Differential Equations (DDEs)

F(x(t),x(t—r),...,x(t—ry), te]0,00)
(&), t€[—rmax,0]

—
Ko

—~—

Naad
I

The unique solution (trajectory) : €4 () : [—max, 00) — R
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m Thus providing rather infallible,

m They feature "functional state
N.B. : More complex transformations may be applied to
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the initial segment f; according to the DDE's righ!
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N.B. : More complex transformations may be applied to

the initial segment f; according to the DDE's righ!
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Problem Formulation
ooe

Safety Verification Problem

Given TE R, X C R", U4/ C R", weather

Vo€ 6160 € X vte a0} (U €a®) =0 7

-4— unsafe set

exemplary trajectory

AN

[
initial set reachable set

X1
©[M. Althoff, 2010]

m System is T-safe, if no trajectory enters ¢/ within [—rmax, 7]; Unbounded : T = oc.
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Unbounded Verification
[ Jolole]

Stability of Linear Dynamics by Spectral Analysis

For linear DDEs :

x(t) = Ax (6) + Bx (E—1)
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Unbounded Verification
[ Jolole]

Stability of Linear Dynamics by Spectral Analysis

For linear DDEs :

x(t) = Ax (6) + Bx (E—1)

The characteristic equation :

det (,\/— A Be_”\) -0
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Unbounded Verification
[ Jolole]

Stability of Linear Dynamics by Spectral Analysis

For linear DDEs :

x(t) = Ax (6) + Bx (E—r)

The characteristic equation :

det (,\/— A Bc—“) -0

Mingshuai Chen - Institute of Software, CAS Taming Delays in Dynamical Systems CAV 2019 - NYC, USA



Unbounded Verification
[ Jolole]

Stability of Linear Dynamics by Spectral Analysis

For linear DDEs : “ ,
S
x (t) = Ax (£) + Bx (E—1) -
5 ° : ¥ *
The characteristic equation : - f,
/
det ()\If A Be*f*) —0 wf
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Unbounded Verification
[ Jolole]

Stability of Linear Dynamics by Spectral Analysis

For linear DDEs : 'wl”%x
x (t) = Ax (£) + Bx (E— 1) ~ .
S b e “+
The characteristic equation : 1: f,.x""
150 f"
det ()\If A Be*f*) =0 e
R(N)
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Unbounded Verification
[ Jolole]

Stability of Linear Dynamics by Spectral Analysis

For linear DDEs : 'wl”aﬁ
100f &“',*
x (t) = Ax (£) + Bx (E— 1) -
S b e “+
The characteristic equation : 1: f,.x""
150 f"
det ()\If A— Be*f*) =0 e
R(N)

Globally exponentially stable if VA: R(\) < 0, i.e.,

K> 0.3a < 0: |[€x(B)]] < KllBlle™t, VE>0,Vp€C,
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Unbounded Verification
0®00

Reducing Unbounded Verification to Bounded One

Identify the rightmost eigenvalue (and hence «) and construct K.

4.
E * N

= K=K(1+ 18Il [{e " dr) || x|

~

- k=g (1o ()| ¢ + 3 (i + a1 o)) + 106
A

R (/lA)

= S.Feng, M. Chen, N. Zhan, M. Franzle, B. Xue : Taming delays in dyn. syst. : Unbounded verif. of DDEs. CAV'19.
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Unbounded Verification
0®00

Reducing Unbounded Verification to Bounded One

Identify the rightmost eigenvalue (and hence «) and construct K.
Compute T* based on the exponential estimation spanned by o and K.

wf, X
: o Keot x5
T au
© .
o N
£ S . &
“ X
™ .
0 .
2
ol
= % 5 5 0 0 : 0 0
a T
R(2)

= S.Feng, M. Chen, N. Zhan, M. Franzle, B. Xue : Taming delays in dyn. syst. : Unbounded verif. of DDEs. CAV'19.
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Unbounded Verification
0®00

Reducing Unbounded Verification to Bounded One

Identify the rightmost eigenvalue (and hence «) and construct K.
Compute T* based on the exponential estimation spanned by o and K.
Reduce to bounded verifi., i.e., VT > T*, co-safe <= T-safe.

+
x(t)

R (;)

= S.Feng, M. Chen, N. Zhan, M. Franzle, B. Xue : Taming delays in dyn. syst. : Unbounded verif. of DDEs. CAV'19.
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Unbounded Verification
00e0

Stability of Nonlinear Dynamics by Linearization

For nonlinear DDEs :

x () fx(8),x(t—n)

= Ax+By+g(x,y), withA= £, (0,0),B= £, (0,0)
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Unbounded Verification
00e0

Stability of Nonlinear Dynamics by Linearization

For nonlinear DDEs :

x () fx(8),x(t—n)

= Ax+By+g(x,y), withA= £, (0,0),B= £, (0,0)

The linearization yields
X (6 = Ax(t) 4+ Bx(t—1)
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Unbounded Verification
00e0

Stability of Nonlinear Dynamics by Linearization

For nonlinear DDEs :

x () fx(8),x(t—n)

= Ax+By+g(x,y), withA= £, (0,0),B= £, (0,0)

The linearization yields
x (6 = Ax (6 +Bx(t—1)

Locally exponentially stable if VA: 53()\) < 0, i.e.,

36> 0.3K>0.3a < 0: [|¢]| <6 = [|€4(0)]| < Klp]le¥2, VE>0
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Unbounded Verification
oooe

Reducing Unbounded Verification to Bounded One

Identify the rightmost eigenvalue (and hence «), then construct Kand 6.

5 = min {5E, Sc/ (/A(e’m (1 + 118l ffe™T dT))}

= S =RKe ™' (1+ [|B] [{ o= dr) |||l eoKe™ " trat

e < —a/(2ke™")

R (1)

= S.Feng, M. Chen, N. Zhan, M. Franzle, B. Xue : Taming delays in dyn. syst. : Unbounded verif. of DDEs. CAV'19.
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Unbounded Verification
oooe

Reducing Unbounded Verification to Bounded One

Identify the rightmost eigenvalue (and hence «), then construct Kand 6.
Compute T*, as well as T (by bounded verifiers) s.t. ||| < § within T'.

u(n)

* -
. x * i
. i
* ]
*
50 o ki
R ]
i 02

-5 ) ) 2 ] 0
a T T 40 E3 8 100

= S.Feng, M. Chen, N. Zhan, M. Franzle, B. Xue : Taming delays in dyn. syst. : Unbounded verif. of DDEs. CAV'19.
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Unbounded Verification
oooe

Reducing Unbounded Verification to Bounded One

Identify the rightmost eigenvalue (and hence «), then construct Kand 6.
Compute T*, as well as T (by bounded verifiers) s.t. ||| < § within T'.
Reduce to bounded verifi., i.e.,, VT > T + T*, co-safe «—= T-safe.

S ofrrmimm s R B =
= o =
o
*
50 o
* 02|
-100
10y L L ny o
5 ) E ) E) 0
a 0 T/ + Tn 40 60 80 100

= S.Feng, M. Chen, N. Zhan, M. Franzle, B. Xue : Taming delays in dyn. syst. : Unbounded verif. of DDEs. CAV'19.
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Concluding Remarks
o

Concluding Remarks

Problem: We face

m increasingly wide-spread use of networked distributed sensing and control,
= substantial feedback delays thus affecting dynamical control schemes,
m delays impact control performance in continuous evolution.

Status: We present

m aconstructive method for computing a delay-dependent enclosure of the
infinite-horizon reachable set of a DDE featuring exponential stability,

m areduction of the verification problem over an unbounded temporal horizon to that
over a bounded one,

= an extension of the scope of existing bounded verification techniques to unbounded
verification tasks.

Future Work : We plan to

= exploit more permissive forms of stabilities, e.g. asymptotical stability,

m investigate more general forms of DDEs, e.g., with time-varying, or distributed (i.e., a
weighted average of) delays,

m refine the enclosure by, e.g., topologically partitioning the initial functional space.

OLDENBURG
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