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Abstract— Differential games play an important role in col-
lision avoidance, motion planning and control of aircrafts, and
related applications. The central problem is the computation of
the set of initial states from which the ego player can enforce
safety specifications over a specified time horizon. In this paper
we study differential games based on invariant sets generation,
where the ego player aims to perpetually force the system
to satisfy certain safety specification while the mutual other
player attempts to enforce a violation of the safety specification.
This game is studied within the Hamilton-Jacobi reachability
framework via computing two new robust controlled invariant
sets, i.e., the lower robust controlled invariant set and the
upper robust controlled invariant set (Definition [2). These two
robust controlled invariant sets are respectively characterized
as the zero level set of the unique bounded continuous viscosity
solution to a Hamilton-Jacobi equation with sup-inf Hamilto-
nian and inf-sup Hamiltonian. This is the main contribution of
this work. The uniqueness and continuity property of viscosity
solutions facilitates the use of contemporary numerical methods
to solve this game. Two examples, including a Moore-Greitzer
jet engine model, are used to illustrate our approach.

I. INTRODUCTION

Differential games, i.e., dynamic games featuring an evo-
lution governed by differential equations, have many impor-
tant applications in engineering domains, e.g., in the analysis
of collision avoidance [29], [37], energy management [15]
and safe reinforcement learning [32]. They model a form
of strategic interactions among rational players, where each
player makes decisions in light of its own preference while
expecting adversarial actions from the mutual other player.
As the resulting winning strategies are robust against any
possible action of the adversary, differential games have
received growing interest as a model facilitating synthesis
of reliable control strategies for safety-critical systems.

Differential games were initiated by Rufus Isaacs in the
early 1950s when he studied military pursuit-evasion prob-
lems while working in the Rand Corporation. The pursuit-
evasion game he studied is a two-player zero-sum game,
where the players have completely opposite interests [23].
A challenging class of differential games is to determine
the set of states from which the ego player is able to stay
away from an avoid set, regardless of opposing actions of
the mutual other player. This set goes by many names in the
literature such as discriminating kernels [2], [13], backward
reachable sets [28] and stable bridges [35]. Differential
games can be solved within the Hamilton-Jacobi reachability
framework. Hamilton-Jacobi reachability analysis addresses
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reachability problems by exploiting the link to optimal con-
trol through viscosity solutions of Hamilton-Jacobi equations
[4]. It extends the use of Hamilton-Jacobi equations, which
are widely used in optimal control theory [5], [6], to perform
reachability analysis over both finite time horizons [25], [28],
[26], [1], [18] and the infinite time horizon [12], [21], [22].
While computationally intensive, Hamilton-Jacobi reachabil-
ity approaches are still appealing nowadays due to the avail-
ability of contemporary numerical methods [16] and modern
numerical tools such as [27], [10], which allow solving as-
sociated game problems conveniently. Within the Hamilton-
Jacobi reachability framework, continuity and uniqueness of
solutions are desirable from a numeric computation point of
view, since rigorous convergence results for many popular
numerical approximations, e.g., finite difference schemes,
ENO schemes and WENO schemes, to the derived Hamilton-
Jacobi equation require continuity and uniqueness of the
solution. Unfortunately, reachability analysis under state con-
straints may induce discontinuities of viscosity solutions, see
for instance [24], [5], [17], [7], [14], [30], [8], [3], unless
the dynamics satisfy special assumptions at the boundary
of state-constraint sets, e.g., inward pointing qualification
assumption [33], [34], [9], outward pointing condition [19]
and vanishing on the boundary [7]. These conditions are,
however, restrictive and viscosity solutions can therefore be
discontinuous in general. Recently, without requiring such
assumptions, the work in [11] infers a modified Hamilton-
Jacobi equation and considers reachability problems over fi-
nite time horizons for state-constrained systems with control
inputs. The modified Hamilton-Jacobi equation exhibits a
unique continuous viscosity solution. Based on the Hamilton-
Jacobi formulation in [11], the work in [26] studies the
finite-time games for state-constrained systems. The work in
[18] further investigates differential games over finite time
horizons where the target set, the state constraint set and the
dynamic are allowed to be time-varying. Recently, the work
in [39] studies the problem of computing robust invariant sets
over the infinite time horizon for state-constrained perturbed
systems without control inputs, where a robust invariant set
is a set of states such that every possible trajectory starting
from it never violates a given state constraint, irrespective of
the actual perturbation. In [39] the maximal robust invariant
set is described as the zero level set of the unique continuous
viscosity solution to a Hamilton-Jacobi equation.

In this paper we extend the Hamilton-Jacobi formulation
in [39] to address differential games based on invariant
sets generation. In the game, we consider the problem of
computing two new robust controlled invariant sets, i.e., the
lower and upper robust controlled invariant sets. For a given



state-constraint set, the lower robust controlled invariant set
is a set of initial states such that for any neighborhood of
the state-constraint set and any finite time horizon, there
exists a nonanticipative strategy for the ego player which
makes the system stay inside the neighborhood over the
finite time horizon, irrespective of actions of the mutual
other player; the upper one is a set of initial states such that
for any neighborhood of the state-constraint set, any finite
time horizon and any nonanticipative strategy of the mutual
other player, there exists an action for the ego player which
makes the system stay inside the neighborhood over the finite
time horizon. We characterize the lower robust controlled
invariant set as the zero level set of the unique bounded
continuous viscosity solution to a Hamilton-Jacobi equation
with sup-inf Hamiltonian and the upper robust controlled
invariant set as the zero level set of the unique bounded
continuous viscosity solution to a Hamilton-Jacobi equation
with inf-sup Hamiltonian, respectively. Under the classical
Isaacs condition, these two sets coincide. To the best of
our knowledge this is the first work on the use of Hamilton-
Jacobi equations to address differential games with the lower
and upper robust controlled invariant sets. Two examples,
including a Moore-Greitzer jet engine model, are employed
to demonstrate our approach.

This paper is structured as follows: Section [lI| gives an
introduction of differential games of interest in this paper,
including the notion of lower and upper robust controlled
invariant sets. Section formulates the computation of
both lower and upper robust controlled invariant sets within
the framework of Hamilton-Jacobi type partial differential
equation. After demonstrating our approach on two examples
in Section we conclude this paper in Section

II. DIFFERENTIAL GAME FORMULATION

In this section we introduce the notations and definitions
used in the rest of this paper. The following basic notations
will be used throughout this paper: R™ denotes the set of
n-dimensional real vectors. ||| denotes the 2-norm, i.e.,
lz|| == /> z7, where & = (21,...,2,) . C(R")
denotes the set of smooth functions over R™. Vectors are
denoted by boldface letters.

We consider systems with dynamics given by

{ @(s) = fla(s), uls), d(s))

z(0) =xp € X. &

Here we assume that f(x,u,d) : R" x U x D — R" is
continuous over x, v and d, and locally Lipschitz over =
uniformly for w € U and d € D. The sets X, U and D
are compact subsets of finite dimensional spaces R", R™
and R! respectively, and the controls () : [0,00) = U and
d(-) : [0,00) +— D are measurable functions. We define

U = {u(-) : [0,00) — U, measurable} and
D = {d() : [0,00) — D, measurable}
as the respective sets of control functions.

Throughout this paper we will investigate differential
games in which the ego player wants to control the system to

enforce safety specifications while the mutual other player
attempts to prevent this. For this reason, we will usually
interpret w(-) as a control action while considering d(-)
as an adversarial perturbation. The trajectory of system (I))
under the control of u(-) € U and d(-) € D is denoted
by ¢p%d(-) : R — R" with ¢%%(0) = x. The game is
investigated in the framework of non-anticipative strategies,
whose concepts are formally presented in Definition

Definition 1: We say that a map «(-) : D — U is a non-
anticipative strategy (for the ego player) if it satisfies the
following condition:

For dy(-), d2(-) € D and s > 0 for which d;(t) = da(t)
for almost every t € [0, s], a(d1)(t) and a(ds)(t) coincide
for almost every ¢t € [0,s]. The set of non-anticipative
strategies «(-) for the ego player is denoted by T.

Non-anticipative strategies for the mutual other player
B(:) : U — D are defined similarly. Its set is denoted by
A.

Based on the non-anticipative strategies in Definition
we define two new robust controlled invariant sets, i.e., the
lower robust controlled invariant set and the upper robust
controlled invariant set.

Definition 2: Let X = {x € R"” | h(z) < 0} and X, =
{x € R" | h(z) < €} be sets in R™, where X" is compact
and h(x) is bounded and locally Lipschitz continuous in R",

1) The lower robust controlled invariant set R~ of system
is the set of initial states « such that for any € > 0 and
any T > 0, there exists a non-anticipative strategy a(-) € T
such that for any perturbation d(-) € D the corresponding
trajectory ¢ %(t) stays inside X, for t € [0,T), ie.,

R_:{:BER"

2). The upper robust controlled invariant set R of system
(I is the set of initial states & such that for any 7' > 0 and
any € > 0 and any non-anticipative strategy 3(-) € A, there
exists a control u(+) € U such that the trajectory ¢=*™ (t)

stays inside X, for ¢ € [0,T], i.e.,
_— {m . Ve > 0,YT > 0,YB(-) € A, 3u(-) € U,
Vt € [0,T], p%P™ (1) € X,

Note that the assumption on the boundedness of h(x) over
x € R™ is not restrictive since if h(x) is unbounded, then
h(zx) == 1 J:L}Ef’()m) is bounded and the set X is still equal to
{x € R" | h(x) < 0}.

The differential game of interest in this paper is on the
computation of the sets R~ and R based on the following
assumption.

Assumption 1: Both the sets R~ and R are not empty
and have nonempty interior.

From Definition [2] we have the following inference.

Corollary 1: R~ C X and RT C X.

Proof: Letx € R~ but x ¢ X.
Obviously, there exists €; > 0 such that h(x) = ;.

Ve > 0,¥T > 0,3a(:) € I,Vd(:) € D,
vt € [0,7], ¢ D (t) € X ‘




Therefore,

Jde < €,3T = 0Ve(-) € I',3d(-) € D,

3t € [0,7], X D2(t) ¢ X,
contradicting @ € R~. Therefore, x € A and thus R~ C X.
Analogously, we have RT™ C X. |

III. CHARACTERIZATION OF ROBUST CONTROLLED
INVARIANT SETS

In this section we characterize the lower and upper robust
controlled invariant sets using Hamilton-Jacobi equations
with sup-inf and inf-sup Hamiltonians respectively.

A. System Reformulation

As f is assumed to be locally Lipschitz continuous in
system (I, the existence of a global solution ¢;‘6d(t) over
t € [0,00) is not guaranteed for any initial state xy € R™.
However, the existence of global solutions is a prerequisite
for constructing Hamilton-Jacobi partial differential equa-
tions in the Hamilton-Jacobi reachability framework. As in
[39], [38], in this subsection we construct a system, to which
the global solution over ¢ € [0, 00) starting from any initial
state g € R"™ exists. Also, its solution coincides with the
solution to system over a compact set B. The compact
set B is chosen to satisfy

X C Band OBNAX =), 2
resulting in that there exists €’ > 0 such that
X. C B and 0X. N OB = (,Ve € [0,€]. 3)

Such a set B exists since the set X is a compact set in R™.
The auxiliary system is of the following form:

@(s) = F(x(s), u(s),d(s)), )

where F(x,u,d) : R" x U x D — R", which is globally
Lipschitz continuous over € R™ uniformly for u € U and
d € D with Lipschitz constant Ly, i.e.,

|F (@1, u,d) = F(x2,u,d)|| < Lyll@s — a2l (5)

for £;,z2 € R”, u € U and d € D, where Ly is the
Lipschitz constant of f over B. Moreover, f(x,u,d) =
F(x,u,d) over Bx U x D.

The existence of system (@) is guaranteed by Kirszbraun’s
extension theorem for Lipschitz maps [36]. For instance,

satisfies such requirement, where A is an n-dimensional
vector with each component being equal to one. Thus, for
any (xo,u(-),d(-)) € B x U x D, there exists a unique
absolutely continuous trajectory @(t) = ¥2-%(t) satisfying
(@) a.e. with (0) = x for ¢ € [0, 00) [Theorem 5.5, Section
1L, [5]]. Since f(x,u,d) = F(x,u,d) over BxU x D, we
have the conclusion that given g € B, u() e U, d() e

andTZO,ifszéd()erorte[O T] o ()eror
t € [0, 7] holds and further ¢%-%(t) = 9p2%-%(t) for t € [0, T).

Moreover, the sets R~ and R for system () coincide
with the corresponding sets for system @). Since X, C X,
for 0 < €1 < €9,

_ Ve € [0,€],YT > 0, 3ax(+)
R™ =<z eR"” dd
vd(-) € D,Vt € [0,T), ¢>°‘< ) t) € X,
and
Ve € [0,€],VT >0,V
Rt ={x eR"” €€ 0., AL)
Ju(-) €U, Vt € [0,T], ¢"ﬁ<“>
holds, where € is defined in (3). Therefore, we have that
B Ve>O,VT20,3a()eFVd
R =<z eR" d.d(;
vt e [0,T], 5D (t) €
and
Ve > 0,VT > 0,VB(-) € A, Ju(-) €U,
Rt =<{zeR" ‘ 2 0,VA() ©) .
vt e [0,T], 2P (1) € X,

This indicates that both the lower and upper robust controlled
invariant sets can be obtained based on system (@). In the rest
we consider system (@) instead of system (I)).

B. Hamilton-Jacobi Equations

In order to obtain Hamilton-Jacobi equations for charac-
terizing the sets R~ and R, for any solution ¥%%(-) of
system (@) with an initial value  we associate a payoff
which depends on (u(-),d(-)) € U x D and is denoted by

J(x,u,d) ;= sup e Th(p2(t)), @)
te[0,00)
where 7 is a scalar constant valued in (0, c0).

For the payoff J(x, u, d), we respectively define the lower
value function V'~ (x) and upper value function V() as
follows:

V7 (x):= inf sup J(z,a(d),d) (8)
a()Er 4(yep
and
VT(z):= sup inf J(z,u,B(u)). )
B(eaul)eu
We will show that the zero level sets of the lower value
function V'~ (z) and the upper value function V' (x) are
respectively the lower robust controlled invariant set R~ and
the upper robust controlled invariant set R*, i.e., R~ =
{xeR" |V~ (x)=0}and R* = {z € R" | VT (x) = 0}.
Before justifying this statement, we need an intermediate
proposition stating that both the lower value function V'~ and
the upper value function V* are non-negative and bounded
over R™.

Proposition 1: The lower value function V'~ (x) is non-
negative and bounded over € R"™. Analogously, the upper
value function V' (z) is non-negative and bounded over & €
R™ as well.

Proof: We just prove the statement pertinent to the
lower value function V'~ (). The similar proof procedure
applies to the upper value function V' (x) as well.



Since h(x) is bounded over R™, we have that
: —t a(d),d —
Jm e R(Pt A (t) = 0

for a(-) €T, d(-) € D and « € R". Since J(x, a(d),d) >
1m0 e (XD A1) for () €T, d(-) €D and z €
R™, this implies that

J(xz,a(d),d) > 0,Va() € T,Vd() € D,Ve € R".
Thus,

sup J(xz,a(d),d) > 0,Va() € T,V € R™.
d(-)eD
Consequently, V'~ (x) > 0 for € R™.
The boundedness of V'~ is guaranteed by the fact that

J(xz,a(d),d) < M,Va(-) € T',Vd(-) € D,Vx € R",

where M is a positive value such that |h(x)] < M over
x € R". Thus, V() < M over ¢ € R™. [ |

Lemma I: R~ = {x | V- (x) = 0} and RT = {z |
Vt(z) = 0}.

Proof: 1. For the statement R~ = {x | V~(x) = 0},
we first prove R~ C {z | V~(x) = 0}.

Assume that x € R~ and e is an arbitrary positive number.
Since h(x) is bounded over € R", there exists A/ > 0 such
that h(x) < M over € R". Also, since lim;_,o, Me 7t =
0, there exists 7" > 0 such that Me~ 7 < e fort > T.

Since @ € R~, there exists a1 (-) € I' such that

sup  sup h(ypa=" D U(t)) < e
d(-)eD t€[0,T]
and thus
sup  sup e‘”h(z/ﬁ“(d)’d(t))
d(-)eD te(0,00)
s,

= sup max{ sup e "'h(vg
d(-)eD te[0,T)

sup e~ h(ypge T 1)
te[T,00)

< max{ sup sup e_“’th('lbge’T(d)’d(t));
d(-)eD t€[0,T)

sup e h(gpg V(1))

sup
d(-)eD te[T,00)
<e.
Furthermore,
V7 (x) = inf sup J(xz,a(d),d)

a()el g(yep

< sup J(z,ar(d),d) <e.
d(-)eD

Since € is an arbitrary positive number, V'~ (x) < 0. In addi-
tion, according to Proposition 1] which states that V= (z) > 0
over R", we conclude that R~ C {x € R" | V~(x) = 0}.

Next, we prove that {x e R” |V~ (z) =0} CR™.

Assume that xg € {x € R" |V (x) =0} but g ¢ R™.
Therefore, we have

Je > 0,37 > 0Va(:) € T,3d(-) € D,

3t € [0, T], 92 D4(t) ¢ X..

Therefore, Sup,e(g,o0) e (D) > e Te for

a(-) € T and consequently

sup e T h(hgl P A(t)) > e e,

inf  sup
a()€l g(.)eD te[0,00)

contradicting V'~ (xg) = 0. Thus, &y € R~ and further
{z |V (xg) =0} CR".

In summary, we have R~ = {z e R" |V~ (x) = 0}.

2. We prove that R* = {x | V*(x) = 0}, and first prove
that RT C {x | VT (x) = 0}.

Let z € R" and V*(xz) = 6 > 0. We will derive a
contradiction. Due to VT (x) = § > 0, there exists 3;(-) €
A such that inf,()ey J (@, u, B1(u)) > 3, implying that
J(x,u,B1(w)) > 3 for all u(-) € U. Due to the fact that
there exists 77 > 0 such that

]

>

fort > T",u(-) € Y and B(-) € A, where M is a positive
value such that |h(x)| < M over € R, there exists T}, €
[0,T"] for u(-) € U such that

e Mh(yuPM (1) < e T M <

RO (T) > 3
and therefore, 1u" 1) (Tw) ¢ X 5, Vu(-) € U, contradicting
x € RT. Thus, R C {z | V*(x) < 0} holds. In addition,
according to Proposition [1| which states that V' (x) > 0 for
x € R", we have RT C {z e R" | VT (z) = 0}.

Next, we show that {x € R" | V*(x) = 0} C R™. Let
V*t(x) = 0 but & ¢ R*. According to the concept of R™
in Definition 2] we have that

Je > 0,37 > 0,38(:) € A, Vu(-) € U,
3t € [0, 7], h(xp2P™ (2)) > e.

Therefore, supg()eca infu()eu J(z,u,B(u)) > e Te,
which contradicts V' (z) = 0. Therefore, we conclude that
{x eR" | VT(x)=0} CR".

In summary, {x € R" | VT (z) =0} = R™. [ |

From Lemma |1} if the lower value function V~(x) and
the upper value function V¥ (x) are computed, the sets R~
and R can be obtained. We in the sequel show that the
lower value function V~(x) : R® — R and the upper
value function V* () : R® — R are respectively the unique
continuous and bounded viscosity solution to Eq. (I0) and

Eq. (TI):

min {VV_(ZE) — H (x, Wa;afw)), Vo (x) — h(a:)} =0
(10)
and
min {ﬂ/"‘(:c) ~ H(x, %), VH(a) — h(a:)} — 0,
v (11

for x € R", where H (z,p) = supgepinfucup -
F(z,u,d) and H" (x,p) = infycy supgepp - F(z,u, d)
are the sup-inf and inf-sup Hamiltonians respectively. The
concept of viscosity solutions to Eq. and Eq. is
presented in Definition



Definition 3: [5] A locally bounded and continuous func-
tion V(x) on R™ is a viscosity solution of Eq. (Eq.
(T1)), if for any test function v(x) € C°°(R™) such that
V(x) — v(x) attains a local minimum at xo, € R",

min{yV (o) — H™ (xo,p), V(x0) — h(x0)} > 0
(min{yV (zo) — H* (x0,p), V(20) — h(z)} > 0)
holds, i.e., V() is a viscosity supersolution; 2) for any test

function v(x) € C°°(R™) such that V(x) — v(x) attains a
local maximum at xg € R™,

(12)

min{yV(xg) — H™ (x0,p),V(xo) — h(x0)} <0 (13)
(min{yV (xo) — H* (x0,p), V(20) — h(x)} < 0)
holds, i.e., V(x) is a viscosity subsolution, where p =

Ov(x)

o lo=zo-

aFirstly, we show that both V~(x) and V() are uni-
formly continuous.

Lemma 2: Both the lower value function V™~ (x) and the
upper value function V' (z) are uniformly continuous over
R™.

Proof: We just prove the statement related to the lower
value function V'~ (). The one for the upper value function
V*(x) can be justified following the same procedure.

V(1) = V()]

<| inf sup J(z1,a(d),d)
a()eT g(yep

— inf sup J(x2,«
()€l g(yep (

sup |J(z1,a(d),d) — J(x2, a(d), d)]

a()er d(-)eD
(P2 (2))].

(d),d)|

< sup

sup sup e |h(ypg (1)) —
a(-)elr d(-)eD tel0,00)

< sup

Since h(x) is bounded over € R™, for arbitrary ¢ > 0,
there exists 7, > 0 such that

sup sup  sup e |R(pi DA (t)) — (gD (1))]
a(-)el d(-)eD te[Te,)

<e.

Therefore,

sup  sup sup e (P (1)) — h(pa (L))
a(-)er d(-)eD te(0,00)
< max{

sup sup sup e HA(pSD () — h(ypg P A(t)),

a()el d(-)eD t€l0,Te)

sup sup  sup e " [h(ypgi P (t)) — h(pg!P (1))
a(-)el d(-)eD te[Te,00)

}

< max{

sup sup sup e 7t|h(1/1a(d (U’a(d)d( )l

a()el d(-)eD t€[0,T.)

(1) =

€

}

< max{Lpe

—:I}2||,6}7

where L, ad L; are the Lipschitz constants of h and F'
over the bounded set Q(By) = {z | ¢ = ﬁo(d)’d(t),t €
[0,T.],xz0 € B1,a() € I',d(-) € D} with B; being a
compact set in R™ covering x; and x, respectively. The
boundedness of the set (2(B;) can be obtained based on the
fact that F'(x,u,d) : R” x U x D — R"™, which is globally
Lipschitz continuous over € R™ uniformly for u € U and
d € D with Lipschitz constant Ly, and

a2 0 1) — gz ) )]

t
<l —all + Ly [ [ 0% (5) — 3205 s
0

S e — ac2||
fort € [O,TE], al(-) erl, a2(~) S F,d1(') € D and dg() S
D.

Since there exists § > 0 satisfying ||x1 — x2|| < J such
that Supa() 1 SUPg()ep SWPseo,1,) € V1R (z (d) () —
h( al(d)’ (t))|] < e, there exists 6 > 0 satlsfymg |1 —
2|l < 6 such that |V (z1) — V(z2)| < 2e.

Due to the arbitrariness of ¢, we shows the uniform
continuity of V'~ (x). |

The following theorem states that the lower value function
V= () and the upper value function V() are the viscosity
solution to Eq. and Eq. respectively.

Theorem 1: The lower value function V'~ (x) and the
upper value function V¥ (x) are respectively the viscosity
solution to Eq. (I0) and Eq. (TI).

Proof: The proof follows the one of Theorem 1.10 in
Section VIII in [5] with some modifications. The details can
be found in Appendix. [ ]

Further, we show the uniqueness of viscosity solutions to
Eq. (I0) and Eq. (TI).

Theorem 2: The lower value function V~(x) and the
upper value function V' (x) are respectively the unique
viscosity solution to Eq. and Eq. (TI).

Proof: The proof follows the one of Theorem 2.12
in Section III in [5] with some modifications. It is based
on proving a comparison principle: If Vi(x) and Vi(x)
are bounded continuous functions over x € R", and they
are respectively a viscosity sub and supersolution to Eq.
(I0) (Eq. (TI)), then Vi(x) < Va(x) in R™. Obviously, if
such comparison principle holds, the uniqueness of bounded
continuous solutions to Eq. (Eq. (T1)) is guaranteed.

The details can be found in Appendix. [ ]

We will show that V~(x) = V*t(x) for x € R" based
on Eq. and Eq. under the Isaacs condition.

Theorem 3: V~(x) < V() holds for x € R™ and con-
sequently Rt C R~. Moreover, if H™ (x,p) = H" (z,p)
for z € R" and p € R", then V() = V() for z € R
and thus R~ =RT.

Proof: Since the upper value function VT (x) is a
supersolution to Eq. (IT)), we have that for v(x) € C*(R"™)
such that V'~ () —v () attains a local minimum at o € R",

min{yV*(zg)

— H" (zo,p), VT (xo) — h(xo)} > 0.



Since H™ (z,p) < HY(z,p) for z € R" and p € R", we
have that

min{yV*t(x¢) — H (xo,p), V' (z0) — h(z0)} > 0,
where p = 815(5) | z=a, - Therefore, the upper value function
V+(x) is also a supersolution to Eq. (I0). According to the
comparison statement in the proof of Theorem [2} V~(x) <
V+(x) holds for € R™.

Also, since V'~ (x) > 0 over R™ according to Proposition
{x e R" |Vt (x) =0} C {x € R* |V~ (x) = 0} holds.
Furthermore, from Lemma |1, we have Rt C R~.

Obviously, the fact that H~ (x,p) = H (x,p) for ¢ €
R™ and p € R™ implies that V"~ (x) = VT (x) for z € R"
and thus {z | V= () =0} = {& | VT (z) = 0}. According
to Lemma [1} we have R~ = R™. [

Remark 1: Since F(xz,u,d) : R" x U x D — R" is
continuous over x, u and d, according to Theorem 2.3 in
Chapter VIII in [5], if U and D are convex spaces, the sets
{u€eU| H(u,d) >t} and {d € D | H(u,d) >t} are
convex for all t € R, w € U, d € D, where H(u,d) =
p- F(xz,u,d). Then H™ (x,p) = H" (z, p).

The simplest system for Theorem 2.3 in Chapter VIII in
[5] to hold is the one being affine in the control variables
ueUandd € D, thatis, F(z,u,d) = F\(z)+ Fy(x)u+
F3(x)d, where U and D are convex compact sets in R™
and R! respectively. This implies that f(z,u,d) = Fy(x)+
Fy(xz)u + Fs5(x)d for € B.

IV. EXAMPLES

In this section we illustrate our approach on two examples.
For numerical implementation of solving Eq. (I0) and Eq.
(TT), we use the ROC-HJ solver [10]]

Example 1: We consider a two-dimensional system of the
following form adopted from [39]:

i = —0.5z,

y = 102% — (u — d)?y, 19
where U = [-0.2,0.2], D = [70.22, 022] and X = {(z,9)" |
Let B = [-1.1,1.1] x [-1.1,1.1]. Obviously, the set B
satisfies (Z). We can construct an auxiliary system &(s) =
F(x(s),u(s),d(s)) of the form @) such that F(x,u,d) =
f(z,u,d) for (x,u,d) € BxU x D. According to Lemma
[[] and Theorem [I] the lower and upper robust controlled
invariant sets, i.e., R~ and R, can be computed by solving
Eq. (I0) and Eq. (T1) respectively. We perform numerical
computations on the set B and use uniform grids of 4 x 10*
to solve Eq. (I0) and Eq. (TI).
For this example the Isaacs condition, i.e., H™ (x,p) =
H7T(x,p) for p € R" and = € R", does not hold. Indeed,
e.g.,, for p = (1,1) and « € B, we get p - f(xz,u,d) =

Thttps://uma.ensta-paristech.fr/soft/ROC-HI/

N

Fig. 1.  Above: The blue region denotes the computed lower robust
controlled invariant set R~ for Example |1} Below: An illustration of level
sets of the computed lower value function V'~ ().

—0.52 + 1022 + (u — d)?y, implying

sup inf p- f(xz,u,d) =

deD uelU
—0.52 + 1022, ify<O0AxeB
—0.52 + 1022 — 0.04y, ify>0Axz € B’
but
inf supp- f(x,u,d) =
inf supp- f(z,u,d)
—0.52 4+ 1022 — 0.04y, ify<O0Ax€B
—0.5z + 1022, ify>0AxzeB’
Thus, we cannot guarantee that R~ = R™.

The level sets of computed functions V() and V()
are illustrated in Fig. [T] and 2] respectively. The level sets
displayed in Fig. [T|and 2] further confirm that the lower value
function V'~ (z) and the upper value function VT (x) are
non-negative, as stated in Proposition [T}

The computed lower robust controlled invariant set R~ =
{xz | V~ () = 0} and the upper robust controlled invariant
set RY = {x | VT (x) = 0} are respectively illustrated in
Fig. [ and 2] The comparison of them is illustrated in Fig.
The visualized result in Fig. [3| indicates that Rt C R,
as claimed in Theorem [3

Example 2: Moore-Greitzer jet engine model. We test
our approach on the following system coming from [31],
corresponding to a Moore-Greitzer jet engine model:

1
i:—y—gx2—§x3+d,
¥ = (0.8076 + uw)x — 0.9424y,

22442 —0.25

d € [-0.02,0.02] and u € [—0.01,0.01].
From [31], we know that u(x) = 0.8076x — 0.9424y is a
controller that guarantees the existence of a robust invariant



Fig. 2. Above: The blue region denotes the computed upper robust
controlled invariant set Rt for Example [1} Below: An illustration of level
sets of the computed upper value function V 7+ ().

Fig. 3.  An illustration of comparison of the computed lower robust
controlled invariant set R~ and upper robust controlled invariant set RT
for Example |I| Red and blue curves denote the boundaries of computed
sets R~ and R, respectively.

set of the following system

. 3 1
wz—y—§x2—§x3+d,

y=u

where d € [—0.02,0.02]. In our example we change the
coefficient 0.8076 of the variable = in u(x) to 0.8076 + u
with u € [—0.01,0.01].

Let B = [—0.51,0.51] x [—0.51,0.51]. Obviously, the set B
satisfies (Z). We can construct an auxiliary system (@) with
F(z,u,d) of the form (6).

Since f(x,u,d) can be written as fi(x) + fo(x)u +
fs(x)d, and U and D are convex, we obtain that F'(z, u, d)
satisfies Theorem 2.3 in Chapter VIII of [5], as illustrated in
Remark [I] Furthermore, according to Remark [I]and Theorem
we have V~(x) = V*(x) for £ € R" and thus R~ =
R*. Thus, the lower and upper robust controlled invariant
sets, i.e., R~ and R, can be computed by solving either
Eq. (1I0) or Eq. (T1).

We perform numerical computations on the set B and use
uniform grids of 4 x 10* to solve Eq. (T0). The computed
sets R™ ={z |V (x) =0} and RT = {z | VT (x) =0}
are illustrated in Fig. @ which also illustrates the level sets
of functions V= (x) and V*(x). The level sets displayed in
Fig. 4| further confirm that both functions V"~ (z) and V()

Fig. 4. Above: The blue region denotes the computed lower robust
controlled invariant set R~ and upper robust controlled invariant set R,
Below: An illustration of level sets of the computed upper value function
V'~ (x) and upper value function V* (x) for Example

are non-negative, as stated in Proposition m

V. CONCLUSION AND FUTURE WORK

In this paper we considered differential games based on
the computation of two new robust controlled invariant sets,
i.e., the lower and upper robust controlled invariant sets. This
game was studied within the Hamilton-Jacobi reachability
framework, in which the lower robust controlled invariant set
is characterized as the zero level set of the unique bounded
continuous viscosity solution to a Hamilton-Jacobi equation
with sup-inf Hamiltonian while the upper robust controlled
invariant set is characterized as the zero level set of the
unique bounded continuous viscosity solution to a Hamilton-
Jacobi equation with inf-sup Hamiltonian. Two examples,
including one adopted from a Moore-Greitzer jet engine
model, were employed to illustrate our approach.

In our future work, we would investigate the condition un-
der which Assumption [T] holds, and the relationship between
the lower (upper) robust controlled invariant set R~ (R™)
and the lower (upper) controlled invariant set R*~ (R*™),
where the concepts of both the lower controlled invariant set
R*~ and the upper controlled invariant set R** are given
in Definition [l

Definition 4: Let X = {x € R™ | h(z) < 0} be a
compact set in R"™, where h(x) is a bounded and locally
Lipschitz continuous function in R"”,

1) The lower controlled invariant set R*~ of system (T))
is the set of initial states & such that for any 7" > 0,
there exists a non-anticipative strategy «(-) € I' such that
for any perturbation d(-) € D the corresponding trajectory
dX D (1) stays inside X for ¢ € [0,T], i.e.,

| VT >0,3a(:) € I, Vd(-) € D,

R™={zeR
vt € [0,T], ¢34 (1) € X



2). The upper controlled invariant set R** of system () is
the set of initial states o such that for any 7" > 0 and any
non-anticipative strategy B(-) € A, there exists a control
u(-) € U such that the trajectory puP (t) stays inside X
fort € [0,T7, i.e.,
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APPENDIX

Before justifying that V'~ (x) and VT (x) are respectively
the viscosity solution to Eq. (I0) and (T1)), we first introduce
two auxiliary lemmas, i.e., Lemma [3| and Lemma []

Lemma 3: For x € R™ and t > 0, we have

V7 (z)= inf sup max{e‘”tv_(¢g(d)7d(t)),
a(el g(yep
Dod (15)
sup e~ Th(ypg(4(r))}
T€[0,t]
and
V*t(x)= sup inf max{e”ytVJr('tb;jﬂ(“)(t)),
B(eau()eu 16)
sup e~ "Th(yy (7))}
T€10,t]
Proof: Let
W(z,t)= inf sup max {

a()eT g(yep

etV (2 DA(1)), sup e Th(ypXDA(7))
T€[0,t]
b

We will show that for every e > 0, V'~ (x) < W (x,t)+2¢
and V~(x) > W(a,t) — 3e. Then since € > 0 is arbitrary,
V—(x) = W(x,t).

1.V~ (x) < W(x,t)+2e. Fix e > 0 and choose a1 () € T
such that

W(x,t) > —e+ sup max {
di(-)eD

V(I (1), sup e T 4 ()
T€[0,t]
}.
Similarly, choose c(-) € T" such that

sup  sup e—v(T—t)h(,(/,Zcz(dz),dz (r—1) —e
d2(-)€D T€[t,00)

V(y) >

where y = wgl(dl)’dl (t).
Let
d(r) = di(7) i.f 7 €[0,¢)
do(T —t)if 7 € [t,00)
and

ai(d)(t) ifre(0,t)
o (d)(r —t)if T € [t,00)

It is easy to see that «(-) : D — U is non-anticipative. By
uniqueness, 'c/;?(d)’d T) = 1/131(‘11)"11 (7) if 7 € [0,t), and
¥ Dr) = g B (b if 7 € [t 00).

Hence,
W(x,t)
> sup sup max{
di(-)eD ds(-)eD
sup e Th(ghy ) (1 — 1)),
TE[t,00)
sup e~ Th(ypgr () (r))
T€[0,t]
} — 2¢
> sup  sup e Th(p2@d(r)) - 2¢
d(-)eD T€[0,00)
>V~ (x) — 2.
Therefore, V—(x) < W (x,t) + 2e.
2.V~ (x) > W(x,t)—3e. Fix € > 0 and choose a(-) € T’
such that

V7 (x)> sup sup e h(pDd(t)) —e.
d(-)eD te[0,00)

By the definition of W (x,t), we have

W(z,t) < sup max
d(-)eD

m[%x] e*”h('l,bg(d)’d(T)), e VT (’lf’g(d)’d(t))
T€|0,t

}.
Hence there exists di(-) € D such that
W(x,t) < max{

max e (g (1)), eV (y)
T€[0,t]

}+e

a7)

where y = ()b (t). Moreover, we have that for 7 €
[t,00),

Vo) < sw s e Oh(gp@d(r — 1)),
d(-)eD €t 00)

so there exists da(-) € D such that
Vo) < swp e ORI E(r —) fe (ig,

TE[t,00)

We define
B di(7) if 7 €]0,¢)
d(r) = { do(T —t)if 7 € [t,00)

Therefore, combining and (I8), we have

W(xz,t) < sup e Th(pDd(r)) 4 2,
T€[0,00)

which together with implies V™ (z) > W(x,t) — 3e.

The above procedure can be employed to prove that V'
satisfies the dynamic programming principle (I6) as well. ®

Lemma 4: Let v € C*°(R").

(). If yo(ao) — H (z0, 2242 |,py) < —6 < 0, then,
for sufficiently small § > 0, there exists d(-) € D such that
for all a(-) € T and all s € [0, §],

YD) = SO, ald)().d(s) < -5,




where 5(45 " (s), () (s),d(s)) = 22 |, acora
F(pai®(s), a(d)(s), d(s)).
Q). If yo(zg) — H (20, 222

sufficiently small 6 > 0, there exists
all d(-) € D and all s € [0, ],

(s)

@) | ) > 0> 0, then, for
a(-) € T such that for

yo(a4(s)) — o(3poi P 4(s), eld)(s), d(s)) =

ald)(s),d(s)) = Z55 |, yaioay
a(d),d
P (s), ad)(s), d(s g)
(). If yv(zo) — H (20, =
sufficiently small § > 0, there ex1sts
all B(-) € A and all s € [0, 4],

Yol (s) — 09" (s), uls), Blu)(s)) >

where ( "ﬁ(u)( ), u(s), B(u)(s)) = ag(;)

P57 (). uls). Bu)(5)).
@). If yo(zo) — H* (a0, 222 ) < —6 < 0, then,
for sufficiently small 6 > 0, there exists 3(-) € A such that

for all u(-) € U and all s € [0, 4],

l\')\Cb

where B(po{¥4(s),

w) le=a) = 6 > 0, then, for
u(+) € U such that for

l\.')\Qb

‘m:,lp:(;ﬁ(u)

Yol (s) — 0y (s),u

where ("™ (s), u(s), B(u)(s))
F(™ (). u(s), Bu)(s)).
Proof: The proofs of statements 1 and 2 are given. The
statements 3 and 4 can be justified similarly.
1. Since yv(xo) — H™ (x0, =5 6”(”’) le=a,) < —0 < 0, there
exists dg € D such that

yv(x0) — 62(;:)

3
‘93:11?0 'F(.’Eo,u,do) < _19 < O,Vu e U.

Also, since v € C*°, F(x, u, d) is continuous over (x, u, d),
there exists d,, for w € U such that for x satisfying ||z —
:BO” S 6u,

ov(x)
ox

Since U is a compact set in R™, there exist finitely many
distinct points w1, . . ., u; € U with positive values d1, . .., §;
such that

yu(x) — - F(x,u,dy) < 720 < 0.

UcCUis{u| lu—u <6}

and 5
yo(z) — g(f)

1
- F(z,u,dp) < —59 <0

for @ satisfying ||x — || < §; and w satisfying ||u — ;|| <
d;, where i = 1,...,[. Therefore,
ov(x)
ox
for x satisfying || — xo|| < ¢’ = min—; ;.
Let 2 be a compact set in R™ which covers all states
traversed by trajectories starting from x within a finite time

1
yo(x) — -F(x,u,dy) < —§9<O,Vu€ U

interval [0,0”], and M be the upper bound of F(z,u,d)
over 2 x U x D. We have

195, 2(t) — @oll = / [ ((7), (), d(7))l|dT < Mt
7=0

for t € [0,8"], u(-) € U and d(-) € D. Therefore, there
exists & > 0 with 6 < ¢” such that

[ (t) — mo|| < &', V¢ € [0,6], Vu(-) € U,Vd(-) € D
(19)
We choose a measurable function d’ : [0,00) — D with
d/'(s) = d for s € [0, 00). Obviously, d'(-) € D. Therefore,
we haves that for u(-) € U and s € [0, 6],

(e (5)) — (e (5), u(s), d'(s)) < —2

27
implying that for all a(-) € T" and all s € [0, J],
’ ! 0
(el (s)) — B (s), ald)(s5), d'(s)) < et
where (Y ( ), u(s),d (s)) =
B gy @R () uls) d(s)  and
e (), ald)(s). () = B | e,

a(d),d
Fpa ) (5), ald))(s). d(5))
2. Since yv(xo) — H™ (20, =5 v ( ) |g=z,) > 6 > 0, there
exists a corresponding uq, € U for every dyp € D such that

Yo(To) — 62(;)

3
|:B:m0 'F(w(),udo?d()) Z 10 > 0.

Since v € C*° and F(x, u, d) is continuous over x, u and d,
there exists ¢’ > 0 such that for d € D satisfying ||d—dp|| <
0" and x satisfying || — xo|| < &',

() — 31(;(;) F(z,ug,,d) > ga > 0.

Since D is a compact set in R!, there exist finitely many
distinct points dy, . .., d; € D with positive values d1, ..., d;
such that D C U!_,{d | ||d — d;|| < 6;}. Moreover, there
exists ug, € U such that for d satisfying ||d — d;|| < §; and
@ satisfying ||z — x| < 6,

yole) ~ 292

- F(x,uq;,d) >

holds, where i = 1,...,1.

Setting v : D — U such that v(d) = uq, if d € {d |
ld—d;|| <&} \ Ui {d | [|[d—d;| < 6;} fori=1,...,1,
we have that for « satisfying |z —x|| < ¢’ = min,—; __; J;,

yo(x) — ag(;)

- F(z,v(d),d) > %9 >0,vd € D.

Furthermore, like (19), we obtain that there exists § > 0 such
that

,(pu(d

Let a() : D — U be a(d)(s) = v(d(s)) for s > 0. It
is obvious that a(-) € T'. Consequently, there exist 6 > 0

(s) € {z | ||lx — x| < d'},Vs €10,6],Vd(-) € D



and a strategy a(-) € I' such that for all d(-) € D and all

s €]0,4],

a(d),d

o (Pg, (s), a(d)(s),d(s)) =

N D

(5) — o(ypgi®4

where 3(5("(s). ed)(s), d(s)) = %5 |

9z lo=pg{®(s)
F(paiP(s), a(d)(s), d(s)). u

The proof of Theorem [} Proof: We just show
the proof of the statement pertinent to V' ~. We will prove
that V'~ is both viscosity sub and super-solution to Eq. (I0)
according to Definition [3]

Firstly, we prove that V'~ is a sub-solution to Eq. (T0).
Let v € C*°(R™) such that V'~ — v attains a local maximum
at xy. Without loss of generality, assume that this maximum
is zero, i.e., V(o) = v(xp). According to the continuity
of V(=) and v(x), there exists a positive value § such that

V7 (z) —v(x) <0

for x satisfying ||z — x| < d. Suppose (T3) is false. Then
there definitely exists a positive value ¢; such that

h(xg) < v(xg) — €1 and (20)
_ ov(x)
yo(zo) — H™ (0, 0w le=ao) > €1 (21)
hold. Therefore, for the former inequality, i.e., h(xg) <

v(xo) — €1, there exists a sufficiently small 6; > 0 with

01 < 0 such that for x satisfying || — x¢|| < d; and ¢
satisfying 0 < t < 4y,

e "'h(z) < v(xg) — %1

According to Lemma [] I) implies that for sufficiently
small 6 > 0, there exists a strategy o (-) € I' such that
for all d(-) € D and all s € [0, d],

(e @ 4(s) — (85 @ s), e (d)(s). d(s)) > T

(22)
where o( ;ﬁd%d@)ﬁlﬂd)glyus» -
B Ly, @M (s), a0 (d)(s),d(s)).

d can be chosen such that ||'¢,ba1(d) d( ) — x| < 61,Vs €
[0,0],Vd(-) € D. Since v € C>(R"™), by applying
Gronwall’s inequality [20] to (22) with the time interval [0,
6], we have

V(W D4(8)) < DTo(zo) + %(1 — M),

Therefore,

e (g D4(3)) < vlwo) — Z-(1—e 7).

Y
Furthermore, since V'~ (x) < v(x) for x satisfying ||z —
xo|| < 91 with V™ (o) = v(zo) as well as V- > 0, we
have

eV (2B A(§)) <V (wg) — - (1— ).

2y

Therefore, according to (I3), we finally have

V(o)
= inf sup max
a(-)eT g(yep {
e PV (gl 4(5)), sup e Th(ghel4(r))
7€[0,0]

}

< sup max{

d(-)eD
e 1V (2 D2(5)), sup e Th(ype (7))
T€[0,6]
< max{
V(@ (9)), sup e Th(yE A (7))
T€[0,6]
}+es
<V (o) - min{%’ %(1 —e )} +e3
<V~ (xo),
(23)
which is a contradiction. In (23)), dy(-) € D satisfies
sup max{
d(-)eD
eV (g D4(5)), sup e Th(ggrP4(r))
T€[0,4]
< max{
eV (2@ (5)) sup e TTh(yH @) (7))
T7€[0,0]
ftes

with 0 < €3 < min{%, $- (1 — e797)}. Consequently, V'~
is a subsolution to Eq.

In what follows we prove that V'~ is a super-solution to
Eq. (T0). Let v € C°°(R™) such that V'~ — v attains a local
minimum at xy. Without loss of generality, assume that this
minimum is zero, i.e., V"~ (xg) = v(xg). Therefore, there
exists a positive value  such that V= (x) — v(x) > 0 for =
satisfying ||z — zo|| < &. Assume that (T2) is false. Since

V= (x) > h(x) for x € R" according to (13), v(zo) >
h(xo) holds. Therefore,
_ ov(x)
- H o= 0
To(o) — H (w0, 55 o) <
holds, i.e., there exists a positive value § > 0 such that
_ ov(x)
yv(zo) — H™ (o, or le=a) < —0.

According to Lemma 4 we have that for sufficiently small
d > 0, there exists dy(-) € D such that for all strategies
a(-) €T and all s € [0,4],

'(s))

a(dy),d

YU (Pa — B(pgl ) (s),

a(dy)(s), di(s)) < —3



ORI AORAC) -
F (o™ (s), a(dy)(s), di(s)). 0
S

|:B wa(dﬂ 41( )
a(dy),d:
can be chosen such that |4z, (s) —

[07 6}7va() el
By applying Gronwall’s inequality [20] to (24) with the
time interval [0, §], we obtain

where
Bv(m)

0
V@B () > Mola) — 51— ),
Therefore,
e (S (8)) > v(ap) + %(1 )

Furthermore, since V= > v for ¢ € {z | ||z — x| < &}

with V'~ (x¢) = v(xg) as well as V'~ (x) > 0 over € R",
we have
0
eV (el M (8)) = VT (@) + ﬂ(l —e7).
Therefore, according to (T3), we finally have
V= (o)
= inf sup max{

a()er d(-)eD

e V= (2 DA(5)), sup e Th(PE (7))
T7€[0,0]
}

> sup max{
d(-)eD

e_,ygv_(d)gol(d),d(é))’ sup e—'wh(,lpgol(d)ﬂi(T))
T7€[0,6]
}—a

> max{
6_75V_(wg()1(d1)’d1(5))7 sup e—’wh(wgol(dﬂ,dl(T))

7€[0,6]
b-a
>V~ (xg) + i(1 —e ) —¢
2y
>V~ (wo),

(25)

which is a contradiction. In (23), a; () € T satisfies

inf  sup max{
a()el g(yep

eV (D 4(3)), sup e Th(pgl? (7))
7€[0,6]

> sup max{
d(-)eD

eV (Yot D 4(5)), sup e (gl 4(r))
7€[0,6]
}-a

with 0 < €1 < —(1 — e %), Thus, V-~

to Eq. (T0).

Therefore, V'~ is a viscosity solution to Eq. (10). [
The proof of Theorem [2}

is a supersolution

Proof: We just show the uniqueness of the continuous
and bounded viscosity solution to Eq. (I0). We first prove a
comparison principle: If V; and V5 are bounded continuous
functions over x € R", and they are respectively a viscosity
sub and supersolution to Eq. (]E[), then V; < V5 in R™. Obvi-
ously, if such comparison principle holds, the uniqueness of
bounded continuous solutions to Eq. (I0) is guaranteed. For

ease of exposition, we define H~(x) = H™ (x, =5 ‘%(m)

=)

and H™(y) = H™ (¥, = Bw(y ly=5)-
Let
-V - _ Hw B yH2 —5 m m
where (z) = (1 + ||x|[?)2, and €8, m are positive pa-

rameters. Assume that there are 5 > 0 and z such that

Vi(z) — Va(z) = . We choose § > 0 such that 20(z) < g
Then, for 0 < m < 1,

D <B- 2l = g(z.2) < swiley). ()
Since 1 is continuous and lim||z |4 |jy||—oo ¥(%,y) = —00,
there exist @, y such that

Y(T,Y) =supy(z,y). (27)

From the inequality ¢ (%, ®)+¢ (7, Y) < 2¢(Z,Y) we easily

get
EZIE v - vim s vw@ -vm. e
Then the boundedness of V; and V5 implies that
[ — gl < Ve (29)

for a suitable constant c. By plugging (29) into (28) and
using the uniform continuity of V; and V5, we get

7917 _ e

for some modulus w.
Next, define the continuously differentiable functions

z — T2
BT 4 sy + @),
o =\ HE_yHQ _ —\m m
vw) = Vi@ - 22D @y gy,

and observe that V; —1) attains its maximum at  and V5 —
attains its minimum at y. It is easy to compute

P(x) = Va(y) +

oY(x) oz _ -2
5 le=o= — AT, \ = om(T)™ 7,

a¢(y) o j_g _ m—2
oy ly=g= - 7Y, T = 0m(y)

According to the definition of sub and super solution, we
have that

H™(x),Vi(Z) — h(T)}
H™(),V2(y) — h(m)}.

i {4VA(2) —
< min {7V (y) —



Further, we have that

min {
Wa(®) — H™ (Z) — (7Va(y) — H™ (¥)),
Vi(®) — h(z) — (V2(y) — h(¥))
} <o.
Obviously, either
Wi(E) —H™(Z) - (V2(y) —H (y) <0 (30)
or
Vi(@) — h(z) — (Va(y) — h(y)) <0 (3D
holds. We will obtain a contradiction separately.
If (30) holds,
Vi(Z) - Va(y)
< (@) -1 ()
< (Lpuly) +bmK(@)" + @) + )

where K = Ly + supy,cp.aepil|F(0,u,d)||} and the last
inequality can be obtained as follows:

H™(z) - H (y)
< sup ( inf v(Z,u,d) — mf v(Y,u,d)

deD(MEU ( ) Y )
< ugf v(ZT,u,dy) — 1nf v(g,u,dy) + %
S 'U(:IJ,’U,Q,dl) - (yau27d1) +€
=+ \2) F(@uz, 1)

o
~ (2 - 19) FGus.di) +e

[ -
S B Lf +)\{B F(w7u27d1) +Ty F(y>u27d1) +e
TR, L piea g
< ;AT - (F(Z,u2,d1) — F(0,us,d;)

€

+ F(07u27d1)) + Tﬂ ' (F(g7 u’2ad1)
— F(O7u2, dl) + .F(O,’u,g7 dl)) +e€

JE=T e im0 . d
S Ly + ALs[Z + Az F(0, uz, da) |
+ L[l + G F (0, us, di)] + €
Iz — 9] - _
S T Ly AK(L+ @) + TR (L |[g]]*) + €

< Lyw(ve) + omE (7)™ +
where d; satisfies

inf v(Z,u,d) —Jrelgv(y,u d))

@™) + e

sup (
deD u€eU

€
< inf dy) — inf v(y,u,di) + 5
11161 U(w u, 1) ‘ul,IElUv(y”UJ7 1) + 27
us satisfies

Inf o(g,u,di) > v(y,up,di) - 5

3¢(m)

and v(x, u,d) = - F(z,u,d).

Therefore, choosing 0 < m < %, we obtain

Mayw;m@%wxm—aﬁw+@vwg%ucmwa+q

Y(T,y) can be smaller than g for € small enough, contra-

dicting (26) and (27).
If (31) holds,

(@,y) <Vi(®) - —W(y) < Lneve,

where L, is the Lipschitz constant over a local compact
region in R™ covering T and Y, ¢ (T, y) can be smaller than
g for € small enough, contradicting (26).

Above all, V; < V5 over @ € R™. It is evident that if U (x)
is a bounded continuous viscosity solution to Eq. (T0), then
U(xz) =V~ (x) over € R", due to the fact that U(x) and
V'~ () are both sub and superviscosity solutions. Therefore,
the uniqueness of the bounded continuous solutions to Eq.
(I0) is guaranteed. [

Va(y) < h(®)
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