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�

{p → q, q → r} ` p → r

• p, q, r, . . .

• p → q, q → r, . . .

•
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• —
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N

(1) p1, p2, . . . ( )

(2) ¬, ∨, ∧, →, ↔ (5 )

(3) ), ( (2 )
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N

�
(1) ;

(2) α � (¬α) �

(3) α, β � (α ∨ β), (α ∧ β), (α → β),

(α ↔ β) �

(4) (1) � (2) (3) .
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N
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N

:

α ∈ Γ �

Γ ` α. (∈)

¬ :

Γ ∪ {(¬α)} ` β, Γ ∪ {(¬α)} ` (¬β),

Γ ` α. (¬−)
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N ( � � � )

→ :

Γ ` (α → β), Γ ` α,

Γ ` β. (→ −)

→ :

Γ ∪ {α} ` β,

Γ ` α → β. (→ +)
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N ( )

∨ :

Γ ∪ {α} ` γ, Γ ∪ {β} ` γ,

Γ ∪ {(α ∨ β)} ` γ. (∨−)

∨ :

Γ ` α,

Γ ` (α ∨ β), Γ ` (β ∨ α). (∨+)
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N ( )

∧ :

Γ ` α ∧ β,

Γ ` α, Γ ` β. (∧−)

∧ :

Γ ` α, Γ ` β,

Γ ` (α ∧ β). (∧+)
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N ( )

↔ :

(1) Γ ` α ↔ β, Γ ` α

Γ ` β. (↔ −)

(2) Γ ` α ↔ β, Γ ` β

Γ ` α. (↔ −)

↔ :

Γ ∪ {α} ` β, Γ ∪ {β} ` α,

Γ ` (α ↔ β). (↔ +)
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N ?

2.12

(1) {(α → β), (β → γ), α} ` (α → β) (∈)

(2) {(α → β), (β → γ), α} ` α (∈)

(3) {(α → β), (β → γ), α} ` β (→ −)(1)(2)

(4) {(α → β), (β → γ), α} ` (β → γ) (∈)

(5) {(α → β), (β → γ), α} ` γ (→ −)(3)(4)

(6) {(α → β), (β → γ)} ` (α → γ) (→ +)(5)
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N
� � �� � � 13 � ! "#

Γ1 ` α1,Γ2 ` α2, · · · ,Γn ` αn (∗)

$% &

• Γ1, Γ2, · · · , Γn' N ( !) *+ ,

• α1, α2, · · · , αn' N () * ;

• -. Γi ` αi (1 ≤ i ≤ n) /0 1 (∗) (2 3 45 �6 .

Γj ` αj (1 ≤ j < i ≤ n) 7 8 N5 9 :; <= > ?@ 5 A

>B (∗)' Γn ` αnC N5 D. ( E * ) F G "# A

H I , J B αnC N (K L Γn( E * ) F GM ( E * ); N , O '

Γn `N αn.

L P 12 Q : {(α → β), (β → γ)} `N (α → γ)
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1. N R ,R � � : N

S N � S

�

2.

(a) N N �

N �

(b) N N �

α, β � �R T �

14



1. ;

2. ¬ ;

3. α1 ∨ α2 ∨ α3 (α1 ∨ (α2 ∨ α3)).

R � �

∧, →, ↔ �
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1. {α1, α2, · · · , αn}

α1, α2, · · · , αn �
2. α1, α2, · · · , αn .

( , < α1, α2, · · · , αn >.)

3. Γ ∪ {α} Γ, α.
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12

(1) (α → β), (β → γ), α ` (α → β) (∈)

(2) (α → β), (β → γ), α ` α (∈)

(3) (α → β), (β → γ), α ` β (→ −)(1)(2)

(4) (α → β), (β → γ), α ` (β → γ) (∈)

(5) (α → β), (β → γ), α ` γ (→ −)(3)(4)

(6) (α → β), (β → γ) ` (α → γ) (→ +)(5)
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13

1. α → β, α ` β

2. α ` β → α

3. α → (β → γ), α → β ` α → γ
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13(1)

1. α → β, α ` β

�

(1) α→β, α ` α→β (∈)

(2) α→β, α ` α (∈)

(3) α→β, α ` β (→ −)(1)(2)
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13(2)

2. α ` β → α

�

(1) α, β ` α (∈)

(2) α ` β→α (→ +)(1)
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13(3)

3. α → (β → γ), α → β ` α → γ

�

(1) α→(β→γ), α→β, α ` α (∈)

(2) α→(β→γ), α→β, α ` α→β (∈)

(3) α→(β→γ), α→β, α ` β (→ −)(1)(2)

(4) α→(β→γ), α→β, α ` α→(β→γ) (∈)

(5) α→(β→γ), α→β, α ` β→γ (→ −)(1)(4)

(6) α→(β→γ), α→β, α ` γ (→ −)(3)(5)

(7) α→(β→γ), α→β ` α→γ (→ +)(6)
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1. Γ `N α, Γ R R �

2. Γ1 ` α1, Γ2 ` α2, · · · , Γn ` αn NR , T i (1 ≤ i ≤ n),

(a) Γ1 ` α1, Γ2 ` α2, · · · , Γi ` αi

N R .

(b) Γi `N αi.
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N

N Γ α, Γ `N α?

N , ,

“ N ” R .

23



5 U Γ , α, β .

Γ ` α, Γ, β ` α.

VW : Γ, β ` α Γ ` α

� Γ ` α Γ, β ` α

� X
: Γ ` α,

Γ1 ` α1, Γ2 ` α2, · · · , Γn ` αn (∗)

Γn = Γ, αn = α.
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—

:

k : (1 ≤ k ≤ n), Γk, β ` αk (∗∗)

k .

(1) :

k = 1 , Γ1 ` α1 (∗) R , Γ1 ` α1

(∈) , α1 ∈ Γ1.

α1 ∈ Γ1 ∪ {β}, S (∈) : Γ1, β ` α1.
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—

(2) : (∗∗) < m k ,

(∗∗) k = m .

(2.1) Γm ` αm S (∈) , (1) .

(2.2) Γm ` αm S (¬−) , T

i, j < k Γi ` αi � Γj ` αj

Γm, ¬αm ` γ � Γm, ¬αm ` ¬ γ.

S : Γi, β ` αi, Γj, β ` αj,

Γm, β, ¬αm ` γ, Γm, β, ¬αm ` ¬ γ.

S (¬−) : Γm, β ` αm.

(2.3) (→ −), (2.2) .
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(2.4) Γm ` αm S (→ +) , αm

γ1→γ2 , T i < m :Γi ` αi

Γm, γ1 ` γ2. S : Γm, β, γ1 ` γ2,

S (→ +) : Γm, β ` γ1→γ2, Γm, β ` αm.

(2.5) Γm ` αm S (∧−) , T

i < k : Γi ` αi

Γm ` αm ∧ γ Γm ` γ ∧ αm.

S : Γm, β ` αm∧γ Γm, β ` γ∧αm.

, Γm, β ` αm.

(2.6) (∧+) .



(2.7) Γm ` αm S (∨−) , Γm = Γ′ ∪

{γ1 ∨ γ2}, Γ′, γ1 ` αm Γ′, γ2 ` αm (∗)

, Γm ` αm . : Γ′ R

, γ1, γ2 . S

: Γ′, β, γ1 ` αm Γ′, β, γ2 ` αm.

Γ′, β, γ1 ∨ γ2 ` αm, Γm, β ` αm.

(2.8) (∨+), (2.5) .

(2.9) (↔ −) (↔ +), (2.2) .

, (∗∗) , Γn, β ` αn, : Γ, β ` α.



3: Γ, Γ′ , α .

Γ ` α, Γ,Γ′ ` α.

(+).
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6: Γ ` α1, Γ ` α2, . . ., Γ ` αn,

α1, α2, . . . , αn ` α,

Γ ` α.

(Tr).
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:
(1) α1, α2, · · · , αn ` α ( YZ )

(2) α1, α2, · · · , αn−1 ` αn→α (→ +)(1)

(3) α1, α2, · · · , αn−2 ` αn−1→(αn→α) (→ +)(2)
...

(n + 1) ∅ ` α1→α2→· · ·→αn→α (→ +)(n)

(n + 2) Γ ` α1→α2→· · ·→αn→α (+)

(n + 3) Γ ` α1 ( YZ )

(n + 4) Γ ` α2→α3→· · ·→αn→α (→ −)

(n + 5) Γ ` α2 ( YZ )

(n + 6) Γ ` α3→α4→· · ·→αn→α (→ −)
...

Γ ` αn→α (→ −)

Γ ` αn ( YZ )

Γ ` α (→ −)
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(1) Γ ` α1, · · · , αn Γ ` α1 · · · Γ ` αn.

(2) Γ, Γ′ , Γ à Γ′ Γ ` Γ′

Γ′ ` Γ.

(1) Γ ` α1, · · · , αn, α1, · · · , αn ` α, Γ ` α

(2) Γ1, Γ2, · · · , Γn, Γ ,

Γ1 ` Γ2, · · · , Γn−1 ` Γn, Γn ` Γ,

Γ1 ` Γ.
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7

α1→α2 ` α3→α4, α1 ` α2, α3 ` α4.

:

(1) α1 ` α2 ( )

(2) ∅ ` α1→α2 (→ +)(1)

(3) α1→α2 ` α3→α4 ( )

(4) ∅ ` α3→α4 (Tr)(2)(3)

(5) α3 ` α3→α4 (+)(4)

(6) α3 ` α3 (∈)

(7) α3 ` α4 (→ −)(5)(6)
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14

1. ¬¬α ` α.

2. Γ, α ` β, Γ, α ` ¬β, Γ ` ¬α.

3. α ` ¬¬α.

4. α, ¬α ` β.

(2) , (¬+).
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14(1)

1. ¬¬α ` α.

:

(1) ¬¬α, ¬α ` ¬α (∈)

(2) ¬¬α, ¬α ` ¬¬α (∈)

(3) ¬¬α ` α (¬−)(1)(2)
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14(2)

2. Γ, α ` β, Γ, α ` ¬β, Γ ` ¬α.

:

(1) Γ, ¬¬α ` Γ (∈)( )

(2) ¬¬α ` α (1)

(3) Γ, ¬¬α ` α (+)(2)

(4) Γ, α ` β ( )

(5) Γ, ¬¬α ` β (Tr)(1)(3)(4)

(6) Γ, α ` ¬β ( )

(7) Γ, ¬¬α ` ¬β (Tr)(1)(3)(6)

(8) Γ ` ¬α (¬−)(5)(7)
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14(3)

3. α ` ¬¬α.

:

(1) α, ¬α ` α (∈)

(2) α, ¬α ` ¬α (∈)

(3) α ` ¬¬α (2.)
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14(4)

4. α, ¬α ` β.

:

(1) α, ¬α, ¬β ` α (∈)

(2) α, ¬α, ¬β ` ¬α (∈)

(3) α, ¬α ` β (¬−)(1)(2)
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15

1. α→β ` ¬β→¬α

2. α→¬β ` β→¬α

3. ¬α→β ` ¬β→α

4. ¬α→¬β ` β→α

2. 4.
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15(2)

2. α→¬β ` β→¬α.

:

(1) α→¬β, β, α ` α (∈)

(2) α→¬β, β, α ` α→¬β (∈)

(3) α→¬β, β, α ` ¬β (→ −)(1)(2)

(4) α→¬β, β, α ` β (∈)

(5) α→¬β, β ` ¬α (¬+)(3)(4)

(6) α→¬β ` β→¬α (→ +)(5)

38



15(4)

4. ¬α→¬β ` β→α.

:

(1) ¬α→¬β, β, ¬α ` ¬α (∈)

(2) ¬α→¬β, β, ¬α ` ¬α→¬β (∈)

(3) ¬α→¬β, β, ¬α ` ¬β (→ −)(1)(2)

(4) ¬α→¬β, β, ¬α ` β (∈)

(5) ¬α→¬β, β ` α (¬−)(3)(4)

(6) ¬α→¬β ` β→α (→ +)(5)
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16

1. ¬α→α ` α.

2. α→¬α ` ¬α.

3. α→β, α→¬β ` ¬α.

4. α→β, ¬α→β ` β.

5. ¬ (α→β) ` α.

6. ¬ (α→β) ` ¬β.

: 1. 4. 5.
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16(1)

1. ¬α→α ` α.

:

(1) ¬α→α, ¬α ` ¬α (∈)

(2) ¬α→α, ¬α ` ¬α → α (∈)

(3) ¬α→α, ¬α ` α (→ −)

(4) ¬α→α ` α (¬−)(1)(3)
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16(4)

4. α→β, ¬α→β ` β.

:

(1)α→β ` ¬β→¬α ( 15 1)

(2)α→β, ¬α→β, ¬β ` ¬β→¬α (+)(1)

(3)¬α→β ` ¬β→α ( 15 3)

(4)α→β, ¬α→β, ¬β ` ¬β→α (+)(3)

(5)α→β, ¬α→β, ¬β ` ¬β (∈)

(6)α→β, ¬α→β, ¬β ` ¬α (→ −)(2)(5)

(7)α→β, ¬α→β, ¬β ` α (→ −)(4)(5)

(8)α→β, ¬α→β ` β (¬−)(6)(7)
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16(5)

5. ¬ (α→β) ` α.

:

(1) ¬ (α→β), ¬α ` ¬ (α→β) (∈)

(2) ¬α, α ` β ( 14 4.)

(3) ¬α ` α→β (→ +)(2)

(4) ¬ (α→β), ¬α ` α→β (+)(3)

(5) ¬ (α→β) ` α (¬−)(1)(4)
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p.508(p.101). 13(1)(3)(5)

9

10
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45



17

1. α ∧ β à α, β.

2. α ∧ β à β ∧ α.

3. (α ∧ β) ∧ γ à α ∧ (β ∧ γ).

4. ¬ (α ∧ β) à α→¬β.

5. ¬ (α→β) à α ∧ ¬β.

6. ∅ ` ¬ (α ∧ ¬α).
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17(1)

1. α ∧ β à α, β.

:

(`)

(1) α ∧ β ` α ∧ β (∈)

(2) α ∧ β ` α, β (∧−)

(a)

(1) α, β ` α (∈)

(2) α, β ` β (∈)

(3) α, β ` α ∧ β (∧+)
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17(2)

2. α ∧ β à β ∧ α.

:

(`)

(1) α ∧ β ` β, α ( 1.)

(2) α ∧ β ` β ∧ α (∧−)

(a) �
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17(3)

3. (α ∧ β) ∧ γ à α ∧ (β ∧ γ).

:

(`)

(1) (α ∧ β) ∧ γ ` γ (1.)

(2) (α ∧ β) ∧ γ ` α ∧ β (1.)

(3) (α ∧ β) ∧ γ ` α (∧−)(2)

(4) (α ∧ β) ∧ γ ` β (∧−)(2)

(5) (α ∧ β) ∧ γ ` (β ∧ γ) (∧+)(4)(1)

(6) (α ∧ β) ∧ γ ` α ∧ (β ∧ γ) (∧+)(3)(5)
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17(3) ( )

3. (α ∧ β) ∧ γ à α ∧ (β ∧ γ).

:

(a)

(1) α ∧ (β ∧ γ) ` (β ∧ γ) ∧ α (2.)

(2) (β ∧ γ) ∧ α ` β ∧ (γ ∧ α) (`)

(3) β ∧ (γ ∧ α) ` (γ ∧ α) ∧ β (2.)

(4) (γ ∧ α) ∧ β ` γ ∧ (α ∧ β) (`)

(5) γ ∧ (α ∧ β) ` (α ∧ β) ∧ γ (2.)

(6) α ∧ (β ∧ γ) ` (α ∧ β) ∧ γ (Tr)

(a) (`) .
50



17(4)

4. ¬ (α ∧ β) à α→¬β.

:

(`)

(1) ¬ (α ∧ β), α, β ` ¬ (α ∧ β) (∈)

(2) α, β ` α ∧ β (1.)

(3) ¬ (α ∧ β), α, β ` (α ∧ β) (+)(2)

(4) ¬ (α ∧ β), α ` ¬β (¬+)(1)(3)

(5) ¬ (α ∧ β) ` α→¬β (→ +)(4)
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17(4) ( )

4. ¬ (α ∧ β) à α→¬β.

:

(a)

(1) α→¬β, α ∧ β ` α ∧ β (∈)

(2) α→¬β, α ∧ β ` α (∧)(1)

(3) α→¬β, α ∧ β ` β (∧)(1)

(4) α→¬β, α ∧ β ` α→¬β (∈)

(5) α→¬β, α ∧ β ` ¬β (→ −)(2)(4)

(6) α→¬β ` ¬ (α ∧ β) (¬+)(3)(5)
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17(5)

5. ¬ (α→β) à α ∧ ¬β.

:
(`)

(1) β, α ` β (∈)

(2) β ` α→β (→ +)(1)

(3) β → (α→β) ` ¬ (α→β) → ¬β ( 15 1.)

(4) ¬ (α→β) ` ¬β ( 7)(2)(3)

(5) ¬α, α ` β ( 14 4.)

(6) ¬α ` α→β (→ +)(5)

(7) ¬α → (α→β) ` ¬ (α→β) → α ( 15 3.)

(8) ¬ (α→β) ` α ( 7)(6)(7)

(9) ¬ (α→β) ` α ∧ ¬β (∧+)
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17(5) ( )

5. ¬ (α→β) à α ∧ ¬β.

:
(a)

(1) α, ¬β, α→β ` α (∈)

(2) α, ¬β, α→β ` α→β (∈)

(3) α, ¬β, α→β ` β (→ −)

(4) α, ¬β, α→β ` ¬β (∈)

(5) α, ¬β ` ¬ (α→β) (¬+)

(6) α ∧ ¬β ` α, ¬β (1.)

(7) α ∧ ¬β ` ¬ (α→β) (Tr)

[ \] & ^_ 8 α ∧ ¬ β, ¬ (α→β) ` ' 4a b c F G A
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17(6)

6. ∅ ` ¬ (α ∧ ¬α).

:

(1) α ∧ ¬α ` α (1.)

(2) α ∧ ¬α ` ¬α (1.)

(3) ∅ ` ¬ (α ∧ ¬α) (¬+)
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18

1. α ` α ∨ β, β ∨ α

2. α ∨ β à β ∨ α

3. (α ∨ β) ∨ γ à α ∨ (β ∨ γ)

4. ¬ (α ∨ β) à ¬α ∧ ¬β

5. ¬ (α ∧ β) à ¬α ∨ ¬β

6. α ∨ β à ¬α→β

7. α→β à ¬α ∨ β

8. ∅ ` α ∨ ¬α.
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18(1)

1. α ` α ∨ β, β ∨ α

:

(1) α ` α (∈)

(2) α ` α ∨ β (∨+)

(3) α ` β ∨ α (∨+)
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18(2)

2. α ∨ β à β ∨ α

:

(`)

(1) α ` β ∨ α ( 1.)

(2) β ` β ∨ α ( 1.)

(3) α ∨ β ` β ∨ α (∨−)(1)(2)

(a) �
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18(3)

3. (α ∨ β) ∨ γ à α ∨ (β ∨ γ)

:

(`)

(1) γ ` β ∨ γ (1.)

(2) γ ` α ∨ (β ∨ γ) (1.)

(3) α ` α ∨ (β ∨ γ) (1.)

(4) β ` α ∨ (β ∨ γ) (2)

(5) α ∨ β ` α ∨ (β ∨ γ) (∨−)(3)(4)

(6) (α ∨ β) ∨ γ ` α ∨ (β ∨ γ) (∨−)(2)(5)

(a) � (`) 2 �
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18(4)

4. ¬ (α ∨ β) à ¬α ∧ ¬β

(`):

(1) α ` α ∨ β (1.)

(2) ¬ (α ∨ β) ` ¬α ( 7 15)

(3) β ` α ∨ β (1.)

(4) ¬ (α ∨ β) ` ¬β ( (2))

(5) ¬ (α ∨ β) ` ¬α ∧ ¬β (∧+)(2)(4)
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18(4) ( � � � )

4. ¬ (α ∨ β) à ¬α ∧ ¬β

d (`):

(1) ¬ (α ∨ β), α ` α (∈)

(2) ¬ (α ∨ β), α ` α ∨ β (∨+)(1)

(3) ¬ (α ∨ β), α ` ¬ (α ∨ β) (∈)

(4) ¬ (α ∨ β) ` ¬α (¬+)(2)(3)

(5) ¬ (α ∨ β) ` ¬β ( (4))

(6) ¬ (α ∨ β) ` ¬α ∧ ¬β (∧+)(4)(5)
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18(4) ( )

4. ¬ (α ∨ β) à ¬α ∧ ¬β

(a):
(1) ¬α ∧ ¬β ` ¬α ( 17)

(2) ¬α ∧ ¬β, α ` ¬α (+)(1)

(3) ¬α ∧ ¬β, α ` α (∈)

(4) ¬α, α ` β ( 14)

(5) ¬α ∧ ¬β, α ` β (Tr)(2)(3)(4)

(6) ¬α ∧ ¬β, β ` β (∈)

(7) ¬α ∧ ¬β, α ∨ β ` β (∨−)(5)(6)

(8) ¬α ∧ ¬β ` ¬β ( 17)

(9) ¬α ∧ ¬β, α ∨ β ` ¬β (+)(8)

(10) ¬α ∧ ¬β ` ¬ (α ∨ β) (¬+)(7)(9)
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18(5)

5. ¬ (α ∧ β) à ¬α ∨ ¬β

(`):

(1) ¬α ` ¬α ∨ ¬β (1)

(2) ¬ (¬α ∨ ¬β) ` α ( 7 15)

(3) ¬ (¬α ∨ ¬β) ` β (2)

(4) ¬ (¬α ∨ ¬β) ` α ∧ β (∧+)(2)(3)

(5) ¬ (α ∧ β) ` ¬α ∨ ¬β ( 7)
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18(5) ( � � � )

5. ¬ (α ∧ β) à ¬α ∨ ¬β

d (`):

(1)¬ (¬α ∨ ¬β) ` ¬¬α ∧ ¬¬β ( 4)

(2)¬ (¬α ∨ ¬β) ` ¬¬α (∧−)(1)

(3)¬¬α ` α ( 14 1)

(4)¬ (¬α ∨ ¬β) ` α (Tr)(2)(3)

(5)¬ (¬α ∨ ¬β) ` β

(6)¬ (¬α ∨ ¬β) ` α ∧ β (∧+)(4)(5)

(7)¬(α ∧ β),¬ (¬α ∨ ¬β) ` α ∧ β (+)(6)

(8)¬(α ∧ β),¬ (¬α ∨ ¬β) ` ¬(α ∧ β) (∈)

(9)¬ (α ∧ β) ` ¬α ∨ ¬β (¬−)(7)(8)
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18(5) ( )

5. ¬ (α ∧ β) à ¬α ∨ ¬β

(a):

(1) α ∧ β ` α ( 17)

(2) ¬α ` ¬ (α ∧ β) ( 7)

(3) ¬β ` ¬ (α ∧ β) (2)

(4) ¬α ∨ ¬β ` ¬ (α ∧ β) (∨−)
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18(6)

6. α ∨ β à ¬α→β

(`):

(1) α, ¬α ` β ( 14 4)

(2) α ` ¬α→β (→ +)(1)

(3) β ` ¬α→β ( 13 2)

(4) α ∨ β ` ¬α→β (∨−)(2)(3)
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18(6) ( )

6. α ∨ β à ¬α→β

(a):

(1) ¬ (α ∨ β) ` ¬α ∧ ¬β ( 4.)

(2) ¬ (α ∨ β) ` ¬α (∧−)

(3) ¬ (α ∨ β) ` ¬β (∧−)

(4) ¬α→β, ¬ (α ∨ β) ` ¬α (+)(3)

(5) ¬α→β, ¬ (α ∨ β) ` ¬α→β (∈)

(6) ¬α→β, ¬ (α ∨ β) ` β (→ −)(4)(5)

(7) ¬α→β, ¬ (α ∨ β) ` ¬β (+)(3)

(8) ¬α→β ` α ∨ β (¬−)(6)(7)
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18(7)

7. α→β à ¬α ∨ β

(`):
(1) ¬(¬α ∨ β) ` ¬¬α ∧ β ( 4)

(2) ¬(¬α ∨ β) ` ¬¬α (∧−)

(3) ¬(¬α ∨ β) ` ¬β (∧−)

(4) α → β,¬(¬α ∨ β) ` ¬¬α (+)(2)

(5) α → β,¬(¬α ∨ β) ` ¬β (+)(3)

(6) ¬¬α ` α ( 14 1)

(7) α → β,¬(¬α ∨ β) ` α (Tr)(4)(6)

(8) α → β,¬(¬α ∨ β) ` α → β (∈)

(9) α→β,¬(¬α ∨ β) ` β (→ −)(7)(8)

(10) α→β ` ¬α ∨ β (¬−)(5)(9)
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18(7) ( � � � )

7. α→β à ¬α ∨ β

d (`):

(1) ¬¬α ` α ( 14)

(2) α→β, ¬¬α ` α (+)(1)

(3) α→β, ¬¬α ` α→β (∈)

(4) α→β, ¬¬α ` β (→ −)(2)(3)

(5) α→β ` ¬¬α→β (→ +)(4)

(6) ¬¬α→β ` ¬α ∨ β ( 6)

(7) α→β ` ¬α ∨ β (Tr)(5)(6)
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18(7) ( )

7. α→β à ¬α ∨ β

(a):

(1) ¬α ∨ β ` ¬¬α→β ( 6)

(2) ¬α ∨ β, α ` ¬¬α→β (+)(1)

(3) α ` ¬¬α ( 14 3)

(4) ¬α ∨ β, α ` ¬¬α (+)(3)

(5) ¬α ∨ β, α ` β (→ −)(2)(4)

(6) ¬α ∨ β ` α→β (→ +)(5)
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18(7) ( )

7. α→β à ¬α ∨ β

d (a):

(1) ¬α, α ` β ( 14 4)

(2) ¬α ` α→β (→ +)(1)

(3) β, α ` β (∈)

(4) β ` α→β (→ +)(3)

(5) ¬α ∨ β ` α→β (∨−)(2)(4)
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18(8)

8. ∅ ` α ∨ ¬α

:

(1) ¬ (α ∨ ¬α) ` ¬α ∧ ¬¬α ( 4)

(2) ¬α ∧ ¬¬α ` ¬α, ¬¬α ( 17 1)

(3) ¬ (α ∨ ¬α) ` ¬α, ¬¬α (Tr)

(4) ∅ ` α ∨ ¬α (¬−)(3)
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19

: α↔β à (α→β) ∧ (β→α)

(`):

(1) α↔β, α ` α (∈)

(2) α↔β, α ` α↔β (∈)

(3) α↔β, α ` β (↔ −)

(4) α↔β ` α→β (→ +)(3)

(5) α↔β ` β→α ( (4))

(6) α↔β ` (α→β) ∧ (β→α) (∧+)(4)(5)

73



19( )

: α↔β à (α→β) ∧ (β→α)

(a):

(1) (α→β) ∧ (β→α) ` α→β, β→α ( 17)

(2) (α→β) ∧ (β→α), α ` α→β (+)(1)

(3) (α→β) ∧ (β→α), α ` α (∈)

(4) (α→β) ∧ (β→α), α ` β (∈)

(5) (α→β) ∧ (β→α), β ` α ( (4))

(6) (α→β) ∧ (β→α) ` α↔β (↔ +)(4)(5)
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8

α, α1, α2, · · · , αn.

1. α1, α2, · · · , αn ` α ⇐⇒

∅ ` α1→α2→ · · · →αn−1→αn→α

2. α1, α2, · · · , αn ` α ⇐⇒

∅ ` (α1 ∧ α2 ∧ · · · ∧ αn)→α

1(⇒): (→ +) .
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8

1(⇐):

∅ ` α1→(α2→ . . .→(αn→α) · · · )

α1, α2, · · · , αn ` α1→(α2→· · ·→(αn→α) · · · )

α1, α2, · · · , αn ` α1

α1, α2, · · · , αn ` α2→(α3→· · ·→(αn→α) · · · )

...

α1, α2, · · · , αn ` αn→α

α1, α2, · · · , αn ` αn

α1, α2, · · · , αn ` α

76



8 ( � � � )

2(⇒):

α1 ∧ α2 ∧ · · · ∧ αn ` α1

α1 ∧ α2 ∧ · · · ∧ αn ` α2

...

α1 ∧ α2 ∧ · · · ∧ αn ` αn

α1, α2, · · · , αn ` α

α1 ∧ α2 ∧ · · · ∧ αn ` α

∅ ` (α1 ∧ α2 ∧ · · · ∧ αn)→α
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8 ( )

2(⇐):

∅ ` (α1 ∧ α2 ∧ · · · ∧ αn)→α

α1, α2, · · · , αn ` (α1 ∧ α2 ∧ · · · ∧ αn)→α

α1, α2, · · · , αn ` α1

α1, α2, · · · , αn ` α2

...

α1, α2, · · · , αn ` αn

α1, α2, · · · , αn ` α1 ∧ α2 ∧ · · · ∧ αn

α1, α2, · · · , αn ` α
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8

2.14( ): ∅ `N α, α N R

e , `N α,

, ` α.

2.8 : R

�

� R R
.

79
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11(1), (2), (5)

12(4), (6), (8)
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