On Temporal Logics with Data Variable Quantifications:
Decidability and Complexity™

Fu Songa’b, Zhilin Wu¢-d-*

“School of Information Science and Technology,
ShanghaiTech University, Shanghai, P.R.China
bShanghai Key Laboratory of Trustworthy Computing,
National Trusted Embedded Software Engineering Technology Research Center,
East China Normal University, P.R.China
“State Key Laboratory of Computer Science, Institute of Software,

Chinese Academy of Sciences, P.R.China
dLIAFA, Université Paris Diderot, France

Abstract

Although data values are available in almost every computer system, reasoning about
them is a challenging task due to the huge data size or even infinite data domains.
Temporal logics are the well-known specification formalisms for reactive and concur-
rent systems. Various extensions of temporal logics have been proposed to reason
about data values, mostly in the last decade. Among them, one natural idea is to ex-
tend temporal logics with variable quantifications ranging over an infinite data domain.
Grumberg, Kupferman and Sheinvald initiated the research on this topic recently and
obtained several interesting results. However, there is still a lack of systematic investi-
gation on the theoretical aspects of the variable extensions of temporal logics. Our goal
in this paper is to fill this gap. Around this goal, we make the following choices: 1.
We consider the variable extensions of two widely used temporal logics, Linear Tem-
poral Logic (LTL) and Computation Tree Logic (CTL), and allow arbitrary nestings of
variable quantifications with Boolean and temporal operators (the resulting logics are
called respectively variable-LTL, in brief VLTL, and variable-CTL, in brief VCTL).
2. We investigate the decidability and complexity of both the satisfiability and model
checking problems, over both finite and infinite words (trees). In particular, we obtain
the following results: Existential variable quantifiers or one single universal quanti-
fier in the beginning already entail the undecidability of the satisfiability problems of
both VLTL and VCTL, over both finite and infinite words (trees); if only existential
path quantifiers are used in VCTL, then the satisfiability problem (over finite trees)
is decidable, no matter which variable quantifiers are available; for VLTL formulae
with one single universal variable quantifier in the beginning, if the occurrences of the
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non-parameterized atomic propositions are guarded by the positive occurrences of the
quantified variables, then its satisfiability problem becomes decidable, over both finite
and infinite words; based on these results of the satisfiability problem, we deduce the
(un)decidability results of the model checking problem.

Keywords: Temporal logics, Data variable quantifications, Satisfiability, Model
checking, Decidability and complexity, Alternating register automata, Data automata
2010 MSC: 03

1. Introduction

Context. Data values are ubiquitous in computer systems. To see just the tip of the ice-
berg, we have the following scenarios: data variables in sequential programs, process
identifiers in concurrent parameterized systems where an unbounded number of pro-
cesses interact with each other, records in relational databases, attributes of elements in
XML documents or nodes in graph databases. On the other hand, reasoning about data
values is a very challenging task. Either their sizes are huge, e.g. one single 4-byte in-
teger variable in C programs may take values from —2, 147,483, 64 to 2, 147,483, 647,
or they are even from an infinite domain, e.g. process identifiers in parameterized sys-
tems.

Temporal logics are the formalisms widely used to specify the behaviors of con-
current, reactive as well as sequential systems. Linear Temporal Logic (LTL) ([1]) and
Computation Tree Logic (CTL) ([2]]) are the two most widely used temporal logics.
Although temporal logics were orginially targeted to specify the behaviors of finite
state systems, various extensions of temporal logics have been proposed to deal with
the infinite data values in computer systems (mostly in the last decade).

o First-order temporal logics, that is, first-order logic over relational structures ex-
tended with temporal operators, are a natural formalism to specify and reason
about infinite data values in computer systems. Although most of the work about
temporal logics focuses on the propositional ones, first-order temporal logics
were investigated in fact at almost the same time as their propositional counter-
parts (see e.g. [3l]). Initially, the investigations were around the axiomatization
issues ([4.15,16]). Later on, Hodkinson et al. started investigating the decidability
and complexity of the satisfiability problem ([Z, [8]).

e Vianu and his coauthors used the first-order extensions of LTL to specify and
reason about the behaviors of database-driven systems ([9} [10]).

e On the other hand, Demri and Lazic extended LTL with freeze quantifiers which
can store data values into registers and compare the data values with those stored
in the registers ([L1]). The registers are also introduced into alternating free
model p-calculus over data trees ([12]]). Moreover, Figueira proposed an exten-
sion of LTL with freeze quantifiers of only one register, where the quantifiers
are interpreted over the set of data values occurring before or after the current
position of data words ([13[]).
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e Recently, Schwentick et al., Demri et al. , and Decker et al. considered exten-
sions of LTL with navigation mechanisms for one single data attribute or tuples
of data attributes over multi-attributed data words, that is, data words where each
position carries multiple data values ([14} 15, [16]).

Another natural idea is to extend temporal logics with variable quantifications over an
infinite data domain, which is our focuses in this paper. Grumberg et al. initiated this
line of research. They considered the extension of LTL with variable quantifications
where the formulae are in prenex normal form, that is, all the variable quantifications
are in the beginning and followed by LTL formulae. They investigated the decidability
of the satisfiability and the model checking problems over Kripke structures extended
with data variables ([[17, [18]]). Later on, as a follow-up work, they introduced variable
CTL* (VCTL"), an extension of CTL* with variable quantifications ([19]), where the
variable quantifications can be nested arbitrarily with Boolean operators and temporal
operators. Their main goal is to characterize the simulation pre-order over variable
Kripke structures with VCTL* formulae. Nevertheless, as far as we know, they have
not investigated the satisfiability and model checking problems of VCTL" yet (except
the aforementioned work on VLTL formulae in prenex normal form).

Contribution. Our goal in this paper is to do a relatively complete investigation on the
decision problems of the extensions of temporal logics with variable quantifications.
Around this purpose, we make the following choices.

o We consider the extensions of both LTL and CTL with variable quantifications
(denoted by VLTL and VCTL respectively), where the variable quantifiers can
be nested arbitrarily with Boolean and temporal operators.

e In addition, the variable quantifiers are interpreted over the full data domain, not
just over the set of data values occurring before or after the current position.

e Moreover, we investigate the decidability and complexity of both the satisfi-
ability and the model checking problems over both finite and infinite words
(trees). More precisely, we consider four decision problems in this paper, the
satisfiability and model checking problems (over finite words and trees), the w-
satisfiability and w-model checking problems (over infinite words and trees).

Specifically, we obtain the following results.

1. Existential variable quantifiers (which may not occur in the beginning) or one
single universal quantifier in the beginning already entail the undecidability of
the satisfiability and w-satisfiability problems of both VLTL and VCTL (cf. the
results on I*-VLTL, 3*-VCTL, ¥-VLTL,,s and Y-VCTL,,; in Table .

2. If there are only existential variable quantifiers, and the existential variable quan-
tifiers are not nested, then the satisfiability problem becomes decidable for both
VLTL and VCTL (cf. the results on NN-F*-VLTL and NN-3*-VCTL in Table[I).
The proof is obtained by a reduction to the nonemptiness problem of alternating
one register automata ([L3]]). On the other hand, in this case, the w-satisfiability
problems of VLTL and VCTL are still undecidable.
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Table 1: Summary of the results: U: Undecidable, D: Decidable, P: Proposition, T: Theorem, C: Corollary
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3. If only existential path quantifiers are used in VCTL, then the satisfiability prob-
lem is decidable (NEXPTIME), no matter which variable quantifiers are avail-
able (cf. the results on EVCTL in Table[I). This result is shown by a small model
property. It is open whether the w-satisfiability problem is decidable in this case.

4. For the fragments of VLTL with one single universal variable quantifier in the
beginning, if the occurrences of the non-parameterized atomic propositions are
guarded by the positive occurrences of the universally quantified variables, then
the satisfiability and w-satisfiability problems become decidable (cf. the re-
sults on V-VLTLgZa‘” in Table [1). The proof is obtained by a reduction to the
nonemptiness of extended data automata ([20]). This decidability result is tight
in the sense that adding one more existential variable quantifier before or after
the universal one implies undecidability (cf. the results on VH-VLTLZZ‘}” and
3V-VLTL, in Table[l).

5. Moreover, since there are some subtle differences between the logics defined in
this paper and those in [[17, 18], we also investigate the decidability status of the
two fragments defined in [[17] and [18] and show that some claims in [[17, 18] are
inaccurate (cf. the results on the fragments of RVLTL,s and RVLTL;n f in Ta-
ble[T). In particular, we show that the fragments in [17]] behave quite differently
from the fragments in [18]] with respect to the satisfiability problem.

6. Based on the above results of the satisfiability and w-satisfiability problems, we
deduce the (un)decidability results of the model checking and w-model checking
problems (cf. the results on model checking and w-model checking problems in

Table[I).

For reader’s convenience, the results obtained in this paper are summarized into Ta-
ble[T](where 3, Y mean existential and universal variable quantifier, pnf means prenex
normal form, NN means non-nested, and the question mark means that the decidability
is open). The reader can refer to Section 2 for the definitions of the fragments of VLTL
and VCTL.

This paper is the extended version of the paper published in FSTTCS 2014 ([21]]).
Compared to [21]], this paper is novel in the following aspects.

e We add a comparison of the expressiveness of VLTL with the other logical for-
malisms over (multi-attributed) data words.

e We get more results on the satisfiability and model checking problems, as well
as extend the results in [21] to w-satisfiability and w-model checking problems.

e We write the detailed proofs for all the results, which were missing or only
sketched in [21].

Related work.

First-order temporal logics. At first, we give a more specific description of the work
on first-order temporal logics. In ([22]), Bohn et al. proposed an algorithm for model
checking first-order CTL (FO-CTL) on first-order Kripke structures in which transi-
tions are labeled with conditional assignments, capturing the effect of taking a transi-
tion on an underlying possibly infinite state space induced from a set of typed variables.
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Their algorithm is heuristic and may not terminate in some cases. Hodkinson et al. tried
to find decidable fragments of first order LTL (FO-LTL) and FO-CTL over natural num-
bers, and their expressive power and finite axiomatization ([7 8]]). They showed that
the satisfiability problem of monodic fragments of FO-LTL and FO-CTL in which all
formulae beginning with a temporal operator have at most one free variable is decid-
able. Moreover, Hodkinson et al. investigated the complexity of the decidable frag-
ments of FO-LTL in ([23]]). In particular, they proved that the satisfiability problem of
one-variable fragment of FO-LTL with the “global” temporal operator is EXPSPACE-
complete. Several resolution methods for checking the satisfaction and validity of the
formulae in monodic fragments of FO-LTL are proposed in ([24} 25, 26]]). Dixon et al.
considered the monodic fragments of FO-LTL with an additional XOR constraint on
predicates and showed that with the XOR constraint, a lower complexity upper bound
can be obtained for the satisfiability problem ([27]). Demri and D’Souza investigated
an extension of LTL where the constraints are interpreted over the concrete domains
e.g. (Z,<,=)and (N, <, =) ([28]). Vianu et al. studied the model checking problem of
FO-LTL formulae over database driven systems and get some decidability results by
putting restrictions on both the systems and the specifications ([9,[10]). Moreover, Song
and Touili considered the variable extensions of LTL and CTL for malware detection,
where the variables range over a finite domain, although the variable quantifications
can be nested arbitrarily with the other operators ([29} 130} 31]).

Indexed temporal logics. Since process identifiers are a concrete type of data values,
the indexed temporal logics used to specify and reason about parameterized concurrent
systems are also related to the extensions of temporal logic with variable quantifica-
tions. Indexed temporal logics are extensions of temporal logics with variable quan-
tifications that range over a set of process identifiers. Browne, Clarke and Grumberg
proposed indexed CTL*\X in ([32]) and proved the bisimulation between two Kripke
structures with the same set of indexed propositions but different sets of index values
with respect to indexed CTL*\X. Emerson and Srinivasan proposed indexed simplified
CTL (SCTL) and investigated its satisfiability problem ([33]]). In ([34} [35]), German
and Sistla proposed indexed LTL and showed that the validity (resp. model checking)
problem of the indexed LTL is decidable (resp. undecidable). Emerson and Kahlon
studied the model checking problem of parameterized systems against some specific
fragments of indexed CTL*\X ([36]]). Later, Emerson and Namjoshi also used indexed
CTL*\X to specify and reason about parameterized systems in ([37]]). The main goal
of ([136, 37]) is to prove the “cutoft” results. Compared with indexed temporal logics,
variables in VLTL and VCTL can range over not only a set of process identifiers but
also other data values such as content of messages. On the other hand, each position of
the data words/trees for indexed LTL and CTL has the same set of data values, that are
process identifies. While, each position of the data words/trees for VLTL and VCTL
can have its own set of data values.

Besides the logical formalisms, researchers have also proposed various automata mod-
els to reason about data values.

Register automata and its variants. Kaminski and Francez initialized the research of
automata models over infinite alphabets. They introduced nondeterministic register
automata ([38]), an extension of finite state automata with a set of registers which can
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store a symbol from an infinite alphabet. They studied closure properties of nonde-
terministic register automata and proved that its emptiness problem is decidable. In
([39]), Grumberg et al. proposed variable (Biichi) automata, a simple extension of fi-
nite (Biichi) automata in which the alphabet consists of letters as well as variables that
range over the infinite alphabet domain. Variable automata is a sub-type of nondeter-
ministic register automata. Neven et al. studied the expressive power of the variants
(one-way v.s. two-way, deterministic v.s. non-deterministic, alternating v.s. non-
alternating) of register and pebble automata, and extensions of first-order logic and
monadic second-order logic ([40]]). They proved that universality and containment of
one-way nondeterministic register automata and non-emptiness of two-way determin-
istic register automata are undecidable and that non-emptiness is undecidable even for
weak one-way deterministic pebble automata. Demri and Lazic introduced alternating
one register automata and used it to decide the satisfiability of the fragments of LTL
with freeze quantifiers ([L1]). Kaminski and Zeitlin extended nondeterministic register
automata with e—transitions which is able to make a non-deterministic reassignment
by “guessing” the content of an appropriate register ([41]). Adding e—transitions en-
riches the expressiveness but still posses all decision procedures and closure properties
of nondeterministic register automata. Figueira proposed an extension of alternating
one register automata with spread operations and used it to decide the fragments of
XPath with data comparison modalities ([L3]).

Data automata and its variants. Data automata were introduced in [42]], with the moti-
vation to decide the two-variable first-order logic over data words. Data automata turns
out to be a very expressive model for which nonemptiness is decidable and has the
same complexity as the reachability of Petri nets. Since it is a famous open problem
whether the reachability of Petri nets can be decided with elementary complexity, it is
also unknown whether the nonemptiness of data automata can be decided in elemen-
tary time. In order to lower the complexity, two weaker versions of data automata were
introduced and their nonemptiness problems were shown to be elementary ([43} 144]).
On the other hand, an extension of data automata, called class automata, were intro-
duced, in order to capture the expressiveness of XPath with data comparison modalities
([43]). Nevertheless, the nonemptiness of class automata is undecidable. To achieve
decidability, two sub-models of class automata: class automata with priority class con-
dition and class counting automata, were proposed ([46, 47]). Tan studied data trees
over a linearly ordered infinite data domain and proposed ordered-data tree automata
and showed their nonemptiness problem can be solved in 3-NEXPTIME ([48])).

Pebble automata and its variants. Pebble automata were introduced in [40]. Several
variants of this model have been studied. For example, ([40]) studied alternating and
two-way pebble automata. Tan proposed a subclass of pebble automata, fop view weak
pebble automata and showed that the nonemptiness problem is decidable ([49]). This
model can capture all data languages expressible in LTL with one freeze quantifier.
Tan used graph reachability problem to investigate the expressiveness issues of pebble
automata, e.g. the strict hierarchy of pebble automata based on the number of pebbles
and the comparison of the expressiveness of pebble automata with the other formalisms
over infinite alphabets ([50]).

Outline. The rest of this paper is organized as follows. Preliminaries are given in
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Section 2] Section [3]compares the expressiveness of VLTL with the other logical for-
malisms over data words. Sectiond]considers the decision problems of VLTL. Section
[)is devoted to the decision problems of VCTL. Conclusion and future work are given
in Section

2. Preliminaries

In this section, we first fix some notations, then introduce Variable Kripke Structure
(VKS), Variable Linear Temporal Logic (VLTL), Variable Computation Tree Logic
(VCTL), alternating register automata and extended data automata. VLTL and VCTL
are extensions of LTL and CTL with variables and (V, J) quantifications. The VCTL
and VLTL formulae are interpreted over computation traces and computation trees of
variable Kripke structures, respectively. Alternating register automata and extended
data automata are used to get the decidability results.

Let D be an infinite set of data values, AP a finite set of (non-parameterized) atomic
propositions, and 7 with AP N T = ( a finite set of parameterized atomic propositions,
where each of them carries one parameter (data value). Let A be a finite set of at-
tributes. To get an idea on the data value attributes, let us consider the scenario where
a printer is shared by different computers. In this scenario, a “print” event may carry
two data parameters which are denoted respectively by the attribute “cid” for computer
identifiers and the attribute “tid” for the identifiers of printing tasks, that is, the set of
attributes A = {cid, tid}. Let Var be a countable set of data variables which range over
. Let [k] denote the set {0, ...,k — 1}, for all k € N.

2.1. Words and trees

In this paper, we interpret temporal logic formulae over A-attributed data (w-)words
or data (w-)trees defined in the following.

o A word (resp. w-word) w over AP is a sequence from (247)* (resp. (247)®).

e An A-attributed data word (resp. data w-word) w over AP U T is a sequence
from (247 x (27 x D)*)* (resp. (247 x (27 x D)*)®).

e Given k > 1, a k-ary tree (resp. w-tree) is a finite (resp. infinite) set Z C [k]* s.t.
forallzie Z,ze Zand zj € Zforall j € [i] (resp. forallzie Z,ze€ Zand zj € Z
for all j € [i], moreover, for each z € Z, there is i € [k] s.t. zi € Z). The node € is
called the root of the tree. For every z € Z, the nodes zi € Z for i € [k] are called
the successors of z, denoted by suc(z). Let Leaves(Z) denote the set of leaves of
a tree Z, that is, the set of nodes z € Z such that zi ¢ Z for each i € [k]. A path of
atree Zisasetm C Zs.t. € € mand Yz € m, either z is a leaf, or there is an unique
i €[k]s.t. zien. Apathofanw-tree Zisasetnm C Zs.t. € € mand Vz € &, there
is an unique i € [k] s.t. zi € 7.

o A k-ary labeled tree (resp. w-tree) t over AP is a tuple (Z, L), where Z is a k-ary
tree (resp. w-tree) and L : Z — 24% is the labeling function.
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e A k-ary A-attributed data tree (resp. w-tree) t over APUT is a tuple (Z, L), where
Z is a k-ary tree (resp. w-tree) and L : Z — 247 x (27 xD)* is a labeling function.

e Given a labeled or data tree (resp. w-tree) t = (Z,L), let z € Z and & be a path
of t, then |, denotes the labeled or data subtree ¢ rooted at z, and w, denotes the
word or data word (resp. w-word) on the path 7 of ¢.

e For z € Z in a labeled or data tree (resp. w-tree) ¢t = (Z, L), define the tree type of
zin t, denoted by type,(z), as the set {ly, ..., [} s.t. for every j € [k],if zj € Z,
then [; = v, otherwise [; = V; (V; means that the j-th child of z exists).

e For a data word (or data w-word) w = (@0, (Bu.0, da.0)acs @1, Ba1s da1)ach) - - - »
the projection of w, denoted by prj(w), is defined as the word apc; . . ..

o Lett=(Z L)and ¢ = (Z’, L") be two k-ary A-attributed data trees over AP U T.
Then an embedding of t into ¢’ is an injective mapping n from Z to Z’ that pre-
serves the root, the successor relation and the labels of nodes, more specifically,
n(e) = &, for each z1,2, € Z, 7, is a successor of z; in ¢ iff (z;) is a successor of
n(zy) in ¢, moreover, for each z € Z, L(z) = L'(i(z)). An embedding 7 of ¢ into
¢’ is said to be leaf-preserving if for each z € Z, z is a leaf in t iff 7(z) is a leaf in
t'. For instance, if ¢ is a k-ary A-attributed data tree with a single node &, and ¢’
is obtained from ¢ by adding a node 0, then there is a unique embedding of ¢ into
t’, but the embedding is not leaf-preserving.

In our definition of data (w-)words and data (w-)trees, every parameterized atomic
proposition is restricted to carry only one parameter (data value). This restriction does
not restrict the expressiveness of the formalisms, as it is easy to encode a data (w-
)word or data (w-)tree where some parameterized atomic propositions have multiple
parameters into one satisfying the one-parameter constraint.

2.2. Variable Kripke Structure

Definition 2.1 (Variable Kripke Structures). A Variable Kripke Structure[]_-] (VKS ) K is
atuple (APUT,X,S,R,S,1,L,L"), where AP and T are defined as above, X and S are
finite sets of variables and states respectively, R C S X S is the set of edges s.t. for each
s €8, thereis s’ € S satisfying that (s,s’) € R, So C S is the set of initial states, I is
the invariant function that assigns to each state a formula which is a positive Boolean
combination of x; = xj and x; # x; for x;, x; € X, L : § — 241X s the state labeling
function, L' : R — 217> X s the edge labeling function.

Intuitively, if (reset, x) € L'(s, s’), then the value of the variable x is reset (to any
value) when going from s to s’.

A finite (resp. infinite) path of K is a finite sequence of states sosj ... s, (resp.
an infinite sequence of states sos;...) s.t. Vi € [n] (resp. Vi > 0), (s;, si+1) € R.
An X-attributed data word (resp. w-word) wow ... is called a finite (resp. infinite)

Variable Kripke structure defined here is the same as that in ([17]]), except that the global invariants are
replaced by local state invariants.
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computation trace of K if there are a finite (resp. infinite) path sos; ... in K with
so € So and a finite (resp. infinite ) sequence Apd; ... S.t.

e Vi, A; : X — D is an assignment function satisfying that A; E I(s;), and
w; = ({p € AP | p € L(sp)}, ({T | (1, x) € L(s1)} X {4;(x)})xex), Where the satisfac-
tion relation A; | I(s;) is defined in an obvious way, e.g. A4; F x = y iff

Ai(x) = A(y),
o foreveryi:i> 0, 4;(x) = Ai_1(x) if (reset, x) & L'(s;-1, ;).

Let £(K) denote the set of finite computation traces of K and L, (K) denote the set of
infinite computation traces of K.

Let k be the maximum number of successors of states in K. A data tree (resp. w-
tree) t = (Z, L) is called a finite (resp. infinite) computation tree of K if there are a
k-ary labeled tree (resp. w-tree) (Z, L,) over S and a collection of assignment functions
A, : X - Dwithze Zs.t.

e VzeZ, [y(z) €S is asingleton,
o L&) €Sy,

o Yz e Z\ Leaves(Z), if L,(z) = s and s has exactly i successors, say s, ..., Si-1,
in K, then suc(z) = {z0,...,z(i— 1)}, and Vj € [i], Lo(z)) = s;,

e for every z,zi € Z, if Ly(z) = s and L(zi) = s’, then for every x € X s.t.
(reset,x) ¢ L'(s, ), A;i(x) = A,(x),

o for every z € Z, if L,(z) = s, then Li(z) = (L(s) N AP,({t | (1,x) € L(s)} X
A(X))xex)-

Let 7 (K) (resp. 7,(K)) denote the set of finite (resp. infinite) computation trees of
K.

2.3. Variable Linear Temporal Logic

Intuitively, VLTL extends LTL with the modalities 7(x) and x@a (where 7 € T
and a € A), besides the existential and universal data variable quantifications. Here
7(x) means that the parameterized atomic proposition 7 holds, with the parameter rep-
resented by x, and x@a means that the data value represented by x is the one corre-
sponding to the attribute a in the current position. More specifically, VLTL formulae
are defined by the following syntactic rules.

Definition 2.2 (VLTL). The syntax of Variable Linear Temporal Logic (VLTL) is de-
fined by the following rules,

¢ = ploplt)]|-1(x) | x@a| -x@aleVelorg]
Xe|XeloUepleRe|Ax. | Vx. ¢,

Ehere p € APt € T,a € A,x € Var, and X is the dual operator of X such that
X(,D = —|X—|(p.

10
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Let var(y) and free(¢) denote respectively the set of variables occurring in ¢ and
the set of free variables of ¢. VLTL formulae without free variables are called sen-
tences. In addition, we use abbreviations true = p vV —-p, Fy = true U y, and
Glﬁ =-F —|lﬁ.

VLTL formulae defined in [[L7,[18]] are in prenex normal form. In addition, VLTL
formulae defined in (L7, [18]]) allow explicit comparisons between data variables, e.g.
x # y for two data variables x,y. Moreover, there is a small difference between VLTL
defined in [17] and [18]]. The atomic formulae 7 for T € T are allowed in [[17], while
they are disallowed in [[18]. The formula 7 can be seen as an abbreviation of the for-
mula Jx. 7(x). Therefore, strictly speaking, the formulae in [17] are not in prenex
normal form according to our notation. If the explicit data variable comparisons and
the formulae 7 are ignored, then VLTL defined in [[17, 18] is the set of VLTL formu-
lae in prenex normal form in our framework. In our definition of VLTL, we make the
following technical choices.

e The formulae 7 for 7 € T are disallowed, since we believe that it is a better idea
to make all the variable quantifications explicit.

o In addition, the explicit data variable comparisons x = y or x # y are disallowed,
since we prefer defining a first-order extension of VLTL with the minimum first-
order features (arguably).

On the other hand, to facilitate the specifications of the properties of A-attributed data
words, the formulae x@a are introduced to specify that the data value represented by
x is the one corresponding to the attribute a in the current position. The fragments of
VLTL defined in [18] and [17], excluding the data variable comparison modalities, are
called respectively as RVLTL s and RVLTL, . in our framework (cf. Section 2.5).

VLTL formulae are interpreted over A-attributed data words and data w-words. We
give the semantics for data words. The semantics for data w-words are similar.

Letw =wy...w, € (ZAP x (27 x ]D))A)*, @ be a VLTL formula, A : free(p) — D,
and forevery i : 0 < i < n, w; = (@, (Bui»dai)aen), and w = w;...w,. We define the
satisfaction relation w =, ¢ as follows:

e p=pwkagiff p € ay,

e p=—p:wkagiff p ¢ ap,

=700 w i @iff (1, A(x)) € Ugea (Bao X {dao)),
@ ==71(x): w9 iff (7, A(%)) & Ugea (Bao X {dao}),
p=x@a:w, ¢iff d,p = A(x),

o o =-xQ@a:wk, ¢iffd,o # A(x),
e pv=p Vo wkyeiff wky ¢ orw ik, ¢,

e p=p1 ApwEpiff wE, g1 and w ) ¢,

o=Xo:wkeiffw#eandw' ) ¢,

11
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e v =Xgi: wE, ¢iffw # & implies that w' [, ¢,

e 9= Ugr wihy giffthereisi : 0 < i < nst w' . ¢, and for all
j:0<j<i,w )1,

¢ ‘P'=901R902:wlzﬂgoiffforalli:OSiSn,wi Ei1¢p,orthereisi: 0<i<ns.t.
w' E pr,andforall j:0<j<i,w |, ¢,

o o =dx. p1: wy giff thereisd € D s.t. w Ea4/4 @1, Where (A[d/x])(x) = d
and (A[d/x])(y) = A(y) for every y € free(¢;) s.t. y # x,

e = Vx. " Y =5 (piﬂ"fOI'alldED,WIZ/l[d/x] (")

If ¢ is a VLTL sentence, we will drop A from =,. Let L(¢) (resp. L, (¢)) denote the
set of A-attributed data words (resp. w-words) w satisfying ¢. Let K be a VKS with
X as the set of variables and ¢ a VLTL sentence over X-attributed data words. Then
K satisfies ¢, denoted by K | ¢, if for every finite computation trace w of K, w | ¢.
Similarly, we use K k=, ¢ to denote the fact that for every infinite computation trace w
of K, w E ¢.

For a VLTL formula ¢, let ¢ denote the negation of ¢, where p = —p, =p = p,
@ = -7(x), T(x) = 1(x), X_gol = XQT v1Ugs = 1Ry, and so on. Let |¢| denote the
size of ¢, that is, the number of symbols in ¢. We will use ¢; — ¢, to mean ¢ V ¢s.
A VLTL formula that does not contain subformulae of the form ; — 1, is called
normalized.

Let ¢ be a normalized VLTL formula. For p; € AP and an occurrence of p; (resp.
—p;) in ¢, define the UR-formula of the occurrence of p; (resp. —p;) in ¢ as the minimal
subformula of ¢ of the form ¢ Uy, or ¢1 Ry, which contains the occurrence of p; (resp.
=p;), if such a subformula exists (otherwise, the UR-formula is undefined). Note that
if the UR-formula of an occurrence of p; or —p; exists, then it is unique. An occurrence
of p; or —p; is said to be persistent if the UR-formula of the occurrence exists, and the
following condition is satisfied:

o [f the UR-formula is of the form i1 Uy, then the occurrence of p; or —p; occurs

ind/l.

o If the UR-formula is of the form ¢ Ry, then the occurrence of p; or —p; occurs
in Us.

A non-persistent occurrence of p; or —p; is called eventual. Similarly, we can define the
persistent and eventual occurrences for 7(x) or =7(x) or x@a or —=x@a or subformulae
of the form Xy. For instance, the occurrence of —p; in the formula G(—-p; V XFp,) is
persistent, the occurrence of p; is eventual, and the occurrence of XF p; is persistent.

2.4. Variable Computation Tree Logic

The syntax of variable computation tree logic is defined similarly to VLTL, by
adding the path quantifiers A and E before every temporal operator in the syntax rules
of VLTL.

12
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Definition 2.3 (VCTL). The syntax of Variable Computation Tree Logic (VCTL) for-
mulae is defined by the following rules:

ploplt0) | -1(0) [ x@a | ~x@al oV el Ap|AXp| EXe
|AXp | EXp | A(eUo) | E(eUg) | A(¢R@) | E(¢Rp) | Ax.0 | Vx.00 °

where p e AP,t€ T,a € A, x € Var.

VCTL formulae are interpreted over A-attributed data trees. Let t = (Z,L) be a
k-ary A-attributed data tree with L(e) = («, (B4, d,)acn), ¢ be a VCTL formula, A :
free(p) — D, we define the satisfaction relation (Z, L) |5, ¢ as follows. The semantics
of VCTL formulae over A-attributed data w-trees are similar.

p=p:tEipiffpea,

p=-ptEipiffpga,

¢ =1(x): 1 @ iff (7, A(x)) € Ugen Ba X {da},

¢ =-1(x): 1 @ i (7, A(x)) € Usen Ba X {da},

p=x@a:tE, ¢iffd, = A(x),

p=-x@a:tE, ¢iffd, # A(x),

p=p1VertkEipifft )y proriE ¢,

p=p1AptE1@ifft ) 1 and 1 ¢,

w0 =AXg: t £y @ iff suc(e) # 0 and t|, =, ¢ for all z € suc(e),

¢ =EXp: tE, piff suc(e) # 0 and 1|, £, ¢; for some z € suc(e),

p= Afgolz t a4 @ iff suc(e) # 0 implies that ¢, =, ¢ for all z € suc(e),
@ = Efgolz t a4 @ iff suc(e) # 0 implies that ¢, =, ¢, for some z € suc(e),

¢ = Alp1Ugy]: t a4 o iff for every path m C Z, there exists a node z € « s.t.
t]; 1 @2, and for all strict prefixes 7’ of z, #l,, =, @1,

¢ = E[giUgs]: t |Ey ¢ iff there is a path m € Z and anode z € 7 s.t. #]; a1 ¢2,
and for all strict prefixes 7’ of z, 7, Ea ¢1,

¢ = Alp1Rpy]: t |, ¢ iff for every path m C Z, either ¢, =, ¢, for all z € m, or
there is z €  s.t. 7|, =, 1, and for all prefixes 7’ of z, | =1 @2,

¢ = E[p1Rp,]: t =, ¢ iff there is a path m € Z s.t. either 7], =, ¢, for all z € ,
or there is z € 7 s.t. #|, F, @1, and for all prefixes 7’ of z, #l; a1 ¢2,

p=Axp:tEpifthereisd e D s.t. ¢ 'zﬂ[d/x] ®1,

p=Vxp:t Ea t,leffOF alld e D, t |:/l[d/x] ©1.

13
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Let L(p) (resp. L,(¢)) denote the set of A-attributed data trees (resp. w-trees) ¢
satisfying ¢.

Let K be a VKS and ¢ be a VCTL sentence. Then K satisfies ¢, denoted by K [ ¢,
if for every finite computation tree ¢ of K, t = ¢. Similarly, we use K |5, ¢ to denote
the fact that every infinite computation tree # of K, 1 |5, ¢.

For a VCTL formula ¢, the formula ¢ denoting the negation of ¢, and |¢|, the size
of ¢, can be defined similarly to those of VLTL formulae.

2.5. Syntactic fragments of VLTL and VCTL
In this paper, we consider the following fragments of VLTL.

3*-VLTL and V*-VLTL. Let 3*-VLTL (resp. Y*-VLTL) denote the set of VLTL for-
mulae without using V¥ (resp. J) quantifier. Note that the formulae in 3*-VLTL
and V*-VLTL are not required to be in prenex normal form.

NN-VLTL. Let NN-VLTL denote the set of VLTL formulae where no variable quan-
tifiers are nested (in a strict sense), more precisely, for every pair of subformulae
Ox.y; and Q'y., (where Q, Q' € {3,V}) s.t. x # y, and Q’y.¥, is a subformula
of 1, it holds that x ¢ free(y,). For instance, the formula Vx.(t(x) — Jy.7’(y))
is in NN-VLTL, while Yx.¥Vy. G[(7(x) A T'(y)) = XG(—=7(x) A =7'(¥))] is not.

VLTL,,s. Let VLTL,,; denote the set of VLTL formulae in prenex normal form
Qi1x1...QOrxr. ¥, where Qy,...,0r € {3,V}, and ¢ is a quantifier-free VLTL
formula. Note that in general VLTL formulae cannot be turned into equivalent
prenex normal formﬂ Suppose 6 = Q... O € {¥,3}", let -VLTL,, s denote
the set of VLTL,,,; formulae of the form Qx; ... Qrxx. . Suppose © C {V, 3}*,
let @-VLTLPnf = Ugeo Q—VLTLpnf.

VLTL;Z?” . For 6 € {3,V}* (resp. ® C {3,V}"), let G-VLTLZZ’;” (resp. @-VLTLZZ;” )
denote the set of §-VLTL,, s (resp. ®-VLTL,,,r) formulae where AP = 0, that is,
the set of -VLTL,,, (resp. ®-VLTL,,,;) formulae containing no occurrence of
non-parameterized atomic propositions.

VLTLf;j‘;P. For 6 € {3,Y}* (resp. ® C {3,V}"), let e-VLTLij‘;P (resp. @)-VLTLi‘;‘;P)
denote the set of 6-VLTL,,,; (resp. ®-VLTL,, ;) formulae Q;x; ... Qrxy. ¢ s.t.
0=0Q...0 (resp. Q... 0O € ©), and all the occurrences of p and —p in i are
guarded by the positive occurrences of x. More precisely, ¢ is a quantifier-free
VLTL formula defined by the following rules,

o= pAT) [ =(pATX)) | 2p AT(X) | ~(=p AT(X)) | p A x@a |
(p Ax@a) | -p A x@a | —|(:p Ax@a) | 1(x) | 71(x) | x@a |
X@a | YNV |y Ay XY | Xy | YUy | yRY,

where p € AP, 7 € T, a € A, x € Var, and the superscript “gdap” means
“guarded atomic propositions”. For instance, the formula Yx. G(openFile(x) —

ZFor instance, we conjecture that there are no VLTL,,s formulae equivalent to the VLTL formula
G(3x.7(x)), but presently we do not know how to prove this.
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closeFile(x)) is in V-VLTLiiL}p , while the formula Vx. GlopenFile(x) — (p A
—write(x)) U closeFile(x)] is not, since the occurrence of p is not guarded by a
positive occurrence of x.

RVLTL,,; and RVLTL .. Let RVLTL denote the set of VLTL formulae where the
formulae of the form x@a or —x@a are not used (The fragment defined in [18],
excluding the data variable comparison modalities, corresponds to RVLTL,,,¢).
Moreover, in order to facilitate the comparison with the fragments in [[17]], we use
RVLTL;nf to denote the extension of RVLTL,,,; with the formulae 7 for7 € T
which is equivalent to Jx. 7(x).

Note that by combining the above definitions, more syntactic fragments can be defined.
For instance, the fragment NN-3*-VLTL is the set of 3*-VLTL formulae where no
variable quantifiers are nested.

The syntactic fragments of VCTL can also be defined similarly to VLTL, with the
additional distinction between EVCTL and AVCTL, that is, the fragment of VCTL
using only path quantifiers E and A respectively.

2.6. Decision problems of VLTL and VCTL
We consider the following decision problems for VLTL and VCTL.

Satisfiability problem. Given a VLTL (resp. VCTL) sentence ¢, decide whether ¢ is
satisfiable, that is, whether there is a data word w (resp. there are k > 1 and a
k-ary A-attributed data tree t) s.t. w = ¢ (resp. ¢ E ¢).

w-Satisfiability problem. Given a VLTL (resp. VCTL) sentence ¢, decide whether
there is a data w-word w (resp. there are k > 1 and a k-ary A-attributed data
w-tree 1) s.t. w |5, @ (resp. t =4, ).

Model checking problem. Given a VKS K and a VLTL/VCTL sentence ¢, decide
whether K F ¢.

w-Model checking problem. Given a VKS K and a VLTL/VCTL sentence ¢, decide
whether K E,, ¢.

Remark 2.4. We interpret VLTL and VCTL formulae over both finite and infinite data
words (trees). The considerations of temporal logics interpreted over finite words and
trees are normally motivated by the verification of safety properties of concurrent sys-
tems (cf. [51|]) as well as the verification of properties of sequential programs.

The following result is proved essentially in the same way as Theorem 6 in [17].
The main idea is to bound the number of data values satisfying a 3*-VLTL ,,, formula.

Proposition 2.5. The following problems are PSPACE—completeEl'
o the satisfiability and w-satisfiability problems of 3*-VLTL,,y,

o the model checking and w-model checking problems of V*-VLTL,,,y.

3In ([T7D), only the model checking problem of V*—RVLTL;n y is considered. The results of the (w-)
satisfiability and (w-)model checking problems of 3*-VLTL,, s can be shown by following the same idea.
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2.7. Nondeterministic tree automata and nondeterministic Biichi tree automata

A Nondeterministic Tree Automaton (NTA) A is a tuple (AP, O, Qo, 6, Qy), where
AP is a finite set of atomic propositions, Q is a finite set of states, Qg, Oy € Q are the
sets of initial and final states, § C (@ x247)U(Qx 247 x(Q' U---U @")) is the transition
relation (A transition (g, P) € Q x 24P means that the current node is a leaf).

NTAs are used to accept k-ary labeled trees over AP. The semantics of NTA are
defined in a standard way. The reader may refer to [S2] for the detailed definition. Let
L(A) denote the set of k-ary labeled trees accepted by A.

A Nondeterministic BUChi Tree Automaton (NBTA) A is a tuple (AP, Q, Qo, 5, Q ),
where AP is a finite set of atomic propositions, Q is a finite set of states, Qo, Oy € Q
are the sets of initial and accepting states, § C Q x 24” x (Q' U---U Q%) is the transition
relation. NBTAs are used to accept k-ary labeled w-trees over AP. Let ¢ be a labeled
w-tree 1 over AP. A run of an NBTA A over ¢ can be defined in a natural way. A run
is accepting iff over each infinite path of the run, there is a state from Qy occurring
infinitely often. Let L(A) denote the set of k-ary labeled w-trees accepted by A.

Proposition 2.6. (/52| 153)]) The nonemptiness of NTAs (resp. NBTAs) is in PTIME.

2.8. Alternating Register Automata

We next define alternating register automata over k-ary A-attributed data trees
where A is a singleton by adapting the definition of alternating register automata over
data (w-)words and unranked data trees ([[11} [13]]).

In this subsection, we always assume that A is a singleton.

Definition 2.7 (Alternating register automata). An Alternating Register Automaton
(ATRA) over k-ary A-attributed data trees where A is a singleton is a tuple A =
(APUT,Q,qo,0), where AP (resp. T) is a finite set of atomic propositions (resp. pa-
rameterized atomic propositions), Q is a finite set of states, qo € Q is the initial state,
0 : Q — @ is the transition function, where @ is defined by the following grammarﬂ

true | false | p | =p |t~ | V7| Vi? leqleq|qVvq | ghq | store(q) | guess(q) | Viq,
where p e AP, €T, q,q € Q, andi € [k].

Intuitively, p, —p, 7, =7 are used to detect the occurrences of (parameterized) atomic
propositions. V;?, V;? are used to describe the types of nodes in trees, eq, eq are used to
check whether the data value in the register is equal to the current one, g V ¢’ makes a
nondeterministic choice, ¢ A ¢’ creates two threads with the state g and ¢’ respectively,
store(q) stores the current data value (note that A is a singleton and there is exactly
one data value over each position) to the register and transfers to the state g, guess(q)
guesses a data value for the register and transfers to the state g, V;q moves to the i-th
child of the current node and transfers to the state g.

An ATRA A = (AP U T, Q, qo,0) is called alternating register automaton over
A-attributed data words (AWRA) where A is a singleton if £ = 1.

4The spread mechanism in [13] is dropped, since it is not used in this paper.
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The semantics of ATRAs over k-ary A-attributed data trees where A is a singleton
are defined in a completely analogous way as those of ATRAs over unranked trees in
([13[)). To make the paper more self-contained, we describe the semantics of ATRAs
in the following.

Let A be an ATRA and ¢t = (Z, L) be a k-ary A-attributed data tree. A node config-
uration c of A is a tuple (z, type,(2), L(z), A), where z € Z, A € O X D is a finite set of
active threads at node z in which each thread (g, d) denotes that the thread is at state ¢
and has the data value d, satisfying the following condition: For every (q,d) € A s.t.
6(g) = Viq' for some ¢’ € Q, we have V; € type,(2). A tree configuration C of A is
a finite set of node configurations. Let N4 denote the set of node configurations of A,
and T C 27 be the set of tree configurations. A tree configuration C is called initial
if C = {(g, type,(g), L(e), {(q0, A)})} s.t. L(e) = (A, (B,d)) for some A CAPand BC T.
To define a run of A, we introduce two types of transition relations, the non-moving
relation —.C Ng X N4 and the moving relations —y,C Ng X Ng for i € [k]. For
a given node configuration ¢ = (z, type,(z), L(z), {(g,d)} U A), the non-moving relation
updates a thread (g, d) of ¢ according to the transition function 6(¢g), and does not move
to any child of z in ¢. Formally, —.C Ng X N4 is defined as follows,

* (z,1ypel(2), L(2), {(q, D)} U A) —¢ (2, type,(2), L(z), A), if 6(q) = true;

o (z,type(2), L(2),{(g, )} U A) —¢ (z,typei(2), L(2), A), if 6(q) = p, and there
exist A C AP, BC T,and d’ € D such that L(z) = (A, (B,d")) and p € A;

o (z,typei(2), L(2),{(q, )} U A) —¢ (z,type(2), L(2), A), if 6(q) = —p, and there
exist A C AP, BC T,and d € D such that L(z) = (A, (B,d’)) and p ¢ A,

o (z,type(2), L(z), {(g, DYUA) —, (z, type,(z), L(z), A), if 6(¢) = 7 and there exist
ACAP,BCT,andd €D such that L(z) = (A, (B,d’)) and 7 € B;

o (z,type(2), L(2),{(g,d)} U A) —¢ (2, typei(z), L(2), A), if 6(q) = —7 and there
exist A C AP, BC T,and d’ € D such that L(z) = (A, (B,d’)) and T ¢ B;

o (z,type(2), L(2), {(g, D)} U A) —, (z,types(2), L(2),A), if 6(q) = V;? and zi € Z;
o (z,1ypei(2), L(2), {(g, )} U A) —>¢ (2, type,(2), L(z), A), if 6(q) = V;? and zi ¢ Z;

o (z,type2), L(2),{(g,d)} U A) —¢ (z,type,(z), L(z), A), if 5(q) = eq and there
exist A C AP and B C T such that L(z) = (A, (B,d));

o (z,typei(2), L(2),{(q, )} U A) —¢ (z,typel(2), L(z), N), if 6(q) = eq and there
exist ACAP,BC T andd’ € DD such that L(z) = (A, (B,d’)) and d # d’;

o for j = 1,2, (z,type/(2), L(2), {(g, )} U A) —¢ (z,types(2), L(2), {(qj, D)} U A) if
8(q) =q1 V q2;

o (z,type(2), L(2),{(q, DYUA) —¢ (2, type(2), L(2), {(q1, ), (g2, D)}UA), if 6(q) =
q1 N q2;

o (z,type(2), L(2),{(g. )} U A) —¢ (z,typei(2), L(2),{(¢',d")} U A), if o(q) =
store(q’) and there exist A C AP and B C T such that L(z) = (A, (B,d"));
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® (z,type(2), L(2),{(q, D)} U A) —¢ (2, types(2), L(2),{(¢',d")} U A) for all d" € D,
if 8(q) = guess(q’).

A node configuration (z, type,(z), (A, B), A) is moving if for every (¢q,d) € A, we have
6(q) = Viq' for some i € [k]. The moving relations — g, advance some threads of a
moving node configuration to the i-th child. Suppose i € [k] and (z, type:(z), L(z), A) is
a moving node configuration s.t. V; € type,(z). Then

(z, typei(2), L(z), A) —>v, (zi, type,(zi), L(zi), A"),

where A’ = {(¢’,d) | (g,d) € A,6(g) = V;q'}. Note that A’ may be ( if there are no
(g,d) € A such that 6(q) = Viq'.

The transition relation — of tree configurations is defined as follows. Let Cy, C;
be two tree configurations. Then C; — C; if one of the following conditions holds:

e Ci={cjuC’and C, = {c'}UC’' s.t. c >, (.

o C ={cu ', c = (ztype2), L(), N), type(2) = {Vo,..., Vi, Viets.. ., Vii}
for some i € [k], there is no (q,d) € A s.t. 8(q) = V;q' for j :i < j < kand
q € Q,and C; = {c(,...,c/}UC s.t. ¢ vy, c;foreveryj:OSjS i

A run of A over a data tree t = (Z, L) is a sequence of tree configurations Cy...C,
s.t. Cp isinitial and foralli: 1 <i <n, Ci.y — C;. Arun Cy...C, is accepting if
C, C{(z,type,(2), L(z),0) | z € Z}. A data tree t = (Z, L) is accepted by A if there is an
accepting run of A over . Let L(A) denote the set of all k-ary A-attributed data trees
accepted by A.

The closure properties and the decidability of the nonemptiness of ATRAs over
finite words can be proved in the same way as alternating register automata over un-
ranked trees, by utilizing well-structured transition systems (cf. [13[]).

Theorem 2.8 ([[1L1,[13]])). ATRAs are closed under intersection and union. The nonempti-
ness problem of ATRAs is decidable and non-primitive recursive.

2.9. Extended Data Automata

We also assume that A = {a} is a singleton in this subsection and introduce extended
data automata ([20]]), another automata model over (A-attributed) data (w-)words. Ex-
tended data automata are an extension of the seminal model of data automata over data
(w-)words ([54]).

Definition 2.9 (Extended data automata). An Extended Data Automaton (EDA) D over
A-attributed data words is a tuple (AP U T, A, B) s.t. AP and T are defined as above,
A is a nondeterministic letter-to-letter transducer over finite words from the alphabet
24P x 2T to some output alphabet X, and B is a finite automaton over T U {0} (where
0 ¢ X). On the other hand, an extended data automaton D over A-attributed data w-
words (abbreviated as w-EDA) is a tuple (APUT, A, B) where A is a nondeterministic
letter-to-letter transducer over w-words from the alphabet 247 x 27 to some output
alphabet X, and B is a Biichi automaton over £ U {0}.
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Let D = (APUT,A,B) be an EDA and w = (@0, (8.0, da0)) - - - (@, Bans dan))
be an A-attributed data word. Then w is accepted by D if over (@, B40) - - - (@, Ban)s
the transducer A outputs a word w' = oy ...0, over the alphabet X, s.t. for every
data value d € D, cstry(w”) is accepted by B, where w"’ = (09,d,0) . .. (0n, da,) and
cstrg(w”) is defined as o7, ... oy, satisfying that for every i : 0 < i < n, o} = oy if
dq; = d, and o = 0 otherwise. Note that for every data value d not occurring in w”,
cstra(w’”) = 0"+,

Let D = (APUT, A, B) be an w-EDA and w = (g, (B40,du0))(@1, Ba1,da1)) - - -
be an A-attributed data w-word. Then w is accepted by D if over (@, B4.0)(@1,841) - - - »

A outputs an w-word w' = oo ... over the alphabet X, s.t. for every data value
d €D, cstry(w") is accepted by B, where w”’ = (070, dz0)(01,da1) - .. and cstra(w”) is
defined as o7j0| ..., satisfying that for every i : i 2 0, 07 = 0 if dy; = d, and 0] = 0

otherwise. Note that for every data value d not occurring in w, cstry(w”) = 0¢.

Theorem 2.10. (/54 120l]) EDAs and w-EDAs are closed under intersection and union.
The nonemptiness problems of EDAs and w-EDAs are decidable.

3. Expressiveness

In the following, we compare the expressiveness of VLTL with first-order logic
(FO), freeze LTL ([55]])) and BDLTL ([[14! [16]) over A-attributed data words.

3.1. Comparison with First-order logic

The syntax of first-order logic over A-attributed data words is defined by the fol-
lowing rules,

¢ = p)|-px)|t(a@a@x)| T(a@x) | a@x=b@y| -a@x =b@y
lx=ylxzylx<yleVeleAg|dr.p|Vx ¢,

where p e AP, 1€ T,a,b € A.

The atomic formula 7(a@x) states that (7,d) occurs in the position x, where d is
the data value corresponding to the attribute a. The atomic formula a@x = b@y states
that the data value d and d’ are the same, where d is the data value corresponding to
the attribute a of the position x, and d’ is the data value corresponding to the attribute
b of the position y.

Proposition 3.1. VLTL < FO.

Proof. Without loss of generality, we assume that for every VLTL formula ¢, no vari-
ables in ¢ are quantified twice. Let xi, . . ., x,, be the set of variables occurring in ¢, and
x},...,x, be atuple of variables distinct from xi,. .., x,.

In the following, we provide a translation of the VLTL formula ¢ into a FO formula
Y. The intuition of the translation is to replace the quantifiers over the data domain
by the quantifiers over the positions in the data words. For each variable quantifier
dx.¢;, we distinguish between the situation that the data value assigned to x will occur
hereafter or not. If the former situation happens, the reference to the data value assigned
to x can be replaced by a reference to some future position x’ in data words.
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By induction on the structure of VLTL formulae, for a given VLTL formula ¢ with
the set of free variables {x;,, ..., x; } (Where 1 <ij,..., i < n), we translate ¢ into a FO
formula tr,,(¢)(z) as follows, where 7 is a function assigning a j@xlf/_ for some a; € A to
x;, foreach j: 1< j<k.

o 1ry(p)(2) = p(2), try(—=p)(z) = ~p(2),

o 1ry(T(x))(2) = Vaea(N(x) = a@z A 7(a@2)),

o 11 (=T(X))(2) = Aaea(—n(x) = a@z V —1(a@z)),

o 1ry(@1 V @2)(2) = try@1)(@) V try(2)(2), tryp1 A 92)(2) = try(@1)(2) A try(¢2)(2),
o ry(Xp)(2) =y y = z+ 1 Atry(e1)(y),

o (X))@ = Vy.y =2+ 1 = 1)),

o (o1 U @2)(2) = Ay. 2 <y Atry(@2)(0) AV (2 <2/ A2 < y) = try(e)(@),

o 1ry(Axip1)(2) = try(P)@) V Vaeadx]. (z < X} A tryjeex/x1(91)(2)), where ¢ is
obtained from ¢, by replacing each occurrence of 7(x;) and x;@a’ for v € T and
a’ € A with false,

o 1ry(Vxip1)(2) = try(@)(@) A AaeaV X, (2 < X = tryjeex/x1(91)(2)), Where @] is
obtained from ¢; by replacing each occurrence of 7(x;) and x;@a’ for T € T and
a’ € A with false.

Claim. Let w be an A-attributed data word, ¢ be a VLTL formula, A : free(p) — D,
n be a function with the domain free(y) such that for each x € free(¢), n(x) = a@x’
for some a € A, A’ : {x' | x € free(p)} — N. In addition, for each x € free(y) s.t.
n(x) = a@x’, A(x) is equal to the data value corresponding to the attribute a of the
position A'(x") in w. Then w =, @ iff w (07 tr,;(@).

Then a VLTL sentence ¢ is equal to the FO formula 3z.(V7'.z < z') Atr(p)(z), where
n is omitted since its domain is empty. O

3.2. Comparison with freeze LTL

A fragment of LTL with freeze quantifiers (Freeze-LTL) over A-attributed data
words was considered in [55)]. Freeze-LTL is defined by ignoring the parameterized
atomic propositions, that is, 7 = (), and adding a finite set of registers R. Freeze-LTL
formulae are defined by the following rules,

eu=pl-plllel 1711 lenelo Vel Xe| Xe | eUp | ¢Re,

where a € A and r e R.

The atomic formula |¢ ¢ is used to store the data value corresponding to the at-
tribute @ in the current position into the register r, and T,;¢ (resp. 7T;¢) states that the
data value corresponding to the attribute a is equal (resp. not equal) to that stored in
the register r.

Proposition 3.2. Freeze-LTL < VLTL.
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Proof. For each freeze-LTL formula ¢, an equivalent VLTL formula tr(¢) can be in-

ductively constructed as follows, where a distinct data variable x, is associated for each
reR,

e 1r(p) = p, tr(=p) = -p,

o tr(lf ¢1) = dxr. x,@a A tr(py),

o tr(17%) = x,@a, tr(17%) = —x,@aq,

o (g1 A p2) = 1r(p1) A tr(ga), tr(gr V ¢2) = tr(e1) V tr(g2),
o r(Xp1) = Xtr(e), tr(Xepr) = Xtr(gr),

o ir(p1Ugr) = tr(p1) U tr(g2),

o 1r(@1Rpy) = tr(p1) R tr(es).

3.3. Comparison with BDLTL

BDLTL formulae from [14,[16] are defined by ignoring the parameterized atomic
propositions, thatis, 7 = 0.

The syntax of BDLTL is defined by the following rules,

¢ u= ploplenglevelXelXeleUp|¢Re | Cuy,
¥ Q@a|-~QalyYy Ay Yy VY| XY X Y| yU Y | YR | @,

where p € AP,i € N,a € A. The formulae ¢ are called the state formulae, while the
formulae i are called the class formulae.

Intuitively, C'y means that the data value d corresponding to the attribute a is
stored into the (unique) register and the class formula i holds in the i-th position after
the current position, under the context that the register stores the data value d. The class
formula @a (resp. —~@a) states that the data value corresponding to the attribute a is
equal (resp. not equal) to that stored in the register. The class formula X~y requires
that ¢ holds in the position corresponding to the next occurrence of the data value d.
Similarly for X . The formula ; U=y, describes the fact that i, holds in some future
position i where the data value d occurs, and in each position j : 0 < j < i where the
data value d occurs, ¥ holds. Similarly for ¥; R™y;.

Remark 3.3. Since VLTL is defined without past temporal operators, we consider
BDLTL with only future temporal operators here.

Proposition 3.4. BDLTL < VLTL.

Proof. Each BDLTL state formula ¢ can be translated into a VLTL formula. The
translation is obvious, except for the rule Ciy and the class formulae. The formula
C! can be translated into the formula x. x@a A X' tr,(¢), where tr.(¢) is defined
inductively as follows,
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o tr(@a) = x@a, tr,(-@a) = -x@a,

o (Y1 Ao) = 1) A tra(o), tri(n V ) = tri(Yn) V trk(yo),
o 1r:(X7Y1) = X (Aaea(=x@a)) U (Vaeax@a A tr(y1))),

o (X y1) = Xfalse V tr (X=y),

o ri(1UY2) = (VaeaX@a) — tri(Yh1)) U (Vaeax@a A tri(¥2)),
o r(Y1R7Y2) = (Vaeax@a) A try(1)) R (Vaeax@a) — try(y2)).

The argument for the strictness of the inclusion is as follows: Consider the 3*-
VLTL formula ¢ in Theorem [4.1] that expresses the solution of the PCP problem, ¢
cannot be expressed in any BDLTL formula due to the fact the the satisfiability for
BDLTL is decidable ([14]). |

4. Decision problems of VLTL

4.1. Satisfiability problem

4.1.1. Undecidability

In this subsection, we will present the undecidability results of the satisfiability and
w-satisfiability problems for various fragments of VLTL. We will only do the proofs
for the satisfiability problem, and it is easy to see that the undecidability proofs carry
over to the w-satisfiability problem.

Theorem 4.1. The satisfiability and w-satisfiability problems of A*-VLTL are undecid-
able.

Proof. The proof is by a reduction from the PCP problem.

Let (u;, vi)1<i<n be an instance of the PCP problem over an alphabet . A solution
of the PCP problem is a sequence of indexes iy ... &, S.t. u;, ... U, = Vi ...Vj,.

During the proof, we will use the following alphabet, ¥ = XU {a | a € X} U
(1,...,n}U{L,..., 7} U {#.

The alphabet X’ can be encoded by [log(|Z’|)] bits. Let AP be a set of atomic propo-
sitions of size [log(|Z’|)]. For each o € ¥’, let atom(c) denote the element of 247 cor-
responding to the encoding of o, and type(o) denote the conjunction of atomic propo-
sitions or negated atomic propositions from AP corresponding to the binary encoding
of 0. For instance, if o is encoded by 10 and AP = {py, p»}, then atom(o) = {p;} and
type(o) = p1 A = py. The definition of atom(o) can be naturally extended to atom(u)
for words u € (X)*. In addition, let T = {r} and A = {a}.

We intend to encode a solution of the PCP problem, say i; .. .1i,, as an A-attributed
data word of the form w;, wi, ... w; (atom#), ({7},d)) w;, ... w;, s.t.

o prj(w;,) = atom(i;) atom(u;,) and prj(w;;) = atom(ﬁ) atom(v;;) forevery j: 1<
Jj<m,

e the two sequences of data values in the positions corresponding to respectively
atom(iy) . .. atom(i,,) and atom(iy) . . . atom(i,,) are the same,

22



720 o the two sequences of data values in the positions corresponding to respectively
atom(u;,) . . . atom(u;,) and atom(v;,) . . . atom(v; ) are the same.

The A-attributed data words satisfying the above conditions can be expressed by
the 3*-VLTL formula ¢ which is the conjunction of the following 3*-VLTL formulae.

e There is only one occurrence of arom(#) in the data word,

@1 = F type(#) A G(type(#) — XG-type(#)).

e Forevery j: 1< j<n(resp. j), every occurrence of atom(j) (resp. atom(})) is
followed by atom(u;) (resp. atom(v;)),

P2 = A G(type()) = Xy,,) A G(type(j) — Xy,),
1<j<n

where ,; is the VLTL formula expressing that arom(u;) will occur in the next
|u;| positions and will be followed by another letter from {atom(1), ..., atom(n)}
or atom(#). For instance, if u; = oj007, then

Yu; = type(oy) A Xtype(oa) A XX (type(cn) AX v type(j') v Xtype(#))] .
1<j<n
725 Similarly for 5, where Xtype(#) is replaced by X false.

e No data values in two positions labeled by letters from {afom(1), ..., atom(n)}
(resp. {atom(1),...,atom(n)}) are the same,

type(j) —
dx. (type(j) AT(x) A XG (1 N (=type(j) v —m(x))))
_ <j<n
#=/\ [ type(j) —
A

1<j<n
Ax. (type(}) AT(x) A XG( A (=type(j) v —ﬂ'(x)))) ]

1<j’<n

e No data values in two positions labeled by letters from {atom(c) | o € X} (resp.
letters from {atom(c) | o € Z}) are the same, ¢4 can be constructed similarly to

¥3.

o The first position (of the data word) and the first position after atom(#) have the
same data value,

s =3x. \/ (type(j) AT(x) A Fltype() A X(type(i) A T(0)).

1<j<n

e The second position and the second position after arom(#) have the same data
value,

@6 = dx. \/(X(lyPE(O') A T(x)) A F(type#) A XX(type(o) A T(x))).

oex
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e The last occurrence of letters from {atom(1), ..., atom(n)} and the last occurrence
of letters {atom(1), ..., atom(n)} have the same data value,

@7 = Ax.F v (type(i) A T(x) A X" type#) A F(type(j) A t(x) A XT(X false))).

I<j<n
e The last position and the last position before arom(#) have the same data value,

wg = dx.F \/ (type(O') A T(x) A Xtype(#) A F(type(o) A T(x) A )_(false)) .

oex

e For every two consecutive occurrences of letters from {afom(1),.. ., atom(n)},
there are two consecutive occurrences of letters from {atom(1), . . . , atom(n)} with
the same letters (by viewing afom(j) the same as atom(j)) and the same data
values,

09 =G /\ ((type(jl) A X"‘.fl'”type(jz)) — dx.Ay.(Y A F;bz)) s

1<j1,j25n

where ¢ = T(x) AX"1F1(y) and Y, = type(ji) AT(x) AXPH (type(jy) AT(y)).

e For every two consecutive occurrences of letters from {atom(c) | o € Z}, there
are two consecutive occurrences of letters from {atom(c’) | o € £} with the same
letters (by viewing atom(c) the same as atom(c)) and the same data values,

e10=G [\ Wo— AxTy.1 A Xua A FWs A Xu))),

01,02€X

where ¢ = type(o1) A X(type(oa) V Vicjcn(type(j) A Xtype(o2)))), Y1 =
type(a ) AT(x), Yo = (type(o2) ANT()V Vi< jsn(type(j) AX(type(o2) AT(y))), and
U3 = type(TAT(X), Yy = (type(T2) ATV Vi< jcn(type(HAX (type(T2) AT(1))).

From the construction, we know that the instance of the PCP problem has a solution
iff the 3*-VLTL formula ¢ = A ¢; is satisfiable. O
1<i<10
By a similar reduction from the nonemptiness of two-counter machines as in the
proof of Theorem 4.1 of [13]], we can show the following result.

Theorem 4.2. The satisfiability and w-satisfiability problems of V-VLTL,,; are unde-
cidable.

Proof. The proof is by a reduction from the nonemptiness problem of two-counter
machines.

Let A = (0, g/, 6, F) be a two-counter machine over the alphabet X, where ¢; is the
initial state, F is the set of final states, and 6 C Q X (Z U {&}) X {inc;,dec;,ifz; | i =
1,2} x Q.

The set of transition rules ¢ can be encoded by [log(|d])] bits. Define AP as a set
of atomic propositions of size [log(|6])]. In addition, let T = @ and A = {a}. For each
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(g.0,C,q") € 6, let atom((q, o, {,q’)) denote the element of 24” corresponding to the
binary encoding of (¢, 0, ¢, q"), and type((q, o, £, q’)) denote the conjunction of atomic
propositions or negated atomic propositions corresponding to the binary encoding of

(q.0.4,9).
An accepting run of a two counter machine can be encoded by an A-attributed data
word w satisfying the following conditions,

1. prj(w) is of the form

amm((CIO, gy, 51 5 QI))atom((Cll » 072, ng QS)) ... amm((Qn—l > Ons fm Qn))

s.t. qo = gy, foreveryi: 1 <i<mnm,(q-1,0i¢,q;) €0,and g, € F,

2. for every j = 1,2, no two occurrences of atom((gi-1, 07, €;,q;)) s.t. € = inc;
(resp. £; = dec;) have the same data value,

3. for every j = 1,2 and every occurrence of atom((q;—1, 0, {i, ;) s.t. € = incj,
there is an occurrence of atom((gy-1,0,¢€r,qy)) s.t. €y = dec; on the right
with the same data value, in addition, in between, there is no occurrence of
atom((qir—1, i, Ciny qir)) St L = i 7,

4. for every j = 1,2 and every occurrence of atom((g;-1, o, {i, q;)) s.t. £; = dec,
there is an occurrence of atom((q;y-1, 0y, €y, qr)) s.t. €y = inc; with the same
data value.

The first condition is expressed by the following VLTL formula ¢;, without vari-
ables,
Q1 =Yp AN NP AN,

where i, states that in each position of data words, at most one element of ¢ occurs,

vp= /\ G(type@) — type),

61,6,€0,0, %6,

¥; and ¢ ¢ describes the the initial and final state respectively,

wi = \/ type((ql’ ag, f? 61)),

(g1,0:C.9)€6

yr=F \/  (vpe(q.o.t.4) A Xfalse),

(q,0,6.q")€b.q'€F

and i, states the conformance to the transition relation,

Yo = /\ G |1ype((qr. o1, t1,q2) > X \/ type((q2, 02,62, 93)) |-

(q1,01,61,42)€6 (q2,02,02,q3)€0

For € = incj,dec; (where j = 1,2),lety, = x@a A\ type((q,0,€,q")). In
(q,0.4,q" )b
addition, for € = ifz;,ifz, lety, = \/  type((q,0,¢,q")). Note that the formula
(q,0.0,q" )b
x@a, instead of 7(x), is used in ¢ ;.
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The second condition is expressed by

$2 = /\ (G (l/’im‘/,x - YG(‘/’TLJ,X)) NG (l//decj,x - YG(‘/’t/fﬂﬁj,x))) .

J=1.2

The third condition is expressed by

$3 = /\ G(wincj,x - (XFwdec],x A YG(Wifz,' - YG‘ﬂdecj,x)))-
Jj=1.2

The fourth condition is expressed by

Y4 = /\ (Fd’decj,x - FWinc,»,x) 5

j=12

Then the formula ¢ = Vx. (¢1 A ¢z A @3 A @4) defines the set of A-attributed data
words that encode accepting runs of A.
From the construction, the language £(A) is nonempty iff ¢ is satisfiable. O

In [18], it is claimed that if A is a singleton, the satisfiability problem of the VLTL
formulae in prenex normal form, where the quantifier prefixes are of the form 3*V,
is decidable, which seems contradicting to Theorem @ However, VLTL defined in
[L8] is incomparable with VLTL defined in this paper, in the sense that the atomic
formulae x@a are not available in [18] and the data variable comparison modalities
are not available in VLTL defined in this paper. The fragment in [17], excluding the
data variable comparison modalities, corresponds to RVLTL,,,, s in our framework (cf.
Section @I) Moreover, in the conclusion of [18]], it was mentioned that the satisfia-
bility of “¥V-RVLTL,,;” is undecidable, by adapting the undecidability proof of the
model checking problem of “J3-RVLTL,,;” over variable Kripke structures in [17]].
This statement is questionable since the definition of the logic in [18] is different from
that in [17] (recall that the logic in [17] includes the modalities 7, while that in [18]]
does not). The fragment in [18]], excluding the data variable comparison modalities,
corresponds to RVLTL+ in our framework. In the following, we clarify the decid-
ability frontier of RVLTLP,, ¢ and RVLTL+ and show that the two logics behave quite
differently for the satisfiability problem. "

RVLTL;;n - The satisfiability of VV—RVLTL;n p is undecidable; moreover, if A is a
singleton, then the satisfiability of V-RVLTL;n ; is undecidable (cf. Theorem

B3).

RVLTL,, ;. The satisfiability of Y¥3-RVLTL,,; and YAV-RVLTL,,; is undecidable;
moreover, if A is a singleton, then the satisfiability of Y3-RVLTL,, s is undecid-
able (cf. Theorem @ On the other hand, the satisfiability of 3*¥*-RVLTL,,,
is decidable (no matter whether A is a singleton or not, even extended with data
variable comparison modalities), by utilizing a quantifier-elimination argument

(cf. Section[d.T.4).

Theorem 4.3. The satisfiability and w-satisfiability problems of VY- RVLTL+ ¢ are un-
decidable. In addition, if the set of attributes A is a singleton, then the satzsﬁabzlzty
and w-satisfiability problems of V- RVLTL;n are undecidable.
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Proof. We first consider the situation that A is a singleton, say {a}. Then there is a
unique data value at each position of A-attributed data words.

The reduction is the same as that in the proof of Theorem with the following
modifications,

o T'={1},
o the formula x@a in y , is replaced by 7(x),
e moreover, a formula s = G 7is added to ¢, thatis, ¢ = Vx. o1 A@a A3 A@g As.

The formula ¢5 guarantees that the parameterized atomic proposition T occurs at each
position, which removes the trivial satisfaction of ¢ by letting 7 occur nowhere in the
data words.

We then consider the situation that A is not a singleton. Then there are multiple
data values at each position. The reduction in this case is an adaptation of the above

reduction by setting ¢ = VxVy. A ¢;, where ¢y,..., s are the same as above, and
0<i<s

¢o = F(tr(x) A 7(y)) = G(t(x) & 71(y)). The formula ¢, is used to avoid the bad
situation that an occurrence of inc; (j = 1, 2) carries two distinct data values d,, d>, but
there are two distinct occurrences of dec, with one carrying the data value d; and the
other carrying the data value d,. If such a situation happens, then the increments and
decrements of the two-counter machine cannot be matched in the desired way and the
validity of the zero tests cannot be guaranteed. O

Remark 4.4. It is open whether the satisfiability and w-satisfiability problems of V-
RVLTL;n  are decidable, when A is not a singleton.

Theorem 4.5. The satisfiability and w-satisfiability problems of VV3-RVLTL,,r and
VAV-RVLTL,,s are undecidable. In addition, if the set of attributes A is a singleton,
then the satisfiability and w-satisfiability problems of V3-RVLTL,, s are undecidable.

Proof. We first consider the situation that A is a singleton, say {a}.
The reduction is the same as the case that A is a singleton in Theorem [4.3] with

the following modifications: ¢y = Yxdz. A ¢;, where @1, 2, 3, ¢4 are the same as
1<i<5
in Theorem [4.3| and ¢s = G(—1(x) — 7(z)). Since each position n of A-attributed

data words carries a bounded number of data values, there is d € D such that —=7(x) is
satisfied in the position n, so 7(z) is satisfied in the position n for some z. Therefore, ¢s
here plays the same role as Gt in Theorem[4.3]

We then consider the situation that A is not a singleton. The reduction is still the
same as the case that A is not a singleton in Theorem [4.3| with the modification that
@o = YxV¥ydz. A ¢ or o9 = VYxdzVy. A ¢;, where ¢y,..., ¢4 are the same as in

1<i<5 I<i<5

Theorem[.3] and g5 = G(=7(x) = 7(2)). =

Remark 4.6. It is open whether the satisfiability and w-satisfiability problems of Y3-
RVLTL,, s are decidable, when A is not a singleton.

Theorem 4.7. The satisfiability and w-satisfiability problems of HV—VLTL;Z‘:CP , ¥3-
VLTL;:‘;.” , and VV-VLTL;Z‘;.” are undecidable.

27



835

840

845

850

855

860

865

870

Proof. We first consider EIV-VLTL;Z‘}” )

From Theorem{4.2} we know that the satisfiability of Y-VLTL,, is undecidable. In
the proof of Theorem 4.2} the atomic propositions from AP are essential to express the
first condition, that is, the projection of a data word conforms to the transition relation
of the two-counter machine. Since atomic propositions from AP are forbidden in V-
VLTL;’;”” , we propose a way to encode the atomic propositions by the equality relation
of data values in the following.

Let ¢ = Vx.iy be the formula constructed in the proof of the undecidability of V-
VLIL,,; in Theorem Suppose ¢ = Vx.i is in negation normal form. Our goal is

to construct an EIV—VLTL;Z‘}” formula ¢’ such that ¢ is satisfiable iff ¢’ is satisfiable.

The undecidability of the satisfiability of EIV-VLTLZZ‘}" then follows from Theorem

Note that the formula ¢ uses X, X, F, G temporal operators, but not U or R, and it uses
no parameterized atomic propositions from 7. Without loss of generality, we assume
that T = 0.

Suppose AP = {p1,...,pt}, T = 0,and A = {a}. Let AP’ = O and T" = {r[}. We
intend to encode an A-attributed data word w over AP U T into an A-attributed data
word over AP’ U T’ satisfying the following conditions,

o there is a data value d such that d occurs in all the positions i(k +2) for i € N (the
position indices start from 0),

e 7 occurs in all the positions i(k + 2) for i € N, but nowhere else,

o foreach i € N, the position i of w is encoded by the block of w’ from the position
i(k + 2) to the position (i + 1)(k + 2) — 1, where the data value d at the position i
of w is put in the position (i + 1)(k+2) — 1 = i(k+2) + (k+ 1) of w’, and for each
J» pj (resp. ;) is true in the position i of w iff d occurs in the position i(k +2) + j
(resp. i(k +2) +k+ j)of w'.

We construct a VLTLZ‘:;P formula ¢’ = JyVx. Yo A Y as follows.

o o expresses that 7;,(y) occurs in the position i(k+2) for every i € N, but nowhere

else,
—(k+2) , i ,
PO AUV Xﬂn)(y)]],

1<i<k+2

Yo =100 AG|1() =

e /' is obtained from ¢ by applying the following replacements in bottom-up along
the syntax tree of . Here we assume that ¢ is in positive normal form (Note that
some formulae in Theorem [4.2] are not in positive norm form, which are put on
purpose to ease the reading).

1. For each eventual occurrence of p; (resp. —p;) in i, replace p; (resp. =p;)
with the formula 7,(y) A X/y@a (resp.ty(y) A X/=y@a), where p; € AP.

2. For each persistent occurrence of p; (resp. —p;), replace p; (resp. —p;)
with the formula 7(y) — X/y@a (resp. 7((y) — X/-y@a), where

3. For each eventual occurrence of x@a (resp. —x@a), replace x@a (resp.
-~x@a) with the formula 7)(y) A X**'x@a (resp. 7j(y) A X**'-x@a).
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4. For each persistent occurrence of x@a (resp. —x@a), replace x@a (resp.
~x@aq) with the formula 7)(y) - X*'x@a (resp. 7(y) —» X"*!1-x@a).

5. For each eventual occurrence of the subformula of the form X¢ (resp. X¢),
replace X¢ (resp. X¢) with the formula 7(,(y) A Xk*z(‘ré(y) A @) (resp.

—k+2
750 AX @) A #).
6. For each persistent occurrence of the subformula of the form X¢ (resp.
X¢), replace X¢ (resp. X¢) with the formula 7)(y) — X**2(7{(y) A ¢)

(resp. T)(y) = X' (T)(y) A ¢).

For instance, let k = 2 and ¢ = XG((—p1) V XFp,), then the following formula ¢’
is constructed,

¢ = 10 A X T A GlTH0) = X-y@a)v
(1) = X*(Tp() A F(r50) A XPy@a)))).

From this example, the reader may understand better why we need distinguish between
eventual and persistent occurrences of the subformulae.

From the construction, we know that ¢ is satisfiable iff ¢’ is satisfiable.

For VEI-VLTL;(:}” , the construction is similar, with the modification that ¢’ is re-
placed by ¢” = ¥xdy. o A y’. Because A = {a} is a singleton, it follows that ¢ is
satisfiable iff ¢’ is satisfiable.

For VV—VLTL’;Z‘;p ,let o = ¥yV¥x. (y@a — (fo A Y')). Since there is exactly one
data value occurring in the position 0 of an A-attributed data word (recall that A = {a}),
it follows that ¢ is satisfiable iff ¢’” is satisfiable.

Finally, it is easy to see that the proofs can be adapted to the w-satisfiability of

AY-VLTL"™? ¥3-VLTL"** and YVY-VLTL"?. m|
pnf pnf pnf

In the following, we state an undecidability result for the w-satisfiability problem,
while the corresponding satisfiability problem is decidable (c.f. Theorem |4.10).

Theorem 4.8. The w-satisfiability problem of NN-I*-VLTL is undecidable.

Proof. We reduce from the nonemptiness of two-counter machines with incrementing
errors over infinite words, which is known to be undecidable ([11]). The reduction is
similar to that in Theorem[4.2] the conjunction of the first three conditions there can be
expressed by a NN-3*-VLTL formula ¢’, with the formula i replaced by

W, =GF \/  tpel(q.o.t.9)).

(q,0,0,q")ed,qeF

Then the nonemptiness of a two-counter machine A with incrementing errors over
infinite words is reduced to the w-satisfiability of ¢’. O

4.1.2. Decidability: NN-I*-VLTL

We first present the encodings of A-attributed data words into A’-attributed data
words where A’ is a singleton.

Suppose A = {ay,...,ax-1} and A’ = {a’}.
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Suppose that w = wy...w, is an A-attributed data word over AP U T s.t. for
every i : 1 <i<nw = (A, ((Bi,O,di,O);cu»(Bi,K—l’di,K—l))) Let p' ¢ APUT
and AP’ = AP U {p’}. An A’-attributed encoding of w, denoted by enc(w), is a data
word w = W6,0"'W6,K—1 "'W;:,O"'W;,K—l over AP’ UT s.t. foreveryi: 0 <i<n,
wl’.‘0 = (A; U {p’},(Bio,dip)), and forevery j : 1 < j < K -1, Wl/',j = (A;, (Byj, d; ;).
Figure[I|shows an example of A’-attributed encoding of A-attributed data words, where
AP = {p}, T = {1}, K = 2, A = {ay,a;}, each position of w is encoded by two
consecutive positions in enc(w), and the atomic proposition p’ holds in the positions of
even indices, thatis, 0,2, . ...

AP={p} T={r} A={ag,a1}

| 0 {r} {r}
ao ({T}vdl) (®7d3) ({T}7d5)
a1\ (0, d2) ({r},ds)) \({7},des)
enc(w) :

('}, ({7}, dn)) (0,(0,d2)) ({p. 0} (0, d3)) ({p}, ({7}.da)) ({p, '} ({7}, ds)) ({p}, ({7}, do))

Figure 1: A’-encoding of A-attributed data words

We then present an encoding of VLTL formulae over A-attributed data words to
VLTL formulae over A’-attributed data words.

Suppose that ¢ is a normalized VLTL formula. Then enc(p) = ¢} A ¢, with ¢} and
5, defined as follows.

e ¢} puts restrictions on the occurrences of p” and the atomic propositions from
AP,
A [(Rosisk-1X'P) V (Aosi<k-1X'=p)IA
’ ’ ’ PEAP
g =P AG|p' = _ —K
: AN X-pAX P
1<i<K-1

Intuitively, ¢} states that p’ occurs in the first position, for every occurrence of
p’ in some position, p” will occur in the K-th position after it if there is such a
position, but does not occur in between, moreover, for every p € AP, either p
occurs in all the positions between two adjacent occurrences of p’, or occurs in
none of them.

® ) is obtained from ¢ by the following procedure.

1. Replace every eventual occurrence of X¢ (resp. X¢) by p’ A XX¢ (resp.
P AX ¢,

2. Replace every persistent occurrence of X¢ (resp. X¢) by p’ — XX¢ (resp.
P =X ).

3. For every p € AP, replace every eventual occurrence of p (resp. —p) by
P’ AVo<ick—1X'p (resp. p’ AVo<i<x—1 X'—p), and every persistent occurrence
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of p (resp. =p) by p’ = Vo<ick-1X'p (resp. p’ — Voci<x-1X'=p). The
formula Vo<i<x_1 X'p (resp. Vo<i<k—1X'—p) states that p (resp. =p) occurs
in one of the next K positions. This is sound since for every p € AP, ¢|
requires that either p occurs in all of them or none of them.

4. For every 7 € T and x € Var, replace every eventual occurrence of 7(x)
(resp. =7(x)) by p’ A Vocick-1 X'7(x) (resp. p’ A Vo<i<x-1X'=7(x)), and
every persistent occurrence of T(x) (resp. =7(x)) by p’ = Vo<i<x—1X'1(x)
(resp. p’ = Vozick-1 X'=7(x)).

5. Forevery i € [K], replace every eventual occurrence of x@a; (resp. ~x@a;)
with p’ AX'x@a’ (resp. p’ AX'~x@a’), every persistent occurrence of x@a;
(resp. ~x@a;) with p’ — X'x@a’ (resp. p’ — X'-x@a’).

Proposition 4.9. For every VLTL formula ¢ over A-attributed data words, it holds that
enc(L(g)) = Lenc()).

Theorem 4.10. The satisfiability problem of NN-3*-VLTL is decidable and non-primitive
recursive.

Proof. The proof is by a reduction to the nonemptiness problem of AWRA.
Let ¢ be a NN-3*-VLTL sentence. From the definition of enc(y), it is not hard
to observe that enc(yp) is also a NN-3*-VLTL sentence. In addition, from Proposition

we know that enc(L(¢)) = L(enc(p)). Therefore, it is sufficient to consider the

satisfiability of enc(p) over A’-attributed data words (recall that A’ is a singleton).

Since the quantifiers are not nested, without loss of generality, we assume that
there is only one variable, say x, used in ¢. Note that the variable x may be reused and
existentially quantified for many times.

Our goal is to construct an AWRA Ay S.t. L(Aene(y)) = Llenc(p)). We will
construct the AWRA by an induction on the syntax of NN-3*-VLTL formulae.

The construction of an AWRA for atomic formulae or negated atomic formulae,
Boolean operators and temporal operators is similar to the construction of alternating
automata from LTL formulae (cf. [1]).

For existential quantification ¢ = Jx.if, suppose that an AWRA A, with the initial
state gy has been constructed, then an AWRA A, can be constructed by adding a state
g, as the new initial state and adding the transitions 6(q,) = guess(qy).

The non-primitive recursive lower bound is by a reduction from the nonemptiness
problem of two-counter machines with incrementing errors over finite words (cf. [[L1]).
The reduction is similar to that in Theorem where all the four conditions, except
the last, can be expressed in NN-3*-VLTL. O

4.1.3. Decidability: V-VLTLS

In the following, we state and prove the decidability result for V-VLTL**

pnf "

Theorem 4.11. The satisfiability and w-satisfiability problems of V—VLTLiZ?p are de-
cidable. ‘

Proof. Suppose ¢ = Vx. yis a V-VLTL’;‘:‘;.” sentence over APUT.
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From the definition of enc(:), we know that enc(¢) = ¢] A ¢} and ¢} = Vx. y’ for
some quantifier free VLTL formula . Then enc(p) can be rewritten into ¥Yx. (¢} Ay/'),
since no variables occur in ¢}. So enc(y) is a V-VLTL,, s sentence over AP’ UT, where
AP" = AP U {p'}. The formula ¢} requires that p’ occurs in the positions pos s.t.

pos = 0 mod K. It is not hard to observe that if ¢ is a V—VLTLg‘:;P sentence, then ¢’
can be rewritten into a quantifier free VLTL formula where all the occurrences of p
and —p for p € AP are guarded by the positive occurrences of x (that is, 7(x) for some
7€ T,or x@a"). For instance,

e for an eventual occurrence of pAT(x)iny s.t. p € APand T € T, itis transformed
into(pP’ AV Xp)A@@ A\  X't(x) in ¢, which is equivalent to p’ A
 0<iK-1 0<i<K-1 _
\/  X'(p A 1(x)), since either none of X' p holds or all of them hold,
0<i<k-1
e for an eventual occurrence of =(p A 7(x)) in Y s.t. p € APand 1 € T, itis
equivalent to —=p V —=7(x) = (-p A 7(x)) V =7(x), which is then transformed into
[P’A NV X(GpATIVIPA A X'-1(0)]iny,
0<i<K-1 0<i<K-1
e for an eventual occurrence of p A x@q; in ¢ st. p € AP and gq; € A, it is

transformedinto (p’ A\ X/p) A(p’ AXx@a’) in ¥/, which can be replaced
0<j<K-1

by p’ A Xi(p A x@a"), since either none of X/p holds or all of them hold,

e for an eventual occurrence of —(p A x@aq;) in ¥ s.t. p € AP and aq; € A, it
is equivalent to (—p A x@aq;) V ~x@g;, which is then transformed into (p” A
Xi(=p Ax@a)) V (p' AX'-x@a’) in /.

By abuse of notation, we still denote the resulting formula by ¢’. Note that the formula
Vx. (@) AY')isnot a V-VLTL’;Z‘;P formula since the occurrences of p’ are not guarded.

To continue the proof, we introduce the following notation. Suppose w = wy ... w,
is an A’-attributed data word over AP’ U T. Then prjapur(W) = wolapur - - - Walapur,
where for every i : 0 < i < n, suppose that w; = (A;, (B;,d;)), then wilapur = (A;, By).
The definition of prjspyu7(-) can be naturally generalized to languages of A’-attributed
data words.

From Proposition [4.9] we know that the satisfiability of ¢ over A-attributed data
words is reduced to the nonemptiness of the language L(enc(¢)) over A’-attributed
data words. The nonemptiness of L(enc(y)) is then reduced to the nonemptiness of
prijapur(Lenc(g))).

In the following, we will construct an EDA D¢, from enc(p) = Vx. (9] AY) s.t.
L(Dencp)) = prijapur(Llenc(p))). The decidability then follows from Theorem

The EDA D,ye(y) = (AP" U T, A, B) is constructed as follows.

o A is the identity transducer which checks that the atomic propositions from AP’
occur in a desired way, that is, p’ occurs exactly in the positions pos s.t. pos =
0 mod K, and for each p € AP and a position pos : pos = 0 mod K, either p
occurs in all the positions pos, pos + 1,..., pos + K — 1, or p occurs in none of
them.

32



1005

1010

1015

1020

1025

1030

1035

1040

e Bis constructed from Yx. (¢} A ¢’) by the following procedure.

1. Construct an LTL formula ¢"* from ¢’ as follows. Intuitively, ¥’ verifies
that the constraint ¢ is satisfied for a fixed valuation of x (the positions
where the data value assigned to x occurs are exactly the positions where
the symbols (A, B, 1) € 247 x 27 x {1} occur).

Replace every occurrence of p’ (resp. —p’) by the formula ({p’},0) Vv
V. (A,B,1) (resp. (0,0) v V. (AB1).
P'€ACAP' ,BCT P'#ACAP’ ,BCT
Replace every occurrence of p A7(x) (resp. =(p A7(x))) by the formula
V (A,B, 1) (resp. ({p'},0) v (0,0) v vV  (AB1YV
PEACAP' reBCT peACAP’ BT
\/ (A, B, 1)). Similarly for —=p A 7(x) and =(=p A 7(x)).
ACAP' 7¢BCT
Replace every occurrence of p A x@a’ (resp. =(p A x@a’)) by the for-
mula \/  (A,B,1)(resp. ({p',O)V(©@,00)0v V  (A,B1)).
peACAP’,BCT peACAP BT
Replace every occurrence of 7(x) by the formula \Vi (A,B, 1).
ACAP' 7€BCT
Replace every occurrence of —7(x) by the formula ({p’},0) v (0,0) Vv
\V/ (‘/19 127 ]—)'
ACAP’ 7¢BCT

Replace every occurrence of x@a’ by the formula \/ (A, B, 1).
ACAP’,BCT

Replace every occurrence of —x@a’ by the formula ({p’},0) Vv (0, 0).

2. Construct a finite state automaton Ay~ over the alphabet &’ = 247 x 27 x
{1}y U 2P x {0} from y"’.

3. Finally, from Ay = (X', Q, Qo, 9, Qf), construct a finite automaton B =
(Z, 0 X [K], Qo x {0},0", Qf X {K — 1}). Intuitively, B guesses the occur-
rences of p’ in the positions pos s.t. pos = 0 mod K, and simulates Ay .
Formally, in 8, = (24" %27 x{1})u{0}, and & is defined by the following
rules,

if (¢,(A,B,1),q') € 6 for A C AP’ s.t. p’ € A, then ((¢,0),(A N
AP, B,1),(q',1)) € ¢,

if (q,(A,B,1),q') € 6 for A C AP’ s.t. p’ ¢ A, then foreach j: 0 <
J <K, (g, ),(A,B,1),(q,j+ 1 mod K)) € &,

if (¢,({p},0),¢") € 6, then ((¢,0),0,(g’, 1)) € &',

if (¢,(0,0),q’) € 6, then foreach j : 0 < j < K, ((¢,)),0,(¢',j +
1 mod K)) € ¢'.

For the w-satisfiability problem, the construction of the w-EDA is adapted from the
EDA constructed above, with the following modifications.

e Construct from ¢ a Biichi automaton Ay~ over the alphabet £’ = 247 x 2T x
(1)U 21 % (0).

e From Ay = (X', 0, 00,0, Q), a Biichi automaton 8 = (Z,0 x [K], Qg X
{0}, 6", Oy X [K]) is constructed, with X and ¢” defined the same as above.

The decidability of the w-satisfiability of V-VLTLE" then follows from Theorem

O
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4.1.4. Decidability: I*V*-RVLTL,,s
Theorem 4.12. The satisfiability of 3*V*-RVLTL,,s is in EXPSPACE and PSPACE-
hard. In particular, the satisfiability of Hkv*—RVLTLpnf (where k is a constant) is
PSPACE-complete. The results hold even for the extension of 3*V*-RVLTL,,s with
data variable comparison modalities.

Proof. The proof is obtained by a special way to eliminate the universal variable quan-
tifiers from the formulae.

Without loss of generality, we assume that for each 3*V*-RVLTL,,, sentence ¢, no
variables in ¢ are quantified twice.

Leto = dx;...dxVy; ... Vy,. ¢y be an I*V*-RVLTIL,,,,r sentence. For each function
ffrom {1,...,1} to {0, 1,...,k}, define the formula elm (i) as follows: For each i €
{1,...,1},

o if f(i) = 0, then for each 7 € T, replace each occurrence of 7(y;) (resp. —7(y;))
with false (resp. true),

o otherwise, replace each occurrence of y; with x ;.

Note that the formulae elm () contain only the variables xi, ..., x;. In addition, let
elmy(¢) denote the sentence Jx; ... xx. Ar elmy(¥). The size of elmy(¢) is exponential
over k. In the following, we will show that ¢ is satisfiable iff elmy(¢p) is satisfiable.
The complexity upper bounds then follow from the fact that the satisfiability of 3*-
RVLTL,,, is PSPACE-complete (cf. Proposition . The complexity lower bound is
from that of LTL.

Claim. ¢ is satisfiable iff elmy(¢) is satisfiable.

Proof of the claim.

The “Only if” direction is easy. We only present the proof for the “If” direction.

Suppose elmy(yp) is satisfiable. Then there is an A-attributed data word w such that
w E dxi...dx. Ap elmp(y). So there are dy,...,d; such that w |y Ay elmpe(y),
where A is the function that assigns d; to x; for each j : 1 < j < k. Let w’ be
the data word obtained from w as follows: For each occurrence of (8,d) such that
Be2l andd ¢ {di,...,d}, replace (8, d) with (0, d). In the following, we show that
w L Yy . Yy, Thus w' | dxg ... A Vy; ... Vy and o is satisfiable.

To show that w’ £, Yy; ... Vy.y, it is sufficient to show that for each tuple of data
values di, ey dl/’ w ':/l[d’] [¥1seeendl) [1] lﬁ

Let di, ... ,dl’ be a tuple of data values and f be the function from {1,...,[} to
{0,1,...,k} such that foreach i : 1 <i <[, f(i) = 0if d] ¢ {di,...,di}, and f(i) =
min({j | 1 < j < k,d] = d;}) otherwise. Then w |=; elm;(y). Let d’ be a data value not
occurring in w and A’ be the function that extends A by assigning d’ to y; if f(i) = O,
and dy to y; otherwise. Because w |, elms(y), and for each i : 1 < i < [ such
that f(i) = 0, 7(y;) (resp. —7(y;)) is replaced by false (resp. true) when constructing
elms(y) from i, moreover, A'(7(y;)) (resp. A'(=7(y;))) evaluates to false (resp. true) in
each position of w, we deduce that w =, .

Foreachte T andi: 1 <i </[such that f(i) = 0, we know that A’(y;) = d’. Since
d’ does not occur in w, according the construction of w’ from w, we know that d’ does
not occur in w’. Therefore, A’ (7(y;)) (resp. A’ (—=7(y;))) evaluates to false (resp. true) in
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each position of w’. Because w =, ¢ and w’ and w are identical in the positions that
hold the data values dy, .. ., d;, we deduce that w’ =y .

Moreover, for each 7(y;) such that f(i) = 0, since d; ¢ {di,...,dx}, we deduce
that (A[d| /y1,....d;[yiD(x()) (resp. (A[d]/y1,...,d;/yi])(=7(y;))) evaluates to false

(resp. true) in each position of w’. Because A" and A[d]/y1,...,d;/y/] agree on the
data values assigned to x,..., x; as well as to the variables y; such that f(i) # 0, we
conclude that w’ ':’l[di IVt ey [31] Y. O

The results of Theorem [4.12] can be extended to the situation that the data variable
comparison modalities e.g. x = y and —x = y are available by adapting the construc-
tion of elmy(¢p) slightly to include the equality and inequality information between the
variables y;’s s.t. f(i) = 0. Thus Theorem [4.12] extends the results in [18]], where the
satisfiability of 3*V-RVLTL,, (with data variable comparisons) was claimed to be de-
cidable. On the other hand, it is open whether the w-satisfiability of 3*V*-RVLTL,, is
decidable.

4.2. Model checking problem

In this section, we prove the undecidability of the model checking and w-model
checking problems for fragments of VLTL. We will only present the proofs for the
model checking problem and the proofs can be easily extended to the w-model check-
ing problem.

Since a VKS can be defined to accept the set of all A-attributed data words where
A is a singleton, we deduce the following result from Theorem

Corollary 4.13. The model checking and w-model checking problems of V*-VLTL are
undecidable.

Proof. We prove the corollary by a reduction from the satisfiability problem of 3*-
VLTL over A-attributed data words where A is a singleton.

Suppose ¢ is an 3*-VLTL sentence over AP U T. Then the negation of ¢, more
precisely, @, is a V*-VLTL sentence.

Define a VKS K = (AP, X,S,R, Sy, 1, L, L") as follows:

o X ={x},

S =Sp={sl1<i<p¥U2,

R={(s,s")| Vs, s €S},

I(s) = {true} for all s € §,

L is a bijection function from S to 247 U 27 x X,
o [/(e) = {reset} x X for every e € R.

It is easy to see that L(K) is the set of all the A-attributed data words over AP U T
where A is a singleton. Thus, ¢ is satisfiable iff p is not valid iff £(%) g L(p) iff
K ¥ . O

Similarly, we deduce from Theorem4.2and Theorem4.7]the following two results.
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Corollary 4.14. The model checking and w-model checking problems of 3-VLTLp,;
are undecidable.

Corollary 4.15. The model checking and w-model checking problems of VH—VLTLZZ‘;CP ,
HV—VLTLZZ? , and HH—VLTLZZ‘}‘D are undecidable.

Theorem 4.16. The model checking and w-model checking problems of 3-RVLTL,,;
are undecidable.

Proof. In the following, we only present the arguments for model checking problem.
It is easy to see that the arguments can be extended to w-model checking problem.

We prove the theorem by a reduction from the satisfiability problem of V-VLTL,,.
Let ¢’ be the sentence obtained from ¢ constructed in the proof of Theorem by
replacing x@a with 7(x), where 7 is a newly introduced parameterized atomic propo-
sition. Let A be the two counter machine defined as in the proof of Theorem 4.2} It is
easy to see that L(A) is nonempty iff ¢ is satisfiable over the A-attributed data words
in which 7 occurs at each position (Note that A = {a}). Note that ¢’ is a V-RVLTL,,,¢
sentence and ¢’ (the negation of ¢’) is an 3-RVLTL,,,; sentence.

Define a VKS ‘K = (AP, X,S,R, S, 1, L, L") as follows:

o X ={x},

S=So={s11<i<P"},

R=A{(s,s")| Vs, s €S},

I(s) = {true} forall s € S,
e L is a bijection function from S to {P U {(t,x)} | P € AP},
o [/(e) = {(reset, x)} for every e € R.

It is easy to see that L(%K) is the set of all the X-attributed data words over AP U T in
which 7 occurs in each position (Note that X is a singleton). Thus, ¢’ is satisfiable over
X-attributed data words in which 7 occurs in each position iff L(K) N L(¢’") # 0 iff
LI L L@ MTK Q.

Therefore, the model checking problem of 3-RVLTL,, is undecidable. O

We can also deduce from Theorem [4.8]the following result.
Corollary 4.17. The w-model checking problem of NN-Y*-VLTL is undecidable.

In the following, we will deduce from the decidability of the satisfiability problem
of NN-3*-VLTL the decidability of the model checking problem of the dual fragment.
For this purpose, we show the following preliminary result.

Proposition 4.18. Let K be a VKS . Then enc(L(K)) can be defined by an AWRA.
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Proof. Let K = (APUT,X,S,R,S0,1,L,L") be a VKS and K = |X|. Suppose AP =
{pis..spib, T =A{11,.. ., T}, X = {x0,...,Xk-1}, and S = {sq, ..., s,}. Without loss of
generality, we assume that S¢ = {sy,...,s,} for some r : 1 < r < n. In addition, we
assume that for every s € S, a linear order is fixed for R(s), that is, the set of successors
of s. Let k be the maximum number of successors of states in K.

Letp’ ¢ APUT, AP’ = AP U {p’}, and A’ = {a’}. Then enc(L(K)) is a set of
A’-attributed data words over AP’ U T.

Construct an AWRA A = (AP’ U T, Q, qo, 6) to define enc(L(K)) as follows. In-
tuitively, when reading an A’-attributed data word w’, ‘A nondeterministically chooses
a finite path 7 of K and verifies that w’ conforms to the invariants /(s) for s € S and
the constraints induced by the edge-labeling function L’ (e.g. for an edge (s,s’) € R
s.t. (reset,x) ¢ L'(s, s"), the value of x in s is the same as that in s"). Note that during
the construction, for the convenience of the presentation, we use the arbitrary positive
Boolean combinations of states in the definition of §. Auxiliary states can be intro-
duced to transform ¢ into the standard definition. More specifically, A is constructed

as follows.

e ( includes all the states occurring in the definition of §, where

the states ((s, s'), j) for j € [K] are used to record the choice of the edges
out of s (where the indices j are added due to the fact that each position of
w corresponds to K consecutive positions in enc(w)),

the states (s, —, j) where j € [K] are used to indicate that the current path
of K stops in the state s,

the states (s, 0,), the states (s, j, x; op x;), and the states (s, j, (x;),p) are
used to enforce the invariants I(s) for s € §, where ¢ is a subformula of
1(s), je [K]and op € {=, #},

the states (s, 0, y), the states (s, j, p;) and (s, j, ~p;), and the states (s, j’, Ti(x;))
and (s, j', =7;(x;)) are used to verify the conformance to the state-labeling
function L, where i is a subformula of ¢y (defined later), p; € AP, 7; € T,
x;€Xandj,j €[K-1],

the states ((s, ), j, x;) and the states ((s, s”), J, (x;)=) are used to enforce the
constraints between the pair of variable valuations in s and s’ respecitvely
induced by the edge-labeling function L’(s, s”).

® ¢ is the initial state.

e ¢ is defined as follows.
For each state s € S, let ¢y, denote the formula (6; A (G2 A ... (-1 AE)...) A
(o AGna Ao Opg-1 Ao A G A@mg—2 Allmk-1)--.)))...)), where for
everyi: 1 <i<I[ 6 = p;if p; € L(s), 6; = ~p,; otherwise; foreveryi: 1 <i<m
and j: 0 < j< K- 1,n; = 7i(x;) if (t;, x;) € L(s), n;,; = =7:(x;) otherwise.

6(qo) = (51,0) V (52,0) V - - V (5, 0).

For every s € §, let R(s) = {s(,...,s:}, then 6((s,0)) = p" A (5,0,1(s)) A
(5,0, 0105) A ([(5,57,0) V- V (5, 57,0)] V (5,-,0)). Intuitively, when the
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current path is in the state s, either some successor s/, of s (where 0 < i’ < i)
is chosen as the next state in the path and the state of A is changed to
(s, 53),0), or (s,—,0) is chosen and the path stops in the state s.

For every s € S and j € [K — 1], 6((s,—, J)) = Vo(s,—, j + 1), moreover,
o((s,—, K=1)) = Vo2

For every s € S and every subformula ¢ = ¢ op ¢, of I(s) (where op =
Vi A), 6((s,0,4) = (5,0,41) op (5,0,92).

For every s € S, every subformula x; op xy (where op € {=,#}and i < ')
of I(s), and every j: 0 < j < i, 6((s, J, x; op xi)) = Vo(s, j+ 1, x; op xp),
6((s, i, x; op xi)) = store((s, i, (X )op))-

Forevery s € S,i : 0<i<K-1,j:0< j<iandop € {=#},
0((s, Js (xidop)) = Vo(s, j+1,(xi)op), 6((s, 1, (x:)=)) = eq, 6((s, 1, (x:)£)) = eq.
For every s € § and every subformula ¢ = Y A Y2 of @), 6((s,0,4¥))
(5,0,41) A (5,0,92),

Forevery se€ S,i:1<i<1,d(s,0,p;)) = pi, 6((s,0,-p;)) = —p;.

Forevery s € S,i: 1 <i<m,j:0< j<K-1landj :0
J < Js 6((s, J'si(x)))) = Vols, j + 1, 7i(x))), 6((s, J', =7i(x)))) = Vo(s, J/
1, =7i(x;)), moreover, 6((s, j, 7i(x;))) = 7;, and 6((s, j, 77i(x;))) = -7;.

Forevery (s,s") € R,letY = {x; | (reset, x;) ¢ L' (s, s)}, then 6(((s, s”),0)) =
Vo((s,s"), ) A A ((s,5),0, x;). Intuitively, ((s, s”),0, x;) is used to verify

xi€Y
that the value of x; in the state s’ is the same as that of s.

+ IA

For every s € S, let R(s) = {s(,...,s;}, then forevery i : 0 < i’ < iand
J:0=<j<K=1,6(Css,),1) = Vol(s,s;), j+ 1), 6(((s, 57,), K = 1)) =
Vo(s;,, 0).

Forevery (s,s’) €R,i:0<i<K-1landj:0<j<id(((s,s),J),x)) =
Vol((s,s"), j + 1,x;), 6(((s, 8"), i, x;)) = store(((s, s'),i,(x;)=)). Intuitively,
((s, 8"), i, (x;)=) means that the data value assigned to x; on s has been stored
in the register, and this value should be equal to that of s’.

For every (s,s') e R,i : 0 < i < K-landj:i < j < K-1,
0(((s, 8), J, (x1)=)) = Vo((s, 5"), j + 1, (xi)=).

For every s € S, let R(s) = {s, ..., s;}, then forevery i : 0 < i <iand
J:0<j<K-1,6((,5,),K - 1,(x;)=)) = Vo(s},0,(x;)=). Intuitively,
by going to the state (s),, 0, (x;)=), the fact that the data value stored in the

register, which is the data value of x; in the state s, should be equal to the
value of x; in the state s/,, will be checked.

O

Corollary 4.19. The model checking problem of NN-Y*-VLTL is decidable and non-
primitive recursive.
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Proof. For every VKS K = (APUT,X,S,R,S¢,1,L,L") and every NN-V*-VLTL
sentence ¢ over X-attributed data words, we have K { ¢ iff L(K) N L(p) # 0 iff
enc(L(K)) Nenc(L(p)) # 0 iff enc(L(K)) N L(enc(p)) # 0.

From the proof of Theorem @], we know that an AWRA A,,.) can be con-
structed from enc(@) s.t. L(Aenc)) = Lenc(p)).

From Proposition we know that an AWRA Ag can be constructed from K
s.t. L(Ax) = enc(L(K)).

Because the language defined by AWRAs are closed under intersection, it follows
that an AWRA can be constructed to define L(Ax) N L(Aenciz)). The decidability of
the model checking problem then follows from Theorem [2.8]

For the lower bound, it follows from Theorem .10 and the following argument:
Since a VKS K can be constructed to define the set of all A-attributed data words
where A is a singleton, we have that for every NN-3*-VLTL formula ¢, ¢ is satisfiable
over A-attributed data words iff K £ ¢. O

Then we deduce from the satisfiability and w-satisfiability problems of \/—VLTLgZ“p
the decidability of the model checking and w-model checking problems of the dual
fragment.

Corollary 4.20. The model checking and w-model checking problems of EI-VLTL%;’7
are decidable.

Proof. We first consider model checking problem.

Let X = (APUT,X,S,R,So,1,L,L") be a VKS and ¢ be an 3-VLTL§Z‘}P sentence
over X-attributed data words. From Proposition K E ¢iff L(K)n L(p) = 0iff
enc(L(K)) N Lenc(p)) = 0.

On the other hand, it is not hard to observe that enc(L(K)) N L(enc(p)) # 0 iff
prjapur(enc(L(K))) N prjaspur(Llenc(p))) # 0. The “only if” direction is trivial.
For the “if” direction, suppose prjapur(enc(L(K))) N prjspor(Lenc(p))) # 0. Then
there are w’ € enc(L(K)) and w”’ € L(enc(p)) s.t. prjapuorW’) = prjapor(w’). Since
in w’ and w”, p’ occurs in the same positions, it follows that w* = w’’. Therefore,
w € enc(L(K)) N L(enc(p)).

From the proof of Theorem we know that from prjspur(enc(e)), an equiva-
lent EDA can be constructed. From Theorem [2.10} it is sufficient to construct an EDA
defining prjapur(enc(L(K))).

It is not hard to observe that prjspur(enc(L(K))) can be defined by a nondeter-
ministic register automaton (NRA) (cf. [38]]). On the other hand, it is known that from
a NRA, an equivalent DA can be constructed (cf. [56]). Since a DA is a special EDA,
it follows that an EDA can be constructed to define prjapyr(enc(L(K))).

The argument for the w-model checking problem is similar, with NRAs and EDAs
replaced by w-NRAs and w-EDAs. O

5. Decision problems of VCTL

5.1. Undecidability

By adding a universal path quantifier A before every temporal operator of ¢ in the
proof of Theorem 4.1} we get a reduction to the satisfiability problem of 3*-AVCTL.
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Corollary 5.1. The satisfiability and w-satisfiability problems of A*-AVCTL formulae
are undecidable.

Proof. The reduction in Theorem can be adapted into a reduction to 3*-AVCTL as
follows: We first normalize the formula ¢ in Theorem by replacing every subfor-
mula 1 — Y, with | V . Then we add the universal path quantifier A before every
occurrence of temporal operators. Let ¢’ be the resulting 3*-AVCTL formuleﬂ

In the following, we will show that ¢ is satisfiable over data words iff ¢’ is satisfi-
able over data trees.

Suppose ¢ is satisfiable, then there is a data word w s.t. w = ¢. Let t,, be a k-ary
data tree where the data word on every path of #,, is w, then it is not hard to see that
tw E .

On the other hand, suppose that ¢’ is satisfiable. Then there are k > 1 and a k-ary
datatreets.t. t = ¢’. Letg; fori = 1,..., 10 be the subformulae defined as in the proof
of Theorem Take an arbitrary path  in #, we want to show that for every formula
@i (wherei =1,...,10), we have w,  ¢;.

We use @19 to exemplify the proof.

Let ¢}, be the 3*-AVCTL formula by adding A before every occurrence of temporal
operators in ¢jg.

Then ¢t | ¢},. This implies that for every 0,02 € X and every node 7; on ,
e, B W — xAy() A AXY, A AFY, A AXyy)), where  is the formula obtained
from i by adding the existential path quantifier E before every occurrence of temporal
operators, ¥/, ¥}, ¢} are the formulae obtained from respectively 1, ¥, ¥3 by adding
A before every occurrence of temporal operators.

To show w, = ¢, that is for all 01,00 € Z, wy E ¥s, 0, it is sufficient to
show that for every 0,0, € Tandi : 0 < i < |n], if (Wr) E o, then (W)
AxIyWi A Xypa A F(3 A Xipa)).

Suppose (wq)' o, then f|;, | ¢;. From the fact that 1|, F ¢; — dxdy(y| A
AXY, NAFW, A AXY))), we know that 1, | AxAy(] A AXY, A AFWS A AXY)).
Therefore, there is an assignment A : {x,y} = D s.t. t|r, Fa Y] ANAXY,ANAF(WLNAXY).
Since (w,)' is a data word corresponding to a path in #|,,, it follows that (w,)' E,
W1 AXo A F(r3 A Xips). From this, we conclude that (w,)' | IxTy(y; A Xyo AF(Y3 A
Xipa)). m

The argument in the proof of Corollary [5.1]relies essentially on the universal path
quantifiers A. Later on, we show that the satisfiability is decidable if only existential
path quantifiers E are allowed, no matter whatever variable quantifications are used.
In addition, unlike VLTL, from the undecidability of the satisfiability problem of a
fragment of VCT L, the undecidability of the model checking problem of the dual frag-
ment does not follow directly. The reason is that there does not exist a variable Kripke
structure which defines the set of all A-attributed data trees or even the set of all k-ary
A-attributed data trees for a fixed k. For instance, later on, we will show that the satisfi-

SIf ¢ is not normalized, then for every subformula y; — i, E should be added before each occurrence
of temporal operators in i, so that we still get an 3*-AVCTL formula.
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ability problem of 3*-EVCTL (in fact EVCTL) is decidable, while the model checking
problem for V*-AVCTL is undecidable.
Similarly, from Theorem [4.2] and Theorem we deduce the following result.

Corollary 5.2. The satisfiability and w-satisfiability problems of V-AVCTL,, s are un-
decidable.

Corollary 5.3. The satisfiability and w-satisfiability problems of EIV—VCTLZZ‘;’J , V3-
VCTLZZ(}” and VV-VCTL;Z‘}" are undecidable.

Moreover, from Theorem@ we deduce the following result.
Corollary 5.4. The w-satisfiability problem of NN-I*-VCTL is undecidable.
Next we consider the model checking and w-model checking problems.

Theorem 5.5. The model checking and w-model checking problems are undecidable
for the following fragments: Y*-AVCTL, V*-EVCTL, 33- VCTL"(:}” , V3- VCTL;Z‘}” , aAv-
VCTL"Z”” , NN-3*-VCTL. Moreover, the w-model checking problem of NN-Y*-VCTL is

undeczdable

Proof. We present the arguments for the model checking problem. The arguments can
be easily extended to the w-model checking problem.

We prove the theorem by reductions from the satisfiability problems of 3*-VLTL
and Y-VLTL over A-attributed data words where A is a singleton.

We first show the argument for the model checking problem of V*-AVCTL.

Let ¢ be an 3*-VLTL sentence over AP U T. We will construct a VKS K and an
F*-EVCTL sentence ¢’ s.t. ¢ is satisfiable iff K £ ¢’. Note that ¢’ is a V*-AVCTL
sentence.

The idea of the reduction is as follows: We construct a VKS K which is a single
loop (without branchings). Thus each computation tree of K is in fact a data word.
Then we obtain from ¢ by adding existential path quantifiers E before every temporal
operator occurring in ¢ (plus some other modifications) to obtain ¢’. Since K is a linear
structure, the satisfaction of ¢’ over the computation trees of K mimics the satisfaction
of ¢ over data words.

Suppose AP = {p1,..., puh, T ={71,..., Tpm} (Where m < n), and 7, 7| ¢ APUT.
Define the VKS K = (AP’UT’,{x},S,R,So,I,L,L") as follows: AP’ =0,T" = {T(’), 71},
S = {50,851, +» 82041} R = {(Si» Sis1 mod 2n42) | 0 < i < 2n + 1}, So = {so}, for every
s; €8, 1(s;) = true, L(so) = {(73, 0)}, L(s;) = {(v}, x)} foreveryi: 1 <i<2n+1, and
L' (84, Si+1 mod 2n+2) = {(reset, x)} forevery i : 0 <i <2n+ 1.

{(reset,x)}

a (reset, m)@{ reset z)} {(reset,z @{ reset, )

{76(x {ri(z)} {ri(=)} {T{ ()}

Figure 2: The Kripke Structure.
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Notice that in %, T’ only contains two parameterized atomic propositions. The set
of atomic propositions AP will be encoded by equalities and inequalities between the
data values of two adjacent 7/-labeled positions in K. Thus each position (A, B, d) in
an A-attributed data word over AP U T will be encoded by a segment of computation
traces in K of length 2n + 2 s.t. the position 0 is labeled by 7y, the position 2i — 1 and
2i encode the satisfaction on A U B of the i-th atomic proposition from AP U T, and the
last position in the segment holds the data value d. In addition, x is reset on each edge
(87, Si+1 mod 2n+2) (0 < i < 2n + 1) so that an arbitrary data value can be assigned to x on
each position sg, 1, ..., S2+1-

Construct the 3*-EVCTL sentence ¢’ ::= Jy. (7;(¥) A ¢ A ¢)) as follows.

e (| restricts the format of the computation traces of K,

¢ = EGIT)(y) = (EX)"270(3) A AM<ica EX)* 7,01

Intuitively, ¢; states that if (7, dp) (assume that the data value dj is assigned to
¥) occurs in some position, then (7, do) will occur in the (2n+2)-th position after
it if there is such a position, and (7}, dp) will occur in all the (2i — 1)-th positions
for 1 < i < n after it (But not necessarily occur in the 2i-th position).

e () is constructed from ¢ by the following procedure.

1. For every eventual occurrence of X¢ (resp. X¢), replace X¢ (resp. X¢) by
4(3) A X224 (resp. Ty A X ),

2. for every persistent occurrence of X¢ (resp. X¢), replace X¢ (resp. X¢) by
—2n+2
() = X" (resp. 1,(0) = X ¢),

3. for every proposition p; € AP, replace every eventual occurrence of p;
(resp. —pi) by () A X¥ (T () A XT[(») (resp. 7o) A X (T () A
X-7(y))), and replace every persistent occurrence of p; (resp. —p;) by
7o) = X ) A X7 () (resp. 7p(») — XF (T (0) A X7 (1)),

4. for every proposition 7; € T and x € Var, replace every eventual oc-
currence of 7;(x) (resp. —7i(x)) by TH(y) A X2 (T () A XT/() A
X2 (x) (resp. p(y) A [X271(T () A X7 (p) V X2 =7 (X)]), and
replace every persistent occurrence of 7;(x) (resp. —7;(x)) by 73(y) —
(X207 (@ () A XT3 0) A X2 (0] (resp. 7y() — [X)71 (7 () A
X~/ () v X2 =7 (o)),

5. add E before every occurrence of temporal operators.

For instance, suppose AP = @ and T = {1}, 7»}, then the 3*-EVCTL formula corre-
sponding to 3*-VLTL formula 3x. G(=71(x) V FX12(x)) is Ay.[1,(0) Agy AAXEG(Y V
EF(tj(y) A (EX)*%2))], where ¢y = 7)(y) = [EX(T} () A EX~7| () V (EX)’ =7} (x)]
and ¢ = 7(y) A (EX)3(T’1(y) A EXTI(y)) A (EX)ST’I(x).

Then from the construction, we know that ¢ is satisfiable iff there is a computation
tree 1 of K s.t. t = ¢, that is, iff K £ 57

Because all the computation trees of K are just computation traces, the same re-
duction works for V*-EVCTL, by replacing A with E.

Next we consider the model checking problem of 33-VCTL

noap
pnf "
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We reduce from the the satisfiability problem of ¥-VLTL,,, over A-attributed data
words where A is a singleton.

Let ¢ = ¥x. ¢ be a normalized V-VLTL,,; sentence.

We construct a VKS K and a VV-VCTLZ‘:}P formula ¢’ s.t. ¢ is satisfiable iff

K ¥ ¢'. Note that ¢’ is an EEI-VCTL:;’}"’ sentence.

The construction of the VKS K is the same as above. The formula ¢’ is constructed
as YxVy.[(¢y A 75(0) — @11, where ¢ is the same as above and ¢ is obtained from
by doing the same replacements as in the construction of ¢} from ¢ above.

The argument for the construction is as follows: Vx.y is satisfiable iff there is a
computation tree t of K s.t. t = Vy.((gy AT(1) = Yx.@)),ie. t | YaVy.((gyATy(0) —
¢1). This is equivalent to K [£ IxIy.(¢y A T5(0) A ;’1).

For the model checking problem of EIV-VCTLZZ’}" (resp. VH-VCTLZZ;p ), the reduc-
tion is the same as EEI-VCTLZZ’}” , with the formula ¢’ replaced by Yx3y.(¢y AT) () A¢})
(resp. Ay¥ux.(¢y A T5(0) A ¢))).

Then, we consider the model checking problem of NN-3*-VCTL. We still reduce
from the satisfiability of Y-VLTL,, s over A-attributed data words where A is a single-
ton.

Let Vx. ¢ be a V-VLTL,,, sentence.

To avoid nesting quantifiers, we add one atomic proposition {pj} to the VKS K.
More specifically, K is obtained by adapting the construction above as follows: AP" =
{pph, T" = {7'}, L(s0) = {p;, (*', x)}, and L(s;) = {(7", x)} foreveryi: 1 <i<2n+ 1.

Construct the NN-V*-VCTL formula ¢’ as Vx. ¢, where ¢| is constructed from ¢
by the following procedure.

1. For every eventual occurrence of X¢ (resp. X¢), replace X¢ (resp. X¢) by Py A

X2 (resp. Py A Y2n+2¢).

2. For every persistent occurrence of X¢ (resp. X¢), replace X¢ (resp. X¢) by
Pl = X2 (resp. pfy > X ).

3. For every proposition p; € AP, replace every eventual occurrence of p; (resp.
~pi) by pyAXP Iy () = XT' (1)) (resp. pyAX*~!Vy.(7/ () = X=7'(1))), and
replace every persistent occurrence of p; (resp. —p;) by p; — X2y (r'(y) =
X7'(y)) (resp. py = X2 Vy.(z'(y) = X=7'()))-

4. For every proposition 7; € T and x € Var, replace every eventual occurrence of
7i(x) (resp. —7;(x)) by py A X2mD=lyy (7' (y) — XT'(y)) A X217 (x) (resp. 2
[(X2m*D=1y (7/(y) — X=7/(y))) V X*"*17/(x)]), and replace every persistent
occurrence of 7,(x) (resp. —7;(x)) by pj — [X*™7IVy(7'(y) - XT'(») A
X1 (0] (resp. py — [0~y (7/(3) = X~ (1) V X2 =7/ ().

5. Add E before every occurrence of temporal operators.

From the construction, we know that Yx.i is satisfiable iff there is a computation tree ¢
of Kst.tlk ¢ it K¥ .

Finally, let us consider the w-model checking problem of NN-Y*-VCTL. Let K be
the VKS constructed as in the model checking problem of NN-3*-VCTL above. Let
¢’ be the NN-I*-VLTL formula constructed in the proof of Theoremd.8] From ¢’, we
construct a formula ¢” just as the construction of ¢ from ¢ above, with the adaption
that the formulae Vy.(7'(y) — X7/(y)) are replaced by Ay.7/(y) A X7'(y).
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It is easy to see that ¢”” is still an NN-3*-VCTL formula and ¢” is an NN-V*-VCTL
formula.

Then K ¥, ¢” iff there is t € T,(K) s.t. t | ¢ iff ¢ is w-satisfiable. From
Theorem [.8] we conclude that the w-model checking problem of NN-V*-VCTL is
undecidable. O

5.2. Decidability

This section is devoted to the decidability results of the decision problems of VCTL
formulae.

5.2.1. Non-nested existential data variable quantifiers
Theorem 5.6. The satisfiability problem of NN-I*-VCTL is decidable and non-primitive
recursive.

Before we give the proof of Theorem [5.6] similar to the proof for NN-3*-VLTL,
we first define A’-attributed encodings of A-attributed data trees and enc(y) for NN-
3*-VCTL formulae ¢.

enc(t)

¢ AP={p} T={r} A={ao,a}
0 {r'}, {7} dv)
ao [ ({7} dv)
" o) (0, (0, d2))
{p} {r} ({p.p'}.(0,d5)) ({p,p'}, ({7}, ds5))
(0.ds) ({7}.ds)
({r},ds) ({7}, do)
({r}, ({7}, da)) ({p}, ({7}, do))

Figure 3: A’-attributed encoding of A-attributed data trees

Similar to the A’-encodings of A-attributed data words, we define A’-attributed
encodings of A-attributed data trees as follows (cf. Figure |3| for an example). Let
A = {ay,...,ax_1} and A’ = {a’}. Suppose that t = (Z, L) is a k-ary A-attributed data
tree over AP U T s.t. for every z € Z, L(z) = (A, ((B;0,d:0), - .-, (B, x-1-d. k-1))). Let
p' ¢ APUT and AP’ = AP U {p’}. An A’-attributed encoding of t, denoted by enc(t),
isadatatree ' = (Z',L") over AP’ UT s.t. Z' is a k-ary tree satisfying the following
conditions,

e forevery z =ij...i, € [k]*, we have i; ...i, € Ziff 0K~1i; ... 0K~1i,08"1 e Z’,

e forevery z =ij...i, € Z, L'(0X~i; ...0K71i,) = (A, U {p'}, (B.0,d.0)), and for
every j: 1< j<K—1, 05 ... 055,00 = (A.. (B.;,d-)).

Proposition 5.7. Let K be a VKS . Then enc(T (K)) can be defined by an ATRA.
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Proof. Let K =(APUT,X,S,R,So,1,L,L")be a VKS and K = |X].

Suppose AP = {p1,....pi}, T ={71,..., T}, X = {x0,..., xk-1},and § = {sy,..., s,}.
Without loss of generality, we assume that S¢ = {s,..., s} forsomer: 1 <r <n.In
addition, we assume for every s € S, a linear order is fixed for R(s), that is, the set of
successors of s. Let k be the maximum number of successors of states in K.

Letp’ ¢ APUT and AP’ = AP U {p’}.

Construct an ATRA A = (AP’ U T, Q, qo,0) over k-ary A’-attributed data trees as
follows. Intuitively, when reading an A’-attributed data tree #’, A check that ¢’ is indeed
a data tree obtained by unwinding K as follows,

e A nondeterministically chooses to stop in the current state s, or to continue un-
winding by creating one thread for each successor of s,

e in addition, A verifies that ¢ conforms to the invariants /(s) for s € S and the
constraints induced by the edge-labeling function L’ (e.g. for an edge (s, s") € R
s.t. (reset, x) ¢ L'(s, "), the value of x in s is the same as that in s’).

Note that during the construction, for the convenience of the presentation, we use
the arbitrary positive Boolean combinations of states in the definition of §. Auxiliary
states can be introduced to transform ¢ into the standard definition. Specifically, A is
constructed as follows.

e ( includes all the states occurring in the definition of 6. The intuitive meaning
of the states is the same as that in the proof of Proposition

® g is the initial state.

e ¢ is defined as follows.
For each state s € §, a formula ¢, can be defined as in the proof of Proposi-
tion [4.18]to describe the satisfaction of (parameterized) atomic propositions.

= 0(qo) = (51,0) V (52,0) V - -+ V (s, 0).

— For every s € S, let R(s) = {s,..., s}, then 6((5,0)) = p’ A (5,0,1(s)) A
(5,0, 00 A([(s, 57, 0)A- - - A(s, 57, 0)]V (s, =, 0)). Intuitively, when a thread
is in the state (s, 0), either for each successor s/, of s (where 0 < i’ < i), a
thread is created and the state is changed to ((s, s,), 0), or (s, —, 0) is chosen.

— Forevery s € § and j € [K — 1], 6((s,—, j)) = Vo(s,—, j+ 1), moreover,

8(s,— K-1)= A\ T;2
0<j' <k

— For every s € S and every subformula ¢ = ¢ op ¢, of I(s) (where op =
Vi A), 6((s,0,4) = (5,0,41) op (5,0,92).

— For every s € S, every subformula x; op x; (where op € {=,#}and i < i)
of I(s), and every j: 0 < j <1, 8((s, j,x; op xp)) = Vo(s, j+ 1,x; 0p xp) A

A V2, 6((s,i,x; op xiv)) = store((s, i, (Xi)op)).
1<)’ <k

— Forevery s € §,i:0<i<K-1,j:0< j<iandop € {=#
}oo0((s, Jo (X)op)) = Vols, j+ 1,(xop) A A V2, 0((s,1,(x)=)) = eq,

1<)/ <k
6((S7 i, (xi)¢)) = RI
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— For every s € § and every subformula ¢ = ¢y A Y of @), 6((s,0,¥)) =
(5,0,41) A (5,0,92),
Foreveryse S i:1<i<1(s,0,p;) = pi, 6((s,0,-p;) = —pi.

Forevery s e S,i:1<i<m,j:0<j<K-landj:0<j <],
o((s, /', Ti(x)) = Vols, J' + Lri(xp)) A 1 A ij”?, o((s, ', —Ti(xp)) =
<j'<

Vo(s, j + L,=ti(x;)) A A\ V7, moreover, 6((s, j, T/(x;)) = 7; and
1<) <k

8((s, J, =7i(x)))) = —7;.
— Forevery (s,s") € R, letY = {x; | (reset, x;) ¢ L'(s, ")}, then §(((s, s”),0)) =
Vol(s,8), DA A\ V;2A A ((s,5),0, x;). Intuitively, ((s, s'), 0, x;) is used
1<j<k

x;eY
to verify that the value of x; in the state s’ is the same as that of s.

— For every s € §, let R(s) = {s(,...,s;}, then foreveryi : 0 < i < i

and j : 0 < j < K—1,6((s57), ) = Vo((s,s,), j+ DA A V72,
1<)/ <k

5(((s. ). K= 1) = Vi(s). 0 A A\ T2
i<j <k
— Forevery (s,s') €eR,i:0<i<K-1landj:0<j<1id(((ss),Jj,x)) =

Vo((s, ) j+ Lx) AN V2 8(((s, 8,0, %) = store(((s, '), i, (x1)=)).
1<)’ <k

Intuitively, ((s, s’), i, (x;)=) means that the data value assigned to x; on s has
been stored in the register, and this value should be equal to that of s’.

— Forevery (s,s) e R,i : 0 < i< K-landj:i < j< K-1,

6(((s,8"), J> (x0)=)) = Vo((s, 8), j + 1, (xi)=) A 1 A kV_/?-
<Jj'<

— Forevery s € S, let R(s) = {s,..., s/}, then for every i’ : 0 < i’ <iand
jr0<j<K—1,6((s.5)). K = 1,(6)=) = Vir(s) 0, c)) A A V72,

i<j <k

O

Suppose that ¢ is a normalized VCTL formula. Then enc(¢) = ¢} A ¢, with ¢} and
¢/, defined as follows.

¢} puts restrictions on the occurrences of p’ and the atomic propositions from
AP,

AICA APV A AX=p)IA

(p/ — p/ AG pl N peAP 0<i<K-1 OSiSK—_l
: A (AX)=p’ A (AX)Kp
1<i<K-1

Intuitively, ¢} states that p” occurs in the first position, for every occurrence of
p’ in some position, p’ will occur in the K-th position after it if there is such a
position, but does not occur in between, moreover, for every p € AP, either p
occurs in all the positions between two adjacent occurrences of p’, or occurs in
none of them.

), is obtained from ¢ by the following procedure.
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. Replace every eventual occurrence of AX¢ (resp AX¢, EX¢, EX$) by

P AAX)K (resp. p' A(AX)K g, p' A(EX)K9, p' A (EX)K ).
Replace every per51stent occurrence of AX¢ (resp. AX¢ EX¢, EX¢) by
P = (AX)X¢ (resp. p' — (AX)X¢, p’ — (EX)X¢, p’ = (EX)*9).

. Forevery p € AP, replace every eventual occurrence of p (resp. =p) by p’A

V' (AX)ip(resp. p’ A \/ (AX)'-p), and every persistent occurrence
0<i<K-1 0<i<K-1

of p (resp. =p) by p" = V (AX)'p (resp. p' = \/ (AX)'-p).
 OsisK-1 ' 0<i<K-1
The formula \/ (AX)'p (resp. V (AX)'-p) states that p (resp. —p)
0<i<K-1 0<i<K-1
occurs in one of the next K positions. This is sound since for every p € AP,
¢} requires that either p occurs in all of them or none of them.

For every 7 € T and x € Var, replace every eventual occurrence of 7(x)

(resp. —7(x)) by p’ A o \/ 1(AX)"r(x) (resp. p’' A <ll/K l(AX)’—rr(x))

and replace every pers1stent occurrence of 7(x) (resp. —-7(x)) by p’ —
V. AX)it(x) (resp. p' =V  (AX)'=1(x)).

0<i<K-1 O<i<K-1

. Forevery i € [K], replace every eventual occurrence of x@aq; (resp. —x@a;)

with p’ A (AX)'x@a’ (resp. p’ A (AX)'~x@a’), every persistent occurrence
of x@aq; (resp. ~x@a;) with p’ — (AX)'x@a’ (resp. p’ — (AX)'~x@a;).

Theorem|[5.6)is proved in the same way as Theorem[.10] by utilizing the following

two results.

Proposition 5.8. For each VCTL formula ¢ over k-ary A-attributed data trees, it holds
enc(L(g)) = L(enc(y)).

Proposition 5.9. For every A*-VCTL sentence ¢, if ¢ is satisfiable over an A-attributed
data tree where A is a singleton, then there is a (2|¢|)-ary A-attributed data tree satis-

fying ¢.

Proof. We first introduce some notations.
Let ¢ be an 3*-VCTL formula, define the closure of ¢, denoted by cl(¢), as the
minimum subset of 3*-VCTL formulae satisfying the following conditions.

e pecly),

for every p € AP occurring in ¢, it holds p, =p € cl(p),

for every 7(x) € T X var(yp) occurring in ¢, it holds 7(x), =7(x) € cl(¢p),

for every ¥ € cl(p) s.t. Y := Yy ANy o1 @ := Y1 V ip, it holds ¥y, ¥ € cl(p),

for every ¥ € cl(p) s.t. ¥ := EXyy or iy := AXyj or ¢ := EXy, or ¢ := AXy, it
holds | € cl(yp),

for every ¥ € cl(p) s.t. ¥ := E(YUyp) or iy := E(WRYr), itholds vy, ¥, EXyr €

cl(p),
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o forevery ¥ € cl(p) s.t. ¥ := A(Y 1 Uy) or  := A(Y1RyY,), itholds ¢y, ¥, AXY €
cl(p),

o for every ¢ € cl(p) s.t. ¥ := Ax.4yy, it holds ¥ € cl(yp).

From the above definition, we know that [cl(¢)| < 2|g]|.

Let ¢ be an 3*-VCTL sentence and ¢ = (Z, L) be a data tree s.t. t = ¢. Without loss
of generality, we assume that for every variable x € var(yp), x is quantified only once.

In the following, we will construct a (2|¢|)-ary data tree ¢’ from ¢ and ¢ s.t. ¥ = .
Intuitively, ¢’ is constructed from ¢ in a top-down manner by

1. labeling each node z of ¢ with the pairs (¥, 1) € cl(¢) X (Var — D) s.t. A :
free() - Dand 1, =, ¢,

2. for each node ¢ and each ¥ € cl(p), selecting exactly one assignment function A
s.t. (¥, ) belongs to the label of ¢ (this is sufficient to make ¢ satisfied, due to
the fact that only existential quantifications are used in ),

3. as a result of this special property, selecting a bounded number of subtrees for
each node of # and removing all the else from r.

In the following, we present a detailed construction of ¢ from ¢. Before that, we
first introduce some definitions and notations.

Define a new labeling function L’ for nodes in Z as follows: for every z € Z, L'(z)
is the set of pairs (¢, 1) € cl(¢) X (Var — D) s.t. A : free(y) —» D and ¢, =, .

Letz € Zand ® C L'(z). Then ® is said to be functional if the following two
conditions hold,

e for every ¢ € cl(¢p), there is at most one A s.t. (i, 1) € D,

o for every formula (1, A1), (2, 42) € O, Al free)nfreews) = A2lfreew)nfreer)-

Suppose z € Zand @ C L'(z) s.t. O is nonempty and functional. Then @’ C L'(z) is
said to be a completion of ® with respect to z, denoted by ® —, ., 7, if O’ can be
constructed from @ by the following procedure.

1. Initially, let @ = .
2. Repeat the following procedure until all the formulae in @’ are one of the fol-
lowing forms: p, =p, 7(x), 7 1(x), EXY¥, AX, EY@[/, AY@[/.
For every (¢, 1) € @', let @’ = @’ \ {(¥, A)}, and do one of the follow-
ing.
® Y=y Vi
- if (wl’/ufree(w])) € L/(Z), then @’ = @’ U {(wl’/llfree(wl))} (lf
there is already (1, 4") € @’ before adding {(¥1, Al free(y,))}
into @', then from the functionality of @ and the construc-
tion, it must be the case that A = Alfyey,), therefore, the
functionality of @’ is preserved, the same remark applies be-
low),

— otherwise, @ = " U {(Y2, Al free(wy))}s
o =y ANt @ = O U1, Apreew)s W2, Agreewn)}s
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o Yy =EW Uyn):
— B W2, Alreetsy) € L'(@), then @ = ' U {2, ety
— otherwise, @ = ©" U {(Y1, Areey))s (EXY, D},
* Y =AW Uy):
= if (Y2, A freew)) € L'(2), then @ = @ U {2, Al reewn))}s
— otherwise, @ = " U {(¥1, Asreey)), (AX, )},
o Y =EWRy):
— if 1, Areey)) € L'(2), then @ = O U1, Al freeq))> @2, Al freen))}s
— otherwise, @ = ©" U {(Y2, Al free(n))s (EXY, D},
* Y =AW Ry»):
— it (W1, Apree)) € L'(2), then @ = O"U{(Wr1, Alreew))> W25 Al freew))}s
— otherwise, @’ = @" U {(¥2, Alfreey)), (AX, )},
e = dx.yy: If there does not exist d € D s.t. (¥, A[d/x]) € @',
select a data value d € D s.t. (Y1,4[d/x]) € L'(z), let &’ =
O U {(y1, Ald/xD)}.

Since in the above construction, for every dx.;, only one instantiation of x is
allowed, it follows that if @ is functional and ® —,,, @', then @’ is functional as
well.

Now we are ready to construct ' = (Z’,L”) from ¢. The construction is done in
a top-down manner. During the construction, two functions F and F’ are also con-
structed.

1. Select an assignment function A s.t. (¢, 2) € L'(z). Lete € Z’, L" (¢) = L(¢), and
F(e) = {(p, D}

2. Repeat the following procedure.
For every z € Z’ s.t. z is currently a leaf in Z’, let F’(z) be a completion of F(z)
with respect to z. Do one of the following.

(a) If F’(z) contains neither elements of the form (AXy, A1) nor elements of
the form (EXy, A), then zis aleaf in ¢'.

(b) If F’(z) contains elements of the form (AXy, A) (this implies that z cannot
be a leaf in ), but neither elements of the form (EXy, A) nor elements of
the form (EXy 1, A), then add z0 into Z’, and L”(z0) = L(z0).

(c) If F’'(z) contains elements of the form (AXy, 1) or (EXy, A) (this implies
that z cannot be a leaf in ¢), moreover, F’(z) contains elements of the form
(EXyr1, ) or (Ele,/l), then for every (EXy,4) € F'(2) or (E)_(zpl,/l) €
F’(2), select a child of z in ¢, say zi, s.t. (¥1,4) € L'(zi). We can assume
that all these selected children are distinct from each other, since otherwise
we can just copy the subtrees of z to satisfy this property. Let idxgxy,
(resp. idxpy, ) denote the natural number s.t. z idxgxy, (resp. z idxgx, )
is the child of z selected for EXy, (resp. EXy;) above. Suppose that
there are r elements in F’(z) of the form (EXy1, ) or (EXy, ). Without
loss of generality, we assume that the set of indices idxgx,, and idxgz,
is [r]. Then add z0,...,z(r — 1) into Z’, let L”(zi) = L(zi) for every i :
0 <i <r—1, and set F(z idxgxy,) (resp. F(z idem)) as {(y1, D} U
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(W, )| (AXy', V) € F'(z) or (AXy/, X') € F'(z)}. Note that all these sets
F(z idxgxy,) and F(z ideth) are functional, since F’(z) is.
The above procedure terminates, since ¢ = ¢ and all the leaves z of ¢ satisfy that
L’ (z) contains neither elements of the form (AXy, 1) nor elements of the form
(EXy1, ).

From the construction, we know that the arities of nodes in ¢ are bounded by 2|¢g|
and 7 E ¢. O

Proof of Theorem Let ¢ be a NN-3*-VCTL sentence. From the definition of enc(yp),
it is not hard to observe that enc(y) is also a NN-I*-VCTL sentence. In addition, from
Proposition@ we know that enc(L(¢)) = L(enc(p)). Therefore, it is sufficient to con-
sider the satisfiability of enc(yp) over A’-attributed data trees where A’ is a singleton.
Moreover, from Proposition [5.9] it is sufficient to consider the satisfiability of enc(¢)
over (2|¢|)-ary A’-attributed data trees.

Similar to the proof of Theorem[4.10] we can prove by an induction on the structure
of formulae that from enc(p), an equivalent ATRA A, () over (2]p])-ary A’-attributed
data trees can be constructed. The decidability then follows from Theorem [2.8]

The lower bound proof is also similar to that of NN-3*-VLTL. O

Theorem 5.10. The model checking problem of NN-Y*-VCTL is decidable and non-
primitive recursive.

Proof. Let K be a VKS and ¢ be a NN-V*-VCTL sentence. Then K [~ ¢ iff there is a
computation tree 7 of K s.t. t = @ iff 7 () N L(p) # 0 iff enc(T (K)) Nenc(L(p)) # 0
iff enc(7 (K)) N L(enc(p)) # 0.

From Proposition we know that there is an ATRA A s.t. L(A) = enc(T (K)).

Let k be the maximum number of successors of states in K. Since enc(p) is a
NN-3F*-VCTL formula, we can prove by an induction on the structure of formulae that
from enc(p), an equivalent ATRA A, over k-ary A’-attributed data trees can be
constructed (where A’ is a singleton).

Then K [ ¢ iff L(A) N L(Aenez) # 0.

Since ATRAs are closed under intersection, the decidability then follows from The-
orem[2.8]

The non-primitive lower bound follows from the fact that the satisfiability of NN-
J*-VLTL can be reduced in polynomial time to the model checking problem of NN-
V*-VCTL, by using the idea in the proof of Theorem[5.3] O

5.2.2. Existential path quantifiers for VCTL
Theorem 5.11. The satisfiability problem of EVCTL is in NEXPTIME.

For the proof of Theorem[5.T1] we first state and prove several facts about EVCTL.
From the fact that EVCTL formulae contain only existential path quantifiers, we
have the following observation.

Lemma 5.12. Let t be an A-attributed data tree, ¢ be an EVCTL formula, and A -
free(p) — D s.t. t =, ¢. Then the following two facts hold.
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1. Let t' be an A-attributed data tree s.t. there is a leaf-preserving embedding of t
intot’. Thent' [, ¢.

2. Let 1 be an injective partial function from D to D s.t. the domain of 1 includes
all the data values occurring in (t, 1), moreover, for each data value d occurring
in A, n(d) = d. Then n(t) =, ¢, where n(t) is obtained from t by replacing each
data value d with n(d).

Intuitively, the argument for the first fact in Lemma[5.12)is as follows: Since there is
a leaf-preserving embedding 7 of ¢ into #', for each path 7 of ¢, there is a corresponding
path () in ¢’. Since ¢ contains only existential path quantifiers, and # =, ¢, we can
restrict our attention to the paths 7(xr) in ¢’ (where 7 is a path in f) and ensure ¢’ =, ¢.

Then we show that for the satisfaction of EVCTL formulae, a bounded number of
data values are sufficient.

Lemma 5.13. Let ¢ be an EVCTL formula, t be an A-attributed data tree, and A :
free(p) — D s.t. t =, ¢. Then an A-attributed data tree ' can be constructed from
t, D) s.t. t' a4 @, the label of the root of t' is the same as that of t, all the data values in
v also occurin t, and (t', A) contains at most (|A| + 1)|p| data values.

Lemma [5.13]cannot be extended to data w-trees. For instance, let ¢ = Yx. EF p(x).
Then ¢ is w-satisfiable. Nevertheless, any data w-tree satisfying ¢ has to contain all the
data values from .

Proof of Lemma We construct ¢’ from ¢ by an induction on the syntax of EVCTL
formulae. Recall that EVCTL formulae are defined by the following rules,

¢ = pl-plt) -1 |eVeleAg| EXp| EXe
| E(pUy) | E(pRp) | Ax.0 | Vx.0 ’

where p € AP, 7€ T and x € Var.

The basic idea of the construction is as follows. For each formula ¢, suppose the de-
sired subtrees have been constructed for the subformulae of ¢, then we glue these sub-
trees in a proper way to obtain a tree which still satisfies ¢ (attributed to Lemma[5.12)).
Moreover, when dealing with the universal quantifications, some data values in these
subtrees are renamed in order to bound the number of data values occurring in #'.

The induction base ¢ := p, =p, T(x), =7(x), x@a, ~x@a: Trivial.

The induction step.

@:=@1 V @y Supposet =3 o1 Vo, thent =y ¢ ort =y ¢o. If t =) @1, then by the
induction hypothesis, an A-attributed data tree #; can be constructed from (#, Al free(y,))
s.t. 1 E Wreeieyy P15 the root label of #; is the same as that of ¢, all the data values of #; also
occur in ¢, and (t1, Al free(p,)) contains at most (|A| + 1)|¢| data values. Let ¢ = #;. Then
v E. ¢, the root label of ¢ is the same as that of ¢z, all the data values in ¢’ also occur in
£, and (7', ) contains at most (A + 1)lg1 | +| free(p2)\ free(¢)] < (IAl+ D(lgi] +Igal) <
(JA| + 1)|¢| data values. The situation that # =, ¢, can be discussed similarly.

@:=¢1 A @y Supposet =, o1 A y. Thent |5, @) and 1 =, ¢,. By the induction
hypothesis, #; and #, can be constructed from (¢, Al free(s,)) and (2, Al free(s,)) s.t. for each
i=1,2,4 E Apreetsy Pis the root label of ¢; is the same as that of ¢, all the data values in ¢;
also occur in ¢, and (#;, Al free(s,)) contains at most (JA| + 1)|¢;| data values. Let ¢’ be the
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data tree obtained from #; by adding all the subtrees of the root of #, as the new subtrees
of the root of #; (with the original subtrees of the root of #; untouched). From the fact
that ¢, and #, are substructures of # and Lemma [5.12] we deduce that ¢’ = frectep) @1
and ' Fyp,,,,, ¢2. Therefore, 1’ =i ¢1 A ¢;. In addition, the root label of 7’ is the
same as that of ¢, all the data values in #’ also occur in ¢, and (¢, 1) contains at most
(Al + D(e1l + lg2]) < (JA] + D]yl data values.

¢ := EXoq: Lett E3 EX¢pp. Then there is a child of the root of ¢, say the node i, s.t.
tl; Ex ¢1. By the induction hypothesis, an A-attributed data tree ¢’ can be constructed
from (¢];, 2) s.t. ' =, ¢1, the root label of ¢’ is the same as that of #|;, all the data values
in ¢ occur in ¢|;, and (¢, 1) contains at most (|A| + 1)|¢;| data values. Let ¢ be the
data tree obtained from #’ by adding the root of ¢ as the parent of the root of #'. Then
t' =1 EXoq, the root of ¢ is the same as that of 7, all the data values in ¢’ also occur in
t, and (¢, 1) contains at most (JA| + D)|¢;| + [A] < (JA] + 1)|¢| data values.

¢ := EX¢;: Lett =y EX¢;. Then either ¢ is a just a single node or otherwise
t EFa EX¢p. The first case is trivial. The second case can be discussed similarly to
¢ = EXq.

¢ := E(p1Ugy): Suppose t =, ¢. Then there are a path 71 = my...7, in ¢ and
i+ 0 < i< nsatistying that f|;, 1 ¢2 and forevery j : 0 < j < i, tlr; Fa 1. We
distinguish between i = 0 and i > 0.

e If i = 0, then t =, ¢,. By the induction hypothesis, an A-attributed data tree
¢’ can be constructed from (2, Alfree(g,)) S-t. 1" Eay.y, @2, the root label of 7 is
the same as that of 7, all the data values in " also occur in ¢, and (¢, Al free(e,))
contains at most (JA| + 1)|g,| data values. Then (¢, 2) is the desired pair for .

o Ifi > 0,thent,, =1 ¢ and iy, =4 ¢1. By the induction hypothesis, the data trees
t; and 1, can be constructed from (#lx,, Al free(er)) and (tlr;, Al ree(ey)) respectively
s.t. 1 Eg frectey P15 B2 Ea frecten) P2 the root labels of #; and #, are the same as that
of #|,, and |, respectively, all the data values in #; and #, also occur in #|,, and |,
respectively, in addition, (#|x,, Al free(s,)) and (¢r,, Al free(e,)) contain respectively at
most (JA| + 1)|¢;| and (JA| + 1)|¢g,| data values. Let ¢ be the data tree obtained
from ¢, t; and t, as follows: ¢’ contains a path of length (number of nodes) i + 1,
say the sequence (g,0,02,...,0%), s.t. a copy of 1, is attached to 0, and for every
j:0 < j< i acopy of # is attached to 0/. Note that the root label of ¢ is
the same as that of #,, thus the same as that of #|,, = . From Lemma@] and
the fact that #, is a substructure of #'|y and #; is a substructure of #'|y; for every
j 10 < j<i weknow that ly Fuy,., %2, and 'l Eay,.,,, @1 for every
j 1 0 < j < i Therefore, ¥’ E, E(piUgp,), the root label of ¢ is the same
as that of ¢, all the data values in ¢’ also occur in ¢, and (¢, A1) contains at most
(Al + D(lei] + lpa) < (1Al + Digl data values.

¢ = E(¢1Rp): Suppose t =, ¢. Then there is a path 7 = mp ... 7, in ¢ s.t. either
tr, Eapforeveryi:0<i<n,orthereisi: 0 <i < mns.t t|, F1 ¢ and for every
J:0<j<i ity Eaga.

o The case 1|, F1 ¢> forevery i : 0 <i < n. If n = 0, that is, # is a single node,
then the argument is trivial. Otherwise, by the induction hypothesis, a data tree
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t] can be constructed from (7, Al free(p,)) S.t. 1] By rectoy P25 the root label of 7] is
the same as that of ¢, all the data values in ] also occur in z, and (¢}, Al free(ss))
contains at most (JA| + 1)|¢,| data values. Let ¢’ be the data tree obtained from ¢
and ¢ as follows: ¢’ contains a path (&, 0) s.t. a copy of ¢ is attached to &, and
the label of O is the same label as that of 7, in ¢ (thus O is a leaf in #’). Then from
tlr, Ea @2, we know that '|p =1 ¢. Moreover, from Lemma and the fact
that #] is a substructure of #’, we deduce that ¢’ =, ¢,. Therefore, ¢’ |y E(o1R¢2),
the root label of ¢’ is the same as that of ¢, all the data values in ¢’ also occur in ¢,
and ¢ contains at most (JA| + 1)|es| + [A] < (JA] + 1)|p| data values.

The case that thereisi: 0 <i < ns.t. 1, F1 ¢ and for every j : 0 < j < i,
flz; Ea p2. We distinguish between the following two situations.

—Ifi =0, then t 5 ¢; A ¢2. Then the argument is similar to the case
¢ = @1 A ¢, above.

- If i > 0, then by the induction hypothesis, a data tree #, can be constructed
from (7, Al free(ps)) 8-t 5 Fljy,) 2+ the root label of 7 is the same as that of
t, all the data values in ¢} also occur in ¢, and #] contains at most (|A|+ 1)|¢2|
data values. Similarly, a data tree #; can be constructed from (|, Al ree(s,))
S.t. 15 Edljyee, $2 the root label of 7" is the same as 1|, all the data values
in ) also occur in #|;, and (¢, Al free(e,)) contain at most (JA| + 1)|¢»| data
values. Moreover, a data tree #] can be constructed from (¢|x,, Al ree()) S-t-
1} Bl #1, the root label of 7 is the same as 1, all the data values in 7]
also occur in t|,, and (¢], Al free(p,)) contain at most (|A| + 1)|¢;| data values.
Let D be a set of (JA| + 1)|gs| + |A| data values that includes all the data
values occurring in (2}, Al free(y,)) and those occurring in the root of #7. Let
n be an injective partial function from D to D s.t.

* the domain of 7 is D((#}, Al free(¢y))) (i-€., the set of data values occur-
ring in (), Al free(p:)))s

* 1 is the identity function when restricted to the range of A|frce(y,), and
the set of data values occurring in the root of 7/,

+ the range of 7 is a subset of D.

Such a function exists due to the fact that (), A|ree(y,))) contains at most
(IA] + D¢ data values. From Lemma[5.12] we deduce that n(z)) Faj,,,
¢2. Let ¢’ be the data tree obtained from #,7(z)), #] as follows: ¢’ contains
a path (&,0) s.t. a copy of £, is attached to &, and a copy of 7| as well as a
copy of n(#;) are attached to 0 (note that the root label of 7(z}’) is the same
as that of ¢}). From Lemma m again, we know that |y |4 ¢1 A @2 and
T = Wreeiey P1- Therefore, we conclude that ' =, E(p;R¢»), the root label
of ¢’ is the same as that of ¢, all the data values in ¢’ also occur in ¢, and
(¢, D) contains at most [D|+ (JA]+ D] = (JA]+ D]ga| + Al + (A + Dl | <
(Al + 1)|¢| data values.

@ = dx. ¢1: Suppose ¢ =, dx. ¢;. Then there is d € D s.t. £ Ejq/5 1. By the
induction hypothesis, a data tree #; can be constructed from (¢, A[d/x]) s.t. 1 Eaja/x @1,
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the root label of #; is the same as that of ¢, all the data values in #; also occur in ¢, and
(t1, A[d/ x]) contains at most (JA| + 1)|¢;| data values. Then (¢;, ) is the desired pair for
®.

@ = Vx. ¢;: Suppose t =, Vx. ¢;. Then for every d € D, t Eaqqg 1. If (2, 2)
contains less than (JA| + 1)|¢;| data values, then we are done. Otherwise, let D be a
subset of (JA| + 1)|¢;| data values occurring in (¢, 2) s.t. D contains all the data values
occurring in the root of ¢ and in A. Suppose D = {d,...,da+1),,}- In addition, let
dy € Ds.t. dy ¢ D and dy does not occur in (¢, 2). Then foreachi: 0 <i < (JA]+ 1)|¢],
t Ea/x ¢1- From the induction hypothesis, for each i : 0 < i < (JA| + 1)lpy], a data
tree ¢, can be constructed from (z, A[d;/x]) s.t. £/ Ea4,/x @1, the root label of # is the
same as that of #, all the data values in ¢; also occur in ¢, and (], A[d;/x]) contains at
most (JA|+ 1)|¢| data values. Since |D] = (JA| + 1)|¢;|, foreachi: 0 <i < (JA|+ 1)|g],
there is an injective partial function 7; s.t.

1. the domain of 7; includes all the data values occurring in (¢/, A[d;/x]),
2. n; is the identity function when restricted to the set of data values occurring in
Ald;/x] as well as in the root of ¢, (note that the root label of #] is the same as that
of 1),
3. the range of 7; is a subset of D U {d,},
4. the set of data values occurring in 7;(¢,) is a subset of D (thus d does not occur
in 7;())).
The function 7;’s exist. For instance, since (¢, A[do/x]) contains at most (JA| + 1)|¢1|
data values, it follows that except dp and the data values occurring in the root of 7,
there are at most (JA| + 1)(l¢1| — 1) additional data values from (t), A[do/x]); therefore,
it is possible to define an injective partial function 7y to map those data values into D.
Then from Lemma , ni(t) Eayx @1. Let £ be the data tree obtained from
7)) - -+ m(tél Al Dir |) by merging their roots (recall that their root labels are the same),
that is, all the subtrees of the roots of 7;(), .. ., ’71'% Al +1)W) are the subtrees of the
root in . We claim that #/ |, Vx. ¢. At first, for every d; withi : 0 < i <
(Al + Dlgyl, from 1;(#)) Faayx ¢1 and Lemma we deduce that 1/ Eag/x €1-
Letd ¢ {do,...,dqap1)e ) Since &y Eaay/x ®1 and neither d nor dy occurs in 1o(t;),
assigning d to x has the same impact as assigning dy to x for the satisfaction of ¢,
on 7o(t)). Therefore, 1o(#)) Faa/v ¢1. From Lemma again, we deduce that
" Eafa/x ¢1. From the fact that d is an arbitrary data value not in {dp, . . ., dgaj+ Dig,1}
we conclude that t’ =, Vx. ¢, the root label of ¢ is the same as that of ¢, all the data
values in ¢ also occur in ¢ (recall that the set of data values occurring in 7;(#)) is a
subset of D and D is a subset of data values occurring in #), and (#’, 1) contains at most
(Al + Dlei] + 1 < (JA] + 1)|¢| data values. O

Proof of Theorem[5.11} Suppose ¢ is an EVCTL sentence. Without loss of generality,
we assume that each variable occurring in ¢ is only quantified once. From Lemma
we know that if ¢ is satisfiable, then it is satisfiable over a data tree containing at
most (JA| + 1)|¢| data values. Let V = {d, ..., dqaq1)el}-

Construct ECTL formula ¢” over AP U (T X V) from ¢ as follows: Let {x1,..., x;}
be the set of variables occurring in ¢. Then ¢’ is obtained from ¢ by replacing each Jx;
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(resp. Yx;) with \/ (resp. A ), and every occurrence of 7(x;) with (7, d;). The size of
diev diev
¢’ is exponential over the size of .
Since the satisfiability problem of ECTL over labeled trees is decidable in NP

([57]), it follows that the satisfiability problem of EVCTL is in NEXPTIME. |
Remark 5.14. It is open whether the w-satisfiability problem of EVCTL is decidable.

5.2.3. Data variable quantifiers in the beginning
Theorem 5.15. The satisfiability and w-satisfiability problems of 3*-VCTL,, s are EX-
PTIME complete.

Proof. The upper bound. For every sentence of the form Jx;...dx,.y s.t. ¢ is a quanti-
fier free VCTL formula, we only need to consider at most n + 1 values. It is sufficient
to show that there is a data tree (resp. w-tree) t = (Z, L) satisfying dx;...3x,.y iff there
is a data tree ' = (Z,L’) using only n + 1 different data values s.t. ¢ = Jx;...dx,.4.
Suppose the data tree (resp. w-tree) ¢ satisfies dx;...dx,.¢ and uses values more than
n+ 1. W.Lo.g., suppose xi, ..., X, take the values from the set D = {d,, ...,d,} in ¢, then
each d € D\ D used in ¢ can be replaced by the same data value ' € D \ D without
affecting the satisfiability of the formula Jx;...3x,. . Thus to decide the satisfiability
(resp. w-satisfiability) of Ax;...dx,.y, it is sufficient to do as follows: For each function
f : X — DU {d'} (there are exponentially many of them), decide the satisfiability
(resp. w-satisfiability) of the CTL formula ¢’ over AP U (T X (D U {d'})), obtained by
replacing each variable x; by f(x;).

Since it is known that the satisfiability (resp. w-satisfiability) of CTL formulae can
be decided in exponential time, it follows that the satisfiability (resp. w-satisfiability)
problem of 3*-VCTL,,; is in EXPTIME.

The lower bound follows from the satisfiability problem of CTL. O

Theorem 5.16. The model checking and w-model checking problems of ¥V*-VCTL,,,¢
are decidable in EXPTIME.

Theorem [5.16]can be easily deduced from the following lemma.

Lemma 5.17. Let K = (AP, X,S,R,So,I,L,L") be a VKS and ¥x;..Nx,. be a ¥*-
VCTL,,s sentence. Then there is a computation tree (resp. w-tree) t = (Z,L) of K
s.t. t | Axy..3x,.¥ iff there is a computation tree (resp. w-tree) ' = (Z,L') of K s.t.
rE Elxl...Elxn.E and t’ contains at most |X| + n different values.

Proof. (=) Suppose there is a computation tree (resp. w-tree) t = (Z,L) of K s.t. t =
dx;...3x,.¢. W.lo.g., we assume that the number of different values used in ¢ is greater

than |X| +n (otherwise we are done). Then there is an assignment A : {x,...,x,} = D
st.tE . LetD={A(x) |1 <i<njand D’ = {d], .. -’d()q} be a set of | X| data values

that are different from all the data values occurring in 7 and the data values from .
Let# = (Z, L") be the computation tree (resp. w-tree) obtained from ¢ by replacing
all the data values in D \ D with the data values in D’, while respecting the invariants
of the states in K as well as the reset constraints on the edges of K. It is not hard to
see that it is possible to do these replacements and these replacements do not affect the
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satisfaction of Jx; ... dx,.y. Therefore, we obtain a computation tree (resp. w-tree) ¢’
of K that contains at most |X| + n data values and satisfies Jx;...3x,.4.

(&) trivial. |

s Proof of Theorem[5.16] Let K = (AP U T,X,S,R,So,1,L,L’) be a VKS , and ¢ =
Vxi..¥x, be a V*-VCTL,,,s sentence. By Lemma we only need to consider the
computation trees of K that contains at most |X| + n data values. Let D be a set of data
values of size |X|+n. Given a function A : X — D and a state s € S, let O(s, 1) denote
the set (AP N L(s)) U {(1, A(x)) | (1, x) € L(s)}.

1900 Let k be the maximum number of successors of the states in K. We construct a
NTA (resp. NBTA) Ay = (APUT X D, Q,06, Qo, Q) over k-ary labeled trees s.t. Agc
defines the set of computation trees of K containing only data values from V.

¢ 0=0;={(s,P) €S x2APXP 130 : X — D : A E I(s) A P = O(s, D)},
° QO — QmsoszPUTXD’

1905 o § C Qx24PUTXD 0=k is computed as follows: For every state (s, P) € Q s.t.
R(s) = {s1, ..., 5;}, 0 contains all the transition rules ((s, P), P, ((s1, P1), ..., (s, P;)))
s.t. there are functions 4, 4y, ...4, : X — D satisfying that

-P= @(S, /1)7
— foreveryi: 1 <i<r P, = 0(s,4), and for every (reset,x) ¢ L'(s, s;):
1910 /l(x) = /1,'()().

Note that the size of Ay is exponential over the size of K and ¢.
On the other hand, construct a CTL formula "‘i over AP U T x D from p as the
formula \Vi ¥, where ) is obtained from ¢ by replacing every occurrence of

1915 To decide whether there is a computation tree (resp. w-tree) of K satisfying ¢ =
Axy ... dx,., it remains to decide whether L(Ax) N L(¢") # O (resp. L,(Ax) N
L) #0).

Since it is well known that an equivalent NTA (resp. NBTA) of exponential size

can be constructed from a CTL formula (cf. [58]]), it follows that from each formula

120 1, a NTA (resp. NBTA) Ay, of exponential size can be constructed, then the union

of these Ay,, denoted by A, is equivalent to ¢’ and still of exponential size. So the
problem reduces to the nonemptiness of the intersection of Ag and A, .

From Proposition we conclude that the model checking problem (resp. w-

model checking problem) of V*-VCTL,,; is in EXPTIME. O

15 6. Conclusion and Future Work

In this paper, we systematically investigated the theoretical aspects of VLTL and
VCTL, the variable extensions of LTL and CTL respectively. At first, we compared
the expressiveness of VLTL with the other logical formalisms over data words. Then
we considered the decidability and complexity of the satisfiability and model checking
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problem of VLTL and VCTL, over both finite and infinite words (trees). We identified
the decidability frontier of these decision problems of fragments of VLTL and VCTL
and got a relatively complete picture (see Table|[T).

For the future work, one obvious direction is to solve the questions left open in
this paper. For instance, the questions whether the w-satisfiability problems of 3*V*-
RVLTL,, s and EVCTL are decidable. Itis also interesting to consider the model check-
ing problem of VLTL and VCTL over counter machines or some proper extensions of
pushdown systems that contain data values, e.g. pushdown register automata intro-
duced in [39].
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