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Abstract. TSO-to-TSO linearizability is a typical variants of linearizability for
concurrent data structures on the Total Store Order (TSO) memory model. In this
paper we propose the notion of k-bounded TSO-to-TSO linearizability, a subclass
of TSO-to-TSO linearizability that concerns only extended histories of bounded
length. These subclasses are non-trivial in that they does not restrict the number
of write, flush and cas (compare-and-swap) actions, nor the size of a store buffer,
to be bounded.

We prove that the decision problem of k-bounded TSO-to-TSO linearizability is
decidable for a bounded number of processes. In the semantics of (k-bounded)
TSO-to-TSO linearizability, a call or return action influences control state and
store buffer at the same time. We divide a “composed” call action into a “pure”
call action and an action for store buffer. Then, a “pure” call action is marked with
a specific cas action by introduce a observer process and modify the memory
model to make sure a specific cas action is “bind” to call action. The role for
store buffer of a “composed” call action is transformed into a write action. Then,
we need only to concentrate on actions of memory models (read, write, flush,
cas) and we reduce the k-bounded TSO-to-TSO linearizability problem to several
control state reachability problems of lossy channel machines, which is already
known to be decidable.

In a similar manner, we can conclude that the decision problems of k-bounded
TSO-to-SC linearizability and TSO linearizability are also decidable for a bounded
number of processes. Thus, all bounded linearizability on TSO are decidable.

1 Introduction

High performance libraries of concurrent data structures, such as java.util.concurrent
for Java and std::thread for C++11, have been widely used in concurrent programs to
take advantage of multi-core architectures. It is important but notoriously difficult to en-
sure that concurrent data structures are designed and implemented correctly. Linearizability
[L] is accepted as a de facto correctness condition for a concurrent data structure with
respect to its sequential specification on the sequential consistency (SC) memory model
[2]].

However, modern multiprocessors (e.g., x86 [3]], POWER [4]) and programming
languages (e.g., C/C++ [3, Java [6]]) do not comply with the SC memory model. As
a matter of fact, they provide relaxed memory models, which allow subtle behaviors



due to hardware or compiler optimization. For instance, in a multiprocessor system
implementing the total store order (TSO) memory model [3]], each processor is equipped
with an FIFO store buffer. Any write action performed by a processor is put into its local
store buffer first and can then be flushed into the main memory at any time. The TSO
memory model requires that all processes in a concurrent system observe the same order
of update actions (flush and cas actions), which is referred to as a total store order.

The notion of linearizability has been extended for relaxed memory models, e.g.,
TSO-to-TSO linearizability [1] and TSO-to-SC linearizability [8] for the TSO memory
model and two variants of linearizability [3] for the C++ memory model. These notions
generalize the original one by relating concurrent data structures with their abstract
implementations, in the way as shown in [9]] for the SC memory model.

It is well known that the linearizability of a concurrent library on the SC mem-
ory model is decidable for a bounded number of processes [10], but undecidable for
an unbounded number of processes [11]. However, to our knowledge, there are only a
few decidability results about linearizability on relaxed memory models. We have re-
cently proved that the decision problem of 7SO-to-TSO linearizability is undecidable
for a bounded number of processes [12/13]. But the decision problem of TSO-to-SC
linearizability still remains open for a bounded number of processes.

TSO-to-TSO linearizability relates a concurrent data structure running on the TSO
memory model to its abstract implementation running also on the TSO memory model.
When method invocation (call) or responses (return) happen, a marker is put into local
store buffer first, and its flushing will launches a flushCall or flushReturn action. TSO-
to-TSO linearizability use extended histories to represent the behaviors of concurrent
data structures, which are sequences of call, return, flushCall and flushReturn actions.
We propose a decidable subclass of TSO-to-TSO linearizability, which is referred to
as k-bounded TSO-to-TSO linearizability. It concerns only k-extended histories, which
are extended histories with less or equal than % actions. Note that the k-boundedness
on the number of call, return, flushCall and flushReturn actions does not necessarily
restrict the behaviors of a concurrent program to be finite-state.

Since the set of all k-extended histories is bounded, if we can effectively obtain the
set of k-extended histories of a concurrent data structure for bounded number of pro-
cesses, then we can decide k-bounded TSO-to-TSO linearizability. Inspired by [14], we
consider to reduce the the problem of whether a concurrent data structure has a specific
k-extended history to several control state reachability problem of a lossy channel ma-
chine, which is known decidable [[14]]. However, the reduction method in [14] does not
directly apply to k-bounded TSO-to-TSO linearizability. This is because that method
in [14] only consider internal actions or actions of memory model, such as read, write
or cas (compare-and-swap) actions. As contrast, call and return actions in TSO-to-TSO
linearizability are much different. A call action in TSO-to-TSO linearizability has two
roles that are taken simultaneously: The first role is to change the control state of the
calling process, and the second role is to insert a call marker into store buffer of the
calling process. The central idea of our work is to “transform” the two roles of a call
actions into a write action and a cas action, which belongs to the memory model (the
case of return action is similar).



It is hard to investigate decidability of k-bounded TSO-to-TSO linearizability with
such “composed” call and return actions. Therefore, we separate a “composed” call
action into a “pure” call action that only change the control state of the calling process,
and a immediately followed write action that inserts a call marker into buffer. To make
this, we introduces a new memory location z; and modify the operational semantics of
TSO-to-TSO linearizability as follows: (1) Call and return actions are “pure” now, or we
can say, they do not put anything into buffer. (2) We additionally add a write action of
zy just after each call and return actions, and write call or return markers, respectively.
(3) When the item of z¢ is flushed out of buffer, we launch a flushCall or flushReturn
action. In this way, the second role of a “composed” call is mimicked by the insertion
of z; and the “TSO mechanism”.

It is also hard to deal with “pure” call and return action, since they are to some
extend “beyond” TSO memory model and seems not compatible with TSO memory
model. Let us explain this. A call action takes effect as soon as it happens. As contrast,
on TSO, write actions can be seen by other process only when they are flushed. This
implies that, if a process want to notice another process by writing something into
buffer, then this message can be seen by other process only when it is flushed. To make it
worse, the order of call and return action may be different from the order of how items in
buffer are flushed. Since the content of buffer may influence future execution, a process
may not be able to notice other process of call or return actions by using cas actions,
since a cas action will clear the buffer. Therefore, it is hard to make a concurrent system
to know the order of call and return actions without influence its future execution on
TSO. To solve this problem, we modify TSO memory model and make call and return
actions visible to concurrent system by “bind” each call or return action with a specific
cas action. To be exact, we introduces a new memory location z,,, a new “observer”
process, which keeps launching the specific cas actions of z,, nondeterministically, and
modify the TSO memory model, in a way where each call or return action must be bind
(immediately before) to a specific cas action of the observer process. Or we can say, the
concurrent system can not proceed as soon as a cas action of observer process is not
immediately followed by the corresponding call or return action. For each execution
of this modified operational semantics, the order of call and return actions are same
as the order of cas actions in observer process. In this way, we mimic the “pure” call
and return actions with cas actions of observer process. For extended history e/ in TSO
memory model, there is a trace ¢ in the modified TSO model, where ¢ has extended
history eh and all items putted into buffer in ¢ has been flushed. Such a trace is called
a marked witness of the extended history. The existence of extended history in TSO
memory model is equivalent to the existence of marked witness of the extended history
in the modified TSO model. Since we have “transformed” the “composed” call and
return actions with write and cas actions with memory model modified, the method in
[[14]] can be applied to investigate the existence of marked witness.

A lossy channel machine Mf (1 <i <n+l) is then constructed, which simulates
the k-bounded behaviors of the concurrent system from the perspective of each process
P;, and ensure that each specific cas of the observer process is immediately followed by
a corresponding call or return action. M also nondeterministically guesses actions of
other process, and contains only one channel to store the pending written items accord-



ing to the total store orders under the original concurrent system. Thus, the existence of
a marked witness of an extended history can be reduced to a control state reachability
problem between one pair of specific states of the product of M{™, ... M*". Each
MF" is resulted from M} by replacing its all but write, cas, flushCall and flushReturn
(flush of zy) transitions with internal transitions. The reduction is achieved by requiring
that each written item in a channel contains a run-time snapshot of the memory, while
always keeping bounded the amount of information that needs to be stored as in a per-
fect channel. With these specialized lossy channels, missing some intermediate channel
contents would not break the reachability between control states under perfect chan-
nels. Since the number of pairs of specific states is finite, we can reduce the existence
of a marked witness of an extended history to a finite number times of control state
reachability problem of lossy channel machines.

Further, we can show that the decision problem of k-bounded TSO-to-TSO lineariz-
ability has at least non-primitive recursive complexity. This can be proved by a reduc-
tion from a reachability problem of a lossy simple channel machine, which is known
to have non-primitive recursive complexity [[15]. Inspired by our previous work [[13],
we generate a template Effl 53) for simulating transitions from s; to sg, which are two
states of lossy simple channel machine M. This concurrent data structure contains two
methods M; and M>. We use two buffers of two processes to simulate one channel,
where processes P; runs M and process P» runs Ms. Process P; read updates of pro-
cess P», change them according to transition rules of M, and write them into buffer,
while process P, read updates of process P, and write them into buffer. On TSO, be-
tween two consecutive read actions, more than one flush actions may happen, but only
the latest flush action can be read while the intermediate flush actions can not. Such fact
of missing flush actions are used to simulate lossy of channel. Each transition of the
lossy simple channel machine is reproduced through the interactions between M; and
Ms. M5 never return, while M returns as soon as ss is reached. Therefore, the prob-
lem of whether s5 is reachable from s; is reduced to checking whether some extended
history of this concurrent data structure has a return action of M7, which can be easily
reduced to a 5-bounded TSO-to-TSO linearizability problem.

TSO-to-SC linearizability has been proposed for reasoning about the correctness of
a concurrent data structure, which is native to the TSO memory model but is used with
a concurrent program that needs to be protected from the relaxed semantics. It relates a
concurrent data structure running on the TSO memory model to its abstract implementa-
tion running on SC memory model. TSO-to-SC linearizability uses histories, which are
sequences of call and return actions, to represent the behaviors of concurrent data struc-
tures. We propose a decidable subclass of TSO-to-TSO linearizability, which is referred
to as k-bounded TSO-to-SC linearizability. It concerns only k-histories, which are his-
tories with less or equal than k actions. Here, the k-boundedness on the number of call
and return actions does not necessarily restrict the behaviors of a concurrent program
to be finite-state. We prove that k-bounded TSO-to-SC linearizability is also decidable
for a bounded number of processes similarly as the proof for k-bounded TSO-to-TSO
linearizability.

Apart from TSO-to-TSO linearizability and TSO-to-SC linearizabiltiy, there is an-
other variant of linearizability on TSO called TSO linearizability [16/17], which does



not have corresponding abstraction theorem. Essentially, TSO linearizability considers
a method to start at its call action and end at its flushReturn action. Or we can say, TSO
linearizability use sequences of call and flushReturn actions to represent behaviors of
concurrent data structures. To accommodate with TSO linearizability, we generalize
history into fifteen variants, where history, extended history and the sequence for TSO
linearizability are three variants among them. Then, we prove that we can effectively
obtain the set of sequences with bounded length of a concurrent data structure for all fif-
teen variants of histories. We propose a bounded variants of TSO linearizability called
k-bounded TSO linearizability, and prove that k-bounded TSO linearizability is also
decidable and has at least nonprimitive recursive complexity.

Related work Efforts have been devoted on verification of linearizability on the SC
memory model [10J11L18!19]. Alur er al. proved that linearizability is decidable for a
bounded number of processes [10], and Bouajjani et al. proved that linearizability is
undecidable for a unbounded number of processes [[L1] by a reduction from the reach-
ability problem of a counter machine (which is known to be undecidable).

Atig surveys the verification problem of safety and liveness properties of finite-state
programs running under the TSO memory model [20]. However, Relaxed memory mod-
els remain a great challenge for linearizability verification. Our previous work [13]] re-
vealed the first undecidability result on TSO-to-TSO linearizability for a bounded num-
ber of processes. In [13]], the trace inclusion problem of a classic-lossy single-channel
system, which has been known to be undecidable, was reduced to the TSO-to-TSO
linearizability problem. Our work is partly inspired by Atig et al. [14], where a state
reachability problem of a concurrent system is reduced to a control state reachability
problem of a lossy channel machine.

The most closest work to ours is our previous work [12]. However, [12] only con-
sider (k-bounded) TSO-to-SC linearizability, and the lossy channel machine of [12] is
used to check whether a concurrent data structure has a history (of bounded length) that
violate a regular language. In this paper, we consider the more generalized situation
which cover all the variants of linearizability on TSO. We use lossy channel machine to
check whether a concurrent data structure has a specific extended history (of bounded
length). We further establish the decidability result and complexity of k-bounded TSO-
to-TSO linearizability, shows that we can effectively obtain the set of sequences with
bounded length of a concurrent data structure for all fifteen kinds of variants of histo-
ries. Thus, the result of [12] now is a corollary of our paper.

Paper Outline. Section 2] presents the definitions of concurrent data structures, concur-
rent systems, and its operational semantics of concurrent systems on TSO and SC mem-
ory models. In Section[3] we introduce the definition of TSO-to-TSO linearizability and
TSO-to-SC linearizability, and propose the definition of k-bounded TSO-to-TSO lin-
earizability and k-bounded TSO-to-SC linearizability. In Section 4] we give a modified
operational semantics that transform the second role of a call (resp., return) actions into
a write action. In Section [5] we introduce the definition of perfect/lossy channel ma-
chines. In Section[6] we modify the operational semantics and bind each call or return
action with a specific cas action, and propose the notion of marked witness. In Section
we propose the detailed definitions of channel machines for simulating each process
while checking existence of a specific extended history. We prove in Section (8| that



k-bounded TSO-to-TSO linearizability is decidable for bounded number of processes.
In Section [9] we prove that k-bounded TSO-to-TSO linearizability has non-primitive
recursive complexity. In Section[I0} we show the related results for (k-bounded) TSO-
to-SC linearizability. In Section [I0.2] we show that we can effectively obtain the set
of sequences with bounded length of a concurrent data structure for all fifteen kinds
of variants of histories, and sketch definition and decidability proof of k-bounded TSO
linearizability. The article is concluded in Section[IT]with future work.

2 Concurrent Systems

In this section, we present the notations of concurrent data structures, client programs,
most general clients and concurrent systems. Then, we introduce their operational se-
mantics on the TSO and SC memory model.

2.1 Notations

In general, a finite sequence on an alphabet X is denoted [ = a7 - a - .. . - o, Where -
is the concatenation symbol and a; € X for each 1 <7 <k. Let || and I(¢) denote the
length and the i-th element of [, respectively, i.e., || = k and [(i) = «; for 1 <i<k.
Let [ 15 denote the projection of [ to X. Given a function f, let f[z : y| be the function
that is the same as f everywhere, except for x, where it has the value y. Let _ denote an
item, of which the value is irrelevant, and ¢ the empty word.

A labelled transition system (LT S) is a tuple A = (Q, X, —, qo), where @ is a set
of states (a.k.a. configurations), 3’ is an alphabet of transition labels, - C @ x X' x @ is

a transition relation and gy is the initial state. A path of A is a finite transition sequence

Qo ’8—1> q ﬁ) ﬁ) qr with k> 0. A trace of A is a finite sequence t = f1-52-. .. Ok

with k£ >0 if there exists a path gq LN T LENSRCN qr. of A.

2.2 Concurrent Data Structures and Client Programs

A concurrent data structure provides a number of methods for accessing the data struc-
ture. A client program is a program that interacts with concurrent data structures. Con-
current data structures and client programs may contain private memory locations for
their own uses. For simplicity of notations, we assume that a method has just one argu-
ment and one return value (if it returns).

Given a finite set X of memory locations, a finite set M of method names and a
finite data domain D, the set PCom of primitive commands has the forms below:

textitPCom = 1 | read(x, a) | write(x, a) | cas_suc(x, a,b) |
cas fail(x, a,b) | call(m, a) |return(m, a)
where a,b € D,x € X and m € M. Herein, 7 is the internal command. A cas

(compare-and-swap) command compresses a read and a write commands into a single
one, which is meant to be executed atomically. A successful cas command cas_suc(z, a,



b) changes the value of  from a to b, while a failed cas command cas _fail(x, a, b) does
nothing and happens only when the value of x is not a.

A concurrent data structure £ can then be defined as a tuple £ = (X, Mz, Dr, Qr,
— ), where Xz, M and D are a finite memory location set, a finite method name set
and a finite data domain of £ respectively; Q2 = [, M, @m is the union of disjoint
finite sets @),, of program positions of each method m € M ; —,= Ume My —m
is the union of disjoint transition relations of each method m € M, . Let PCom  be
the set of primitive commands (except call and return commands) upon X, M and
D,. Then, for each m € Mg, —=,,C Q. X PComy X @Q.,,; while for each a € Dy
there exists an initial state is(,,) and a final state f5,, ,) in @y, such that there are
neither incoming transitions to is(,, ) NOr outgoing transitions from fs(m‘a) in = . iS(mq)
represents that concurrent data structure begins to execute method m with argument a,
and fs,, ) represents that method m has finished its execution and then a return action
with return value a can occur.

A client program C can then be defined as a tuple C = (X¢, M, D¢, Qc, —¢) where
Xe, M¢, D¢ and Q¢ are a finite memory location set, a finite method name set and a
final data domain of C and a finite program position set, respectively. Let PCom¢ be the
set of primitive commands upon Xz, M¢ and D¢. Then, —¢C Q¢ x PCome X Q¢ is
a transition relation of C.

A most general client is a special client program that is designed to exhibit all the
possible behaviors of a concurrent data structure. A most general client MGC can be
formally defined as a client ({}, Mc, Dc, {¢c, 4.}, —mge)- Here —ee= {(qc, call(m, a),
q.), (¢., return(m, a), qc, |m € Mc,a € D¢} is a transition relation. Intuitively, a most
general client simply repeatedly calls an arbitrary method with an arbitrary argument
for arbitrarily many times.

2.3 TSO Operational Semantics

Let us introduce the operational semantics of concurrent system on TSO memory model,
which are used to define TSO-to-TSO linearizability. This operational semantics ex-
tends traditional operational semantics of TSO (shown later in this subsection) by intro-
ducing flushCall and flushReturn actions, which are used to record time point of when
write actions in a method begins to become visible to client, and when this process is
complete.

Suppose a concurrent system C(L) that consists of n processes, each of which
runs a client program C; = (X¢, M, D, Qc,, —¢,) on a separate processor for 1 <4 <
n, and all the client programs interact with the same concurrent data structure £ =
(Xe, M, D,Qr,— ). The operational semantics of the concurrent system C'(L£) on the
TSO memory model is defined as an LTS [C(L£), n]]t = (Conf,;, Xy, —ry, InitConf,),
where Conf,,, Xy, =, InitConf,, are defined as follows.

Each configuration of Conf,, is a tuple (p, d, u), where

-p:A{l,...,n} = Qc; U (Qr X Qc;) represents control states of each process.
p(i) = q. € Qc; represents that process 4 is executing client position ¢., while

3 tt represents TSO-to-TSO linearizability.



p(i) = (qi, q) represents that process i is executing position ¢; of concurrent data
structure, and g, is the program position of the client program of process .

- d: X, UXe — D is the valuation of memory locations of concurrent data structure
and client programs;

-uc:{L,...,n} = {(z,a)lx € XU X Aa € D} U {call,ret})* represents
contents of each processor-local store buffer; each processor-local store buffer may
contain a finite sequence of pending write, pending call or pending return actions.

XY, is a set of actions in the following forms:
Xy n=1(1) | read(i, x, a) | write(i, x, a) | cas(i,x,a,b) |
fush(i,z,a) | call(i,m,a) | return(i, m, a) |
SlushCall(3) | flushReturn(7)

where 1<i<n,m € M,z € X UAXzand a,b € D.

The relation 1" is used to define the transitions occur from concurrent data structures
or client programs and is defined as T = {((qi1, qc), @, (@12, c)) |air, @2 € Qr, e € Qe
for some 1 < i < n,q1>2q2} U {(¢er, @, ¢2)|ger, 42 € Qc; for some 1 < i <
N, qel imich, and « is not a call or return action }. The transition relation —, is the
least relation satisfying the transition rules shown in Fig.E]for eachl <7 <n.

- Tau rule: A 7 transition only influences control state of one process.
- Read rule: A function lookup(u,d, i, x) is used to search for the latest value of x
from its processor-local store buffer or the main memory, i.e.,

a ifu(i) Ts,= (x,a) -1, forsomel € X%

lookup(u,d,i,x) = {d(x) otherwise

where X, = {(z,a)|z € Xz UXc,a € D} is the set of pending write actions for x.
Read action will takes the latest value of x from processor-local store buffer if
possible, otherwise, it looks up the value in memory.

- Write rule: A write action will insert a pair of location and value to the tail of its
processor-local store buffer.

- Cas-Suc and Cas-Fail rules: A cas command can only be executed when the pro-
cessor-local store buffer is empty and thus forces current process to clear its store
buffer in advance. A successful cas command will change the value of memory
location x immediately while a failed cas command does not change memory.

- Flush rule: The memory system may decide to flush the entry at the head of pro-
cessor-local store buffer to memory at any time.

- Call and Return rules: To deal with call command, a call marker is added into the
tail of processor-local store buffer and current process starts to execute the initial
position of method m and parameter a. When the process comes to the final posi-
tion of method m it can launch a return action, add a return marker to the tail of
processor-local store buffer and start to execute the client program.

- Flush-Call and Flush-Return rules: A call or return marker can be discarded when
it is at the head of a processor-local store buffer. Such actions are used to define
TSO-to-TSO linearizability only.



T(p(i)7c7 qgv )70 =T

(p7 d7 u)ﬂ)”(p[l : q;}a d7 'LL)

Tau

T(p(i), ¢, d, ), ¢ = read(, a), lookup(u, ., z) = a

read(i,z,a) . , Read
(p7 d7 U)—>[[(p[l : qz]7 d7 'lL])
T(p(i),c,qi, ), ¢ = write(z, a), u(i) =1 ,
write(i,z,a) ’ Write
(p7 d: u)%”(p[l : q1]7 d: U[’L : (-T, a‘) : ZD
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cas(i,xz,a,b) Cas-Suc
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T(p(1)7 ) q;, )7 c= Casjail(x7 a, b)a d(ﬂ?) 7é a, U(Z) =€ .
iz Cas-Fail
(p7d7u) — ”(p[Z : q’lL]7d7u)
u(i) =1-(z,a
ﬂush(i(z)a) ( ) Flush
(p,d, u)———"=u(p,d[z : a],u[i : ])
. call(m,a .
(i) = det G122 0o, (i) = 1
Call

call(i,m,a . . .
(p,dy ) S (pfi 5 (i5may 4c2)], i+ cal - 1)
p(z) = (fs(m,a)7qfl)7q61 rem(m.a) Ciqt‘zvu(i) =1

. Return
return(i,m,a)

(p,d,u) #(p[i 1 qe2], d,uli : ret - 1])
u(i) =1 - call
flushCall(i) FlushCall
(p,d, u)———u(p,d,ufi : 1])
u(i) =1 - ret
SflushReturn (%) FlushReturn
(p, d, w)————u(p, d, ufi : 1])

Fig. 1. Transition Relation —,

The initial configuration InitConf,, € Conf,, is a tuple (Dinir, dinir, €"). Here piy;; map
each process id to a specific state, d;y;; is a valuation for memory locations in X U A¢,
and €" initializes each process with an empty buffer. If each client program C; is a most
general client, [C'(L), n]; can be abbreviated as [L£, n];.

3 Correctness Conditions

The behavior of a concurrent data structure is typically represented by histories of in-
teractions between the concurrent data structure and the clients calling it (through call
and return actions). Let X, and X, represent the sets of call and return actions, re-
spectively. A finite sequence h € (X, U X,)* is a history of an LTS A, if there exists
atrace t of A such thatt 1, ux,,)= h. Let history(A) denote all the histories of A.



TSO-to-TSO linearizability [7] is a variant of linearizability on the TSO memory
model, which relates a concurrent data structure running on the TSO memory model
to its abstract implementation running also on the TSO memory model. The notion of
history is not enough to describe all interactions between concurrent data structures and
client programs, since one of them can exhibit a side effect on the other via a store
buffer. Therefore, it introduces flushCall and flushReturn actions, which are used to
record time point of when write actions in a method begins to become visible to client,
and when this process is complete. Let Y, and Y., represent the sets of flushCall
and flushReturn actions, respectively. A finite sequence eh € (X U Xy U X U
Yper)* is an extended history of an LTS A, if there exists a trace ¢ of A such that
t (DU S U S U S5 = €h. Let ehistory(A) denote all the extended histories of A, and
eh|; the projection of eh to the actions of the i-th process. Two extended history es; and
ehs are equivalent, if for each 1 < i < n, ehy|; = eha|;.

Given two extended histories eh; and ehs, ehy is TSO-to-TSO linearizable to ehs, if

- eh;j and ehy are equivalent;

- there is a bijection 7 : {1,...,|eh1|} — {1,...,|ehs|} such that for any 1 < ¢ <
lehi|, eh1 (i) = eha(m(3));

-forany1 <i<j < ‘6h1|, if (eh1 (’L) € XU Efret) AN (ehl(]) € XaqU chal)s then
(i) < 7(F).

Given two concurrent data structures £1 and Lo, we say that Lo TSO-10-TSO linearizes
Ly, if for any ehy € ehistory([L1,n]), there exists ehy € ehistory([La, n]y), such
that ehy is TSO-to-TSO linearizable to ehs.

k-bounded TSO-to-TSO linearizability is a bounded variant of TSO-to-TSO lin-
earizability, where only k-extended histories are considered. Its definition is as follows:

Definition 1 (k-bounded TSO-to-TSO linearizability). Given concurrent data struc-
tures L and L', L' k-bounded TSO-to-TSOlinearizes L for n processes, if for each
k-extended history eh € k-ehistory([L,n]), there exists a k-extended history eh’ €
ehistory([L',n] ), such that eh is TSO-to-TSO linearizable to eh'.

The following lemma states that, if if both k-ehistory([ L, n],;) and k-ehistory([L', n] )
are finite, then k-bounded TSO-to-TSO linearizability is decidable. This lemma is ob-
vious from Definition[]l

Lemma 1. Given k-ehistory([L,n],) and k-ehistory([L', n]). It is decidable whether
L' k-bounded TSO-to-TSO linearizes L for n processes.

Proof. (Sketch)

Given a k-extended history eh € k-ehistory([L£,n],) and a k-extended history eh’ €
k-ehistory([£’,n].), we can decide whether eh is TSO-to-TSO linearizable to eh’ as
follows:

- If they are not equivalent, then obviously e/ is not TSO-to-TSO linearizable to eh’.

- Otherwise, we can enumerate all bijection between {1, ..., |eh|} and {1,.. ., |eh’|},
and check whether this bijection fit the requirement in definition of TSO-to-TSO
linearizability. If there is no bijection fits, then e is not TSO-to-TSO linearizable
to el’. Otherwise, eh is TSO-to-TSO linearizable to eh’.




Since k-ehistory([L, n];) and k-ehistory([L’, n];) are both finite sets, and the num-
ber of their elements is bounded by £, n, D and k, we can enumerate all such pairs
(eh,eh’) of extended histories above and decide them for k-bounded TSO-to-TSO lin-
earizability. If there exists eh € k-ehistory([L, n]), such that for each eh’ € k-ehistory([L', n],),
we decide that ek is not TSO-to-TSO linearizable to e/, then £’ is not k-bounded TSO-
to-TSO linearizes £ for n processes. Otherwise, £’ k-bounded TSO-to-TSO linearizes
L for n processes. ad

4 A Modified Operational Semantics For FlushCall and
FLushReturn Actions

A call action in [£, n], has two roles that must be taken simultaneously. The first role
is to change the control state of the calling process, and the second role is to insert a
call marker into buffer. The case of return actions is similar. It seems hard to investi-
gate decidability of k-bounded TSO-to-TSO linearizability with such “composed” call
and return actions.Therefore, we separate a “composed” call action into a “pure” call
action that only change the control state of the calling process, and a immediately fol-
lowed write action that inserts a call marker into buffer. When the call marker is flushed
by the TSO mechanism, we also launch a flushCall action. In this way, we mimic a
“composed” call action with a “pure” call action and a write action.

According to this idea, we propose a modified operational semantics [C';(Mod(L)),n] ;.
Let z; be a new memory location. [Cy(Mod(L)),n]]; mimics a “composed” call ac-
tion with a “pure” call action and a write action to z¢, and when item of z is flushed,
it launches a flushCall action. The case for return action is similar. Assume that £ =
(X, M, Dz, Qr,—r), then, Cy and Mod(L) are defined as follows:

- The function C'y maps each 1 < ¢ < n to a modified most general client pro-
gram ModMGC = ({zs}, M, D U {call, ret}, {qc., q.,q.}, —). The transition re-
lation — is defined as follows: —= {(q.,call(m,a),q.), (q., return(m,a),q’),
(g, write(zg,ret), q.)] m € M,a € D.}. Here we add a write(zy, ret) transition
to the most general client after a return transition, and this write(zy, ret) transition
is used to simulate the insertion of return marker in [£, n];.

- The concurrent data structure Mod(L) = (X U {zp}, M, Dz U {call, ret},Q, U
{g*}, =) slightly change the concurrent data structure £. —', is generated from

— as follows: For each a € Dy, m € M and state ¢ € Q, if is(m,a)a—amq,

!/
write(z y ,call)
A g and

then —/, replaces this transition with the transitions IS (im,a)
g !

¢~ .. Here we add write (2 ,call) transitions as the first transition of a method,

which are used to simulate the insertion of call marker in [£, n].

The modified operational semantics [C's(Mod(L)), n] fﬂ: (Confy, S, —y, InitConfy).
Here Conf; is generated from Conf;, by introducing memory location z; and control
state ¢/ of client program, X are generated from X, by introducing operation to zy,

* f represents that this operational semantics is proposed for flushCall and flushReturn actions.



InitConfy is generated from InitConf,, by introducing valuation to z;. The transition re-
lation — is generated from —, (Recall that —, is generated from — in SectionE]) by
discarding the Flush rule and adding the following rules:

u(i) =1-(z,a),x # zf

flush(i,x,a) Flush’
(p, d, u)———"S(p,d[z : a],uli : 1])
u(i) =1- (25, call
(ﬂishCall(i)( d ) FlushCall’
(p,d, u)——4(p, d, ufi : 1])
u(i) =1 (2, ret
w Car, res) FlushReturn’

SflushReturn (%
EEE—

(p, d, ) S (py dyuli - 1))

The following lemma states that the extended histories of [C's(Mod(L)), n]  equals
the extended histories of [£, n],.. Thus, the modified operational semantics [C'r (Mod(L)),n]
can be used to investigate the decidability of TSO-to-TSO linearizability.

Lemma 2. ehistory([Cs(Mod(L)),n] ;) = ehistory([L,n]y).

Proof. (Sketch)

Let [C¢(Mod(L)),n]’; be an LTS that is generated from [Cr(Mod(L)),n]s by
transforming all write actions of z; into 7 action. We prove this lemma by constructing
a weak bisimulation relation between states of [C'y(Mod(L)), n]'; and [L£, n].

Arelation ~ is defined as follows: given configuration (py, dy, uy) of [Cy(Mod(L)), n]';
and configuration (py, dy, uy) of [£, 1], (pr.df,up) & (Pes de, ue), if

- For py and py, for each 1 < ¢ < n, one of the following case holds:
- ps(i) = qc V py(i) = g and pu(i) = g
- pr(d) = (is(m,a),qé) Vps(i) = (qﬁ,qé) form € Mand a € D, and p,(i) =
(is(m,a)a qé)
- prf(i) ¢ {QC» (JZa (qﬁv qz)v (is(m,a)v %)\m € M, ac Dﬁ} andptt(i) ¢ {QC7 (is(m,a)v QQ)\
m € M,a € D}, then py(i) = pe(i).
- For dy and dy, for each x € X, df(z) = dy(x).
- Let ch(s) be a sequence that is generated from s by transforming every (zy, call)
into call, and transforming every (zy, ret) into ret. For us and uy,, foreach 1 <1 <
n, one of the following case holds:

- Ifpy(i) = ¢ and py (i) = qc, then ret - ch(u s (7)) = uy(3).

- It ps (i) = (iSpma)s ) and py (i) = (iS(ma), qc.)> then call - ch(uy (7)) = wy ().
- Otherwise, ch(us(7)) = uy(3).

It is not hard to see that ~ is a weak bisimulation relation by consider all kinds of
transitions. Therefore, it is obvious that ehistory([C's(Mod(L)),n] y) = ehistory([L,n]).
O



5 Perfect/Lossy Channel Machines

A classical channel machine is a finite control machine equipped with channels of un-
bounded sizes. It can perform send and receive operations on its channels. A lossy chan-
nel machine is a channel machine where arbitrary many items in its channels may be
lost nondeterministically at any time without any notification. In this section we sketch
our definition of (S, K')-channel machines, which slightly differs from the definition of
channel machines in [14].

The channel machines defined in [14] extend classical channel machines in the fol-
lowing aspects:

- Each transition is guarded by a condition about whether the content of a channel is
in a regular language.

- A substitution to the content of a channel may be performed before a send operation
on the channel.

- A set of specific symbols, called “strong symbols”, are introduced that are not al-
lowed to be lost, but the number of strong symbols in a channel is always bounded.

In this paper, we extend the channel machines defined in [14] with multiple sets of
strong symbols, while the number of strong symbols in a channel from the same strong
symbol set is separately bounded.

Let C*H be the finite set of channel names and X¢3; be a finite alphabet of channel
contents. The content of a channel is a finite sequence over X3 . For a given channel
¢ € CH, aregular guard on channel c is a constraint of the form ¢ € L, where L C X,
is a regular set of sequences. For a sequence u € X, we write w = c € Lifl € L.
For notational convenience, we write a € c instead of ¢ € X3y, -a - X3y, ¢ = ¢
instead of ¢ € {e} and ¢ : X’ instead of ¢ € X* for any subset X’ of X¢4. A regular
guard over C?H associates a regular guard for each channel of CH. Let Guard(C?H) be
the set of regular guards over CH. The definition of = can be extended as follows: for
g € Guard(CH) and u € CH — X§,,, we write u |= g, if u(c) = g(c) for each
ceCH.

Given a channel ¢ € CH, a channel operation on c is either a nop (no operation), or
an c?a operation for some a € Xy (receive operation), or an c[o]!a operation (send
operation) where o is a substitution over X¢ and a is a element of Y¢,. We write cla
instead of c[o]la when o is the identity substitution. For every u, v’ € X¢,,, we have
[nop](u, v’ if u = o/, [clo]la](u,v’) if v’ = a - u[o], [c?a](u, ') ifu = v - a. A
channel operation over CH is a mapping that associates with each channel ¢ a channel
operation on c. Let Op(CH) be the set of channel operations over CH. The definition of
[op] can be extended as follows: for op € Op(CH) and u, v’ € CH — Xf,,, we have
[op] (u, w'), if Jop(c)](u(c), w (c)) holds for each ¢ € CH.

A channel machine is formally defined as a tuple M = (Q,CH, Xcy, A, A), where
(1) @ is a finite set of states, (2) CH is a finite set of channel names, (3) Yy is an
alphabet for channel contents, (4) A is a finite set of transition labels, and (5) A C
Q x (AU {e}) x Guard(CH) x Op(CH) x @ is a finite set of transitions.

We say asequence l; = aq-...-a,, is a subword of another sequence lo = by -...-b,,
if there exists iy < ... < iy, such that a; = b;, for each j. Let S = (s1,...,5m) be



a vector of sets with s; C Xy for 1 <i<m, and K = (ki,..., k) be a vector of
nature numbers or co. S is the sets of strong symbols that must be kept in transition,
and K is the bounds for each set of strong symbols in S. For sequences u,v € X3,,,
U j? v holds if (1) w is a subword of v, (2) for each ¢, u T5,= v 15, and (3) for each 7,
|u 1 s;| < kj. This relation can be extended as follows: For every u,v € CH — X5,
u =% v holds, if u(c) <& v(c) holds for each c € CH.

A (S,K)-channel machine (abbreviated as (S,K)-CM) is a channel machine M =
(Q,CH, Xy, A, A) with the strong symbol restriction (S, K). Its semantics is de-
fined as an LTS (Conf,;, A, =, initConf,, ). A configuration of Conf,, is a pair (g, u)
where ¢ € Q, u : CH — X, and it satisfies the strong symbol restriction(S, K),
i.e., for each ¢ and i, |u(c) 1 s;| < k;. The transition relation —j; is defined as
follows: given ¢,¢" € @ and u,uv’ € CH — X%y, (q,u) Xonr (¢ ), if there
exists g and op, such that (¢,«, g,0p,q") € A, u = g and [op](u,u). Similarly, a
(S,K)-lossy channel machine (abbreviated as (S,K)-LCM) is a channel machine M with
lossy channels and the strong symbol restriction (S, K). Its semantics is defined as an
LTS (Confyy, A, = m,s.x), initConfy; ). The transition relation — g k) is defined as fol-
lows: (¢,u) ——msk) (¢',u'), if there exists v,v" € CH — X3, such that v <K w,
(q,v) = (¢',v') and u' <K /. Let —%, and —(m.s,k) be the transition closure of
—M and —(M,S,K)-

Given a channel machine M, we say that (qo, ug) - o1 - (q1,u1) -+ Qo * (Guos Uny)
is a finite run of M from (g, u) to (¢', '), if (1) (qo,u0) = (q,u), (2) (qi,ui) <=
(Gi+1,uivs) for each ¢ and (3) (qu,uw) = (¢, u’). We say that [ is a trace of a finite
run p if I = p 14. Given ¢,¢' € Q, let qu”q},{ (M) denote the set of traces of all finite
runs of a (S, K)-CM M from the configuration (¢, €™!) to the configuration (¢’, /™).
For (S, K') — LCM M, the notations of finite run and its trace are defined as in the non-
lossy case by replacing — s with — (57 5 ). Let LTZ’;,( (M) denote the set of traces
of all finite runs of (S, K')-LCM M from the configuration (g, €/"!) to the configuration
(q/7 6‘”').

For channel machines My = (Q1,CH1, Yoy, A, A1) and My = (Q2,CHa, Xen, A,
Ay) such that CHq, N CHs = 0, the product of M; and M, is also a channel machine
My @ My = (Q1 X Q2,CH1 UCH2, Xy, A, A1), where Ay4 is defined by synchro-
nizing transitions sharing the same label in A under the conjunction of their guards, and
letting other transitions asynchronous. The following lemma holds as in [14].

Lemma 3. Given channel machines My, = (Q1,CH1, Xew, A, A1) and My = (Qa,
CHa, Yew, A, Az), let q1, ¢ € Q1, @2,¢5 € Q2, ¢ = (q1,92), ¢ = (d1,93), then
LTy (My @ My) = LT, (My) LT, (M) and Ty S (My @ Ma) = T2 % (My) 0
o, (Mz).

Given a (S, K)-CM (respectively, (S, K)-LCM) M and two states ¢,¢' € @, a
control state reachability problem of M is to determine whether Ti’q[,( (M) # 0 (respec-

tively, LTi’;,( (M) # 0). As in [14], it can be shown that the control state reachability
problem is decidable for (.S, K)-LCM.



6 A Modified Operational Semantics For Call and Return Actions

In Section we have separated a “composed” call action in [£, n], into a call action
and a write action of zy. However, call and return actions are to some extend “beyond”
TSO memory model and are quite hard to be dealt with in TSO mechanism. To explain
this, it should be noted that on TSO, write actions can be seen by other process only
when they are flushed. This implies that, when a process want to notice another process
by writing something into buffer, then this message can be seen by other process only
when it is flushed. As contrast, a call or return action takes effect as soon as it happens.
To make it worse, the order of call and return action may be different from the order
how processes use buffer. Since the content of buffer may influence future execution,
a process can not notice other process of call or return actions by using cas actions,
which will clear the buffer. Therefore, it is hard to make a concurrent system to know
the order of call and return actions without influence its future execution on TSO.

To make a concurrent system be aware of call and return actions, we modify the
operational semantics [C';(Mod(L)), n] s as follows:

- We add a new process into the concurrent system, which is used as an “observer”
for call and return actions. This observer process nondeterministically guess call
and return actions by writing call and return information with cas actions to a new
memory location z,,.

- We modify the operational semantics, and make specific cas actions of the observer
process be bound with call and return actions (we can also say that these cas ac-
tions mark the call and return actions). That is, a cas(zy, call(i, m, a)) action (resp.,
cas(zy, return(i, m, a)) action) of the observer process is bound with a call(i, m, a)
actions (resp., return(i, m, a)).

Formally, let markedVal(M, D, n) = {call(im,a), return(im,a)|]1 <i <n,m €
M, a € D} denote the set of values that are used by the specific cas actions to mark
the call and return actions in [C't(Mod(L)),n] ;. Let z, be a new memory location,
which will be used by the specific cas actions. Assume that L= (X, M, Dz, Qr, — ).
Then, a functionClt; is defined as follows:

- For each 1 <4 < n, Clty maps process P; into the client program ModMGC =
({zr}, M, D U{call, ret}, {q., q., 4!}, —), which has been defined in Section

- Clty maps process P, into the client program Charked = ({2 }, M, markedVal(M,
Dr,yn), {qwic}, —wir)- Here == {(quir, cas_suc(zy, -, a), quir)| a € markedVal(
M, Dp,n)} is the transition relation of Cged-

Assume that [Cy(Mod(L)),n]; = (Conf}, X, =y, InitConf;). According to above
idea, we propose a operational semantics [Clts(Mod(L)),n+1], which contains n+1
processes. [Clty(Mod(L)), n+1]];E] = (Conf,, Xp, —p, InitConf,). A configuration of
Conf, is atuple (p, d, u, mak). Here (p, d, u) is a configuration generated from a config-
uration of Conf, by introducing memory location z,, and control of the observer process.
mak € {e} UmarkedVal(M, D, n) is used to ensure that each specific cas action bind

5 b represents bind.



a corresponding call or return action. X, are generated from Y by introducing opera-
tion to z,,, InitConf), is generated from InitConf; by introducing valuation to z,,. The
transition relation —, is generated from — as follows:

- For all but cas, call and return transitions, if (p, d, u)a—d>f(p’ ,d',u"), then we have
(pa d7 u, e)a_”>b(p/7 d/a u/a 6)'
- We discard the Cas-Suc and Cas-Fail rules, and add the following rules:

T(p(i), e, q.,), ¢ = cas_suc(x,a,b),1 <i <nAx# zy,dx) =a,u(i) =¢
cas(i,z,a,b) Cas-Suc-B
(p7 d7 u, 6)—>b(p[7’ : q;]a d[(E : b]7 u, 6)
T(p(3), ¢, 4, ), ¢ = casfail(z,a,b),1 <i<nAx# zw,d(z) # a,u(i) =¢
Cas-Fail-B

cas(i,z,a,b)
)——(

(p,d,u,e bp[i:q:j]vdvua(f)

T(p(n+1),c,q.,;,),c = cas_suc(zy,a,b),a,b € markedVal(M,Dp,n),d(x) = a,u(n+1) =

) cas(n+1,zy,a,b)
_—

(p,d,u,e p(pln+1: ql], d[z : b],u,b)

Note that only the Cas-MARK can set the mak tuple.

- We discard the Call and Return rules, and add the following rules:

Il s
() = et e Y, 052
Call-B

(p, d,u, call(i,m, a))mb(p[i : (iSimays 4e2)], d, u, €)
. turn(m,a)

p(l) = (fs(m,a)a qcl)a qel Mnfiqd

Return-B

return(i,m,a)
)

(p, d,u, return(i,m,a b(Pli : qe2], d, u €)

Note that call or return action need the correct mak be set, and they will unset the
mak tuple.

The following lemma states that the extended histories of [C's(Mod(L)), n]  equals
the extended histories of [£, n],. Thus, the modified operational semantics [C'y (Mod(L)), n] ¢
can be used to investigate the decidability of TSO-to-TSO linearizability.

Lemma 4. cehistory([Clty(Mod(L)),n+1]),) = ehistory([C¢(Mod(L)),n] ).

Proof. (Sketch)

It is obvious that ehistory([Clts (Mod(L)),n+1]) C ehistory([Cy(Mod(L)),n] ),
since except for cas(n+1, zy,, -, -) transitions, each transition in [Clts (Mod(L)), n+1],
comes from a transition in [C'y(Mod(L)), n] ).

For the opposite direction of this lemma, given a path pa = (pg, do, uo) ﬂ>f(]31 yd,uq)

acty,

oo =5 (Pw, A, Uw) Of [Cp(Mod (L)), n] s, we can in w steps construct a path pa’ of

€
Cas-MARK



[Clt;(Mod(L)), n+1], such that the extended history of pa equals the extended history
of pa’.

Let paj, = (po, do, ug, €). Foreach 1 < i < w, assume that pa; ; ends in (p;.;, d;.1, w1, mak ;)
and (pi.s,d;s, u,-.l)ﬂy(pi, d;, u;). If act; is not call or return action, then pa’; is ob-

tained from pa) , by adding (pi.;, d;.1, ui_I,mak,-_I)aACtQ;,(pi, d;, u;, €) transition. Other-

cas(n+1,zq,-,act;)
—————=p(pi-1, di.1, ui.1, act;)

and (pi.,dig, uig, acti)a‘a@h(pi, d;, u;, €) transitions. It is easy to see that pa’ = pa,,
holds as required. This completes the proof of this lemma. a

wise, pa;, is obtained from pa; ; by adding (p;.;, .1, i1, mak;.;)

Given an extended history eh, a marked witness of ek in [Clty(Mod(L)),n+1] is a
trace ¢ of [Clt;(Mod(L)), n+1], such that
= (DU B0 SV Sper) = €
- t = t1 - to such that ¢; ends with a call, return, flushCall or flushReturn action, t5 is
a sequence of flush actions, and all the items putted by write actions in ¢ have been
flushed.
Similar to the proof of LemmaE], we can see that, there exists a marked witness of
eh, if and only if eh € ehistory([Clty(Mod(L)),n+1],). By Lemma 4] and Lemma [2]
we know that there exists a marked witness of eh, if and only if eh € ehistory([L,n];).
Therefore, we can check whether a specific extended history is in ehistory([L, n],) by
checking whether there is a marked witness for it in [Clt;(Mod(L)), n+1].

7 Channel Machines For Marked Witness

In this section, we use an example to explain how to use channel machine to simu-
late behavior of each process of [Clt;(Mod(L)),n+1],. Then, we propose the detailed
definition of these channel machines.

7.1 Simulating [Clt;(Mod (L)), n+1]; with Channel Machines

In this subsection, we use an example to intuitively show how to simulate bounded
behaviors (that contains at most k& call, return, flushCall and flushReturn actions) of
each process ¢ (1 <i<n+1) of [Clty(Mod(L)),n+1], with a (S, K')-channel machine
MF. Then, in later section we show that the bounded behavior of concurrent system can
be simulated by “production” of M}, ... M.

Each Mi’“ (1 <4 <n+1) contains control state of process ¢ and launch actions accord-
ing to these control state. M also nondeterministically guesses the write, call or return
actions of other processes. Since write actions to zy of other process are guessed, MF
essentially “guess” flushCall and flushReturn of other processes. Moreover, M} ensures
that flush or cas action to z,, is immediate followed by a corresponding call or return
action. That is, for 1 < 4 < n, each flush(n+1, z,,, act) (note that cas(n+1, z,, _, ) are
considered as guess write for M) is immediate followed by a call or return action act;
for M1, each cas(n+1, z,, -, act) is immediately followed by a corresponding call or
return action. M} contains only one channel ¢; that is used to store the pending written
items according to the total store orders (orders of actions that updates memory loca-
tions) in [Clt;(Mod(L)), n+1],. To make it safe to become a lossy channel machine,



each item sent to ¢; contains the current valuation of all the memory locations, i.e., the
current snapshot of the memory. MF also monitors whether a specific extended history
has already happens. (shown in the following subsection).

We use the example shown in Fig. 2]to illustrate the main idea of our construction
method. Fig. 2| (a) presents a trace of 8-extended history of [Clt;(Mod(L)), 3], while
Fig. [2| (b),(c),(d) present the corresponding traces of M, M%, MX, respectively. Each
pair of a call and its accompanying return action is associated with a (dashed) line
interval that start and end with vertical lines. To emphasize the occurrence of flushCall
and flushReturn actions, we associate each pair of a flushCall and its accompanying
flushReturn action with a (dashed) line interval that start and end with circles. Here a
interval of dashed line means that actions of this interval are generated by guessing in
MP, while a interval of ordinary line means that actions of this interval are generated
according to process i in MF.

Let us begin to explain Fig. 2| w(x)1 is a action that write 1 to z; 7(z)1 is an action
that reads 1 from z; f(z)1 is a flush action that changes the value of z to 1; ca(y)1
is a cas action that changes the value of y to 1. For simplicity, we use aq,...,a4 to
represent four call or return information written to z,,, and use b1, ..., by to represent
four call or return markers written to 2. by = by = call, and b3 = by = ret. Let
method M, be called with argument arg; and return value rv; in process 1, and let
method M be called with argument arg, and return value rvq in process 2. In detail,
a1 = call(1, My, arg,), as = call(2, Ma,arg,), az = return(1, My,rv1) and ag =
return(2, My, rvy). We write flushCall or flushReturn as f(zy)b_ to emphasize that they
are generated by flush z; items. Also note that the actions in Fig. E] (a) use individual
values, while the the actions in Fig. 2] (b),(c),(d) use snapshots of the memory. In Fig.[2]
(b),(c),(d) we use 1, a; and b; only for simplicity, which are essentially corresponding
snapshot of the memory.

The requirements for ¢; (1 < ¢ < 3) are as follows:

- t; and t has the same extended history and same total store order (we do not distin-
guish flush(i, x,a) and cas(i, x, -, a)).

- The flush or cas action of z,, in t; must be immediately followed by a corresponding
call or return actions.

- The actions of process ¢ in ¢; equals the actions of process ¢ in t. When ¢; launch an
action of process ¢, the valuation of memory locations must equals to the valuation
of memory locations of the same action in ¢.

The total store order in ¢ are ca(zy )a1, ca(zw)az, f(2f)b2, ca(zw)as, ca(y)l, ca(zy)as,

f(zp)br, f(25)ba, f(2)1, f(25)bs.

7.2 Construction of MF (1 < i < n)

In this subsection, we present the formal definition of the channel machine M f 1<i<
n), which simulates the behavior of process ¢ of [Clts(Mod(L)),n+1], and monitors
whether a specific k-extended history happens.

Given a k-extended history eh = acty - ... - act;, where method is chosen from
M, data domain is D and process id of each act; is in {1,...,n}, we construct a
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Fig. 2. traces of M{, M4 and M¥ for a trace t of [Clt;(Mod(L)), 3]s



deterministic finite state automaton A, that accepts eh. Ay = (Qs, Xs, —s, Fs, Gis)
is constructed as follows: Qs = {qis, q., ..., a5, Genas} is a finite set of states, X, =
{call(i,m, a), return(i,m, a), flushCall(i,m, a), flushReturn(i,m,a)|l < i < n,m €
M, a € D} is a set of transition labels, g;; is the initial state and Fs = {qenas} is the
set of accepting states. The transition relation — contains the following transitions:
Qis%sqg’ q‘imsqgl (1<i<1-2),and Q.lq-]a‘m_}sqgndv

We now present the formal definition of the channel machine M}. Assume that
L= (X, M,Dr,Qr,— ). Assume that the transition relation of Mod(L) is —/.
Assume that the set of states in ModMGC is {q., ¢.., g/’ }. Let Val be the set of valuation
functions that maps a memory location in X'z to a value in D, maps z,, to a value in
markedVal(M, D, n) and maps z to {call, ret}. Channel machine M} (1 < i < n)
is a tuple (QF, {c;}, X, A, AF), where ¢; is name of the single channel of M. QF, ¥,
A and A are defined as follows:
Construction of Q¥: QF = (Q.U(Q . xQ.))x Valx Valx Qs x (markedVal(M, D, n)U
{€})x{0,..., k} is the set of states. A configuration (g, d., dg, g5, mak, cnt) € Q1 con-
sists of a control state g, a valuation d. of the memory, a valuation d, of the memory
which is generated from d.. by applying all the stored items in ¢;, a state g5 for monitor-
ing whether the extended history e/ happens, a marker mak which is used to ensure that
each specific cas(n+1, zy,, -, -) action is immediately followed by the corresponding
call or return action, and the number cnt of the call, return, flushCall and flushReturn
actions already occurred in the whole trace.
Construction of X: ' = X; U X, U X; is the alphabet of channel contents with
Yo =A{(n+1, zy,d)|d € Val}U{(3, z,d)[1<i<n,d € Val}, X = {((i,z,d),§)[1 <
i<n,x € Xr,d € Val} and X3 = {al(a,f) € X}. Items in X, are inserted by
guessing the specific cas actions of z,, or guessing write actions of z;. Items in X, are
either the newest item in ¢; or the newest item for some memory location of X/ in ¢;.
Items in X3 are inserted by write or guess write actions. When MF is considered as a
lossy channel machine, Y; and X, are the sets of strong symbols.
Construction of A: A is the set of transition labels and is union of the following sets:

- {write(i, z,d), cas(i, z,dq,ds)|d, d1,ds € Val, (1 < i <nAz € X U{z;})V(i =
n+l ANz =zy)}

- {flush(i, xz, d), flush(n+1, 2, d)|1 < i <n,x € X U{z},d € Val}.

- {call(i,m, a), return(i,m, a), flushCall(i), flushReturn(i)|1 <i<mn,m € M,a €
Dr}.

A does not contain read or 7 actions, which are seen as ¢ transition in Mik.
Construction of A¥: AF is the transition relation of M}. A¥ is the smallest set of
transitions such that Vg € Q. U (Qz X Q.), ¢1,92 € Q. de,dy € Val, gs € Q5 and
cnt < k,

- Nop: We only change the control state. Formally, if ¢; L)ng, then

i,
((Q17 qz)v dm dga qs, €, cnt)u>AéC ((qQa qz)a dc, d97 gs, €, Cnt)'
write(z,a) !

- Write by Library to x € X:if g ——— ,q2 and z € X, then



) op,(B1,8)Ecin(B2,B)Eci,ci[B1/(B1,8),62/(B2,4)]'83

(<Q1a QQ)a dCa dg7QS7€7cnt

) op,(B1,8)€cinci:Oz,¢i[B1/(B1,1)]'Bs

((qla qz)a dCa dg7 gs, €, cnt Ai.c ((qQa qz)a dCa d;a gs, €, cnt)

) 0p,c;:01N\(B2,1),¢ci[B2/(B2,4)]'Bs

((q17 qé)v dC7 dga gs, €, cnt Ai? ((q27 qé)a d67 dlg7 gs, €, Cl/lf)

op,ci:O1Nc;:O2,c;!83

((Qh qz)a de, dg; gs, €, cnt) Ab ((qQ» qé)» de, d;p gs, €, Cnt)

where 81 = (i,x,d1)Ady € Val, ©1 = 2\{((i,z,d"),8)|d" € Val}, By = (J, -, d2)
with1 < j<nAj#iAds € Val,0s = S\{((j, . d'),§)[1 < j <n,j#£id e
Val}, diy = dg[z : al, B3 = ((i,x,d}), t) and op = write(i, x, d;)).

write(z g ,call) !

- Write by Library to zy: if is(,,.)———— g2 , then

op,(B1,4)€ci,ci[B1/(B1,1)]!82
) A

((is(m,a)v q2)7 d, d97 s, €, cnt ?((Q% qt/:)7 de, dlg? ds, €, Cl’ll)

) op,c;:01,c;!B2
PoTLER,

((is(m,a)7 qé)7 dC7 dg, gs, €, cnt Ai‘ ((q27 q/c>7 dC7 dlga qs, €, Cnt)

Whereﬂl = (.77 - d) with 1 S] S n/\] 7& iNd € VaL 91 = E\{((]a - d,)aﬁ)“ <
j < nj # i,d € Val}, d, = dylzy ¢ calll, Bo = (i,25,dy) and op =
write(i, zf, dy).

- Write by Client to zy:

op,(B1,4)€ci,ci[B1/(B1,1)]!B2

(qgadcvdgaQSaGa Cnt) Ak (qc,dc,d;v%,evcnt)

) 0p,c;:01,ci! B2
PE LG,

(qz;/ad07dg7QS7€7cnt A,’?(dec’dl aQSa€7cnt)
i g

where 51 = (j, ,d) with1 < j <nAj#iAd € Val, 01 = 2\{((j,-,d),)|1 <
ji<n,j 75 i,d" € Val},dy = dy[zf : ret], B2 = (i, 2y, dy) and op = write(i, 2y, dy).
- Guess Writetox € Xp:if 1 <j<nAj#iANx € X, Na € Dg,then

) op,(B4)€ci,ci[B/ (8,418’

(qadCadg7QSa67cnt Ai.“ (Q7dc‘7dlgaQS7€acnt)

(qadwdg7q8767cnt)wA?(q7dC7dlquS7evcnt)
where 8 = (j1,-,-) with 1 < ji <nAj1 #i,dy = dglz: al, B’ = ((§,r,d}), 1),
O = 2\{((J2,--),§)[1 < jo < nAjs # i} and op = write(j, x, dy).

- Guess Write to z,,: if a € markedVal(M, D, n), then

) op,(B,4)€ci,ci[B/ (BB’

(qadCadgaqsa€7cnt Ai? (Q7d07d;aq87€acnt)

op,ci:0,c;!8’
(Qa dCa dg; gs, €, Cl/lt) —>A’f (q7 dC7 dlgv gs, €, C}’lt)

where 8 = (j,, ) with 1 < j <nAj#i,dy =dglzy @ al, ' = (n+1, 24, dy),
0 =I\{((4,--), D1 <j <nAj#i}andop = write(n+1, 2, dy).

Ai." ((q27 qé)a dw dlga gs, €, Cl/ll)



Guess Write to zy: if 1 < j <nAj#iAa€ {call,ret}, then

) op,(B,f)€ci,ci[B/ (BB

<Q7d6adqu87eacnt Ai." (q7dC7dlgaqS76acn1)

(q,de,dg, qs, e,cm‘)wmf (q,de,dy, qs, €, cnt)

where 8 = (j',, ) with 1 < j" <nAj #i,d, = dgylzy : al, 8" = (4, 25, dy),
0 =X\{((4,- ), 91 < j" <nAj' # i} and op = write(j, 2y, dy).

Library read: if ¢; MLQQ, then for each d € Val with d(z) = a,

(B:#)€ci,
((qla QQ)a dCa dg7 gs, €, Cnt)ﬂ)A’f ((q27 qz)v dC7 dga gs, €, Cl’lt)

,¢i10,
((Qh qé)u d7 dg7QS7€7cnt)u>A§((q2>qz)7d7 dg7 qs, E,Cl’lt)

where 3 = (i,z,d) and © = X\{((i,z,d’),)|d" € Val}.

cas_suc(x,a,b)

Library cas: if ¢1 £42 , then for each d € Val with d(z) = a,

) cas(i,z,d[z:b]),c;=¢€,nop

((QIv QQ)v da da gs, €, cnt Ai? ((q27 qz)7 d[x : b]a d[ﬂf : b]a gs; €, Cl’lt)

cas fail(z,a,b) !

If g ———5 g2 , then for each d € Val with d(z) # a,

as(i,x,d),ci=¢€,
((@3:0L), d, . g, € cnt) “SEZDEZND, (g4, L), d, d, g, c, on)
Flush items of z € Xz: foreach1 < j < n,x € X, and d € Val,

op,ci:X,c;?(j,z,d)
‘—_}

((L dCadg7an€7cnt/) A’.‘ (q7d7 dgaqsvea C}’lt/)

op,ci:X,c;?((4,2,d),1)

(%dcadngIstvcntl) Ab (q,d, dngs»Eacnt/)

where op = flush(j, x,d) and cnt’ < k.
Flush z,, Item When It Is a Call Item:

op,ci:X,c; T (n+1,zy,d)

(Q7 de, dga gs, €, Cnt) AFE (q> d, dga qs, Call(j7 m, C)7 Cnt)

where d(z,,) = call(j, m, c) and op = flush(n+1, z,,, d).
Flush z,, Item When It Is a Return Item:

op,ci:X,c;?(n+1,2y,d)

(qv dca dga gs, €, Cl’ll) Ak (q, d? dgv qs, return(j, m, C)a Cnt)
where d(z,,) = return(j, m, c) and op = flush(n+1, z,,, d).
Flush z; Item When it is a Call Marker (flushCall): for each 1 < 7 < n, if

hCall(j
g, 2D, o then

op,ci:X,c;?(j,z5,d)
%

(Q7dcvdgaQS7€7cnt) Ak ((Za d, dquga€7cnt+]>

where d(zy) = call and op = flushCall(j).



- Flush z; Item When it is a Return Marker (flushReturn): for each 1 < j < n, if

sShR j
" SflushReturn(j) Sq;’ then

op,ci:X,ci?(j,z¢,d)
%

(Q7dC7d97QS7€acnt) Ab (Qa d, dg,q;,e,cnt+1)

where d(zy) = ret and op = flushReturn(j).
- Call: if g4 call(i,m.a)

sq., then

) call(i,m,a),c;: X ,nop
—>

(qe,dey dg, qs, call(i,m, a), cnt 2+ ((ima), q.),de,dg, qs, € cni+1)

call(j,m,a)

- Guess Call: if g, sqh, 1 < j < nandj # i, then

) call(j,m,a),c;: X ,nop
%

(q,d¢,dg, gs, call(j,m,a), cnt Ak (q,dc,dg, g%, €, cnt+1)

return(i,m,a)

- Return: if g, (., then

) return(i,m,a),c;:X ,nop

((fS(may» 40)» de» dg, Gs, return(i, m, a), cnt Ak (¢),dc,dg,q., €, cnt+1)

return(j,m,a)

- Guess Return: if ¢, sqh 1 < j <nandj# i, then

. return(j,m,a),c;: X ,noj
(q,de¢, dg, gs, return(j, m, a), cnt) Gim.a) p

Ak (Qv de, dga (];, €, C”H'])

We intuitively explain several typical transition relations of MF. For writing 2 t by
library, we need to erase the § symbol in the original newest item of ¢; (if it is inserted
by guessing write of process j # 1) if it exists. Then we insert a z¢ item of call into
¢;. For guessing write actions of process n+1 to z,,, we need to erase the § symbol in
the original newest item of ¢; (if it is inserted by guessing write of process j # 1) if
it exists. Then we insert a z,, item of markedVal(M, D, n) into ¢;. If the mak tuple
is a call action of process j # i, then we can launch a same call action, change the g
tuple, unset mak tuple to € and increase the cnt tuple. If the mak tuple is a return action
of process ¢ and the control state of process ¢ can launch a return action, then we can
launch a same return action, change the g, tuple, change the control state of process ¢,
unset mak tuple to € and increase the cnt tuple.

7.3 Construction of Mk,

In this subsection, we present the formal definition of the channel machine M}F, ;, which
simulates the behavior of process n+1 of [Clty(Mod(L)), n+1], and monitors whether
a specific k-extended history happens.

Channel machine M¥, , is a tuple (Q%, ,, {c,+1}, X, A, AF, ), where Q,41, vy and

n+1
Ak, are defined as follows:



k= {quir} x Val x Val x Q, x (markedVal(M,Dz,n) U {e}) x {0,...,k}is

the set of states. Recall that, as stated in Section |§|, Qwir 18 the control state of the client
program C,4,40q4> Which is used by process n+1.
cn+1 is name of the single channel of MF,,.

Ak, is the transition relation of MP, ;. Here we only explain the cas transitions,

and other transitions of A¥, , is similar to A, and the main difference is that the control
state is fixed to be gyi;. A, is the smallest set of transitions such that Vd.., dg € Val,

qs € Qs and cnt < k,

- Client cas: The cas actions in C),,4.q are for z,,. We need the channel to be cleared
and require d. = d,. Then we change d. and d, directly. Formally, for each b €
markedVal(M, D, n) and d € Val, then

) cas(i,z,d[xi:b]),ci=€,nop

(qwitv da d7 qs, €, cnt A{; (qun d[mwit : b}, d[xwit : b]7 ds, bv Cnt)

- Guesswritetox € Xp:if 1l <j<nAx € X Aa€ Dg,then

) op,(B,)Eci,ci[B/(B,1]'B

(CIwm dca dg, gs, €, cnt Al (qut, de, d;, gs, €, Cn[)

op,c;i:0,c;!8’ ’
(QWita dCa d97 gs, €, Cl’lt) 7 A’; (qwit; dw dg7 gs, €, Cnt)

where 8 = (j1,-,-) with 1 < ji < n, dj = dy[z : a, 8" = ((j, =, d}), 1),
O = I\ {((j1,--),B)|1 < j1 < n}and op = write(j, z, dy).
- Guess write to zy: for each a € {call, ret} and d € Val

op,(B1,4)€ci,ci[B1/(B1,4)]!B2

(qu de, dgv gs, €, Cnt) Ak (qu de, d/gv gs; €, Cnt)

op,c;:01,c;! B2 ’
(QWih dC7 dga qs, €, Cnt)—>Af (qwih dCa dg, gs, €, cnt)

where 81 = (j,_,d) with 1 < j < n, ©1 = I\{((j,d),§)|1 < j < n,d €
Val}, diy = dg[zs = a], B2 = (i, 25, dy;) and op = write(i, 2y, dy).
- Flushitems of z € X.:if 1 < j < n, then for each x € D, d € Val,

op,ci:X,ci?(j,x,d)
‘—‘%

(qu dc; d-‘h gs, €, Cnt,) Al (QWih d, dga qs, €, C}’lt/)

op,ci:¥,c;?((4,2,d),¢)

(quz, dcv dga gs, €, Cntl) A’; (an, d» dgv gs, €, Cnt/)

where op = flush(j,z,d) and cnt’ < k and .

- Guess call: if qSM)Sq; and 1 < j < n, then

) call(j,m,a),c;: X ,nop
_—%

(qwita dca d97 qs, Call(ja m, a)7 cnt A{;‘(qu dca dga qlsa €, C'l’lt+])

return(j,m,a)

- Guess return: if g, sqs and 1 < j < n, then

) return(j,m,a),c;: X ,nop

(QWih dw dga qs, return(jv m, a), cnt A’; (quz, dc, dg7 QQ7 €, an’I)



- Flush z; Item When it is a Call Marker (flushCall): if qswsqg and1 <j <

n, then

op,ci:X,c;?(j,2¢,d)
(QWih d(17 dga qs, €, Cnt)—f>

where d(zy) = call and op = flushCall(j).
SflushReturn(j) ,

- Flush z; Item When it is a Return Marker (flushReturn): if ¢, ———>,¢
1 <7 < n,then

ak(quir, d, dg, g5, €, cnt+1)

. and

op,ci:X,ci?(j,z¢,d)
%

((JWih dC7 dga qs, €, C}’lt) A;" (qwih da dg7 q;; €, Cnt+1)

where d(zy) = return(m, c¢) and op = flushReturn(j).

8 Reducing k-Bounded TSO-to-TSO Linearizability to Channel
Machines

In this section, we prove that k-bounded TSO-to-TSO linearizability is decidable by
reducing it into several control state reachability problems of (.S, K')-channel machines.

Let My %™ (resp., M*") be a channel machine that is generated from M} by re-
placing all but but flush, cas, call, return, flushCall and flushReturn transitions (resp., all
but write and cas transitions) with internal transitions, and replacing each cas(ind, z, d1, d2)
transition with flush(ind, x,ds) transition (resp., write(ind, x,ds) transition) for each
ind, x,dy,ds. Let Mlk 7 be a channel machine that is generated from M} by (1) re-
placing all but flush, cas, flushCall and flushReturn transitions with internal transi-
tions, (2) replacing each cas(ind, x, dy, ds) transition with flush(ind, x, ds) transition,
and (3) replacing each flushCall(ind) transition (resp., flushReturn(ind) transition) with
flush(ind, zy, d) transition where d is the valuation of the flushed item and d(zy) = call
(resp., d(zy) = ret).

To deal with k-extended histories, we need to consider only the paths which contains
at most k call, return, flushCall and flushReturn actions, and at every state of the path,
the number of strong symbol in X, is always less or equal than | X |41 (possibly one for
the newest item in channel, and the number for newest items of each memory location
is at most | X|). Therefore, Let S = (X, Xs) be the sets of strong symbols, and let
Ky = (k,|X,|+1) specify the maximal permitted number of strong symbols in each
set.

The following lemma states that the existence of a marked witness from a specific
begin state to a specific end state of [Clt;(Mod(L)), n+1], implies a control state reach-
ability problem of a channel machine which is the production of M} ™ to M¥ L™
(generated with the specific begin state and end state for each process). We formally
prove this lemma in Appendix[A.2] Here p;, maps 1 < i < n into ¢. and maps n+1 into
Qwit-

Lemma 5. Given a k-extended history eh. If there exists a marked witness t of eh from

(Dins dinits €11, €) 10 (P Aoy, €11, €) in [Clt;(Mod(L)), n+1], then ﬂ?;’lT((i’)ZB)M];'U’”m) #
@’ Wherefor each 1 < T Sn"']; qi = (pin (Z)a dinit» dinit; Gis, €, O)r C]; = (pw (2)7 dum duﬁ Gends €,
|t T(Et.a,uzmuxﬁ,(,luzf,e,) |)



Proof. (Intuition and Sketch)

To prove this lemma, given a path pa, of ¢ in [Clt;(Mod(L)), n+1];, we construct
a path pa,,, of My ™ @ M*U™ where pa, and pa,,, has same extended history.

If we can find a weak simulation relation or something alike between states of
[Clt;(Mod(L)), n+1], and states of My **™ @M "™ then this lemma can be proved.
However, this is hard, since in a state sy, of [Cltf(Mod(L)), n+1]}, the content of buffers

can be flushed out in many orders, while in a state s,,, of Mﬁ'(f‘mh) ® Mknfl’mh) , each

Mf'(f’wh) see a same total store order, and thus, the content in channel can be flushed out
in an unique order. This implies that s; has “more possibility future behaviors” than s,
to some extent.

To solve this problem, we introduce an intermediate operational semantics [Clt s (Mod(
L)),n+1],. A state s, of [Clty(Mod(L)),n+1], is generated from s; by adding a total
store order of some execution, and we force that the execution that contains s, must act
according to the total store. Since s, restrict behavior of s; with total store order, we
can now relate s, and s,,, with some weak simulation relation.

Given a path pa;, in [Clt(Mod(L)),n+1]p, it is easy to construct a path pa, in
[Clty(Mod(L)), n+1], by adding the total store order of pa,, into each state of pa,. Then
we construct a weak simulation relation between states of [Clt¢(Mod(L)),n+1], and

states of MY "™ @M 0™ \which implies that k-extended histories of [Clz s (Mod(L)), n+1]

n+l
k-(f,exth)

is a subset of extended histories of M]f(f‘ex’h) @M, ;. This completes the proof of this

lemma. O

The following lemma states that a control state reachability problem of a channel
machine which is the production of M} ™ to M*%*™ (generated with the specific
begin state and end state for each process) implies the existence of a marked witness

from a specific begin state to a specific end state of [Clt;(Mod(L)), n+1],. We formally
prove it in Appendix

Lemma 6. Given a k-extended history eh. If ﬂ’;;]lT(S’Kl)MHf’ “th) -4 (), where for each

(qi,q;) 1
1<i<n+l, ¢ = (pin(i)a Dinit dinits Gis» € 0), QQ = (pw (Z), Ay dws Gends, €, |€h )’ then
there exists a marked witness t of eh from (Din, diir, €1, €) 10 (puy, du, €41, €) in [Clt ¢ (

Mod(L)),n+1],.

Proof. (Sketch)

We construct a ~ relation between states of MY "™ @ ... @ M*0#™ and states of

[Clt;(Mod(L)), n+1],, such that if g1 ~ ¢} and g1 % g2, then one of the following
two cases holds:

- ¢} can launch act] ... act] transitions to a state g5, such that go ~ g5, and the call,
return, flushCall and flushReturn actions in act are same to that in ac?] . . . act;.

- G2~ qp.

Then it is obvious that from a path pa,,, of My "™ .. oM™ we can generate
a path pa,, of [Clty(Mod(L)),n+1], such that pa,,, and pa, has the same call, return,

flushCall and flushReturn actions. O



Let ¢ be the set of flush actions. Given a sequence [ of flush, call, return, flushCall
and flushReturn actions, let FerToF (1) be a set of sequences, each of which is generated
from [ by (1) erasing call and return actions, (2) for each 4, transforming flushCall(i) and
flushReturn(i) actions into flush(i, z¢, d1) and flush(i, z¢, d2) actions for some d,, ds €
Val, where d;(zf) = call and ds(z5) = ret. The following lemma states that a control
state reachability problem of the channel machine M} **™ is equivalent to a control

state reachability problem of the channel machine Mf'f .

Lemma 7. Let [ be a sequence of flush actions. Then, | € T((S Kl)M K if and only if
there exists a sequence I’ of flush, call, return, flushCall and ﬂushReturn actions, such

thatl' € T((S K)l)Mk Gexth) ond FerToF(l') = 1. Here (¢ = (qe, dinit, dinit, Gis, €,0) A1 <

1 < n) (q = (QWlh dtmta dmm Qis, € O)AZ = I’l+1) and ql = (77 d> d> Gends €, |ll T(ZMIUE,E,UZ}M[UZ},E,)
) for some d € Val.

Proof. The if direction is obvious. To prove the only if direction, we generate a se-
quence I from [’ as follows: Since M+ ensures that each flush(_, z,, ) action is im-
mediately followed by a correspondmg call or return action, we add the corresponding
call and return actions right after the flush(_, z,, ) actions. Then we transform each
flush(i, zy, d1) and flush(i, z¢, d2) actions into flushCall(i) and flushReturn(i) actions,
where 1 < i < n,di,ds € Val, di(zf) = call and da(z5) = ret. It is easy to see that
= T(S Kl)M{‘-(f»EXIh). 0
(¢0:q') @

Given a finite sequence [ of flush actions, let Trans;_,,, (1) be a finite sequence that is
generated from [ by transforming each flush(i, z, d) action to write(i, x, d) action. The
following lemma states that a control state reachability problem of the channel machine
MZk 7is equivalent to a control state reachability problem of the channel machine M.

Lemma 8. Let! be a sequence of flush actions. l € T((SqK)l)M kf ifand only if Trans ., (1) €

T((qqu)l)MkW where (q = (qc, dinit, dinit, Gis, €, 0) AL <5 < n)V(q = (Quir, Dinits dinit» Gis, €, 0)A
i =n+l) and ¢ = (-, d,d, Genas, €, a) for some d € Val, and a is the number of flush

action of z,, and zy in l.

Proof. This lemma holds because that, in a perfect channel machine, the sequences of
values put into the channels is always equal to the sequences of values take out from
the channels. a

Based on Lemma[3] Lemma[6} Lemmal[7]and Lemmalg] we can reduce the existence
of a marked witness from a specific begin state to a specific end state of [Clt; (Mod(L)), n+1],
into a control state reachability problem of a channel machine which is the production

of MY to M*" (generated with the specific begin state and end state for each process).

Lemma 9. Given a k-extended history eh. There exists a marked witness t of eh from
(Dins dinits €11, €) 10 (P, Aoy, €11, €) in [Clty (Mod(L)), n+ 1], if and only if (1] T(((f 2(1))
Mzk-w 7& @, WhereforeaCh 1 Slgn'i-]’ q; = (pin(i)a dinita dinih Gis, €, O)! i = (pw( )) dw)

dw; Qends, €, |t T(EL.,I,UEM,UZ‘M,]UEM,) |)



Proof. Obvious from Lemma[5} Lemma 6] Lemma([7]and Lemma|g] 0

The following lemma states that we can strengthen the result of Lemma [J] to the
situation when M ... M*" are interpreted as lossy channel machines. We formally
prove this lemma in Appendix

Lemma 10. Given a k-extended history eh. There exists a marked witness t of eh from
(Dins dinits €11, €) 10 (P, Ao, €11, €) in [Clt; (Mod(L)), n+ 1], if and only ifﬁ’i’;’lLTEj’AIq(}))
M # 0, where for each 1 <i <n+1, g; = (pin(i), dinit, dinits s, €, 0), @ = (Puo (4), duv,
dwa Gendsy €, |t T(EL.(,,UZ‘,.g,UEﬁ.a,UZ},e,) |)

Proof. (Sketch)
We first prove the fact that if (sq,c¢1) a—CZ)(Mg,».»’S’Kl) (s9,¢9) and ¢; <5* ¢}, then

. act act
there exists ¢} and 3, such that co <5* ¢}, (s1,¢}) 4Mp . —Z>M§,w (s1,¢4), and

write actions in act equals to write actions in acty - ... - act;.

According to Lemma |9} we reduce the existence of ¢ into " T g’{;?Mg"w # 0.

Then, we need to prove that, N7} T((j’f]% ‘M kw £, if and only if N7+ LTE:?’ It;{l)) Mk #£
(). The only if direction is obvious, since a sequence [ € ﬂ?’;llT((q‘f:Z;)Mf‘w is also a se-

quence of ﬂ;’;llLTgf})) Mf” To prove the if direction, with the fact proved in this
lemma, we can construct a path of perfect channel from a path of lossy channel step by
step, where both path has same write actions. This completes the proof of this lemma.

O

The following theorem states that k-bounded TSO-to-TSO linearizability is de-
cidable. By enumerating all possible start states and end states, and repeatedly apply
Lemma we can check whether a specific k-extended history eh is in ehistory([Clt y(Mod(
L)),n+1]p). Since the number of k-extended histories is finite, by repeatedly apply
above process, we can obtain k-ehistory([Clt;(Mod(L)), n+1];,) and k-ehistory([Clt ;(
Mod(L')),n+1]p). Then we can decide k-bounded TSO-to-TSO linearizability.

Theorem 1. Given concurrent data structure L and L', the problem of whether L' k-
bounded TSO-to-TSO linearizes L for n processes is decidable.

Proof. There are only finite number of (pi,, diir, €+, €) and (py,, dy,, €, €). By ap-
plying Lemma [10] with all possible (pin, dinir, €', €) and (pu, dup, €, €), we reduce
the problem of checking whether there exists a marked witness for e/ into a finite num-
ber of problems of checking ﬂ;.’;]lLT"gi)Kl)M{"W # 0. By Lemma this is reduced to
several control state reachability problem sof (S, K')-LCM, which is known decidable.
By Lemmaf4]and Lemma|2] the existence of specific extended history eh in ehistory([£, n])
is equivalent to the existence of marked witness for ek in [Clt; (Mod(L)), n+1],. There-
fore, we can now decide whether a specific extended history ef is in ehistory([L, n]).
Since the number of k-extended histories is bounded by n, M and D, we can ob-
tain k-ehistory([L, n],) by first enumerating all possible k-extended histories, and then
use above process to check whether each k-extended history is in k-ehistory([L, n]).



Similarly, we can obtain k-ehistory([L', n] ). Consider k-ehistory([L, n];) and k-ehistory([L', n]),
by Lemma it is decidable whether £’ k-bounded TSO-to-TSO linearizes L for n pro-
cesses. O

9 Complexity of k-Bounded TSO-to-TSO Linearizability

In this section, we prove that the TSO-to-TSO linearizability problem has non-primitive
recursive complexity.

9.1 (Lossy) Simple channel machine

A simple channel machine [15] is a kind of channel machine that has only one channel
and simple transition rules. Formally a channel machine M = (Q,CH, Xcw, A, A) is
called a simple channel machine, if

- CH contains only one channel,

- each transition in Delta uses a e transition label, an empty guard, and does not use
substitution,

- there is no strong symbol,

For simplicity, a simple channel machine M can be redefined as M = (Q, {c}, X,
Apr), where @ is a finite set of states; ¢ is the name of the only channel of M; Y. is
the alphabet for channel contents; Ay C Q X (Zen U {e}) x (Zey U {e}) x Q is the
transition relation. A rule (g, u, v, ¢2) is in Ay, if one of the following cases holds:

- there exists (q1, €, €,c?a,q2) € A,u=aandv = ¢,
- there exists (q1, €, €, cla, g2) € A, u =€eand v = a,
- there exists (q1,€,€,n0p,q2) € A, u =eandv =€

Intuitively, a transition rule (g1, u, v, g2 ) represents a transition from ¢; to g2, which
gets u (if u # €) from channel ¢ and puts v (if v # €) into channel c. Given a lossy sim-
ple channel machine M and two configurations s1, ss of M, the reachability problem
of M is to determine whether there is a finite run from s; to so in lossy semantics of M.
According to [15]], it is obvious that the reachability problem of lossy simple channel
machine has nonprimitive recursive complexity.

9.2 Concurrent Data Structure L] _
In this subsection, we construct concurrent data structure Eghsz) to simulate the the
reachability problem of lossy simple channel machine M from s; to so. This idea is
inspired by our previous work in [13]].

The buffer of TSO can contain unbounded number of items. A item can be putted
into buffer by a write action, and when a item of « is flushed out from buffer, it can be
detected by other processes by reading z. On TSO, flush actions are launched nondeter-
ministically by the memory system. Therefore, between two consecutive read actions,



more than one flush actions may happen. The next read action can only read the lat-
est flush action, while missing the intermediate ones. These missing flush actions are
similar to the missing messages that may happen in a lossy simple channel machine.
However, a (simple) channel machine accesses the content of a channel always in an
FIFO manner; while on the contrary, a process on the TSO memory model always
reads the latest updates in its local store buffer (whenever possible). Therefore, we use
two buffers of two processes to simulate one channel, where processes P; runs M; of
E?ghsz) and process P, runs My of Lghsz). Process P, read updates of process P,
change them according to transition rules of the lossy simple channel machine, and
write them into buffer, while process P» read updates of process P, and write them
into buffer. M5 never return. M7 does not return, until it finds that so has been reached.
In this way, each transition of the lossy simple channel machine can be reproduced
through a round of communication of two processes, and the reachability problem of
lossy simple channel machine is reduced into whether M returns.

Formally, given a lossy simple channel machine M = (Q,{c}, X, Aps) and con-
figurations s; = (g1, W1), 82 = (g2, Wa) in the semantics of the lossy simple chan-

nel machine, ,Cf‘fl 52) is constructed as follows: The finite data domain of EéVS[LSQ) is

De = QU X, U {start,end, t, L,0,... ,max({|W1| + 1,{|W2| + 1})}. E?gl s) 18
constructed with two methods M7 and M, and the following memory locations:

a memory location x that is used to transmit the channel contents from M; to Mo,

- amemory location y that is used to transmit the channel contents from M, to M7,

- a memory location cnt that is used in M; to count how many items has been read
(we use | W3] + 1 to represent the numbers larger or equal than |IW3| + 1) in current
round.

- an array RecvSeq which is of length |IW,| and is used to store the first |[W5| items

read in each round,

The symbol { is used as the delimiter to ensure that one element will not be read
twice. The symbols start and end represent the start and the end of the channel contents,
respectively. L is used as the initial value of elements in RecvSeq in each round.

We now present the two methods in the pseudo-code, shown in Methods [1| and
For the sake of brevity, the following macro notations are used:

- For sequence s = ay - ... - an,, we use writeSeq(x,s) to represent the commands of
writing a1, 8, . . ., am, § to  in sequence,
- We use v := readOne(x) to represent the commands of reading e, from z in

sequence for some e # # and then assigning e to v. We use readOneSpec(x,v) to
represent the commands of reading a, § from z in sequence where a is the value of
v. If readOne(x) reads 4, § from z, or readOneSpec(z, v) fails to read the required
value, then the calling process will no long proceed.

- We use writeOneSpec(z, v) to represent the commands of writing a, § to « in se-
quence where a is the current value of v.

- We use initRecvSeq() to represent the commands that assigns 0 to cnz and assigns
L to RecvSeq(1),...,RecvSeq(|Ws)).

- We use det(q,cnt,ele) to represent the macro, which add ele into RecvSeq and then
determine whether RecvSeq equals Ws. It works as follows:



- If g = g2 AN W5 = ¢, then it returns true.

- Else, if ¢ # g2 V cnt = |Wa/, then it returns false.

- Else, if 0 < cnt < |Wa| — 1, then it assigns ele to RecvSeq(cnt), increases cnt
by 1 and returns false,

- Otherwise, cnt = |W5| — 1 in this case. It assigns ele to RecvSeq(|Ws| — 1),
increases cnt by 1, and checks whether the contents of RecvSeq equals Wo. If
the contents of RecvSeq equals W5, then it returns frue, otherwise, it increases
cnt by 1 and returns false.

Method 1: M;
Input: an arbitrary argument
Output: an arbitrary argument
1 writeSeq(x, q1 - start - W7y - end);
2 while true do

3 q} := readOne(y) for some state ¢} € Q;
4 guess a transition rule rul = (¢}, u,v,q3) € A,
5 initRecvSeq();
6 if ¢] = g2 A Wa = € then
7 | return;
8 readOneSpec(y, start);
9 if u # € then
10 readOneSpec(y,u);
11 if det(q}, cnt, u) = true then
12 | return;
13 writeSeq(x, gb - start);
14 while true do
15 tmp = readOne(y),
16 if temp = end then
17 | break;
18 writeOneSpec(x, tmp);
19 if det(q}, cnt, tmp) = true then
20 | return;
21 if v £ € then
22 | writeOneSpec(x,v);
23 writeOneSpec(x, end);

The pseudo-code of method M is shown in Methodm M first puts gy - start- W7 -
end into the processor-local store buffer by writing them to « (Line 1). Then, it begins
an infinite loop that never returns unless (g2, W>) is reached (Lines 2 — 23). The round
of Lines 2 — 23 works as follows: It reads the current state ¢} (Line 3) and guesses a
transition rule rul = (¢}, u,v,q5) € Ay (Line 4). M; initializes RecvSeq (Line 5),
check whether it is the case that tempQ = g2 A Wa = € (Lines 6 — 7). If so, it returns
as soon as possible. It not, it reads start from y (Line 8). If u # e, it read u from y
(Lines 9-12). It writes ¢} - start into x (Line 13). Then, it reads the remaining contents
of “channel” (intermediate values of y may be lost) and writes them and v - end to x
(Lines 14-23). In each round of the while loop of Lines 2 — 23, when a item is read



from y (Lines 10 — 12, 15 — 20), it uses det to check whether (g2, W) is reached. If so,
M, return as soon as possible.

The pseudo-code of method M is shown in Method 2] M, contains an infinite loop
that never returns (Lines 1-3). At each round of the loop, it reads a new update from x
and writes it to y.

Method 2: M,
Input: an arbitrary argument
1 while true do
2 tmp = readOne(zx);
3 writeOne(y, tmp);

9.3 Complexity of k-Bounded TSO-to-TSO linearizability

M
(s1,s

between the paths of lossy simple channel machine and paths of [[,Cé‘;fl s2)? 2] - Fig.

According to the construction of £ ,)» We can see that there is a close connection

shows an example of how to generate a path of [[ﬁf‘fl 52) 2]);; from a path pa = (q1,a -
b - ¢)—(g2,b)— (g2, d) of simple channel machine M, where s; = (¢1,¢,¢€,¢qs3) and
$2 = (qa, d). Here the first transition of pa uses rule rule; = (q1, ¢, €, ¢3) and the second
transition of pa uses rule rules = (g3, €,d, g2). A path of [[ﬂé‘fhsz), 2] is generated as
follows:

- M, writes gy - start - c¢- b - a - end into x. M reads ¢y - start - ¢ - b - end from x and
write them into y. During this process, an item a is lost.

- In the first round of M, M; reads q; - start - ¢ - b - end from y, and according to
ruley, My writes qs - start - b - end into x. Then M, reads g3 - start - b - end from x
and writes them into y.

- In the second round of M;, M reads g3 - start - end from y (an item b is lost), and
according to ruleq, M, writes gs - start - d - end into x. Since so = (ga, d) is reached
now, M7 returns.

pa=(q1,a-b-c)=(q2,b)—(qa,d)

M,y

" L |
r q - start-c-b-a-end q3 - start-b-end qo- start-d - end

wo N N

P } qi - start-c-b-end g3 start-b- end
Fig. 3. connection between paths of lossy simple channel machine and paths of [[[Zéf Lisa)r 2lu
. . . A[
The following lemma states that, there exists an extended history of [[5(51,32)7 2]

that contains a return action, if and only if ss is reachable from s; in the semantics of
lossy simple channel machine M. The proof of this lemma is similar to the proof of
Lemma 2 in [|13]].



Lemma 11. There exists an extended history eh € ehistory([LM 2]|x), such that

(s1,52)°
eh N X, # ¢ if and only if s is reachable from s, in the semantics of lossy simple

channel machine M.

Proof. (Sketch) According to the above intuition, given a path pa

channel machine M, we can generate a path pa, of [[L’é‘fhsz),

path from s; to sg, if and only if pa, contains a return action.

Based on the construction of £é‘§1 52)° it is not hard to see that given a path pa,, of

[[Eé\ghsz), 2]+, we can generate a path Pan, of lossy §imple channel machine M. Since
M; changes “channel contents” according to transition rules of M and returns as soon
as reaches s», we can see that pa,, contains a return action, if and only if pa,,, is a path

from s; to so. This completes the proof of this lemma. a

m Of lossy simple
2], such that pa,, is a

We construct another concurrent data structure £,,q, such that ehistory([Lpend; 2]
covers all the extended histories that contains at most two call actions of M; and M,
and never return. £, contains two methods M; and M>, and the only sentences in
M, and My are while(true);. It is obvious that for any extended history of £,enq, there
is no return or flushReturn action in it.

We can now prove that k-bounded TSO-to-TSO linearizability has at least non-
primitive recursive complexity, as stated by the following theorem:

Theorem 2. The decision problem of k-bound TSO-to-TSO linearizability has at least
nonprimitive recursive complexity.

Proof. (sketch) It is not hard to prove that, ehistory([Lpena, 2] ) covers all the extended
histories that (1) contains at most four actions, while two of them are call actions of
M; or M, and two of them are flushCall actions, (2) on each process, there are at
most one call action call(i, m,a) and one flushCall action flushCall(i’,m’,a’), and
i =14 Am =m’' Aa = a. Therefore, it is easy to see that, ehistory([[ﬁé‘fhsz)), 2]x) C
ehistory([Lpend, 2]lu), if and only if no extended history of ehistory([[ﬁffwz), 2])) con-
tains a return action.

Note that if an extended history eh of ehistory([[ﬁf\fhﬁ), 2]x) has a return action,
then eh is not TSO-to-TSO linearizable to any extended history in ehistory([Lpend, 2]|)-

Therefore, we can obtain that £,.,s 5-bounded TSO-to-TSO linearizes ﬁf‘fl 52) for 2

processes, if and only if no extended history of ehistory([LM + 2] ) contains a return

(s1,82
action. By Lemma(l 1, we can see that £,,,q 5-bounded TSO-to-TSO linearizes £é\f1 5)
for 2 processes, if and only if s5 is reachable from s; in the semantics of lossy simple

channel machine M. This completes the proof of this theorem. ad

10 Related Results of other Linearizability on TSO

10.1 k-Bounded TSO-to-SC Linearizability is decidable



Let us propose the notion of well-formed extended histories. A return action return(iy,
m1,aq) matches a call action call(iz, ma, az), if i1 = ia A my = ma. A flushReturn
action flushReturn(i,) matches a flushCall action flushCall(iz), if i1 = i2. Given an
extended history eh, let eh|; be the projection of e to all and only the actions of process
1. An extended history eh is well-formed, if

- For each 1, let eh(,,;y = ehl; N(ZwUZ)- €h(c iy starts with a call action and each
call (respectively, return) action is immediately followed by a matching return (re-
spectively, a call) action unless it is the last action.

- For each i, let ehppiy = ehli 1(5,,055.)- ey Starts with a flushCall action
and each flushCall (respectively, flushReturn) action is immediately followed by a
matching flushReturn (respectively, a flushCall) action unless it is the last action.

- For each i, the number of flushCall actions in eh|; is less or equal than the number
of call action in eh|;, and the number of flushReturn actions in eh|; is less or equal
than the number of call return in eh|;.

A history is well-formed, if it is a well-formed extended history (recall that each
history is also an extended history). Our notion of well-formed extended histories is
similar to the notion of well-formed histories in [1/]], and our notion of well-formed
histories is same as that in [[1]]. It is easy to see that, for each concurrent data structure
L, each extended history in ehistory([L, n]) is well-formed.

Since each extended history in ehistory([L, n],) is well-formed, given a k-history
h, we can see that for each extended history eh € ehistory([L,n],), if eh T(x, ux.)=
h, then eh contains at most 2k call, return, flushCall and flushReturn actions. According
to the proof of Theorem [1} we can obtain 2k-ehistory([L, n]). Therefore, we can sim-
ilarly decide k-bounded TSO-to-SC linearizability, as stated by the following theorem.

Theorem 3. Given concurrent data structure L and L', the problem of whether L' k-
bounded TSO-to-SC linearizes L for n processes is decidable.

The following lemma states that k-bounded TSO-to-SC linearizability has non-
primitive recursive complexity.

Theorem 4. The decision problem of k-bound TSO-to-SC linearizability has at least
nonprimitive recursive complexity.

10.2 Result for Variants of Histories with Bounded Length

Apart from histories and extended histories, other forms of sequences have also been
used to represent behaviors of concurrent data structures. For instance, Derrick et. al.
[[16417] propose a variant of linearizability on TSO called TSO linearizability. Es-
sentially, TSO linearizability considers a method to start at its call action and end at
its flushReturn action. Or we can say, TSO linearizability use sequences of call and
flushReturn actions to represent behaviors of concurrent data structures. In this section,
we first generalize history and extended history into other forms of sequences, then we
prove that we can effectively obtain the set of sequences with bounded length of a con-
current data structure for all above kinds of sequences. At last, we sketch the definition



of TSO linearizability, propose a bounded version of TSO linearizability and sketch the
proof of its decidability and its at least nonprimitive recursive complexity.
Let us use cal, ret, fcal and fret to represent the name of call, return, flush call and
flush return actions, respectively. Given distinct z,y, z, w € {cal, ret, fcal, fret}, a (x)-
history is a sequence of x actions, a (z,y)-history is a sequence of = and y actions,
a (x,y, z)-history is a sequence of z, y and z actions, and a (z,y, z, w)-history is a
sequence of x, y, z and w actions. For example, a history is a (call, ret)-history, while
an extended history is a (call, ret, fcal, fret)-history. As can be seen, there are in total 15
variants of histories.
A k-(z)-history is a (x)-history that contains at most k actions, and let k-(x)-history(.A)
be the set of k-(x)-histories of .A. We can similarly define k-(z, y)-history, k-(x, y, 2)-
history and k-(x, y, z, w)-history, and we can similarly define k-(x,y)-history(A), k-(x,y,z)-history(A)
and k-(x,y,z,w)-history(.A). The following lemma states that we can effectively obtain
k~(x)-history([L,n]«), k-(x,y)-history([L, n] ), k-(x,3,2)-history([ L, n]«) and k-(x,,z,w)-history([L, n] ).

Lemma 12. Given concurrent data structure L and distinct ©,y, z,w € {cal, ret, fcal,
fret}, there are algorithms to obtain the sets k-(x)-history([L,n],), k-(x,y)-history([
L, n]u), k-(x,y,z)-history([L, n];) and k-(x,y,z,w)-history([L, n])-

Now let us sketch the definition of TSO linearizability. TSO linearizability relates a
set Sy of “(cal, fret)-histories” and a set Sy of sequential histories. Here we use quota-
tion mark in “(cal, fret)-histories” since the flushReturn actions in TSO linearizability
is of the form flushReturn(i, m, a) and needs to record the method name and the return
values. A sequential history is a history starts with a call action, and each call (respec-
tively, return) action is immediately followed by a matching return (respectively, a call)
action unless it is the last action. Given a “(cal, fret)-history” h; and a sequential history
ho, and let h3 be generated from h; by transforming each flushReturn(i, m,a) action
into return(i, m, a) for each i, m and a, hy is TSO linearizable to hs, if h3 is lineariz-
able to ho. A concurrent data structure £ is TSO linearizable with respect to a set Spec
of sequential histories for n processes, if for each hy of “(cal, frer)-histories” of L for
n processes , there exists hy € Spec, such that h; is TSO linearizable to hs.

Let us propose the notion of k-bounded TSO linearizability. A concurrent data struc-
ture £ is k-bounded TSO linearizable with respect to a set Spec of sequential histories
(with length less or equal than k) for n processes, if for each hy of “k-(cal, fret)-
histories” of £ for n processes, there exists ho € Spec, such that hy is 11TSO lin-
earizable” to ho (where flushReturn actions are considered as return actions).

Let us sketch why k-bounded TSO linearizability is decidable. Here we require
Spec to be a regular set. Similarly to the proof of Lemma [I2] we can obtain the set
Sy of “k-(cal, fret)-histories” of L for n processes. Since both S; and Spec are finite
sets and the number of their elements are bounded, similarly as Lemma [l we obtain
the decidability result. Similarly as the proof of Theorem E], we can prove that, Lpe.q
3-bounded TSO linearizes ﬁghsz)) for 2 processes, if and only if sg is reachable from
s1 in the semantics of lossy simple channel machine M. Therefore, it is easy to see that
the decision problem of k-bound TSO linearizability has at least nonprimitive recursive
complexity.



11 Conclusion and Future Work

We have shown in this paper that the decision problem of k-bounded TSO-to-TSO
linearizability is decidable for bounded number of processes. The proof method is es-
sentially by a reduction to several control state reachability problem of lossy channel
machines, which are already known to be decidable. The central idea of our work is
to “transform” the two roles of a “composed” call action into a write action and a cas
action, which belongs to the memory model. During this process we introduce an ob-
server process and bind specific cas actions of the observer process with call and return
actions. Then, given an extended history, a channel machine Mf‘ (1<i< n+l)is con-
structed to simulate the k-bounded behaviors of the extended concurrent system from
the perspective of each process P; and check existence of the specific extended history.
We then demonstrate that the product of M ... Mk" when interpreted with lossy
channels, can characterize the existence of the extended history from a specific begin
state to a specific end state (both with empty buffer for each process). Therefore, the
existence of a specific extended history can be obtained by repeatedly applying above
process with enumerating all possible start and end states, and the set of k-extended
histories can be obtained by enumerating all k-extended histories and use check their
existence one by one. The decidability result of k-bounded TSO-to-TSO linearizability
follows from that we can obtain the set of k-extended histories of a concurrent data
structure.

Since existence of a k-history is equivalent to existence of a 2k-extended history
with same history, we can obtain the set of k-histories of a concurrent data structure and
then decide k-bounded TSO-to-SC linearizability. Similarly we prove that k-bounded
TSO linearizability is also decidable. We prove that all above three bounded variants
of linearizability on TSO has at least nonprimitive recursive complexity by a reduction
from a reachability problem of a lossy simple channel machine, which is known to
have nonprimitive recursive complexity. Since these bounded variants do not require
the size of a store buffer or the length of a trace of a concurrent system to be bounded, it
still allows infinite-state behaviors. Hence, our decidability result is non-trivial. As by-
product of our work, we prove that we can effectively obtain the set of sequences with
bounded length of a concurrent data structure for all fifteen variants of histories. This
sheds light on developing algorithms for automatically verifying concurrent libraries on
relaxed memory models for (bounded) variants of linearizabilities.
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A Definitions and Proofs in Section

A.1 Construction of [Clty(Mod(L)),n+I],

It is quite hard to build a weak simulation relation or something alike between states of
[Clt;(Mod(L)), n+1], and configurations of MY "™ @ MEU#™ This is because that
for a state of [Clty(Mod(L)),n+1],, more than one process may be possible to do a
flush action at any time. Therefore, the content of buffers can be flushed out in many
orders, and the total store orders of traces from this state is not fixed. While for a state of
le(f‘mh) ® M’flifj‘mh) , since the flush actions are launched according to a single channel,
items must be flush in a fixed FIFO order, and the total store orders of traces from this
state is to a large extent fixed.

To deal with this problem, a intermediate transition system is introduced, whose
configuration extends configurations of [Clty(Mod(L)),n+1], and contains the total
store order of some trace. Formally, given a concurrent data structure £ = (X2, M, D,,Qr, — ¢
), and a deterministic finite state automaton A,, = (Qs, Xs, —s, Fs, gis) that is con-
structed for extended history e, as in Subsection[7.2] We construct an LTS [Clzy(Mod(L)),n+1], =
(Conf,, Xy, =4, nitConf,). Here Xy = Xy, InitConf, = (pin, dinir, ! qis, €, F€).
Conf, and — 4 are defined as follows.
Construction of Conf: Each configuration of Conf, is a tuple (p,d,u, qs, mak,flag, g),
where,

- (p, d, u, mak) is a configuration of [Clt;(Mod(L)), n+1],, Here mak € markedVal(M, Dy, n)
is used to ensure that each specific cas(n+1, z,,, -) action is immediately followed
by the corresponding call or return action.
- gs € Qs is used to monitor whether the extended history e/ happens,
- g€ (ZpUXZ,yUX,UX,;5)", where X, X,j, X, and X3 are defined below. g
is the total store order of some execution, and it should satisfies some requirements
shown below.
- flag € {T, F'} is used to denote whether the total store order ¢ has been initialized.

The four alphabets of X9, 2., 2,2, 2.3 is defined as follows:

- Yoo={(,z,d)|1 <i<n+l,x € X U{zy, 2}, d € Val} represents the items in
total store order of a trace that are not used now and will be flushed later than any
item in current buffer.

- Yo ={0,x,d)|(i,z,d) € X} represents items in the total store order of a trace
that are not used now and will be flushed earlier than some item in buffer.

- Yoo ={(,z,d)"|(i,x,d) € Xy} represents items in the total store order of a trace
that are already inserted into buffer and not flushed yet.

- Yo = {(i,2,d)"|(i,x,d) € Xy} represents items in the total store order of a
trace that have already been flushed out from buffer.

Requirements of g: g stores the total store order of a trace. It is a concatenation of
sequences ly7, lg2 and lg3. [y € X, represents the sequence of items that have not
been used and will be flushed later than any item in current buffer. l,, € (X,; U X,)*
represents the sequence of items that either in current buffer, or items not in current



buffer but will be flushed earlier than some item in current buffer. [,;3 € X7; represents
the sequence of items that have already been flushed.

Given a finite sequence | = a1 - -. . .- ag, we say that the element «; is left (resp.,
right) to element «;, if ¢ < j (resp., ¢ > j). We say that «; is left most element in [ if
i = 1, and «; is right most element in [ if i = |I|.

Let X; be the items of process 7 in X9 U X U Xpp U 23, X4 be the items of
process ¢ and memory location x in X, U X,; U X, U X3, g should additionally satisfy
the following requirements (we briefly explain each requirement):

- If lg» # €, then [5(1) € 2. To explain this, assume that if [>(1) = a € X, then
a will be flushed later than any item in buffer, and this violates our intuition of X/,;.

- Foreach i, [, Tx,€ X%, - 2%, This is obvious from our intuition of X,; and X,;.

- Foreach i, j,if g T(x,us,) (j) = (4,2,d)" and d(x) = a, then u(i)(j) = (i, z, a),
and vice versa. This is obvious from our intuition of X,,.

- Let ¢’ be the sequence generated from g by discarding all the / symbols of each
item in g. If ¢’(|¢’|) = (i1,21,d1), then dy = dyi[x1 : dyi(x1)]. For each i, if
gI(Z) = (’ig,iﬂg,dg), g/(l+1) = (ig,(ﬂg,dg), then dQ = dg[lCQ : dQ(ZQ)} Or we
can say, the valuation tuple of g; is generated from d;,; by applying updates in
9(1g'I).- - gli+1).

Construction of — ;: Recall that — is the transition relation in [Clt s (Mod(L)), n+1]}.
The transition relation —, is defined as follows:

- Initial transition: the first transition from InitConf, is to guess the tuple of total
€ .
store order: (Din, inis, €', Gis, €, F, €) =g (Dinits dinits €'+, @is, €, T, g), where g is
a sequence that satisfy the requirements in previous several paragraphs. The flag
tuple ensure that this transition can be carried out only once.

- 7 and read transitions: (p, d, u, ¢s,€, T, g) ”—Ct>g (p',d,u,qs,¢,T,g),and actis a T

or read action, if (p, d, u, €)=, (p/, d, u, €).

) write(i,z,a)

- Write transitions: (p, d, u, ¢s,€, T, g

write(i,x,a)

g, d, v, qs,¢e,T,¢"),if (p,d, u, €
»(p',d,u ,€), and one of the following conditions holds: (1) Iy Tx,,
contains at least one item in X;, the right most item of lo> 1(s,,nx,.)= (4,2, d1)’
and dq(z) = a, and ¢’ is generated from g by transforming this item into (¢, z, d1)”,
(2) lg2 T Xix) does not contain any item of X, the right mostitem of ly; 1(5,,nx,.)=
(i,2,ds) with da(x) = a, ¢’ is generated from g by transforming this item into
(4,,dy)"”, and mark all the items which are right to this item in l,; with ' symbol.
Write transition will put a item izm into buffer, or we can say, mark irm with ”’ sym-
bol. In this first case, ifm is already marked with ’ symbol before write transition,
and we only need to mark irm with "’ symbol. In the second case, itm belongs to
before write transition, and we mark izm with ”/ symbol; the items which are right
to itm in ly; means the items that should be flushed earlier than itm, so we mark

them with ’ symbol.

.. s(i,z,a,b
- cas transitions: (p, d, u, g5, mak, T, g) M

cas(i,z,a,b)

g (p/a d/a U, QSa mak,a T7 g/)’ lf (p7 d7 U, mak)

» (p',d', u, mak), and one of the following conditions holds: (1) /,, ends



with (¢, z,d")’, d’(x) = b, and ¢’ is generated from g by transforming this item into
(1,2,d")",(2) i = €, lg; ends with (i, x,d"), d'(x) = b, and ¢’ is generated from
g by transforming this item into (i, z,d")"”".

Note that, according to —, © # zy. If © # 2, then mak = mak’ = e. Otherwise,
mak = € and mak’ € markedVal(M, D, n).

cas transition will flush a item izm out from buffer, or we can say, mark irm with "/
symbol. In the first case, itm is chosen from [g,. In the second case, itm is chosen

from ;.

- Flush transitions: (p,d,u,gs,€,T, g)mg(p, d v, qs.6,T,q), if ¢ # 2y,

T # Zw, lgz ends with (4,2,d")"”, d'(z) = a, and ¢’ is generated from g by trans-
forming this item into (¢, 2, d’)"”.

Flush transition will flush a item ifm, which is already in buffer (marked with "
symbol), out from buffer, or we can say, mark izm with "/ symbol. When itm is a
item of z,,, we must modify the mak tuple to make sure that the next transition be

a corresponding call or return transition.

.. shCall(i
- FlushCall and flushReturn transitions: (p, d, u, gs, €, T, g) FushCall(s

)
g d' ' g6, T, g'),
. hCall(i shCall(i o
if (p,d,u,¢) Mn, (p,d' v e), qSMSq;, ly> ends with (4, z¢,d")"”,
d'(zy) = call, and ¢’ is generated from g by transforming this item into (3, z, d")

1
C shReturn (i ShR. .
Similarly, (p7 d,u,qs, €, T, Q)M) flushReturn(4) ,

SflushReturn (i)
—_—

g, d' ' ql, e, T, g'),if (p,d,u,€)

(p,d' v €), qs 55, lg2 ends with (i, 25, d’)”, d'(x) = ret, and ¢’ is gen-
erated from g by transforming this item into (¢, zy, d’)"”.
FlushCall or FlushReturn transition will flush a item itm of z; with z; in valuation
of item being call or ret, respectively. itm must be already in buffer (marked with
" symbol) before transition, and will be flushed out (marked with " symbol) after
transition.

- Call and return transitions: (p, d, u, gs, call(i,m, a), T, g)

)) call(i,m,a)

call(i,m,
e,
all(i,m,
b (p/7 d/7u/7€) and ds calttism.e)

) return(i,m,a)

6, T, q),if (p,d,u,call(i,m,a (L. Sim-

ilarly, (p, d,w, qs, return(i,m,a), T, g

return(i,m,a)

g, d ., €T, g),if (p,d, u, return(i,m, a))
return(i,m,a) ,

p (p/,d v €) and gs——————4q...

A call or return action can happen, if the value of mak tuple before transition is the
corresponding call or return action, and we unset mak tuple into e after transition.
This ensure that a call or return action is “bound” with a corresponding cas action
of z,,( which set the mak tuple into the value of the corresponding call or return
action).

A.2 Proof of Lemmalf

Given a sequence g that satisfies requirement in Appendix [A.T] and a sequence t of
actions, we say that g is the total store order of t, if the the following conditions are
satisfied:

- Let ¢’ be the projection of ¢ into write and cas actions. g contains || elements,
and let ¢’ be generated from g by transforming each element (a, b, ¢), (a,b,c)’,
(a,b,¢)" or (a,b,c)” in g into (a, b, ¢).



- If t/(1) = write(j,x,b) or cas(j,x,a,b), then ¢'(|t'|) = (j,x,d), where d =
dinil[x : b]

- For each i > 1, if t/(¢) = write(j,z,b) or cas(j,x,a,b), and g(|t'| — i + 2)
(',y,d)", then ¢’ (|t'| —i + 1) = (j, x,d), where d = d'[z : b].

The following lemma states that if ¢ is a marked witness of an extended history eh
in [Clty(Mod(L)), n+1], then ¢ is also a trace of [Clty(Mod(L)), n+1],.

Lemma 13. Given a k-extended history eh. If t is a marked witness of eh from (pin, dinir, el €)
10 (P, dus, €1, €) in [Clt(Mod(L)), n+1],, thent is also a trace from (pjn, diit, e gis €, F€)
10 (Puw, duss €1, Genass €, T, g) in [Clty(Mod(L)), n+1],, where g is the total store order

of t.

Proof. To prove this lemma, for each path of ¢ in [Clt s (Mod (L)), n+1], from (pin, dinir, €+, €)
t0 (pw, du, €+, €), we generate a path of [Clt s (Mod(L)), n+1] from (pin, dinir, €+, gis, €, F €)
0 (Pw, dw, €, Genas, €, T', g) step by step. Note that each element in g is of the form
(= --)-

Assume (Pinir, dinir, €+, €) aen,, (p1,dy,ur, maky) ... dhw (Pw, Ay Uey, maky,)
is the path of ¢ in [Clty(Mod(L)),n+1]p. Here u,, = €"*!. For each configuration
(pi, d;, u;, mak;), we construct another configuration (p;, d;, u;, ¢%, mak;, T, g;), where

- qg is generated from g;; by call, return, flushCall and flushReturn actions in act; -
...mact;.

- If act; = cas(n+1, zy, -, &) and o € markedVal(M,D.,n), then mak; = a.
Otherwise, mak; = e.

- Let us show how to construct g; from g.

- g3 contains all the items that has been flushed when reaching (p;, d;, u;, mak;).

- To construct [y, we use "’ symbol to mark all the item that has been putted into
buffer. Let ind; be the minimal index that has been marked with ”, and let inds
be the minimal index that has been marked with /. For all the items that (1)
has index larger than ind; and bigger than ind> and (2) has not been marked
with ”, we mark them with ’. [, starts from ind, and ends with inds-1.

- The remaining part is l,;;.

It is obvious that (pi,, dinir, €1, qis, €, ', €) ;{q (Dins dinit, €71, qis, €, T', go ). Here
go 1s the total store order of ¢ and every element in g is of the form (_, _, _). It is also easy
to see that for each i, (p;, di, ui, ¢', maki, T, g;) ““S ¢ (Di1, diss, Uiss, ¢ makiy;, T,
gi+1). Therefore, t = acty - ... - act,, is a trace from (pj,, dinir, €', qis, €, F, €) to
(Dws A, €, Genas, €, T, g) in [Clty(Mod(L)),n+1],. a

Given a sequence g as defined in Appendix and a sequence [ of flush, call,
return, flushCall and flushReturn actions in Mf'(f‘m , we say that [ is consistent with g,
if:

- Let g’ be a sequence generated from g by discarding ' symbol of each item in g. Let
I+ be a projection of [ into flush, flushCall and flushReturn actions.



- Construct sequences of valuations valy, valy, . . .. valy = diy;. For each ¢, if 1 (7) =
flush(i, z, d), then Val; = d; else, if [; = flushCall(i), then Val; = Val |z : cal);
otherwise, we can see Iy = flushReturn(i), and then Val; = Val;[zy : ret].

- Let ¢’ be a sequence generated from g by discarding ' symbol of each item in g.
Then for each 4, if [;(¢) = flush(i, x,d), then ¢’ (|¢'| — i + 1) = (¢, z, Val;); else, if
Iy = flushCall(i), then ¢'(|¢'| — i + 1) = (4, 2y, Val;); else, if I; = flushReturn(i),
then ¢'(|¢'| — i+ 1) = (i, 2y, Val;);

Or we can say, [ is consistent with g, if the flush, flushCall and flushReturn transi-
tions in [ can be used to generate g.

The following lemma states that, given a trace t of [Clty(Mod(L)),n+1],, there

T(S,Kl)Mk-(f,exth)

exists a sequence [ € T, " ' M;
45

, such that [ is consistent with g, which is the
total store order of ¢.

Lemma 14. Given a k-extended history eh. Assume that t is a trace from (pi,, dinir, et gis, €, F, €)
10 (Pw, duw, €, Genas, €, T, g) in [Cltg(Mod(L)),n+1],, and g is the total store or-
der of t, and assume that t is a marked witness of eh. Then there exists a sequence

I, such that for each process id 1 < i < n+l, | € T((j’il))Mf‘(ﬁexm)

(Pin (1), dinity dinits Qiss €), @& = (P (%), duy, duy, Qends, €), and 1 is consistent with g.

, where q; =

Proof. This lemma is proved by constructing a weak simulation between configura-
tions of [Clt;(Mod(L)),n+1], in the path of ¢ and configurations of (.5, K )-channel
machine MY & @ MEOEe™,

n+l
Assume (pim dinih €n+]7 Gis, €, F7 6) %g e Mg (pw; dwy Uw y Gendsy €5 Ta g) is the
path of ¢ in [Clt;(Mod(L)),n+1], and u,, = €"*!. Let (p,d,u,r,qs, mak, T, g) be the
(v+1)-th configuration of the path. Let ((csl, ey CSpe1), (€1,...,Cne1)) be a config-
uration of (S, K1)-channel machine MY @ ... @ M¥0“™ "and for each 4, cs; =
(i, deis dgi q&, mak;, cnt; ). A relation ~ is defined as follows: (p, d, u, ¢s, mak, T, g) ~
((es1y. - CSne1), (C1y -+, Curp)), if for each process id i,

- p(i) = ¢, d = dgi, s = ¢, mak = mak;, and dg; is generated from d,; by doing all
the updates in ¢; (|¢;]), . . ., ¢;(1).

- cnty = ... = cnt,,;. And cnt; is the number of call, return, flushCall and flushRe-
turn actions in acty - ... - act,.

- Iflge T(sn 277)75 €, then let ind , ind- be the index of the leftmost X,, N X; item on
g and the rightmost item on [,», respectively, let g’ be generated from g by discard-
ing ’ symbols of each item in g. Assume ¢’ = (i1, z1,d1) - (i2, Z2,d2) - .. .. Then ¢;
contains indy—ind; 41 items, and V1 < j < inds—indy+1, ¢;(indy—ind; —j+2) =
(4 (inds—j+1) > T(inds —j+1)» d(indz—j+1)) or ((i(indz —j4+1)s T(indo—5+1)> d(indy—j+1)), 1)-

- If lgx T(sonz)= € and I T(x,nx,)7# € then let indy, indy be the index of the
rightmost X,; N X, item on g and the rightmost item on [y, respectively, let g’
be generated from ¢ by discarding ’ symbols of each item in g. Assume g’ =
(i1,21,d1) - (i2,2,dz) - .... Then ¢; contains indy — indy items, and V1 < j <
indy — indy, Ci<ind2 —ind, — j + 1) = (i(ind27j+1)7x(ind27j+1)7d(l‘nd27j+1)) or
((i(inds—j41)s T(inda—j+1)» Linds —j+1)) )



- If I T(sonz)= € and I T(s,nx,)= € then let indy, indy be the index of the
leftmost item on [, and the rightmost item on I, respectively, let ¢’ be gener-
ated from g by discarding ' symbols of each item in g. Assume ¢’ = (i1, z1,d) -
(i2,x2,d2) - .... Then ¢; contains indy — indy + 1 items, and V1 < j < inds —
indy + 1, ¢i(indy — indy — j 4 2) = (i(indy—j+1)> T(inds—j+1)» Linds—j+1)) OF
((i(inds—j41)s T(inda—j+1)» Linds—j+1)) )

It remains to prove that, if (p, d, u, r, qs, mak, T, g) ~ ((¢S1,. .., CSns1), (C1y -+ Cusl
)) holds, (p,d,u,r, qs, mak, T, g) — w‘” g (0, d ' gl mak' T, g') and (p/,d' ', 1",
q.,mak',T,g') is the v+2-th conﬁgurat10n of the path of ¢, then there exists cs/, ...,

ety oo, b,y and asequence sy, such that ((es1, ..., ¢Sue1)s (C1,- -y Cuer)) M*Aic
(esyy.ooyesh, ), (oo i), (P d ' gl ymak T, g') ~ ((cs), ... eshy,), (e, ...

cfl +; )) holds, and the flush, call, return, ﬂushCall and flushReturn actions in act,,; is
same to that in s,.;. Assume for each i, cs} = (g}, dl;, d};, % ,mak}, cnt}).

- When «,,; is a 7, read, call or return action, it is obvious to see that s,,; = € and

this holds trivially.
- When «,,; is a write actions of process 4, s,4; = €, and Mk Gexth) & . ® Mﬂffm’)
do the following transitions and change the channels as follows.
- If Iz T(x,,n5,)7 ¢ then let ind; be the index of the right most X,;; N Y; item
on g, let inds be
- ind'-1,if Iy 1(x,nx,)# € and ind' is the index of the leftmost X, N X

item on g,
- indy, if lg2 T(Zﬁmzi): €N lgg T(Eelmzi)# €
¢, is generated from ¢; by putting updates of g(inds), . . ., g(indy) into ¢;. Dur-

ing this process,several guess write actions and then a write action happen (seen
int 1t it . Mk-(f,'exrh) Mk -(fexth) F h 14 VA
as internal transitions in M7 ®@...@M, ;). For channel j # 4, ¢ = ¢;.

- Il T(synzy=6
- For channel i: Let ind; be the index of the right most X; item of [,; in g,

let inds be
- ind'-1,if Iz T(s,,nx,)# € and ind' is the index of the leftmost X, N X;
item on g,
- ind'-1,if Iy (5,,nx,)= € and ind’ is the index of the leftmost item of
lg2 on g,
¢ is generated from ¢; by putting updates of g(inds), ..., g(indy) into ¢;.
During this process, several guess write actions and then a write actions

happen (seen as internal transitions in MY ™ @ . @ pmb0em),

- For channel j # i:
- If [g> T5,= €. Let ind; be the index of the right most X; item of [,
in g. Let ind> be the index of right most item of I,; in g. Let sequence
g" =g(indy) - ... g(inds).
If g” 15,7 €, let inds be the index of right most item of g’ 15, in g,
and ¢, is generated from c; by putting updates of g(indz), . . ., g(ind3+1).
During this process several guess write actions happen (seen as inter-

nal transitions in MY ™ @ . @ MEEAM),



Otherwise, if g” 75, = €, ¢} is generated from c; by putting updates of

g(inds), ..., g(indy). During this process several guess write actions
happen (seen as internal transitions in My "™ @ ... @ ML),

- For channel j # i and lg; 15,7 € holds: ¢ = ¢;.

- When act,,; is a flush action of process i, then s,.; = act,,;. le(f‘exm) ®...®

Mf,;fff’“h) do the following transitions and change the channels as follows:

- For channel j # 1, c;- is generated from c; by discarding the right most item of
¢;. During this process a flush action happens.
- For channel 7, cg is generated from c; as follows:
- If |l T(s,nx,) | > 2. then ¢ is generated from c; by discarding the right
most item. During this process a flush action happens.
- Otherwise, |l T(x,nx,) | = 1.
Let ind, be the index of the right most X,;; N Y itemin g if [p> T(5,,nx,)#
€. Otherwise, let ind; be the index of the right most item of I,; in g. Let
inds be the index of the X,, N X; item in g. ¢} is generated from ¢; be
putting updates of g(inds — 1),...,¢g(ind + 1) and discarding the right
most item of ¢;. During this process several guess write actions (seen as

internal transitions in M; *“"" @ ... @ M%) and a flush action happen.

- When act,,; is a flushCall or flushReturn action of process i, since such actions
come from flushing 2, the change to channel is similar to the case of flush actions,
and we launch flushCall or flushReturn transition.

- When act,; is a cas(i, x,val) action of process i, then s,.; = flush(i,x,val).
MY @ @ MEE™ do the following transitions and change the channels as
follows:

- If I, = €. For channel j # 1, c;- = ¢; = ¢, and during transition the update
(4,2, val) need to be inserted into ¢ by a guess write action (seen as internal

transitions in My @ ... @ MEY#™) and then flushed our of ¢} using a
flush action. For channel i, c; = ¢; = €, and during this process a flush action
happens.

- Ifl,» # €, then itis easy to see that [, ends with a item in X,; N Y;. For channel
j# 1, c;- is generated from c; by discarding the right most item using a flush
action. For channel ¢, the channel ¢} is generated as follows:

- If[lg2 T(z,nz,) | = 2, letind, be the index of the second right most ,; N
X; item in g, let inds be the index of the right most X,; N X; item in g. ¢} is
generated from ¢; by putting the updates of g(ind, —1), ..., g(ind+1) into
¢;. During this process several guess write action happen (seen as internal
transitions in MY "™ @ @ MS%*™) and then a flush action happends.

- If I T(x,,nx,)= € let ind; be the index of the right most item of ,; in
g, let indy be the index of the X,; N X; item in g. ¢} is generated from ¢;
by putting the updates of g(inds — 1),..., g(ind 4+ 1) into ¢;. During this
process several guess write actions happen (seen as internal transitions in
M) @ @ MEEA™)Y and then a flush action happens.

n+l
When act,; is a cas action of process ¢ for zy, the mak tuple of each M’;'(f’mh)
must also be changed. Since flush action requires the mak tuples to be ¢, in the case



when [y, # € and for process ¢, we do guess write transitions first and then flush
transition.

According to our construction, given a path pa of ¢ from (p;,, dinr, et g, €, F, €)

10 (Puws dus, €', Genas, €, T, g) in [Clt y(Mod(L)), n+1],, we can construct a path pa’ of
M]f(f’mh) Mflf;mh) and the call, return, flushCall and flushReturn actions in pa

equals that in pa’. Let t' be the trace of pa’. It is obvious that ' 15U, USUS) =
eh. Therefore, the g5 tuple in the end state of pa’ is ¢4 for each process. Since ek con-
tains less or equal than k actions, the number of call, return, flushCall and flushReturn
actions in ¢’ is less or equals than k. Therefore, channels along states of pa’ satisfies
strong symbol restriction (.S, K ). This completes the proof of this lemma. a

With above two lemmas we can now prove Lemma 3]

Lemma 5. Given a k-extended history eh. If there exists a marked witness t of eh from

n p n S, K exi
(Dins dinits €1, €) 10 (puy, duy €1, €) in [Cltp(Mod(L)), n+ 1], then NI T((q ) 1)Mk (hesth) £
Q), whereforeach 1 S 1 Sn"']» qi = (ptn( )7 dmm dtmta Qis, €, 0)) q; = ( w( ) dwv dwv Qendsy €

).

Proof. Lemma[3]is a direct consequence of Lemma[I3]and Lemma|[T4] O

[t N (Bt UZ U Z et U Sper)

A.3 Proof of Lemmal6

Lemma 6. Given a k-extended history eh. If N!*] 75 Kl)Mk (Fexth) £ 0, where for each

(q qp) e
1 S i S I’H‘], qi = (pin( )7 dinita dinita Gis, €, O)r 1‘ - ( ( ) dwadw; Gends, € ) then
there exists a marked witness t of eh from (piy, diis, 6"+], €) 10 (Do, doy, €1, e) in [Cltz(

Mod(L)),n+1].

Proof. Since ﬁ"”T(qS f; M) 4 ) thereis apath pa = (cs9,...,¢s%,,), (<9, ..., %))
% M ((CS1 PR csn+1) (Cl IR n+1)) Oka (hexthy . Mﬁif;eﬂh) such that

for each process id i, es{ = (Din(1), dinits dinit, Gis» ),c? =€ s ( w(1)s Ay Ay Qends €)
and cs¥ = e. Letes! = (¢, d’,, dg,, q’;,makl , ent!) for each process id i.

We prove this lemma by constructing a path pa’ of [Clt;(Mod(L)), n+1];,, such that
the call, return, flushCall and flushReturn in pa is same as that of pa’.

A relation ~ is defined as follows: given configuration ((csY,...,csv, ), (¢V,. ..,
cy,;)) for the v+1-th configuration of the path, and a conﬁguration (p,d, u, mak) of
[Clty(Mod( L)), n+1]p, ((cs,...,es0,,), (cY,...,ch ) ~ (p,d, u, mak), if,

» Y+l

- For each process id i, ¢¥ = p(i), d%; = d, mak] = mak.

- For each process id 71, 72, qm = q;,,, mak, = mak; , cnty = cnty,.

- Let ¢! be generated from ¢! by dlscardlng 1tcms of all but process 7. Then for each
ind, u(znd) (z,a), if and only if ¢} (ind) = (i,z,val) or ((i,z,val), ) for some
val where val(z) = a.

It remains to prove that if ((csy,...,cs%,,),(cV,...,c% ;) ~ (p,d,u, mak) and
((es¥, ..., est ), (), .. cv,,)) 2 ((cs{”,...,csﬁﬂ) (et ..., cth)), then one

of the following two cases holds:



Case 1: there exists configuration (p/, d’, u/, mak’), such that ((cs}*!, ... es"1), (c4*,

)+ *
LY ~ (p d ! s mak'), (p, dyu, mak) 25, (o, d’, ', mak'), the flush, call,
return, flushCall and flushReturn action in act,,; are same to that in s,,;,

Case 2: ((csy*, ... est ), (M .o et ) ~ (p, d, u, mak).

We prove this by considering all kinds of transition label act, .,

If act,,; is a internal action derived from a 7 or read action of some process, then
Sy+1 = € and case 1 holds trivially.

If act,,; is a call, return, flushCall or flushReturn action, then it is easy to see
that s,,; = act,;, (p',d’',u',mak’) is generated from (p,d, u,mak) by a act,,;
transition, and case 1 holds.

If act,,; is a internal action derived from a wrifte(i, x, val) transition of M’;'(f’mh) s
then s,,; = write(i, z,val(x)), case 1 holds, (p',d’,u’,mak’) is generated from
(p, d, u, mak) by write(i, x, val(x)) transition.

If act,.; is a internal action derived from a guessing write transition of M’;'(f’mh) s
then it is obvious that case 2 holds.

When act,,; is a flush action derived from a flush(i, x, val) transition of Mf'(f‘m}') ,
then s,,; = flush(i,z,val(x)), case 1 holds, (p’,d’,u’,mak’) is generated from
(p, d,u, mak) by flush(i, z,val(x)) transition.

When act,,; is a flush action derived from a cas(i, x, val, val’) transition of Mf'“mh) ,
then s,4; = cas(i,x,val(x),val' (x)), case 1 holds and (p’,d’,u’, mak') is gener-
ated from (p, d, u, mak) by a cas(i, x, val(x), val' (x)) transition.

We construct pa’ step by step, and it is obvious that the extended history of pa’ is
eh, which completes the proof. a

A.4 Proof of Lemma [10]

A configuration ((g,d., dg, qs, mak, cnt), c) of M" is called standard, if one of the
following two conditions holds: (1) ¢ = € A d. = dg, (2) ¢ # €, ¢(1) is a strong symbol
and c(1) = (., -, dy) or ((-, -, dg), ). It is obvious if a path of (S, K1)-(lossy) channel
machine starts from a standard configuration, then each configuration on this path is
standard.

The following lemma shows that there is a weak simulation between configurations
of (9, K1)-channel machine M and configurations of (S, K )-lossy channel machine
M,

Lemma 15. Given standard configuration ((p1, dc1, dg1, qt, maky, cnty), 1), if e j?l
act
¢y and ((p1,der, dgi, a5, maky, enty), c1) == v 5,y (P25 de2, dg2, 43, maks, cnts), c2),
*
then there exists cly and s, such that ¢y <" ¢y, (p1, der, dgr, gL, maky , enty), ¢y) i)]\/{f—w
((p2, de2, dga, g2, maks, cnts), cy), and the write actions in act equals that in s.

Proof. This is proved by considering all kinds of transitions.

- If act is a internal action derived from a 7, read, call or return action, then ¢}, = ¢}
and this holds trivially.



- If act is a write action derived from a cas action, then ¢}, = € and this holds trivially.

- If act is a write action derived from a write(ind, x, val) action, then ¢}, is generated
from ¢} by a write action that puts an item of memory location z and valuation val,
and this holds trivially.

- If act is a internal action derived from a flush action, assume ¢; = a1 - ... - oy,
cy=pB1-... Bu,since ¢q jgl ¢y, there exists i1, . .., i;, such that for each ind,
Cind = Biyy-

Assume during the transition ((p1, dc;, dgl, g}, maky, cnty), c1) i>(M54.‘7S7K1) ((p2,
de2,dg2, g%, maky, cnts), ), the item which is flushed into memory is the j-th el-
ement in c;. Then s = ¢, and ((p2, d.2, dg2, q2, maksy, cnty), ch) is generated from
((p1,der, dgl, qt, maky, cnty), ;) by first flushing items 3y, . .. , Bi;+1, and then
flush item 3;.

O

With Lemma|[I5] we can now prove Lemma[I0]

Lemma 10. Given a k-extended history eh. There exists a marked witness t of eh from
(Dins dinits €1, €) 10 (P, Ao, €1, €) in [Clt; (Mod(L)), n+ 1], if and only ifﬂ’};’lLTEj’f}))
M # 0, where for each 1 <i <n+1, g; = (pin(i), dinit, dinits s, €, 0), @ = (Do (4), duv,
s Qendss €5 [t (U S0U Sea0 S |)-

Proof. According to Lemma|9] we reduce the existence of ¢ into N*1 T((j’f]%)M kw £

(). Then, we need to prove that, N*1 T((j’f;,_l))M{"W # (), if and only if N+ LTEqu Iq(,_l)) MEY #£
(). The only if direction is obvious, since a sequence | € HQLQT((;’%)M;"W is also a se-
quence of ﬁ;‘l’lLTEi’I;})) M, ka To prove the if direction, by Lemma we can construct
a path of perfect channel from a path of lossy channel step by step, where both path has

same write actions. This completes the proof of this lemma. a
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