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P

(1) p1, p2, . . . ( )

(2) ¬, → (2 )

(3) ), ( (2 )
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P

"

(1) ;

(2) α � (¬α) Q
(3) α ! β � (α → β) Q

(4) (1) ! (2) (3) .
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P

(A1) (α→(β→α))

(A2)
(

(α→(β→γ))→((α→β)→(α→γ))
)

(A3) (((¬α)→(¬β))→(β→α))
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P

" � α ! (α→β) β. (M).

(Modus Ponens) (MP).
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• P (D.Hilbert) ∗

• P �

• P N �

• N P � �

∗ RS ? @T U % V W <X Y Z :

1. [ \] = ^_ ` ab c , d ef g h = 1982

2. ij k = ^_ ` a = l mn o f g h = 1991
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P

(A1) α→(β→α)

(A2) (α→(β→γ))→((α→β)→(α→γ))

(A3) ((¬α)→(¬β))→(β→α)
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P ?

20

(1) α→(β→α) (A1)

(2) (α→(β→α))→

((α→β)→(α→α)) (A2)

(3) (α→β)→(α→α) (M)(1)(2)
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P

15 � P  :

α1, α2, · · · , αn (∗)

i (1 ≤ i ≤ n),  :

(1) αi ;

(2) αi � (∗) αi αj, αk(1 ≤

j, k < i) (M) .

αn P  p p p , `P αn ` αn,

(∗) αn

 q q q .

� 20 : `P (α→β)→(α→α)
10



(1) P α P

 r .

(2) α1, α2, · · · , αn P

 ,

αi (1 ≤ i ≤ n) ` αi.
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21
" ` α→α

:

(1) ` α→((β→α)→α) (A1)

(2) ` (α→((β→α)→α))→

((α→(β→α))→(α→α)) (A2)

(3) ` (α→(β→α))→(α→α) M(1)(2)

(4) ` α→(β→α) (A1)

(5) ` α→α (M)(3)(4)

s " `?
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: ` α → ((α → β) → β)

:

(1) (α → β) →
(

(α → (α → β)) → (α → β)
)

(2)

(

(α → β) →
(

(α → (α → β)) → (α → β)
)

)

→
(

(

(α → β) → (α → (α → β))
)

→
(

(α → β) → (α → β)
)

)

(3)
(

(α → β) → (α → (α → β))
)

→
(

(α → β) → (α → β)
)

(4) (α → β) → (α → (α → β))

(5) (α → β) → (α → β)
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( )

(6)
(

(α → β) → (α → β)
)

→
(

((α → β) → α) → ((α → β) → β)
)

(7) ((α → β) → α) → ((α → β) → β)

(8)

(

((α → β) → α) → ((α → β) → β)

)

→
(

α → (((α → β) → α) → ((α → β) → β))

)

(9) α → (((α → β) → α) → ((α → β) → β))

(10)

(

α → (((α → β) → α) → ((α → β) → β))

)

→
(

(α → ((α → β) → α)) → (α → ((α → β) → β))

)

(11) (α → ((α → β) → α)) → (α → ((α → β) → β))

(12) α → ((α → β) → α)

(13) α → ((α → β) → β)
14
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9

1. ` α, ` α→β, ` β

:

...

` α



















α  
...

` α→β



















α→β  

` β (M)

(M) | (M) }
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9( )

2. ` α→β, ` β→γ, ` α→γ.
:
` (β→γ)→(α→(β→γ)) (A1)

...

` β→γ











β→γ ~�� �� � ��

` α→(β→γ) (M)

` ((α→(β→γ))→((α→β)→(α→γ)) (A2)

` (α→β)→(α→γ) (M)

...

` α→β











α→β ~�� �� � ��

` α→γ (M)

(Tr).
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22

" ` ¬α → (α → β)

:

(1) ` ¬α→(¬β→¬α) (A1)

(2) ` (¬β→¬α)→(α→β) (A3)

(3) ` ¬α→(α→β) (Tr)
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23
" 1. ` ¬¬α→α 2. ` α→¬¬α

1:

(1) ` ¬¬α→(¬α→¬¬¬α) ( )

(2) ` (¬α→¬¬¬α)→(¬¬α→α) (A3)

(3) ` ¬¬α→(¬¬α→α) (Tr)(1)(2)

(4) ` (¬¬α→(¬¬α→α))→

(¬¬α→¬¬α)→(¬¬α→α) (A2)

(5) ` (¬¬α→¬¬α)→(¬¬α→α) (M)(3)(4)

(6) ` ¬¬α→¬¬α ( 21)

(7) ` ¬¬α→α (M)(5)(6)
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23( )

" 1. ` ¬¬α→α 2. ` α→¬¬α

2:

(1) ` ¬¬¬α→¬α (1.)

(2) ` (¬¬¬α→¬α)→(α→¬¬α) (A3)

(3) ` α→¬¬α (M)

20
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1. N  u
2. P Γ ` α u
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P

16 Σ P  , P

α1, α2, · · · , αn (∗)

Σ αn , αi (1 ≤

i ≤ n),

(1) αi ∈ Σ �

(2) αi P  ,

(3) αi � (∗) (M) .

, Σ `P α Σ ` α .

22



• P Σ Σ

“ ”  �

• 16 , Σ  P � r �

• 16 , Σ  �
23



Σ `P α

(1) α ∈ Σ, Σ ` α.

(2) Σ′ ⊆ Σ, Σ′ ` β, Σ ` β.

(3) Σ = ∅ , ∅ ` β ` β .

24



25
" {α, β→(α→γ) } ` β→γ

:

(1) α

(2) α→(β→α) (A1)

(3) β→α (M)(1)(2)

(4) β→(α→γ)

(5) (β→(α→γ))→

((β→α)→(β→γ)) (A2)

(6) (β→α)→(β→γ) (M)(4)(5)

(7) β→γ (M)(6)(3)

s " � `?
25



p.508(p.101). 14(1), (3), (4)

15(1), (2)

26



27



26 §7

P( )
� � �

� �� �� � 	 �
 � ��  � �� �



• P

• 2 �
• 3 �

• 1 �

• P � ` α?

• � � � �

— �� � ��

— �� N: P � ��  ! "#

1



10 Γ ∪ {α} ` β, Γ ` α→β.

:

β1, β2, · · · , βn(= β)

Γ ∪ {α} β $ .

:

α→β1, α→β2, · · · , α→βn(= α→β)

: ,

, α → βi (1 ≤ i ≤ n)

Γ α→ βi$ .
2



— 1

i .

(1) i = 1 , β1

$ , β1 ∈

Γ ∪ {α}.

(1.1) β1

$ , α→ β1

:

β1→(α→β1) (A1)

β1 ( )

α→β1 (M)

3



— 2

(1.2) β1 ∈ Γ , (1.1) .

(1.3) β1 α , α→β1 α→α.

` α→α, α→α P $ ,

α→ β1 ,

Γ α→β1

$ .

4



— 1

(2) α → βi−1 % , α →

βi−1 α→βi :

(2.1) ( βi )

(2.2) ( βi ∈ Γ )

(2.3) ( βi α )



























(1) .

(2.4) βi & βj βk(1 ≤ j, k < i) (M) ,

βk βj→βi.

α→βj' α→βk

( ( α→(βj →βi)
) ) α→βi* � + , .

5



— 2
& , α→βi−1 % . :

...

α→βi−1











α→βi−1

α→βi

6



— 2
& , α→βi−1 % . :

...
α→βj

...

α→βi−1











α→βi−1

α→(βj→βi)

α→βi

6-a



— 2
& , α→βi−1 % . :

...
α→βj

...

α→βi−1











α→βi−1

α→(βj→βi)

(α→(βj→βi))→((α→βj)→(α→βi)) (A2)

(α→βj)→(α→βi) (M)

α→βi (M)

.
6-b



11 Γ ` α→β, Γ ∪ {α} ` β.

:

...

α→β























& Γ α→β $
α ( )

β (M)
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26
� ` α→((α→β)→β)

: {α, α→β} ` β

(1) α

(2) α→β

(3) β (M)

2 & � ` α→((α→β)→β) �
8



27
� ` (α→β)→((β→γ)→(α→γ))

: {α→β, β→γ, α} ` γ

(1) α

(2) α→β

(3) β (M)(1)(2)

(4) β→γ

(5) γ (M)(3)(4)
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28
� ` (α→β)→(¬β→¬α)

: {α→β, ¬¬α} ` ¬¬β

(1)
...

¬¬α→α











` ¬¬α→α

(2) ¬¬α

(3) α (M)(1)(2)
(4) α→β

(5) β (M)(3)(4)

(6)
...

β→¬¬β











` β→¬¬β

(7) ¬¬β (M)(5)(6)
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28( )
� ` (α→β)→(¬β→¬α)

:

& {α→β, ¬¬α} ` ¬¬β

` (α→β)→(¬¬α→¬¬β)

& ` (¬¬α→¬¬β)→(¬β→¬α)

` (α→β)→(¬β→¬α)

11



29
� ` α→(¬β→¬ (α→β))

:

(1) ` α→((α→β)→β) ( 26)

(2) ` ((α→β)→β)

→(¬β→¬ (α→β)) ( 28)

(3) ` α→(¬β→¬ (α→β)) (Tr)

12



30

� {α→¬ β, α→β, α} ` γ

: (1) α

(2) α→β

(3) β (M)(1)(2)
(4) α→¬β

(5) ¬β (M)(1)(2)
...

(6) ¬β→(β→γ) 22
(7) β→γ (M)(5)(6)
(8) γ (M)(7)(3)

& : ` (α→β)→((α→¬β)→(α→γ)).

` (α→¬β)→((α→β)→(α→γ)).

13



31
� {α→β, ¬α→β} ` β

:

(1) (α→β)→(¬β→¬α) ( 28)

(2) α→β

(3) ¬β→¬α (M)(1)(2)

(4) (¬α→β)→(¬β→¬¬α) ( 28)

(5) ¬α→β

(6) ¬β→¬¬α (M)(4)(5)

14



31( )
� {α→β, ¬α→β} ` β

(7) (¬β→¬α)→
(

(¬β→¬¬α)→

(¬β→¬ (α→β))
)

( 30)

(8) (¬β→¬¬α)→(¬β→¬ (α→β)) (M)(3)(7)

(9) ¬β→¬ (α→β) (M)(6)(8)

(10) (¬β→¬ (α→β))→((α→β)→β) (A3)

(11) (α→β)→β (M)(9)(10)

(12) β (M)(2)(11)

: ` (α→β)→((¬α→β)→β)
15



32

� ` (¬α→α)→α

: {¬α→α} ` α

(1)¬α→(α→¬ (¬α→α)) ( 20)

(2) (¬α→(α→¬ (¬α→α)))→

((¬α→α)→(¬α→¬ (¬α→α))) (A2)

(3) ((¬α→α)→(¬α→¬ (¬α→α))) (M)(1)(2)

(4)¬α→α ( )

(5)¬α→¬ (¬α→α) (M)(3)(4)

(6) (¬α→¬(¬α→α))→((¬α→α)→α) (A3)

(7) (¬α→α)→α (M)(5)(6)

(8) α (M)(4)(7)
16



32( )
� ` (¬α→α)→α

:

(1) ` (α → α) → ((¬α → α) → α) ( 31)

(2) ` α → α ( 21)

(3) ` (¬α → α) → α (M)

17



33

� {¬α→β, ¬α→¬β} ` α

:

(1) (¬α→β)→((¬α→¬ β)→

(¬α→α)) ( 30)

(2) ¬α→β ( )

(3) (¬α→¬β)→(¬α→α) (M)(1)(2)

(4) ¬α→¬β ( )

(5) ¬α→α (M)(3)(4)

(6) (¬α→α)→α ( 32)

(7) α (M)(5)(6)
18



34( )
� ` α → (¬α→β)

:

& 22 � ` ¬α → (α→β).

& 11 � {¬α, α} ` β.

& � α ` ¬α → β.

& � ` α → (¬α → β).

19



12

Σ ` α1, Σ ` α2, · · · , Σ ` αn,

α1, α2, · · · , αn ` α,

Σ ` α.

:

& α1, α2, · · · , αn ` α, & :

` α1→α2→· · ·→αn→α.

Σ ` α :

20



12( )

...

` α1→α2→· · ·→αn→α

...

α1











Σ ` α1

α2→· · ·→αn→α
...

αn→α

...

αn











Σ ` αn

α

Σ ` α.
21



p.508(p.101). 14(2)

15(3), (4)

16(2), (3)

[ ] P �

(1) (α → ¬α) → ¬α.

(2) {α→β, α→¬β} ` ¬α

22
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