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a b s t r a c t

Though Fisher score is a representative and effective feature selection method, it has an unsolved
drawback: it either evaluates the features individually and selects the top features, or selects features
using the sequential search strategies. The individual-method ignores the mutual relationship among
the selected features while the sequential-methods always suffer from heavy computation. In this work,
we present an efficient sequential feature selection method. In the proposed method, the generalized
Fisher score is used as a robust measurement of the discriminative ability of the features, which can
naturally deal with the Small Size Sample problem. Besides, each feature is considered as a pattern
vector and an adaptive eigenspace model is applied to update the generalized Fisher score. In the
proposed adaptive eigenspace model, the size of the eigen-decomposition problems does not increase
with the number of selected features, but is determined by the dimension of the adaptive eignespace. If
the dimension of the adaptive eigenspace model is fixed, the proposed algorithm approximately
consumes constant time to evaluate a candidate feature. Therefore, the proposed method is computa-
tionally more efficient than the traditional sequential methods. Experiments on six widely used face
databases are conducted to demonstrate the efficacy of the proposed approach.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

With the development of information technology, researchers
are often confronted with high-dimensional data. For example, in
face recognition [1], an image of size m�n is often represented as
a Gabor wavelet vector whose dimensionality is as high as
40�m� n. Similarly, biology databases such as microarray data
can have tens of thousands of features [2,3]. Such a large number
of features are always superfluous and can easily lead to the
problem of the curse of dimensionality [4]. This significantly
increases the time and space requirements for processing the
data. Moreover, learning tasks, such as classification, clustering,
retrieval and others [5], may become analytically or computation-
ally intractable in very high-dimensional spaces [6].

Feature selection [7], which reduces the dimensionality of data
by identifying the most informative features and removing the
redundant and irrelevant ones, is an important preprocessing stage
and is one of the two ways of avoiding the curse of dimensionality

(the other is feature extraction). It brings the immediate effects for
applications [2]: speeding up a data mining algorithm, and improv-
ing mining performance such as predictive accuracy and result
comprehensibility. Many feature selection methods have been
proposed based on different motivations. For example, there have
been some methods that select features by keeping intrinsic mani-
fold structure of data, including discriminative feature selection
based on manifold regularization (FS-Manifold) [8], minimum–

maximum local structure information Laplacian score (MMLS) [9],
a variance minimization criterion for feature selection [10], and a
global and local structure preservation framework for feature selec-
tion (GLSPFS) [11]. Recently, due to rapid development in optimiza-
tion [12,13], there is a trend in using l1 or l2;1 norm minimization for
feature selection. Typical works in this field include l1-SVM [14],
nonnegative discriminative feature selection (NDFS) [15], unsuper-
vised discriminative feature selection (UDFS) [16], joint embedding
learning and sparse regression (JELSR) [17], and clustering-guided
sparse structural learning (CGSSL) [18].

Generally speaking, feature selection can be categorized into three
families [7]: the embedded, wrapper and filter approaches. The
embedded methods directly integrate feature selection into the
training process of a given learning algorithm [16,19–22]. The
wrapper methods require a predetermined learning algorithm and
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use its performance as the evaluation criterion to select features,
such as the correlation-based feature selection method (CFS) [23],
support vector machine recursive feature elimination (SVM-RFE) [24]
and others [25,26]. Different from the embedded and the wrapper
approaches, the filter model assesses the importance or relevance of
features by considering only the intrinsic properties of the data,
without involving any learning algorithm. Typical filter-type feature
selection methods include Q�α [27], Laplacian score [28], informa-
tion gain (IG) [29], Fisher score [4], relief-F [30], and minimal-
redundancy–maximal-relevance (mRMR) [31]. Up to date improve-
ments of filter model include Fisher–Markov selector [32], quadratic
programming feature selection [33] and the fast clustering-based
feature selection algorithm (FAST) [34]. Comparably speaking, the
embedded and wrapper methods include interaction with the
learning algorithm, and thus tend to achieve better results than filter
methods; while filter model has better generality, and is usually
computationally less expensive than embedded and wrapper meth-
ods, which makes filter model a good choice when the number of
feature is large. In this paper, we will focus on the filter methods for
supervised feature selection.

In filter methods for feature selection, Fisher score is one of the
most widely used supervised methods due to its general good
performance. It evaluates each individual feature separately and
then selects the top-d ranked features with high scores. However,
it does not take account of the feature dependence, which leads to
a suboptimal subset of features. Considering the correlation of
features, the sequential search methods have been proposed and
proved to be very effective [7], such as the sequential forward
search strategy, sequential backward search strategy, and plus-L
minus-R selection. Besides, in order to select a subset of features
simultaneously rather than selecting each feature individually, Gu
et al. [35] generalized the traditional Fisher score and proposed a
feature selection method in the form of a quadratically constrained
linear programming. However, the computational complexity of
these methods is prohibitive for high dimensional data.

In this paper, we propose a filter-type sequential supervised
feature selection method based on the generalized Fisher criterion
and an adaptive eigenspace model. Specifically, in the proposed
method, the adaptive eigenspace model is utilized to update the
generalized Fisher score with new features, and informative
features are selected incrementally, i.e., the sequential forward
search manner. The contribution of proposed incremental super-
vised feature selection method covers the following aspects:

1. It can naturally deal with the Small Size Sample problem: In the
proposed method, the generalized Fisher score is computed by
the pseudoinverse of the total scatter matrix, thus it can still be
got even if the total scatter matrix is singular.

2. It finds the desired feature subset efficiently: The proposed method
utilizes an adaptive eigenspace model to approximate the
generalized Fisher score. For each candidate feature, the time
consumed for computing its generalized Fisher score depends
on the dimension of the eigenspace model rather than the
number of selected features, where the dimension is always
lower than the number of selected features. If the dimension of
the eigenspace is fixed, our method consumes nearly constant
time to compute the Fisher score of a feature, which is much
more efficient than traditional sequential methods.

The rest of this paper is structured as follows: In Section 2, we
provide a brief review of the Fisher score and the related sequential
search strategies for feature selection. In Section 3, the proposed
sequential supervised feature selection method is presented. Experi-
mental results on benchmark databases are shown in Section 4.
Finally, we conclude the paper in Section 5.

2. A brief review of Fisher score and sequential search
strategies

In this section, we first establish our notations for the rest of
the paper. Then, we briefly review Fisher score and its related
methods based on sequential search strategies.

2.1. Notations

In order to avoid confusion, we give a list of the main notations
used in this paper, in Table 1. Throughout this paper, all data
points are in the form of column vectors and all feature vectors are
in the form of row vectors. Both the data points and feature
vectors are denoted by lowercase. All sets are represented by
capital curlicue letters. Matrices are denoted by normal capital
letters.

2.2. Fisher score

The key idea of Fisher score is to find a subset of features which
maximizes the inter-class dispersion and the intra-class compact-
ness simultaneously. Specifically, given the selected d features, the
input data matrix ZARD�N is reduced to be XARd�N . Then the
Fisher score of X is defined as

FðXÞ ¼ tr ðStÞ�1Sb
n o

: ð1Þ

Here, trð�Þ is the trace of a matrix, Sb is the between-class scatter
matrix, and St is the total scatter matrix. Sb and St are defined as

Sb ¼
XC
i ¼ 1

niðmi�mÞðmi�mÞT ;

St ¼
XN
j ¼ 1

ðxj�mÞðxj�mÞT ; ð2Þ

where mi ¼ ð1=niÞ
P

jA figxj is the mean of ith class and m¼ ð1=NÞP
j ¼1Nxj is the global mean of the input data.

Roughly speaking, feature selection based on Fisher score is a
challenging combinatorial optimization problem as there are D

d

� �
candidates X out of Z. For this problem, the widely used heuristic
strategies include the single feature evaluation method and the
methods based on sequential search strategies.

In the single feature evaluation method, there are only D
candidates (each candidate is a single feature) to be scored, and
then the top-d ranked features are selected. In detail, let mi

k and σik

be the mean and the standard deviation, respectively, of the ith
class, corresponding to the kth feature fk. Let mk and σk denote the
mean and the standard deviation, respectively, of the whole
dataset, corresponding to the kth feature fk. It is easy to verify
that ðσkÞ2 ¼ PC

i ¼ 1 niðσk
i Þ2. Then the Fisher score of the kth feature

fk is computed as

Fðf kÞ ¼
PC

i ¼ 1 niðmk
i �mkÞ2

ðσkÞ2
; k¼ 1;…;D: ð3Þ

After scoring all the features, the top-d ranked features with large
scores are selected as the desired feature subset. Totally speaking,
the computation complexity of single feature evaluation method is
low. However, the combination of individually good features does
not necessarily lead to a good feature set, so the selected feature
set is always suboptimal.

2.3. Sequential search strategies

Different from the single feature evaluation method which
ignores the mutual information among features, sequential feature
selection methods evaluate unselected features by referring to the
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selected features and thus can handle redundant features more
effectively. Typical sequential feature selection strategies include
sequential forward selection (SFS), sequential backward selection
(SBS), and plus-L minus-R selection (LRS).

SFS selects the features based on the sequential forward search
strategy. It starts from the feature with the highest Fisher score. Then,
the method sequentially adds a currently unselected feature f AU
which maximizes Fisher score Fð ~X Þ. Here, ~X ¼ f

X

h i
is the concatena-

tion of the currently unselected feature vector f and the currently
selected feature matrix X. SFS method has been proved to be effective
in selecting features with considering their mutual information. The
main disadvantage of SFS is that it is unable to remove features that
become obsolete after the addition of other features.

SBS works in the opposite direction of SFS. It starts from the
input data Z, and sequentially removes the feature f AS that least
reduces the value of the Fisher score FðX̂ Þ, where X̂ is the reduced
data matrix which consists of features in S\ff g. The main limitation
of SBS is its inability to reevaluate the usefulness of a feature after
it has been discarded.

LRS can be considered as an integration of the SFS and SBS
methods, where L and R are both integers. If L4R, LRS starts from
the empty set and repeatedly adds L features and then removes R
features, otherwise when LoR, LRS starts from the input data Z
and repeatedly removes R features followed by L additions. LRS
attempts to compensate for the weaknesses of SFS and SBS with
some backtracking capabilities.

SFS, SBS and LRS are computationally expensive in practice. For SFS
method, evaluating a candidate feature in U needs Oðminðdþ1;NÞ3Þ
computational time, where d is the number of features that have been
selected. Therefore, SFS consumes O ðD�dÞðminðdþ1;NÞ3Þ

� �
compu-

tational time to select a feature from U and add it to S. The total
computational time becomes considerably huge as d increases. On the
other hand, SBSmethod consumesOðminðd�1;NÞ3Þ time to evaluate a
candidate feature from S. In total, SBS needs O dðminðd�1;NÞ3Þ

� �
computational time to delete a redundant feature from S. The
computational complexity of SBS is also high, since the deletion process
is started from the total feature set, where d¼D. The computational
complexity of LRS is the highest because it not only evaluates and
selects candidate features from U as the SFS method, but also removes
features from S as the SBS method.

3. The efficient sequential feature selection method

In this section, we first present the generalized Fisher score to
measure the importance of features. Then, we discuss how to drop
the trivial eigenvalues and eigenvectors of the total scatter matrix.

Thirdly, we propose the adaptive eigenspace model for the incre-
mented generalized Fisher score. At last, we present the efficient
sequential feature selection method based on the generalized Fisher
score and the adaptive eigenspace model.

3.1. The generalized Fisher score

For the reduced data matrix XARd�N , we define the between-
class matrix Hb and the total matrix Ht as

Hb ¼ ½ ffiffiffiffiffi
n1

p ðm1�mÞ;…;
ffiffiffiffiffiffi
nC

p ðmC�mÞ�;
Ht ¼ X�m1T ; ð4Þ

where ni is the number of points in the ith class, C is the total
number of classes, 1 is the column vector whose elements are all
ones, mi and m are defined as in Eq. (2). Then, the between-class
scatter matrix Sb and the total scatter matrix St of X can be
expressed as Sb ¼HbH

T
b and St ¼HtH

T
t .

A serious disadvantage of Fisher score defined in Eq. (1) is that
its objective function requires the total scatter matrix St to be
nonsingular. However, such requirement is not always satisfied in
modern data mining problems, especifically when the input data
are very high dimensional. To address this matrix singularity
problem, we make use of the generalized Fisher score [36] based
on pseudoinverse.

Definition 1. The pseudoinverse of a matrix AARd�N , which is
denoted as A†ARN�d, refers to the unique matrix satisfying the
following condition:

AA†A¼ A: ð5Þ

The commonly used technique to compute the pseudoinverse
matrix A† is singular value decomposition (SVD). Assume that the
SVD of A is A¼UΣVT , where UARd�r and VARN�r are unitary
matrices, ΣARr�r is a diagonal matrix with diagonal elements
Σði; iÞZ0ði¼ 1;…; rÞ, and rrminfd;Ng is the rank of matrix A. Then
the pseudoinverse matrix A† can be given as A† ¼ VΣ �1UT where
Σ�1 is the diagonal matrix with diagonal elements:

Σ�1ði; iÞ ¼ ðΣði; iÞÞ�1 if Σði; iÞ40
0 if Σði; iÞ ¼ 0

(
: ð6Þ

Considering the total scatter matrix St, there are two
approaches to compute its pseudoinverse matrix S†t :

(1) Using the eigen-decomposition of St: Since St is a positive semi-
definite symmetric matrix, we can assume that its eigen-
decomposition is St ¼ UΞUT , where U is an unitary matrix
and Ξ is a diagonal matrix. The columns of U are eigenvectors

Table 1
Notations.

D The dimension of input data,i.e. the number of all features of input data.
N The number of data points.
Z Z ¼ ½z1;…; zN �ARD�N is the input data matrix. Each column zjARD denotes a data point,for j¼ 1;…;N.
C The total number of classes that the input data belong to.
fig The index set of the ith class,where i¼ 1;…;C.
ni The number of data points in the ith class,where i¼ 1;…;C.
fk f kARN is the kth feature vector of data ðk¼ 1;…;DÞ. It is also the kth row of the data matrix Z, i.e.,

Z ¼ ½f T1 ;…; f TD�T .
S The set of currently selected features.
U The set of currently unselected features.
d The number of features in S.
X X ¼ ½x1 ;…; xN �ARd�N is the reduced data matrix which consists of certain rows (corresponding to features in S) of Z.
~X ~X ¼ f

X

h i
ARðdþ1Þ�N is the concatenation of an unselected feature f AU and X.

X̂
X̂ARðd�1Þ�N represents the reduced data matrix, which consists of features in S Ä

a
È
I¿ ff g.
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of St and the diagonal elements of Ξ are the corresponding
nonnegative eigenvalues of St. Then, the pseudoinverse matrix
of St can be given as S†t ¼ UΞ�1UT .

(2) Using the SVD of Ht: Suppose that the SVD of Ht is Ht ¼UΣVT .
From St ¼HtH

T
t we can get that the eigen-decomposition of St

is St ¼ UΣ2UT and its pseudoinverse matrix can be computed
as S†t ¼ UΣ�2UT .

Replacing S�1
t with S†t in Eq. (1), the generalized Fisher score is

defined as

GðXÞ ¼ tr S†t Sb
� �

: ð7Þ

Then we can use this criterion to rank the importance of the
feature subsets.

3.2. Dropping trivial eigenvalues and eigenvectors

Assume that the eigen-decomposition of St is

St ¼UΣ2UT ; ð8Þ
where the diagonal elements of Σ2 are sorted in the decreasing
order, Σ2ði; iÞ denotes the ith largest eigenvalue of St and the ith
column of U is the corresponding eigenvector. Each eigenvalue
reveals how much variance of the data can be explained by the
associated eigenvector. For example, the largest eigenvalue indi-
cates that the highest variance of the data can be observed in the
direction of the corresponding eigenvector. Accordingly, if we take
all eigenvectors together, we can explain all variance of the data.

Typically, only a fraction of the eigenvectors have significant
eigenvalues and small eigenvalues are presumed negligible. There-
fore, only a fraction of eigenvalues and eigenvectors need to be
retained. This is common in practice as the features are correlated
so that the covariance matrix can be well approximated by a lower
rank matrix. Different methods for discarding trivial eigenvalues
and eigenvectors exist and these suit different applications. Three
methods are

1. Stipulate r as a fixed integer and simply keep the r largest
eigenvalues.

2. Keep the eigenvalues whose sum takes a specified fraction of
energy in the eigenspectrum (computed as the sum of
eigenvalues).

3. Keep the eigenvalues which are larger than a absolute threshold.

As to the problem of which is the best method to discard trivial
eigenvalues and eigenvectors (remove data noise), there should be
no permanent winner of the three methods. Theoretically, if one
wants to know which dropping method is the best for a dataset, he
should know information about the quantity and the type of
the noise.

Once chosen the significant eigenvalues and eigenvectors of St, we
can change the column order of U and Σ in Eq. (8) such that Eq. (8)
can be reformulated as

St ¼UΣ2UT ¼ ½Ur ;UD� r�
Σ2

r 0

0 Σ2
D� r

0
@

1
A½Ur ;UD� r �T

¼UrΣ
2
r U

T
r þUD� rΣ

2
D� rU

T
D� r � UrΣ

2
r U

T
r : ð9Þ

Here, r is the number of eigenvalues that are kept, the diagonal
elements of Σr

2 are the kept eigenvalues, the columns of Ur are the
corresponding eigenvectors, Σ2

D� r and UD� r are those discarded. In
Eq. (9), the error UD� rΣ

2
D� rU

T
D� r is small as the diagonal elements of

Σ2
D� r are very small. Without lose of generality, we write U ¼ Ur and

Σ2 ¼Σ2
r in the rest part of this paper.

3.3. The adaptive eigenspace model for incremented generalized
fisher score

For SFS method, it sequentially adds a feature fn, which is in the
currently unselected feature subset U , to the currently selected
feature subset S. Specifically, in each step, SFS evaluates each
feature f AU by computing the Fisher score Fð ~Xf Þ, where
~Xf ¼ ½f T ;XT �T and X is the reduced data matrix corresponding to
S. Then f n ¼ arg maxf AUFð ~Xf Þ is added to S and removed from U .
Denote d as the number of features in S, then computing the
Fisher score Fð ~Xf Þ for a candidate feature f needs Oðminðdþ1;NÞ3Þ
computational time, and selecting a favorite feature from U and
adding it to S consume O ðD�dÞðminðdþ1;NÞ3Þ

� �
computational

time. Therefore, the total computational time of SFS becomes
considerably huge when the number d of selected features
increases to a certain extent. To deal with this problem, in this
subsection we propose an adaptive eigenspace model to efficiently
update the generalized Fisher score when a new feature f is added.

Let X be the reduced data matrix associated with the currently
selected feature set S, and f AU be a candidate feature where U is
the currently unselected feature set. Then, the incremented data
can be expressed as

~X ¼ f

X

� �
: ð10Þ

We define the between-class feature vector and total feature
vector of f as

Hf
b ¼ ½ ffiffiffiffiffi

n1
p ðmf

1�mf Þ;…;
ffiffiffiffiffiffi
nC

p ðmf
C�mf Þ�AR1�C ;

Hf
t ¼ f �mf 1T AR1�N ; ð11Þ

where mi
f denotes the mean of the values in f corresponding to the

ith class and mf denotes the mean of all values in f. Then, we have
the incremented between-class matrix and total matrix for incre-
mented data ~X :

~Hb ¼
Hf

b

Hb

 !
; ~Ht ¼

Hf
t

Ht

 !
: ð12Þ

Here, Hb is the between-class matrix of X, and Ht is the total matrix
of X, as defined in (4). Then the between-class scatter matrix and
the total scatter matrix of ~X can be got as

~Sb ¼ ~Hb ð ~HbÞT ; ~St ¼ ~Htð ~HtÞT : ð13Þ

Denote St as the total scatter matrix of X, and assume that the
eigen-decomposition of St is given as

St � UΣ2UT ; ð14Þ

where UARd�r , ΣARr�r , d is the number of features in S, and rod
denotes the number of eigenvalues kept in St (the D�r trivial
eigenvalues and eigenvectors are discarded, as previously dis-
cussed in Section 3.2). Then we can get the SVD of Ht as

Ht ¼ UΣVT ; ð15Þ

where V ¼HT
t UΣ

�1.
We aim to accelerate the eigen-decomposition of ~St ¼ ~Htð ~HtÞT

based on the eigen-decomposition of St ¼HtðHtÞT , then the incre-

mented generalized Fisher score Gð ~Xf Þ ¼ tr ~S
†

t
~Sb

� �
can be got in

less computational time than SFS. To achieve this, our method
consists of two processes. Firstly, we make use of the eigen-
decomposition of ðHtÞTHt to compute the eigen-decomposition of
ð ~HtÞT ~Ht . Secondly, we utilize the eigen-decomposition of ð ~HtÞT ~Ht

to get the eigen-decomposition of ~St ¼ ~Htð ~HtÞT , and then compute
the incremented generalized Fisher score.
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In the first process, we can eigen-decompose the matrix

ð ~HtÞT ~Ht ¼ ðHf
t ÞTHf

t þðHtÞTHt ; ð16Þ
where the eigen-decomposition of ðHtÞTHt is known as

ðHtÞTHt ¼ VΣ2VT : ð17Þ
Assume that the eigen-decomposition of ð ~HtÞT ~Ht is

ð ~HtÞT ~Ht ¼ ~V ~Σ
2ð ~V ÞT : ð18Þ

According to the eigenspace merging method proposed by Hall
et al. [37], the eigenspace model of ð ~HtÞT ~Ht can be spanned by the
eigenspace model of ðHtÞTHt and the total feature vector Hf

t .
Therefore, a sufficient spanning set Φ can be formed by columns
of the unitary matrix V, and the residue of ðHf

t ÞT with respect to the
eigenspace of ðHf

t ÞTHf
t . That is,

Φ¼ ½V ;orth ðI�VVT ÞðHf
t ÞT

� �
�ARN�ðrþ1Þ ð19Þ

where orthðÞ is the orthonormalization function, such as QR and
SVD, followed by removal of zero vectors. This basis set Φ differs
from the required eigenvectors, ~V , by a rotation matrix R, i.e.,

~V ¼ΦR: ð20Þ
Substituting (20) into (18), we can convert the eigenproblem of
ð ~HtÞT ~Ht to be a smaller one:

ð ~HtÞT ~Ht ¼ ~V ~Σ
2 ~V

T
⟹

ΦT ð ~HtÞT ~HtΦ¼ R ~Σ
2
RT ð21Þ

By computing the eigen-decomposition of matrix ΦT ð ~HtÞT ~HtΦA
Rðrþ1Þ�ðrþ1Þ, ~Σ

2
and the rotation matrix R are obtained as the

eigenvalue and eigenvector matrices respectively. Then the eigen-
vector matrix ~V to seek is given as ~V ¼ΦR.

Remark 1. If d, which is the number of features that have been
selected, is smaller than N�1, then the eigen-analysis of
~St ¼ ~Htð ~HtÞT requires Oððdþ1Þ3Þ computations. Comparably, the
eigen-analysis of Eq. (21) takes Oððrþ1Þ3Þ computations, where
rod is the number of eigenvalues kept in St. Therefore, the
complexity of the eigen-analysis in Eq. (21) is much lower than
that of ~St ¼ ~Htð ~HtÞT . If we apply the first eigenvalue dropping
method introduced in Section 3.2, the number of kept eigenvalues
is fixed and then the computational time for the eigen-
decomposition process needs nearly constant time, which is
irrelevant to the number of selected features.

Once we get the eigen-decomposition of ð ~HtÞT ~Ht as

ð ~HtÞT ~Ht ¼ ~V ~Σ
2ð ~V ÞT ; ð22Þ

we can go to the second process: getting the eigen-decomposition
of ~St ¼ ~Htð ~HtÞT and computing the incremented generalized Fisher
score. Specifically, the left unitary matrix of ~Ht can be got by

~U ¼ ~Ht
~V ~Σ

�1
: ð23Þ

Then the SVD of ~Ht is

~Ht ¼ ~U ~Σ ð ~V ÞT ; ð24Þ
and the eigendecomposition of the matrix ~St ¼ ~Htð ~HtÞT can be
obtained as

~St ¼ ~Htð ~HtÞT ¼ ~U ~Σ
2 ~U

T
: ð25Þ

Therefore, the incremented general Fisher score is

Gð ~X Þ ¼ tr ~U ~Σ
�2 ~U

T ~Sb
� �

: ð26Þ

Remark 2. When an unselected feature arrives, the proposed method
first computes the sufficient spanning set Φ by (19). Because Ht

f is a

single feature vector, only one matrix-vector multiplication and one
vector normalization are implemented at this step, which consume
Oð1Þ computational time. Subsequently, the eigenproblem in (21)
needs to be solved. The eigen-problem is of size ðrþ1Þ � ðrþ1Þ, and
thus it consumes Oððrþ1Þ3Þ time. At the final step, the generalized
Fisher score is computed by (26), which consists of matrix multi-
plications and can be done in approximately Oðrþ1Þ time. Therefore,
the total computational time for evaluating an unselected feature is
approximately Oð1ÞþOððrþ1Þ3ÞþOðrþ1Þ ¼ Oððrþ1Þ3Þ. If we fix the
number r in the updating eigenspace, the computational time for
evaluating an unselected feature needs nearly constant time.

3.4. The efficient sequential feature selection method

Based on the previously discussion, our Efficient Sequential
Feature Selection (ES-FS) method can be presented as follows:

Input: High dimensional input data matrix Z ¼ ½z1;…; zN �; the
maximum number, denoted as T, of features to select.

Step 1: Apply Fisher score method to evaluate each feature
(row) of Z. Without lose of generality, denote f1 and f2 as the
features that have the first and second highest scores, respectively.

Let S ¼ ff 1; f 2g, U ¼ ff 3;…; f Dg, X ¼ f 1
f 2

h i
and d¼2.

Step 2: Let f AU be an unselected feature and ~X be the
concatenated matrix of f and X. We apply the incremental method
proposed in Section 3.3 to compute the generalized Fisher score
Gð ~X Þ.

Step 3: Run Step 2 until all features in U are evaluated when
combined with X, and find the feature f nAU with highest general-
ized Fisher score. Then, U ¼ U\ff ng, S ¼ S⋃ff ng, d¼ dþ1 and

X ¼ f n

X

h i
.

Step 4: Drop the trivial eigenvalues and eigenvectors of the total
scatter matrix for X, as presented in Section 3.2.

Step 5: If doT , go to Step 2. Else if d¼T, finish the feature
selection process.

Remark 3. The proposed forward ES-FS method can be extended to

SBS manner and LRS manner [37]. In SBS manner, we assume Xf ¼ f
X̂

h i
where f AS is a candidate feature, and X̂ refers to the reduced data
matrix which is formed by features in S\ff g. In each step, the feature fn

that least reduces the generalized Fisher score GðX̂ Þ will be removed

from S. Denote Ht and Ĥ t as the total matrices of Xf and X̂ respectively,

and the SVD of Ht is got as Ht ¼ UΣVT . From

ðHtÞTHt ¼ VΣ2VT ¼ ðHf
t ÞTHf

t þðĤ tÞT Ĥ t ð27Þ
and

VT ðĤ tÞT Ĥ tV ¼Σ2�VT ðHf
t ÞTHf

tV ð28Þ

we can convert the eigenproblem of ^ðHtÞ
T
Ĥ t to that of VT ðĤ tÞT Ĥ tV ,

which is a smaller one. Then the eigen-decomposition of Ŝt ¼ Ĥ tðĤ tÞT

can be obtained, and the generalized Fisher score GðX̂ Þ ¼ tr Ŝ
†

t Ŝb

	 

can

be computed efficiently. Subsequently, we can easily get the efficient
LRS method by integrating the proposed efficient forward and back-
ward search methods.

Remark 4. Different from the single feature evaluation method
which computes the Fisher score of each feature individually, the
proposed ES-FS sequentially adds a currently unselected feature
f AU which maximizes the incremented generalized Fisher score
Gð ~X Þ. Therefore, the Fisher scores of the feature sets gained by the
proposed ES-FS should be higher than that of single feature
evaluation method. Compared with SFS method, the proposed
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ES-FS method drops trivial eigenvalues during the feature selec-
tion process. Specifically, suppose that the SVD of total scatter
matrix St can be reformulated as (9), then the generalized Fisher

score of SFS is GðXÞ ¼ tr S†t Sb
� �

¼ tr UΣ �2UTSb
� �

, while that of ES-

FS is ~GðXÞ ¼ tr UrΣ
�2
r UT

r Sb
� �

. Therefore, ES-FS produces lower

generalized Fisher scores than SFS.

4. Experiments

In this section, we implement the face recognition experiments
on six public available face databases, to evaluate the proposed
method in the sense of computational time and classification
accuracy.

4.1. Experimental datasets

Six publicly available face recognition datasets, namely, Altkom,
BANCA and MPEG7,1 MIT CBCL,2 CMUPIE[38] and ORL [39],3 are
used for experimental evaluation. The brief description of the
datasets is shown in Table 2.

The Altkom face database contains 1200 face images of 80
persons (15 images for each person), the BANCA face database
consists of 520 face images of 52 persons (10 images for each
person), and the MPEG7 face database has 3175 face images of 635
persons (5 images for each person). All images in these three
database are normalized to 46�56 pixels using manually labeled
eye positions. Some samples from Altkom, BANCA, and MPEG7
databases are shown in Figs. 1, 2, and 3 respectively.

The MIT CBCL database contains 2429 face images and 4548
non-face images. Each image has 19�19 pixels and is transformed
into a 361-dimensional vector. This database contains two classes
of data points: face and non-face. In the experiment, we use a
subset of this database, which consists of 1000 face and 1000 non-
face images. Fig. 4 shows some face and non-face images from this
dataset.

The ORL face database contains 400 images which belong to 40
distinct persons (10 images for each person). For some persons,
the images were taken at different times, varying the lighting,
facial expressions (open or closed eyes, smiling or not smiling) and
facial details (glasses or no glasses). All the images were taken
against a dark homogeneous background with the subjects in an
upright, frontal position (with tolerance for some side movement).
Each image from this database is resized to 32�32 pixels. Some
images from this database are shown in Fig. 5.

CMUPIE face database consists of 41,368 images of 68 persons,
each person under 13 different poses, 43 different illumination
conditions, and with 4 different expressions. The applied dataset

only contains five near frontal poses (C05, C07, C09, C27, C29) and
all the images under different illuminations and expressions. So,
there are totally 11,554 face images and 170 images for each
individual. Each image is resized to 32�32 pixels. Fig. 6 shows
some images from this database.

For all experimental datasets, each image is reshaped into a
long vector. For example, an image of 46�56 pixels is transformed
to be a 2576-dimensional vector. Subsequently, each vector is
normalized to have unit l2-length, denoted as zi ði¼ 1;…;NÞ. Then
the matrix Z ¼ ½z1;…; zN �ARD�N is used as the input data matrix of
the algorithms.

4.2. Experimental settings

In the experiments, the following eight approaches are to be
compared: the method using all features (denoted by All-FS),
single feature evaluation method based on Fisher score (denoted
by Single-FS), mRMR(MID) and mRMR (MIQ) [31], SPEC [40],
Relief-F [30], SFS, and the proposed ES-FS method. After selecting
the features using the above approaches, the 1-Nearest Neighbor
(1-NN) classifier is utilized to compare the classification
accuracies.

The whole experiment is conducted as follows. For each
dataset, 10-fold cross validation is employed for evaluation. In
each fold, d features are selected by each of the compared
algorithms using the training set, and then the 1-NN classification
accuracy for the test set, based on the d selected features, can be
computed. We vary the values of d, and the corresponding
classification accuracies can be obtained. Then we utilize 10-fold
cross validation to repeat the above process for 10 times, and the
results are averaged. In this way, for each dataset, we finally get
the average classification accuracies of the test set under different
dimension d.

For the proposed ES-FS method, we have to decide how to
discard the trivial eigenvalues and eigenvectors, as stated in the
second paragraph of Section 3.2. In the experiments, we utilize the
following two strategies:

1. Stipulate r as a fixed integer and simply keep the r largest
eigenvalues. Here we take r as r1 ¼ 20, r2 ¼ 50, r3 ¼ 80,
r4 ¼ 120.

2. Keep the eigenvalues such that their sum takes a specified
fraction, denoted as θ, of energy in the eigenspectrum. Here we
take θ as θ1 ¼ 0:9, θ2 ¼ 0:95, θ3 ¼ 0:99, θ4 ¼ 0:999.

Then we select the ri ði¼ 1;…;4Þ or θi ði¼ 1;…;4Þ, with which the
proposed ES-FS method has the best performance.

4.3. Experimental results

For the six datasets, the 1-NN classification results (i.e., the
average results of 10-fold cross validation) of the compared
algorithms on the test sets are shown in Fig. 7, with the number
d of selected features changing.

(1) Altkom dataset: Fig. 7(a) shows the classification results on
Altkom dataset. As can be seen, the proposed ES-FS method has
obvious advantage over the rest methods. However, the accuracy
curve of ES-FS algorithm turns to decline when the number of
features becomes relatively large. This is because that, for many
kinds of high dimensional data, the features are redundant, noise
contaminated, and highly correlated. As the number of selected
features increases, the proposed ES-FS method will bring noise
contaminated or redundant features because no better features
left. In a word, more features do not necessarily lead to better
performance.

Table 2
The description of experimental datasets.

Data sets Data points Features Classes

Altkom 1200 2576 80
BANCA 520 2576 52
MPEG7 3175 2576 635
CBCL 2000 361 2
ORL 400 1024 40
CMUPIE 11,554 1024 68

1 Altkom, BANCA and MPEG7 databases are downloaded from http://www.iis.ee.
ic.ac.uk/icvl/code.htm

2 MIT CBCL database is downloaded from http://cbcl.mit.edu/software-datasets
3 CMUPIE and ORL databases are downloaded from http://www.cad.zju.edu.cn/

home/dengcai/Data/FaceData.html
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(2) BANCA dataset: The experimental results on BANCA dataset
are shown in Fig. 7(b). It can be seen that ES-FS method outper-
forms the compared methods. Besides, the accuracies of SFS
method decline with the increase of the number of selected
features. When the number of selected features is larger than
450, Single-FS method and Relief-F method show similar perfor-
mances and both of them outperform SFS method. Besides, mRMR
(MID) method performs better than mRMR(MIQ) method.

(3) MPEG7 dataset: In Fig. 7(c), we can see that ES-FS and
Single-FS methods show significantly better results than the rest

methods. When the number of features becomes relatively large,
ES-FS outperforms Single-FS method. For each of the compared
methods, when the number of features increases, the classification
accuracies remain approximately constant. This may be because
that the key information of data can be well represented using less
than 650 features, and more features cannot benefit the classifica-
tion performance.

(4) CBCL dataset: Fig. 7(d) shows the experimental results on
CBCL dataset. As can be seen, more features lead to higher
accuracies on this dataset. All-FS method obtains the highest

Fig. 4. Some images from the CBCL database.

Fig. 5. Some images from the ORL database.

Fig. 6. Some images from the CMUPIE database.

Fig. 3. Some images from the MPEG7 database.

Fig. 2. Some images from the BANCA database.

Fig. 1. Some images from the Altkom database.
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classification results, and ES-FS has slightly better results than SFS
method. All-FS, ES-FS, SFS, SPEC, Relief-F methods show similar
results when the number of selected features is higher than 100.

(5) ORL dataset: As can be seen in Fig. 7(e), ES-FS outperforms
the compared methods on ORL dataset. The ES-FS, SFS and Relief-F
methods outperform All-FS method which utilizes all features of
data. It means that many features of this dataset are redundant,
and 50–100 features will be sufficient for 1-NN method to achieve
satisfactory classification results.

(6) CMUPIE dataset: The performances of ES-FS and SFS methods
are very close on this dataset and both of them outperform All-FS
(i.e., 1-NN method with all features), as illustrated in Fig. 7(f). Single FS
and Relief-F have similar accuracies, which are close to the accuracy of
All-FS when the number of selected features is relatively large.

From Fig. 7 we can see that, generally speaking, the proposed
ES-FS method exhibits comparable classification performance with
or better performance than SFS method. This is because that the
proposed ES-FS method drops trivial eigenvalues and eigenvectors
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Fig. 7. Classification accuracies of the compared algorithms on (a) Altkom, (b) BANCA, (c) MPEG7, (d) CBCL, (e) ORL, (f) CMUPIE datasets.
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during the feature selection process, which makes ES-FS to filter
out certain noise contained in the datasets. Fig. 7 shows that the
incremental adaptive eigenspace model in ES-FS brings little error
to the model, and the strategy (dropping trivial eigenvalues and
eigenvectors) can improve the robustness of the proposed method
on some datasets. Besides, from Fig. 7 we can see that the
proposed ES-FS method has superiority over Single-FS method.
This is because that Single-FS ignores the mutual information
among features, while the proposed ES-FS method evaluates

unselected features by taking account of the selected features
and thus can handle redundant features more effectively.

Both of the Single-FS and SFS methods select features based on the
Fisher criterion. SFS takes account of the feature dependence while
Single-FS does not, whichmeans that the Fisher score of SFS should be
higher than that of Single-FS. However, from Fig. 7 we can see that
sometimes Single-FS outperforms SFS, which seems puzzled. This is
because that “Fisher score” and “classification accuracy” are two
different criterions to evaluate the features. Generally speaking, higher
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Fig. 8. Comparison of time consumption for SFS and the proposed ES-FS on (a) Altkom, (b) BANCA, (c) MPEG7, (d) CBCL, (e) ORL, (f) CMUPIE datasets. The less the better.
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Fisher score means better representation of data and thus leads to
higher classification accuracy. However, they are not always consistent,
i.e., one feature set that produces higher Fisher score possibly has
lower classification accuracy than the other feature set.

Fig. 8 shows the time consumed for selecting the kth feature
using SFS method and the proposed ES-FS method with the feature
index k changing. From the figure we can see that the time
consumed by the proposed ES-FS method increases much slower
than SFS method when the feature index k becomes larger and
larger. As a result, ES-FS method runs much faster than SFS method.

Fig. 9 presents the generalized Fisher scores of the feature sets
got by SFS, Single-FS and the proposed ES-FS method, with the
number of selected features changing. In ES-FS method, we use
two different strategies to discard the trivial eigenvalues and
eigenvectors, as stated in the last paragraph of Section 4.2, with
different settings of parameters. From the figures we can see that
the generalized Fisher scores produced by the proposed ES-FS
method is higher than that of Single-FS, but lower than that of SFS.
When ri and θi become larger, the gained generalized Fisher scores
become higher correspondingly. Besides, though we utilize two
kinds of methods to discard trivial eigenvalues and eigenvectors,
we find no permanent winner of the methods.

5. Conclusion

In this paper, we proposed an efficient sequential feature selection
method. In the proposed method, the generalized Fisher score is
utilized to measure the importance of features, which is computed by
the pseudoinverse of total scatter matrix and thus can naturally deal
with small size sample problem. Besides, the proposed methodmakes
use of an adaptive eigenspace model to update the generalized Fisher
score, then the method can incrementally select features based on the
sequential forward search strategy with nearly constant time for a
new feature. Experimental results on six benchmark face recognition
datasets have shown the efficacy of the proposed method.
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Fig. 9. The generalized Fisher scores of the feature sets got by SFS, Single-FS, and the proposed ES-FS method under different parameters. (a) CBCL dataset; (b) CMUPIE
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