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 a b s t r a c t

We investigate the termination problem of a family of multi-path polynomial programs (MPPs) 
over an effective field 𝕂, in which all assignments to program variables are polynomials, and 
test conditions of loops and conditional statements are polynomial equalities. We show that the 
set of non-terminating inputs (NTI) of such a program is algorithmically computable, which in 
turn yields the decidability of its termination on a given input – and that on a semi-algebraic set 
of inputs when 𝕂 is ℝ. To the best of our knowledge, the considered family of MPPs is hitherto 
the largest fragment of nonlinear programs for which termination is decidable. We present an 
explicit recursive function, essentially of Ackermannian growth, to compute the maximal length 
of ascending chains of polynomial ideals under a control function, thereby providing a complete 
answer to the questions raised by Seidenberg [1]. This maximal length facilitates a precise com-
plexity analysis of our algorithms for computing the NTI and deciding termination of MPPs. We 
further extend our approach to programs with polynomial guarded commands and show how an 
incomplete procedure for MPPs with inequality guards can be obtained. Finally, we show that 
our decidability result gives rise to a complete method for computing all polynomial equality 
invariants (of a fixed degree) of polynomial programs.

1.  Introduction

Termination analysis [2,3] has been a long-standing, active field of research due to its great importance in program verification. 
However, the termination problem of programs is equivalent to the well-known halting problem [4], and hence is undecidable in 
general. A complete method for termination analysis for programs, even for linear or polynomial programs, is therefore impossible 
[5–8]. Consequently, a practical way is to provide sufficient conditions for termination and/or nontermination. The classical method 
for establishing termination of a program uses ranking functions that map the state space of the program to a well-founded domain, thus 
providing a sufficient condition for termination, see, e.g., [9–14]. In [15], Gupta et al. presented a sufficient condition for identifying 
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\begin {equation*}\begin {split} &(x,y) := (x_0,y_0);\\ &\textsc { while}\ (x+y=0)\ \textsc {do}\\ &\quad \textsc {if ? then}\ (x,y) := (y^2,2x+y);\\ &\quad \textsc {else}\ (x,y) := (2x^2+y-1,x+2y+1);\\ &\textsc { end \ while} \end {split}\end {equation*}
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\begin {equation*}\left \{ \begin {aligned} &G(x,y)=x+y=0\\ &G(\textbf {A}_1(x,y))=y^2+(2x+y)=0 \end {aligned}\right . \qquad {\rm and}\qquad \left \{ \begin {aligned} &G(x,y)=x+y=0\\ &G(\textbf {A}_2(x,y))=(2x^2+y-1)+(x+2y+1)=0 \end {aligned}\right .\end {equation*}
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$\{m'\mid \deg (m')=n,m'\succ m\}\subseteq M.$
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$P=\{f_1,f_2,\ldots ,f_n\}$
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$\langle P\rangle \triangleq \Big \{\sum _{i=1}^n f_i h_i\mid f_i\in P, h_i\in \bbK [\bx ]\Big \}.$
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\begin {equation*}I\times J \triangleq \langle \{f g\mid f\in I, g\in J\}\rangle .\end {equation*}


$P=\{f_1,f_2,\ldots ,f_n\}$


$\langle P\rangle $
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$P\cdot Q\triangleq \{f g\mid f\in P, g\in Q\}$


$\langle P\rangle \times \langle Q\rangle =\langle P\cdot Q\rangle $
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\begin {equation*}f\in \langle P\rangle \iff \Rem (f,\GB (P))=0.\end {equation*}
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$f\in \bbK [\bx ]$


$\bbK ^d$


$\bbK $


$P\subseteq \bbK [\bx ]$
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\begin {equation*}X\subseteq X_1\cup \cdots \cup X_n\implies \exists k \in \{1,\ldots ,n\}\colon X\subseteq X_k.\end {equation*}
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\begin {equation}\label {equ:special}\forall i\in \{1,\ldots ,n\}\colon \deg (m_i)=f(i).\end {equation}
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$f(n)$


$n=1,2,\ldots ,N$


$H_{\hat {I}_N}(f(N+1))=0$


$x_1^{f(1)}~=~\hat {m}_1\succ \hat {m}_2\succ \cdots \succ \hat {m}_N~=~x_d^{f(N)}$


$\hat {m}_n\succ \hat {m}_{n+1}$


$n\in \{1,2,\ldots ,N-1\}$


\begin {align*}m=\max \{m'\mid \deg (m')=f(n) \text { and } m'\text { is a monomial factor of }\hat {m}_{n+1}\}.\end {align*}
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$x_d^{f(N+1)}$


$\hat {m}_n$


$n\in \{1,2,\ldots ,N\}$


$\hat {m}_n=x_d^{f(n)}\preceq \hat {m}_N$


$n<N$


$\hat {m}_n\succ \hat {m}_N$


$n=N$


$\hat {m}_N=x_d^{f(N)}$


$d=3$


$f(n)=2\times 3^{n-1}$


\begin {align*}seq[x,y,z;f]=\{\hat {m}_1,\hat {m}_2,\ldots ,\hat {m}_{4382}\} = \{x^2,xy^5,xy^4z^{13},xy^3z^{50},xy^2z^{159},xyz^{484}, xz^{1457},y^{4374},y^{4373}z^{8749}, \ldots ,y^0z^{2\cdot 3^{4381}}\}.\end {align*}
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\begin {equation}\label {equ:Hexp} H_i(j)\left \{ \begin {aligned} &=H_{i-1}(j),\quad j<f(i);\\ &=H_{i-1}(j)-1,\quad j=f(i);\\ &\leq \Inc _{j-1}H_i(j-1),\quad j>f(i). \end {aligned}\right .\end {equation}
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\begin {equation*}\begin {split} H_i(j)&=H_{i-1}(j)\leq \hat {H}_{i-1}(j)=\hat {H}_i(j),\quad j<f(i);\\ H_i(j)&=H_{i-1}(j)-1\leq \hat {H}_{i-1}(j)-1=\hat {H}_i(j),\quad j=f(i);\\ H_i(j)&\leq \Inc _{j-1}H_i(j-1)\leq \Inc _{j-1}\hat {H}_i(j-1)=\hat {H}_i(j),\quad j>f(i). \end {split}\end {equation*}
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$i_{t-1}=\Omega (d,f,t-1)$


\begin {equation*}i_t=i_{t-1}+\Omega (d-1,f_{i_{t-1},t-f(1)},f_{i_{t-1},t-f(1)}(1))=\Omega (d,f,t).\end {equation*}


$k=i_t$


$seq[x_2,\ldots ,x_d;f_{i,-\alpha }]=(m_{i+1},m_{i+2},\ldots ,m_j)$


$m_{i+1}=x_2^{f(i+1)-\alpha }$


$m_{k+1}=\max \{m \mid \deg (m)=f(k+1)-\alpha , m\notin \langle m_{i+1},\ldots ,m_k\rangle \}$


$k=i+1,i+2,\ldots ,j-1$


$\{m \mid \deg (m)=f(j+1)-\alpha \}\subseteq \langle m_{i+1},\ldots ,m_j\rangle $


$i=0$


$\alpha =f(1)$


$\hat {m}_1=x_1^{f(1)}$


$m_{i+1}=1$


$i>0$


$n=i+1$


$n=k$


$x_1$


$\alpha $


$\hat {m}_1,\hat {m}_2,\ldots ,\hat {m}_i$


$\hat {m}_{n+1}\notin \langle \hat {m}_1,\ldots ,\hat {m}_n\rangle $


$m_{n+1}\notin \langle m_{i+1},\ldots ,m_n\rangle $


$j=N$


\begin {align*}\{x_1^\alpha \cdot m \mid \deg (m)=f(N+1)-\alpha \} \subseteq \{m'\in \mathcal {M}[\bx ] \mid \deg (m')=f(N+1)\} \subseteq \langle \hat {m}_1,\ldots ,\hat {m}_N\rangle .\end {align*}


$j<N$


$m\in \mathcal {M}[x_2,\ldots ,x_d]$


$\deg (m)=f(j+1)-\alpha $


$x_1^\alpha m\succ \hat {m}_{j+1}$


$x_1$


$\alpha $


$\hat {m}_{j+1}$


$\deg (x_1^\alpha m)=f(j+1)$


$\langle \hat {m}_1,\hat {m}_2,\ldots ,\hat {m}_{j+1}\rangle $


$f(j+1)$


$x_1^\alpha m\in \langle \hat {m}_1,\hat {m}_2,\ldots ,\hat {m}_{j+1}\rangle $


$m\in \langle m_{i+1},\ldots ,m_j\rangle $


$f(n)=2\times 3^{n-1}$


$\Omega (3,f,2)=4382$


$f$


$m_1,\ldots ,m_n$


$\mathcal {M}[\bx ]$


$x_{d+1}$


$x_1\succ \cdots \succ x_d\succ x_{d+1}$


$m_i$


$(i=1,\ldots ,n)$


$\tilde {m}_i\in \mathcal {M}[\bx ,x_{d+1}]$


$\tilde {m}_i=m_ix_{d+1}^{c_i}$


$c_i=f(i)-\deg (m_i)\in \bbN $


$\deg (\tilde {m}_i)=f(i)$


$\tilde {m}_1,\ldots ,\tilde {m}_n$


$\tilde {m}_1,\ldots ,\tilde {m}_n$


$f$


$\bbK [\bx ,x_{d+1}]$


$i=1,2,\ldots ,n-1$


$\tilde {m}_{i+1}\notin \langle \tilde {m}_1,\ldots ,\tilde {m}_{i}\rangle $


$\tilde {m}_{i+1}$


$\tilde {m}_j$


$j\leq i$


$m_{i+1}$


$m_j$


$m_{i+1}\notin \{m_1,\ldots ,m_i\}$


$n\leq \Omega (d+1,f,f(1))$


$m_1,\ldots ,m_n$


$L(d,f)\leq \Omega (d+1,f,f(1))$


$\Omega (d+1,f,f(1))\leq L(d,f)$


$seq[\bx ,x_d;f]=(\hat {m}_1,\ldots ,\hat {m}_N)$


$N=\Omega (d+1,f,f(1))$


$x_{d+1}$


$1$


$\hat {m}_i$


$m_1',\ldots ,m_N'$


$\mathbb {K}[\bx ]$


$f$


$m_1^\prime ,\ldots ,m_N^\prime $


$f$


$\deg (m_i^\prime )\leq \deg (\hat {m}_i)=f(i)$


$i$


$i$


$m_i^\prime \notin \langle m_1^\prime ,\ldots ,m_{i-1}^\prime \rangle $


$\hat {m}_i\succ \hat {m}_{i+1}$


$i$


$m_i^\prime \succeq m_{i+1}^\prime $


$m_i^\prime \neq m_{i+1}^\prime $


$\hat {m}_i\triangleq m_i^\prime x_{d+1}^\alpha \succ m_{i+1}^\prime x_{d+1}^\beta \triangleq \hat {m}_{i+1}$


$\alpha >\beta $


$f(i)=\deg (m_i^\prime )+\alpha >\deg (m_{i+1}^\prime )+\beta =f(i+1)$


$f$


$m_i^\prime \succ m_{i+1}^\prime $


$\Omega (d+1,f,f(1))=N\leq L(d,f)$


$L(d,f)=\Omega (d+1,f,f(1))$


$d=2 ,f(i)=1+i$


\begin {equation*}\{ m_1,m_2,\ldots ,m_{11}\}=\{x^2,xy^2,xy,x,y^6,y^5,y^4,y^3,y^2,y,1\},\end {equation*}


$L(2,f) = 11$


\begin {align}\label {eq:counter-example-MS} \{x^2,xy^2,y^4,y^3,xy,y^2,x,y,1\},\end {align}


$L(2,f) = 9$


$11$


$(m_1, \ldots , m_i)$


$\mu _i$


$L$


$i_0 = 0$


$i_r = L$


\begin {align*}\{i_1, \ldots , i_{r-1}\} = \{i\mid 0<i<L, \deg (\mu _i) \neq \deg (\mu _{i+1})\}\end {align*}


$i_1 < \cdots <i_{r-1}$


$0<j<r$


$\alpha = i_{j-1}$


$\beta = i_j$


\begin {align*}\bar {\delta } = \deg (\mu _{\alpha +1}) = \cdots = \deg (\mu _{\beta }), \quad \underline {\delta } = \min \{\deg (m_{\alpha +1}), \ldots , \deg (m_{\beta })\}.\end {align*}


\begin {align*}\underline {\delta } \leq \deg (m_k) \leq \bar {\delta }\quad \text {for} \quad \alpha < k \leq \beta .\end {align*}


$\{i_0,i_1,\ldots ,i_7 \} = \{0, 1, 2, 3, 4, 6, 8, 9\}$


$\alpha = i_4 = 4$


$\beta = i_5=6$


$\bar {\delta } = \deg (xy) = \deg (y^2) = 2$


$\deg (m_5) = 2 \leq \bar {\delta }$


$\deg (m_6) = 2 \leq \bar {\delta }$


$\{ m_1,m_2,\ldots ,m_{11}\}$


$\deg (m_5) = 6 \not \leq \bar {\delta }$


$\deg (m_6) = 5 \not \leq \bar {\delta }$


$\forall i\in \{1,\ldots ,n\}\colon \deg (m_i)=f(i)$


$L(d,f)$


$L(d,f)$


$\Uparrow ^d$


$d,x,y$


\begin {align*}x\Uparrow ^0 y & = 1+xy\\ x\Uparrow ^d 0 & = 1 \quad {d > 0}\\ x\Uparrow ^d y & = x\Uparrow ^{d-1} (x\Uparrow ^d (y-1)) \quad {d>0, y>0}\end {align*}


$x\Uparrow ^d 1=1+x$


$x\Uparrow ^1 y=1+x+x^2+\cdots +x^y$


$L(d,f)$


$a, b$


$f(n)=a(n-1)+b$


$n \ge 1$


\begin {equation*}L(d,f)=\frac {1}{a}\left ((a+1)\Uparrow ^{d-1}(b+1)\right )-\frac {b+2}{a}.\end {equation*}


$d\ge 2$


$0\le t\le b$


\begin {equation}\Omega (d,f,t)=\frac {1}{a}\left ((a+1)\Uparrow ^{d-2}(t+1)\right )-\frac {t+2}{a},\label {equ:Ackermann}\end {equation}


$t=b=f(1)$


$d$


$t$


$t=0$


$d\ge 2$


$\Omega (d,f,0)=1$


$(a+1)\Uparrow ^{d-2}(t+1)=(a+1)\Uparrow ^{d-2}1=a+2$


$d=2$


$0\le t\le b$


$\Omega (2,f,t)=1+t$


$\Omega (1,f,t)=\Omega (2,f,0)=1$


$\Omega (2,f,t)=\Omega (2,f,t-1)+1$


$(a+1)\Uparrow ^0(t+1)=1+(a+1)(t+1)$


$d-1$


$(d,t-1)$


$(d,t)$


\begin {equation*}\Omega (d,f,t)=\Omega (d,f,t-1)+\Omega (d-1,f_{\Omega (d,f,t-1),t-f(1)},f_{\Omega (d,f,t-1),t-f(1)}(1)).\end {equation*}


$(d,t-1)$


\begin {equation*}\Omega (d,f,t-1)=\frac {1}{a}\left ((a+1)\Uparrow ^{d-2}t\right )-\frac {t+1}{a}.\end {equation*}


$m=\Omega (d,f,t-1)$


$am+t+1=(a+1)\Uparrow ^{d-2}t$


$r=t-f(1)=t-b$


$d-1$


\begin {equation*}\Omega (d-1,f_{m,r},f_{m,r}(1))=\frac {1}{a}\left ((a+1)\Uparrow ^{d-3}(am+b+r+1)\right )-m-\frac {b+r+2}{a},\end {equation*}


$f_{m,r}(n)=a(n+m-1)+b+r=a(n-1)+am+b+r$


$f_{m,r}(1)=am+b+r$


\begin {equation*}\begin {split} \Omega (d,f,t)&=m+\Omega (d-1,f_{m,r},f_{m,r}(1))=\frac {1}{a}\left ((a+1)\Uparrow ^{d-3}(am+t+1)\right )-\frac {t+2}{a}\\ &=\frac {1}{a}\left ((a+1)\Uparrow ^{d-3}((a+1)\Uparrow ^{d-2}t)\right )-\frac {t+2}{a}\\ &=\frac {1}{a}\left ((a+1)\Uparrow ^{d-2}(t+1)\right )-\frac {t+2}{a}, \end {split}\end {equation*}


$d$


$t$


$L(d,f)$


$a$


$b$


$d$


$d$


$f$


$L(d,f)$


$L(d,f)$


$L(d,f_{t,0})$


$t$


$\Gamma _{\lambda +k-1}$


$f$


$\lambda $


$L(d,f)$


$L(d,f)$


\begin {equation}\label {equ:mpp} \textsc { while} \quad (G(\bx )=0)\quad \left \{ \begin {aligned} &\bx := \bA _{1}(\bx );\\ \parallel \quad &\bx := \bA _{2}(\bx ); \\ &\vdots \\ \parallel \quad &\bx := \bA _{l-1}(\bx ); \\ \parallel \quad &\bx := \bA _{l}(\bx ); \end {aligned}\right \}, \ \ \text {where}\end {equation}


$\bx \in \bbK ^d$


$\bbK $


$G\in \bbK [\bx ]$


$\bA _{i}\in \bbK ^d[\bx ]$


$1\leq i\leq l$


$\parallel $


$l$


$\bbK $


$\mathbb {Q}$


$\overline {\mathbb {Q}}$


$\mathbb {Q}(\pi )$


$\mathbb {Q}$


$\bx $


$G(\bx )$


$e$


$\bx $


$G$


$\mathrm {Coeff}_0$


$\bbK $


$e=0$


$\bA _i$


$\bA _i$


$\mathrm {Coeff}_i$


$\bbK $


$\bbK =\mathbb {R}$


$e=0$


$e\in \Expr _\bbK (\mathrm {Coeff}\cup \{\bx \})$


$\mathrm {Coeff}=\mathrm {Coeff}_0\cup \mathrm {Coeff}_1\cup \cdots \cup \mathrm {Coeff}_l$


$\Expr _\bbK (S)$


$S\subseteq \bbK $


$\bbK $


$\bigwedge _{i=1}^M\bigvee _{j=1}^{N_i} G_{ij}(\bx )=0$


$\bigvee _{j=1}^{N_i} G_{ij}(\bx )=0$


$G_i(\bx )=0$


$G_i\triangleq \prod _{j=1}^{N_i}G_{ij}$


$\bigwedge _{i=1}^M G_{i}(\bx )=0$


$\bx $


$\bx $


$\bbK =\mathbb {R}$


$\mathbb {R}$


$\mathbb {C}$


$\mathbb {R}$


\begin {equation*}\textsc {while} \quad (x+y=0)\quad \left \{ \begin {aligned} (x,y) & := (x+1,y-1); \\ \parallel \quad (x,y) & := (x^2,y^2); \\ \end {aligned} \right \}.\end {equation*}


$d=2$


$G(x,y)=x+y$


$\bA _1(x,y)=(x+1,y-1)$


$\bA _2(x,y)=(x^2,y^2)$


\begin {equation*}\label {equ:quantum} \textsc {while} \quad (\textit {Mea}[\rho ]=0)\quad \left \{ \begin {aligned} \rho & := \mathcal {E}_1(\rho ); \\ \parallel \quad \rho & := \mathcal {E}_2(\rho ); \\ &\vdots \\ \parallel \quad \rho & := \mathcal {E}_{l-1}(\rho ); \\ \parallel \quad \rho & := \mathcal {E}_l(\rho ); \end {aligned} \right \}, \quad \text {where}\end {equation*}


$\rho \in \mathbb {C}^{d^2}$


$d\times d$


$\textit {Mea}=\{M_0,M_1\}$


$M_0$


$M_1$


$d\times d$


$\mathcal {E}_i$


$\mathbb {C}^{d^2}$


$\bx =\rho $


$G(\bx )={\rm tr}(M_0\rho M_0^\dagger )$


$\bA _i=\mathcal {E}_i$


${\rm tr}(M)$


$M$


$M^\dagger =(M^\mathrm {T})^*$


$M$


$\mathbb {C}^{d^2}$


$\bx $


$\bx $


$\bA _i\ (1\leq i\leq l)$


$\bx \in \bbK ^d$


$\bx $


$\widetilde {\bx }$


$G(\widetilde {\bx })\neq 0$


$\widetilde {\bx }$


$l$


$\bA _{1}(\widetilde {\bx })$


$\bA _{2}(\widetilde {\bx }),\ldots ,\bA _{l}(\widetilde {\bx })$


$\widetilde {\bx }$


$\bA _{i}(\widetilde {\bx })$


$i$


$1\leq i\leq l$


$\Sigma =\{1,2,\ldots ,l\}$


$\bA _{i}$


$1\leq i\leq l$


$\sigma =a_1 a_2\cdots a_s\in \Sigma ^*$


$\abs {\sigma }=s$


$\Pre (\sigma )=\{a_1\cdots a_i\mid i=0,1,\ldots ,s-1\}$


$\sigma =a_1\cdots a_s$


$\tau =b_1\cdots b_t$


$\sigma \tau =a_1\cdots a_sb_1\cdots b_t$


$\bA _\sigma =\bA _{a_s}\circ \cdots \circ \bA _{a_2}\circ \bA _{a_1}$


$\bA _\epsilon =\mathbf {id}$


$\bA _\epsilon (\bx )\equiv \bx $


$\epsilon $


$\bA _{\sigma \tau }=\bA _{\tau }\circ \bA _{\sigma }$


$\sigma =a_1 a_2\cdots \in \Sigma ^\omega $


$\abs {\sigma }=\infty $


$\Pre (\sigma )=\{a_1\cdots a_i\mid i=0,1,\ldots \}$


$\tau =b_1\cdots b_t\in \Sigma ^*$


$\sigma =a_1a_2\cdots \in \Sigma ^\omega $


$\tau \sigma =b_1\cdots b_ta_1a_2\cdots \in \Sigma ^\omega $


$\Sigma $


$\sigma =a_1a_2\cdots \in \Sigma ^*\cup \Sigma ^\omega $


\begin {equation*}\bx \xrightarrow {\bA _{a_1}}\bA _{a_1}(\bx )\xrightarrow {\bA _{a_2}}\bA _{a_2}(\bA _{a_1}(\bx ))\xrightarrow {\bA _{a_3}}\cdots .\end {equation*}


$\bA _\sigma (\bx )$


$\sigma = a_1a_2\cdots \in \Sigma ^*$


$\bA _\tau (\bx )$


$\tau \in \Pre (\sigma )$


$G(\bA _\tau (\bx ))=0$


$\bx \in \mathbb K^d$


\begin {equation*}\Path (\bx ) \triangleq \{\sigma \in \Sigma ^*\cup \Sigma ^\omega \mid \forall \tau \in \Pre (\sigma )\colon G(\bA _\tau (\bx ))=0\}.\end {equation*}


$\sigma $


$T_\sigma ^- \triangleq \{G\circ \bA _\tau \mid \tau \in \Pre (\sigma )\}$


\begin {equation*}\sigma \in \Path (\bx )\iff \bx \in Z(T_\sigma ^-).\end {equation*}


$\bx \in \bbK ^d$


$\abs {\Path (\bx )}<\infty $


$\Path (\bx )$


$D \triangleq \{\bx \in \bbK ^d\mid \abs {\Path (\bx )}=\infty \}$


\begin {equation*}\abs {\Path (\bx )}=\infty \iff \Path (\bx )\cap \Sigma ^\omega \neq \emptyset \end {equation*}


$\bx \in \bbK ^d$


\begin {equation}\label {equ:D}D=\bigcup \nolimits _{\sigma \in \Sigma ^\omega }Z(T_\sigma ^-).\end {equation}


$n$


$n\in \mathbb {N}$


$n$


$\bx \in \bbK ^d$


$\abs {\sigma }\leq n$


$\sigma \in \Path (\bx )$


$n$


$n$


$D_n \triangleq \{\bx \in \bbK ^d\mid \exists \sigma \in \Path (\bx )\colon \abs {\sigma }>n\}.$


$n$


$T_\sigma \triangleq T_\sigma ^-\cup \{G\circ \bA _\sigma \}$


$T_{\sigma a}^-=T_{\sigma }$


$\sigma \in \Sigma ^*$


$a\in \Sigma $


$T_\epsilon =\{G\}$


$D_n=\bigcup \nolimits _{\abs {\sigma }=n}Z(T_\sigma ).$


$2$


\begin {equation*}\begin {split}\bx \in D_n \iff &\exists \sigma =a_1a_2\cdots \in \Path (\bx ):\ |\sigma |>n\\ \iff &\exists \sigma '=a_1a_2\cdots a_{n+1}\in \Path (\bx )\colon |\sigma '|=n+1\\ \iff &\exists \sigma ''=a_1a_2\cdots a_n\in \Sigma ^n,a_{n+1}\in \Sigma \colon \bx \in Z(T_{\sigma '' a_{n+1}}^-)=Z(T_{\sigma ''}). \end {split}\end {equation*}


$D_0=Z(T_\epsilon )=Z(\{G\})$


$\bx $


$D$


$\bx \in D$


$l=1$


\begin {equation*}D=\{\bx \mid G(\bA _1^k(\bx ))=0\ \text {for all}\ k\ge 0\},\end {equation*}


$I$


$G, G\circ \bA _1, \cdots , G\circ \bA _1^k,\cdots $


$N$


\begin {equation*}I=I_N\triangleq \langle G, G\circ \bA _1, \ldots , G\circ \bA _1^N\rangle \end {equation*}


$D=D_N=Z(I_N)$


$\bx $


$\bx \in D$


$G\left (\bA _1^n(\bx )\right )=0$


$n=0,1,\ldots , N$


$N$


\begin {equation*}G(\bA _1^k(\bx ))\in I_{k-1}=\langle G(\bx ), G(\bA _1(\bx )), \ldots , G(\bA _1^{k-1}(\bx )) \rangle ,\end {equation*}


$\bx $


$\bA _1(\bx )$


\begin {equation*}G(\bA _1^{k+1}(\bx ))\in \langle G(\bA _1(\bx )), \ldots , G(\bA _1^k(\bx )) \rangle \subseteq I_k.\end {equation*}


$I_k=I_{k-1}$


$I_{k+1}=I_k$


$I_n$


$D_n$


$N=\min \{n\mid G(\bA _1^n(\bx ))\in I_{n-1}\}-1$


$g = \deg (G)$


$a=\deg (\bA _1)$


$f(i)=ga^{i-1}$


$\deg (G\circ \bA ^i)\le f(i)$


$I_n$


$f$


$N\leq L(d,f)$


$L(d,g,a)$


$L(d,f)$


$f(i)=ga^{i-1}$


$X\subseteq \bbK ^d$


\begin {equation*}\Back (X)\triangleq \bigcup _{a\in \Sigma }(X\cap {\bA _a}^{-1}(X))=\{x\in X \mid \exists a\in \Sigma \colon \bA _a(x)\in X\}.\end {equation*}


$n\geq 0$


$\Back (D_n)=D_{n+1}$


$D_{n+1}\subseteq \Back (D_n)$


$\bx \in D_{n+1}$


$\bx \in Z(T_\sigma )$


$\sigma =a_1\cdots a_{n+1}\in \Sigma ^{n+1}$


$\bA _{a_1}(\bx )\in Z(T_{a_2\cdots a_{n+1}})\subseteq D_n$


$\bx \in \bA _{a_1}^{-1}(D_n)$


$\bx \in D_{n+1}\subseteq D_n$


$\bx \in D_n\cap \bA _{a_1}^{-1}(D_n)\subseteq \Back (D_n)$


$\Back (D_n)\subseteq D_{n+1}$


$\bx \in \Back (D_n)$


$\bx \in D_n$


$\bx \in \bA _a^{-1}(D_n)$


$a\in \Sigma $


$G(\bx )=0$


$\bA _a(\bx )\in Z(T_\sigma )$


$\sigma \in \Sigma ^n$


$\{G\}\cup \{f\circ \bA _a\mid f\in T_\sigma \}=T_{a\sigma }$


$\bx \in Z(T_{a\sigma })\subseteq D_{n+1}$


$\Back $


$R\subseteq S\times S$


$S$


\begin {equation*}\pre _R(X)\triangleq \{s\in S\mid \exists x\in X\colon (s,x)\in R\}\end {equation*}


$X\subseteq S$


\begin {equation*}\pre (X)\triangleq \{\bx \in \mathbb {K}^d \mid G(\bx )=0\textnormal { and } \exists a\in \Sigma :\ \bA _a(\bx )\in X\}=\bigcup _{a\in \Sigma }(D_0\cap {\bA _a}^{-1}(X)).\end {equation*}


$D_{n+1}=\pre (D_n)$


$n\ge 0$


$\Back $


$\pre $


$D_n$


$n=0,1,\ldots $


$\Back (X)$


$X$


$\pre (X)$


$\Back $


$\pre $


$G$


$n\geq 0$


$D_n$


$D_n$


\begin {equation*}D_0\supset D_1\supset \cdots \supset D_N=D_{N+1}=\cdots ,\end {equation*}


$N$


$N \leq L(d,g,a)-1$


$g = \deg (G)$


$a=\deg (\bA _1)+\ldots +\deg (\bA _l)$


$D=D_N$


$L(d,g,a)$


$N$


$N \le \hat {N}$


$D_N\subseteq D$


$D\subseteq D_n$


$\forall n\geq 0$


$n\geq N$


$\bx \in D_N=D_n$


$\exists \sigma \in \Path (\bx )\colon \abs {\sigma }>n$


$\abs {\Path (\bx )}=\infty $


$\bx \in D$


$D = D_{L(d,g,a)-1}$


$L(d,g,a)$


$\bx $


$\bx \not \in D$


$\bigvee _{f\in T_\sigma }f(\bx )\ne 0$


$\abs {\sigma }=L(d,g,a)-1$


$L(d,g,a)-1$


$\bx $


$L(d,g,a)-1$


$L(d,g,a)-1$


$L$


$d$


$L(d,g,a)$


$T_\sigma $


$\abs {\sigma }=L(d,g,a)-1$


$D=D_{N}$


$n$


$D_n$


$n=0,1,\ldots $


$D_n=D_{n+1}$


$D$


$N$


$L(d,g,a)-1$


$N$


$X\subseteq \bbK ^d$


$X=X_1\cup X_2\cup \cdots \cup X_n$


$i\in \{1,2,\ldots ,n\}$


$a\in \Sigma $


$j\in \{1,2,\ldots ,n\}$


$\bA _a(X_i)\subseteq X_j$


$X\subseteq D_0$


$X\subseteq D$


$\bx \in X$


$\Path (\bx )$


$\sigma _0\sigma _1^\omega $


$\sigma _0, \sigma _1\in \Sigma ^*$


$\sigma _1$


$X=X_1\cup X_2\cup \cdots \cup X_n$


$a \colon \{1,2,\ldots ,n\}\rightarrow \Sigma $


$b \colon \{1,2,\ldots ,n\}\rightarrow \{1,2,\ldots ,n\}$


$\bA _{a(i)}(X_i)\subseteq X_{b(i)}$


$i\in \{1,2,\ldots ,n\}$


$\bx \in X$


$\bx \in X_i$


$i\in \{1,\ldots ,n\}$


$b_k=b^k(i)$


$a_k=a(b^k(i))$


$k\geq 0$


\begin {equation*}X_i=X_{b_0}\xrightarrow {\bA _{a_0}} X_{b_1}\xrightarrow {\bA _{a_1}} X_{b_2}\xrightarrow {\bA _{a_2}}\cdots \end {equation*}


$\bA _{a_k}(X_{b_k})\subseteq X_{b_{k+1}}$


$\sigma =a_1a_2\cdots \in \Sigma ^\omega $


$\tau \in \Pre (\sigma )$


$\bA _\tau (X_i)=X_{b_{\abs {\tau }}}\subseteq X\subseteq D_0$


$\bA _\tau (\bx )\in D_0=Z(\{G\})$


$(G\circ \bA _\tau )(\bx )=0$


$\sigma \in \Path (\bx )$


$\bx \in D$


$\{b_0,b_1,\ldots \}\subseteq \{1,2,\ldots ,n\}$


$n$


$j\in \{0,1,\ldots ,n-1\}$


$p\in \{1,\ldots ,n\}$


$b_j=b_{j+p}$


$k\geq 0$


$t\geq j$


$b_{t+kp}=b^{t+kp}(i)=b^t(i)=b_t$


\begin {equation*}\sigma =(a_1a_2\cdots a_{j-1})(a_ja_{j+1}\cdots a_{j+p-1})^\omega .\end {equation*}


$D$


$D_0$


$D$


$D=Y_1\cup Y_2\cup \cdots \cup Y_n$


$i\in \{1,2,\ldots ,n\}$


\begin {equation*}Y_i\subseteq D=\Back (D)\subseteq \bigcup \nolimits _{a\in \Sigma }{\bA _a}^{-1}(D)=\bigcup \nolimits _{a\in \Sigma }\bigcup \nolimits _{j=1}^n\bA _a^{-1}(Y_j).\end {equation*}


$Y_i$


$a\in \Sigma $


$X=Z(T)$


$\bA _a^{-1}(X)=Z(\{f\circ \bA _a \mid f\in T\})$


$a\in \Sigma $


$j\in \{1,2,\ldots ,n\}$


$Y_i\subseteq {\bA _a}^{-1}(Y_j)$


$\bA _a(Y_i)\subseteq Y_j$


$\bx \in D$


$\Path (\bx )$


$\sigma =\sigma _0\sigma _1^\omega $


$\sigma _0, \sigma _1\in \Sigma ^*$


$\sigma _1$


$D$


$B$


$D$


$D=Z(B)$


$\bx $


$\bigvee _{f\in B}f(\bx )\ne 0$


$\mathbb {K}=\mathbb {R}$


$X$


$\phi (\bx )$


$\bigwedge _{f\in B}(f(\bx )=0) \wedge \phi (\bx )$


$D$


\begin {equation*}D_0\supset D_1\supset \cdots \supset D_N=D_{N+1}=\cdots .\end {equation*}


$D_n$


$S_n \triangleq \prod _{\sigma \in \Sigma ^n} T_\sigma $


\begin {equation*}D_n=\bigcup \nolimits _{\abs {\sigma }=n}Z(T_\sigma )\overset {(*)}{=}Z\left (\prod \nolimits _{\sigma \in \Sigma ^n} T_\sigma \right ),\end {equation*}


$(*)$


\begin {equation*}Z(A_1)\cup Z(A_2)\cup \cdots \cup Z(A_k)=Z(A_1\cdot A_2\cdot \cdots \cdot A_k)\end {equation*}


$A_1,A_2,\ldots ,A_k$


$S_0,S_1,\ldots $


$Z(S_n)=Z(S_{n+1})$


$D_n=D_{n+1}$


$f\in I(Z(T_\sigma ))$


$\sigma \in \Sigma ^n$


$f\in \prod _{\tau \in \Sigma ^{n+1}}T_\tau $


$D_n$


$D_{n+1}$


\begin {equation*}\begin {split} D_n=D_{n+1}&\iff D_n\subseteq D_{n+1}\iff \bigcup \nolimits _{\sigma \in \Sigma ^n}Z(T_\sigma )\subseteq \bigcup \nolimits _{\tau \in \Sigma ^{n+1}}Z(T_\tau )\\ &\iff \forall \sigma \in \Sigma ^n\colon Z(T_\sigma )\subseteq \bigcup \nolimits _{\tau \in \Sigma ^{n+1}}Z(T_\tau )=Z(\prod \nolimits _{\tau \in \Sigma ^{n+1}}T_\tau )\\ &\iff \forall \sigma \in \Sigma ^n\colon \prod \nolimits _{\tau \in \Sigma ^{n+1}}T_\tau \subseteq I(Z(T_\sigma )). \end {split}\end {equation*}


$N$


$N$


$L(d,g,a)$


$n$


$T_\tau $


$S_1$


$\tau \in \Sigma ^{n+1}$


$O(|\Sigma ^{n+1}|)=O(l^{n+1})$


$f\in I(Z(T_\sigma ))$


$\sigma \in \Sigma ^n$


$f\in \prod _{\tau \in \Sigma ^{n+1}}T_\tau $


$O(l^n(n+2)^{l^{n+1}})$


$O(l^N(N+2)^{l^{N+1}})$


$f\in I(Z(T_\sigma ))$


$\bbK =\mathbb {R}$


$\mathbb {C}$


$\mathbb {R}$


$\mathbb {C}$


$\bbK $


$\mathbb {C}$


$\mathbb {Q}$


$\overline {\mathbb {Q}}$


$\bbK = \mathbb {C}$


$n$


$\bbK _1$


$D_n\big |_{\bbK =\bbK _1}$


$n$


$\bbK _2\subseteq \bbK _1$


\begin {equation*}D_n\big |_{\bbK =\bbK _2}=D_n\big |_{\bbK =\bbK _1}\cap \bbK _2^d.\end {equation*}


$\bbK _2$


$\bx \in \bbK _2$


$\bx \in D\big |_{\bbK =\bbK _2}$


$\bx \in D\big |_{\bbK =\bbK _1}$


$\bbK _1$


$\bbK _1$


$\bx $


$\mathbb {Z}$


$\mathbb {C}$


$\mathbb {C}$


$S$


$NTI$


$D\big |_{\bbK =\mathbb {C}}$


$\bx $


$\bigvee _{f\in S} f(\bx )\ne 0$


$\bx \in \mathbb {Z}^d$


$S\subseteq \mathbb {Z}[\bx ]$


$\bbK _0$


$\mathbb {C}$


$\bbK _0=\mathbb {R}$


$D\big |_{\bbK =\mathbb {C}}\cap \bbK _0^d=\emptyset $


$\mathbb {Q}$


$S$


$\bbK $


$\mathbb {C}$


$D_n=D_{n+1}$


$B_n$


$\prod _{\sigma \in \Sigma ^n}T_\sigma $


$D_n$


$D_n=Z(B_n)$


$B_n=B_{n+1}$


$D_n=D_{n+1}$


$D_n$


$D_n=Z(B_n)$


$n \in \mathbb {N}$


$B_0\triangleq \{G\}$


$B_{n+1}\triangleq B_n\cup \prod _{a=1}^l(B_n\circ \bA _a)$


$n \in \mathbb {N}$


$B_n\circ \bA _a\triangleq \{f\circ \bA _a\mid f\in B_n\}$


$n$


$n=0$


$D_0=Z(\{G\})=Z(B_0)$


$D_n=Z(B_n)$


$D_{n+1}=Z(B_{n+1})$


$Z(B_{n+1})=\Back (Z(B_n))$


$B_{n+1}$


\begin {equation*}\begin {split} Z(B_{n+1})&=Z(B_n\cup \prod _{a=1}^l(B_n\circ \bA _a))=Z(B_n)\cap Z(\prod _{a=1}^l(B_n\circ \bA _a))\\&=Z(B_n)\cap (\bigcup _{a\in \Sigma }Z(B_n\circ \bA _a))=\bigcup _{a\in \Sigma }(Z(B_n)\cap Z(B_n\circ \bA _a)). \end {split}\end {equation*}


\begin {equation*}\Back (Z(B_n))=\bigcup _{a\in \Sigma }(Z(B_n)\cap {\bA _a}^{-1}(Z(B_n))).\end {equation*}


\begin {equation*}\begin {split} \bx \in {\bA _a}^{-1}(Z(B_n))&\iff \bA _a(\bx )\in Z(B_n)\iff \forall f\in B_n\colon f\left (\bA _a(\bx )\right )=0\\ &\iff \forall g\in B_n\circ \bA _a\colon g(\bx )=0\iff \bx \in Z(B_n\circ \bA _a), \end {split}\end {equation*}


$Z(B_n\circ \bA _a)={\bA _a}^{-1}(Z(B_n))$


$B_n$


$G$


$\bA _a$


$a\in \Sigma $


$B_n$


$f\in B_n$


$\Rem (f,B_n)=0$


$B_n=B_{n+1}$


$\forall n\in \mathbb {N}\colon D_{\hat {N}}=D_{\hat {N}+n}$


$\hat {N}\triangleq \min \, \{n\mid B_n=B_{n+1}\}$


$\hat {N} \leq L(d,g,a)-1$


$L(d,g,a)$


$B_n\subseteq B_{n+1}$


$n$


$\hat {N}$


$B_{n-1}=B_n$


$B_n=B_{n+1}$


$B_n$


\begin {equation*}B_0\subset B_1\subset \cdots \subset B_{\hat {N}}=B_{\hat {N}+1}=\cdots .\end {equation*}


$\deg (B_n)\le ga^{n-1}$


$\deg (B_0)=g$


\begin {equation*}\deg (B_{n+1})=\deg (B_n\cup \prod _{a=1}^l(B_n\circ \bA _a)) =\max (\deg (B_n),\deg (\prod _{a=1}^l(B_n\circ \bA _a))) \le \sum _{a=1}^l(\deg (B_n)\deg (\bA _a))=a\deg (B_n).\end {equation*}


$\gdeg (\langle B_n\rangle )\le ga^{n-1}$


$\hat {N}\le L(d,g,a)-1$


$\hat {N}$


$n$


$\abs {B_{n+1}}$


$B$


$\abs {B_n}=O(2^{l^{n-1}})$


$O(2^{l^{\hat {N}}})$


$\mathbb {R}$


$\mathbb {C}$


$\hat {N}\ge N$


$\hat {N}>N$


$Z(B_n)=D_n=D_{n+1}=Z(B_{n+1})$


$B_n\subset B_{n+1}$


$\hat {N}>N$


\begin {align*}\textsc {while} \quad (x^2+y^2=0)\quad \left \{(x,y) := (x,x+y);\right \}.\end {align*}


\begin {equation*}\GB (B_0)=\{x^2+y^2\},\ \GB (B_1)=\{x^2+y^2,2xy-y^2,y^3\},\
\GB (B_2)=\GB (B_3)=\{x^2,xy,y^2\},\end {equation*}


$\hat {N}=2$


$\bbK =\mathbb {C}$


$N=1$


\begin {align*}D_0\big |_{\bbK =\mathbb {C}} &= Z(B_0)=\{(c,\pm \mathrm {i}c)\mid c\in \mathbb {R}\},\\ D_1\big |_{\bbK =\mathbb {C}} &= Z(B_1)=\{(0,0)\}=Z(B_2)=D_2\big |_{\bbK =\mathbb {C}};\end {align*}


$\bbK =\mathbb {R}$


$N=0$


\begin {align*}D_0\big |_{\bbK =\mathbb {R}}=D_0\big |_{\bbK =\mathbb {C}}\cap \mathbb {R}^2=\{(0,0)\}=D_1\big |_{\bbK =\mathbb {C}}\cap \mathbb {R}^2=D_1\big |_{\bbK =\mathbb {R}}~.\end {align*}


\begin {equation}\label {equ:pgc} \begin {array}{lcl} \textsc {do} & & G_1(\bx )=0 \longrightarrow \bx := \bA _{1}(\bx );\\ & \parallel & G_2(\bx )=0 \longrightarrow \bx := \bA _{2}(\bx ); \\ & & \quad \quad \vdots \\ & \parallel & G_{l-1}(\bx )=0 \longrightarrow \bx := \bA _{l-1}(\bx ); \\ & \parallel & G_l(\bx )=0 \longrightarrow \bx := \bA _{l}(\bx ); \\ \textsc {od}, & & \end {array} \ \ \text {where}\end {equation}


$\bx \in \bbK ^d$


$G_i\in \bbK [\bx ]$


$\bigvee _{i=1}^M\bigwedge _{j=1}^{N_i} G_{ij}(\bx )=0$


$\bA _{i}\in \bbK ^d[\bx ]$


$1\leq i\leq l$


$\bx $


$G_i$


$G_i(\bx )$


$G_i(\bx )=0\wedge G_j(\bx )=0$


$\mathbb {K}$


$i\neq j$


\begin {equation*}\textsc {if}~ G(\bx )=0~ \textsc {then} ~\bx := \bA _1(\bx )~ \textsc {else} ~ \bx := \bA _2(\bx ),\end {equation*}


\begin {equation*}\textsc {if}~G(\bx ){=}0 \longrightarrow \bx { :=} \bA _1(\bx ) \parallel G(\bx ){\neq } 0 \longrightarrow \bx { :=} \bA _2(\bx )~\textsc {fi},\end {equation*}


$G(\bx )\neq 0$


$\bx $


$\bx $


\begin {equation*}\begin {aligned} \Path (\bx ) \triangleq \{ & \sigma \in \Sigma ^*\cup \Sigma ^{\omega } \mid \forall \tau \in \Pre (\sigma ),i\in \Sigma \colon \tau i\in \Pre (\sigma )\cup \{\sigma \} \implies G_i(\bA _{\tau }(\bx ))=0\}. \end {aligned}\end {equation*}


$\sigma \in \Path (\bx )$


$T^-_{\sigma }$


$\{G_i(\bA _{\tau }) \mid \tau i \in \Pre (\sigma )\cup \{\sigma \}\}$


\begin {equation*}\sigma \in \Path (\bx ) \iff \bx \in Z(T^-_{\sigma }).\end {equation*}


$\bx $


$\sigma \in \Path (\bx )$


$\abs {\sigma }=\infty $


$D$


$n$


$\bx \in \bbK ^d$


$\abs {\sigma }\leq n$


$\sigma \in \Path (\bx )$


$n$


\begin {equation*}D_n \triangleq \{\bx \in \bbK ^d\mid \exists \sigma \in \Path (\bx )\colon \abs {\sigma }>n\}.\end {equation*}


$D$


$n$


$D_n$


$n\geq 0$


$D_n$


$D_n$


\begin {equation*}D_0\supset D_1\supset \cdots \supset D_M=D_{M+1}=\cdots ,\end {equation*}


$M \leq L(d,g,a)$


$g=\max \{\deg (G_1), \ldots ,$


$\deg (G_l)\}$


$a=\deg (\bA _1)+\cdots +\deg (\bA _l)$


$D=D_M$


\begin {equation*}\texttt {ineq} \quad \ \;\textsc {while} \ \ (x \ge 0) \ \
\left \{ \begin {aligned} (x,y) & := (x-3,y-3); \\ \parallel \, (x,y) & := (x-3y,y^2+x^2); \\ \parallel \, (x,y) & := (1,0); \\ \end {aligned} \right \}\end {equation*}


$x\ge 0$


$x-y^2=0$


$x-y^2=0 \implies x \ge 0$


$(x_0,y_0)=(1,-1)$


$(4,2)$


$G(\bx )=0$


$\bx $


$\sigma _0\sigma _1^\omega \in \Path (\bx )$


$\sigma _0,\sigma _1\in \Sigma ^*$


$G$


$\bigcup _{\sigma _0,\sigma _1\in \Sigma ^*}I_{\sigma _0,\sigma _1}$


\begin {align*}I_{\sigma _0,\sigma _1} \triangleq \{G\in \mathbb {R}[\bx ]\mid \sigma _0\sigma _1^\omega \in \mathrm {Path}(\bx )\} =\{G\in \mathbb {R}[\bx ]\mid G(\bA _\tau (\bx ))=0\text { for all }\tau \in \Pre (\sigma _0\sigma _1^\omega )\}.\end {align*}


$G$


$\sigma _0\sigma _1^\omega $


$G$


$\bbK =\mathbb {Q}$


$g(\bx )\ge 0$


$G(\bx )=(1+p(\bx ))g(\bx )-q(\bx )$


$p(\bx )$


$q(\bx )$


$\sum _{i}s_i^2(\bx )$


$s_i(\bx )\in \mathbb {Q}[\bx ]$


$G(\bx )=0$


$g(\bx )=q(\bx )/(1+p(\bx ))\ge 0$


$p(\bx )$


$q(\bx )$


$G(\bA _\tau (\bx ))=0$


$\tau \in \Pre (\sigma _0\sigma _1^\omega )$


$\bA _i$


$D$


$G(\bx )=0$


$\mathrm {true}$


$\bx := \bA _1 \parallel \cdots \parallel \bx := \bA _l$


$l=1$


$D$


$G$


\begin {align*}(x_0,y_0)=(0,0); \quad \textsc {while} \ \ (\mathrm {true})\ \ \! \left \{(x,y) := (x+1,y+2x+1)\right \}\end {align*}


$G(x,y)=x^2-y$


$(0,0)$


$G(x,y)=0$


$\bA _i$


$G(\bx )$


$D$


$k$


$G(\bx )=0$


$\deg (G)\leq k$


$\bA _i$


$1\leq i\leq l$


$a=\max \{\deg (\bA _1), \ldots , \deg (\bA _l)\}$


$G(\bx )$


$D$


$L(d,\deg (G),a)-1$


$k$


$\Sigma _{k}=\{\sigma \in \Sigma ^\ast \mid \abs {\sigma }\leq L(d,k,a)-1\}$


$k$


$k$


$\Inv _k(D) \triangleq \{G\in \bbK [\bx ]\mid \deg (G)\leq k,\ G(\bA _\sigma (\bx ))=0\ \text {for all}\ \bx \in D,\ \sigma \in \Sigma _k\}$


$L(d,k,a)-1$


$\sigma \in \Sigma _k$


$G$


$\bx $


$G$


$D$


$\Inv _k(D)$


$\bbK $


$k$


$\Inv _k(D)$


$\bbK =\mathbb {R}$


$D$


$\Inv _k(D)$


$G\in \Inv _k(D)$


$G(\bx )=0$


$\bA _i$


$D$


$\Sigma ^\omega $


$k$


$\Inv _k(D)$


$D$


$\Inv _k(D)$


$\le k$


$\Inv (D)\triangleq \bigcup _k \Inv _k(D)$


$\Inv (D)$


$\Inv (D)\ne \emptyset $


$\Inv _k(D)\ne \emptyset $


$k$


$\Inv _k(D)$


$k$


$\Inv _k(D)$


$\Inv _k(D)$


$k$


$k$


$L(d,k,a)$


$N$


$\bx $


$\bx $


$f\in I(Z(T_\sigma ))$


$T_\sigma $


$\bbK $


$\mathbb {C}$


$\bbK $


$\,\star \,$


$d$


$l$


$\hat {N}=N$


$l$


$N$


$N \ge 3$


$N$


$d$


$d$


$N$


$\mathbb {Z}$


$\mathbb {Q}$


$\mathbb {R}$


$\mathbb {R}$


$\mathbb {R}$


$\mathbb {R}$


$\mathbb {Z}$


$\mathbb {R}$


$\mathbb {Z}$


$\mathbb {R}$


$\mathbb {Z}$


$\mathbb {Q}$


$\mathbb {Z}$


$\mathbb {R_A}$


$f$


$L(d,f_t)$


$t$


$f_t$


$f_t(n)=f(n+t)$


$L(d,f_t)$


$t$


$f$


$L(d,f)$


$H$


$L(d,f)$


$L(d,f)$


$F_\omega (p(n))$


$\langle B\rangle $


$L(d,g,a)-1$


$\mathbb {Q}$


$\bbK $


$x$


$d=1$


$A(x)$


$l=1$


$G(x)=0$


$x_0$


$A$
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non-terminating inputs for linear programs; while in [16], Harris et al. investigated sufficient conditions for finding terminating and 
non-terminating inputs, as well as techniques for checking the two conditions in parallel.

In contrast, Tiwari [5] noticed that termination of a class of simple linear loops is related to the eigenvalues of the assignment 
matrix and proved that the termination problem of these linear programs on all inputs (i.e., universal termination) over the reals ℝ
is decidable. The same line of theory was further developed in [8,17–22]. In particular, Bradley et al. [7] studied the termination 
problem of a family of polynomial programs modelled as multi-path polynomial programs (MPPs) by using finite difference trees (FDTs). 
These MPP programs cover an expressive class of loops with multiple paths, polynomial loop guards and assignments, which enables 
practical code abstraction and analysis. Bradley et al. (ibid.) proved that the termination problem of MPPs is undecidable. A similar 
idea was employed in [23] for the termination analysis of polynomial programs. Moreover, Liu et al. [24] provide sufficient conditions 
for establishing (non)termination of a subclass of MPPs with equational loop guards. This is achieved by under/over-approximating 
the set of non-terminating inputs. As in [16], termination analysis can be conducted by checking these conditions in parallel. Until 
now, it remains an open problem whether the termination problem of MPPs with equality guards is decidable.

In this paper, we answer the question affirmatively: we show that the problem of termination (on a given input) of MPPs with 
equality guards is decidable. To the best of our knowledge, this family of (multi-path) polynomial programs should be the largest 
fragment of nonlinear programs with a decidable termination problem so far: Any extension of it by allowing inequalities or in-
equations (≠) in the guards may render the termination problem undecidable. Note that program termination with inequality (resp. 
inequation) conditions is hard to decide even for simple linear loops, since it is equivalent to the Positivity (resp. Skolem) problem 
that remains open; see Ouaknine and Worrell’s results in [25]. Our approach works as follows: Given an MPP 𝑃  with 𝓁 paths, for any 
input 𝑥𝑥𝑥 ∈ ℝ𝑑 , if in the first iteration 𝑥𝑥𝑥 satisfies the loop guard, then one of the paths in the loop body will be nondeterministically 
selected and the corresponding assignment will be used to update the value of 𝑥𝑥𝑥. This results in 𝓁 possible values of 𝑥𝑥𝑥. Afterwards, the 
above procedure is repeated until no guard holds anymore. Thus the execution of an MPP on input 𝑥𝑥𝑥 ∈ ℝ𝑑 forms a tree. An input 𝑥𝑥𝑥 is 
non-terminating if the execution tree on 𝑥𝑥𝑥 has an infinite path. From an algebraic perspective, each of such paths forms an ascending 
chain of polynomial ideals, and an input 𝑥𝑥𝑥 is non-terminating iff 𝑥𝑥𝑥 is in the variety of the ascending chain. This can be determined 
in finitely many steps due to Hilbert’s basis theorem [26] guaranteeing that such an ascending chain is always finite. The difficulty 
is that the execution tree may contain infinitely many paths of distinct lengths, whereas a uniform upper bound of them, say 𝑘, is 
required. We show how to obtain such a bound such that we only need to symbolically execute the loop at most 𝑘 steps and check if 
the given input is a solution to the ideal formed by some path in the induced finite execution tree.

The main technique we propose to decide termination – including an explicit complexity analysis – of MPPs is to compute an 
upper bound on the length of the longest path in their execution tree. This is reduced to computing the maximal length of the Hilbert 
ascending chains under specific conditions. Briefly speaking, a Hilbert ascending chain is of the form 𝐼0 ⊂ 𝐼1 ⊂ ⋯ ⊂ 𝐼𝑛 ⊂ ⋯, where 
each 𝐼𝑛 is an ideal of the polynomial ring (over program variables, in our setting). Seidenberg studied in [1,27] how to obtain an 
upper bound on these lengths under a control function 𝑓 , such that for each 𝑛, 𝑓 (𝑛) is an upper bound on the degrees of polynomials 
in some basis of 𝐼𝑛. Seidenberg (ibid.) proved the existence of such a bound in terms of 𝑓 and the number 𝑑 of indeterminates of the 
polynomial ring. Two questions were posed in [1]:
- Explicitness: “[…] it would be desirable to bring to a more satisfactory expression […]”;
- Complexity: “Even for 𝑑 ≥ 3, where primitive recursiveness looks doubtful […]”.
The first question asks for a more explicit expression of the bound, since the original one is too complex to compute. The second 
question is on the complexity of the length, which was conjectured not to be primitive recursive. Our techniques answer both questions 
in a constructive way.

Contributions. The main contributions of this work are as follows.
• We construct a Hilbert ascending chain of the maximal length, and express its length (i.e., the optimal upper bound) as a recursive 
function 𝐿(𝑑, 𝑓 ) w.r.t. the control function 𝑓 and the number of indeterminates 𝑑. As a direct consequence of the expression, 
the maximal length is shown Ackermannian, i.e., not primitive recursive. This answers the complexity conjectured by Seidenberg 
in [1].

• By leveraging the result on the maximal length of Hilbert ascending chains, we prove decidability of the termination problem 
of multi-path polynomial programs with equality conditions. Algorithms for computing the set of non-terminating inputs (and 
thus deciding termination for a single input) are proposed and demonstrated on a collection of examples from the literature. An 
explicit complexity analysis of the decision algorithms is presented in terms of the function 𝐿(𝑑, 𝑓 ). The decidability result is 
further extended to programs with polynomial guarded commands, and is applied to obtaining an incomplete procedure for MPPs 
with inequality guards.

• We investigate the problem of discovering loop invariants for polynomial programs, which is another fundamental problem in 
program verification. As an application of the decidability result on termination, a constraint-solving algorithm is proposed to 
compute, for every positive integer 𝑘, all polynomial equalities of degree 𝑘 that are invariants of the program. This yields, to the 
best of our knowledge, the first complete method for computing all degree-𝑘 polynomial invariants.
We provide a detailed discussion on the relation between our results and related work in Section 9.

Paper structure. Section 2 gives an overview of our approach through an example. Section 3 recaps preliminaries on computational 
algebraic geometry. Section 4 is dedicated to explicitly computing the length of a strictly Hilbert ascending chain of polynomial 
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ideals in the worst case. In Section 5, we introduce the model of MPPs with equality guards. In Section 6, we show the decidability 
of termination for such MPPs and propose decision algorithms to compute the set of non-terminating inputs. Section 7 extends the 
method to more general polynomial programs and the related invariant generation problem. Section 8 reports our experimental 
results. After the discussion of related work in Section 9, we conclude the paper in Section 10.

2.  An illustrative example

We use the following example to give a bird’s-eye view of our approach. 
Example 1  (overview). 

(𝑥, 𝑦) ∶= (𝑥0, 𝑦0);

 while (𝑥 + 𝑦 = 0) do

if ? then (𝑥, 𝑦) ∶= (𝑦2, 2𝑥 + 𝑦);

else (𝑥, 𝑦) ∶= (2𝑥2 + 𝑦 − 1, 𝑥 + 2𝑦 + 1);

 end  while
Here “?” indicates that the condition takes a nondeterministic Boolean value, and thus in each iteration one of the two assignments 
is nondeterministically selected. Our interest is to decide whether for any initial value (𝑥0, 𝑦0) in the set1 𝑉 = {(𝑥, 𝑦) ∣ 𝑥2 + 𝑦 = 0}, the 
program terminates. 

For simplicity, the polynomial of the loop guard is denoted as 𝐺(𝑥, 𝑦) ≜ 𝑥 + 𝑦, and the two polynomial vectors of the assignments 
as A1(𝑥, 𝑦) = (𝑦2, 2𝑥 + 𝑦) and A2(𝑥, 𝑦) = (2𝑥2 + 𝑦 − 1, 𝑥 + 2𝑦 + 1). Our approach is to compute the set 𝐷 of all possible initial values of 
(𝑥0, 𝑦0) on which the program may not terminate (a.k.a., diverge). Thus, the termination problem of the program on the input set 𝑉
can be solved by checking whether 𝑉 ∩𝐷 = ∅. The procedure is outlined as follows.

1. Let 𝐷0 be solutions of 𝐺(𝑥, 𝑦) = 𝑥 + 𝑦 = 0. (𝑥0, 𝑦0) ∈ 𝐷0 thus means the loop body is executed at least once.
2. Denote respectively by 𝐷(1) and 𝐷(2) the solution set of equations:

{

𝐺(𝑥, 𝑦) = 𝑥 + 𝑦 = 0

𝐺(A1(𝑥, 𝑦)) = 𝑦2 + (2𝑥 + 𝑦) = 0
and

{

𝐺(𝑥, 𝑦) = 𝑥 + 𝑦 = 0

𝐺(A2(𝑥, 𝑦)) = (2𝑥2 + 𝑦 − 1) + (𝑥 + 2𝑦 + 1) = 0

Analogously, (𝑥0, 𝑦0) ∈ 𝐷(𝑖) (𝑖 ∈ {1, 2}) indicates that the loop body is executed at least twice by correspondingly choosing A𝑖 to 
be the assignment in the first iteration. Hence, 𝐷1 ≜ 𝐷(1) ∪𝐷(2) collects all inputs for which there exists an execution path of 
length at least 2. It is easy to calculate that 𝐷(1) = {(0, 0), (−1, 1)}, 𝐷(2) = {(0, 0), (1,−1)}, and thus 𝐷1 = {(0, 0), (1,−1), (−1, 1)}.

3. Similarly, the solution set 𝐷(𝑖𝑗) (𝑖, 𝑗 ∈ {1, 2}) of equation
⎧

⎪

⎨

⎪

⎩

𝐺(𝑥, 𝑦) = 0

𝐺(A𝑖(𝑥, 𝑦)) = 0

𝐺(A𝑗 (A𝑖(𝑥, 𝑦))) = 0

is the set of inputs on which the third iteration is achievable by successively choosing A𝑖 and A𝑗 in the first and second iterations. 
𝐷2 ≜ 𝐷(11) ∪𝐷(12) ∪𝐷(21) ∪𝐷(22) is the set of inputs that admit at least three iterations. By simple calculation, we obtain 𝐷(11) =
{(0, 0)}, 𝐷(12) = {(0, 0), (−1, 1)}, 𝐷(21) = {(0, 0), (1,−1)}, 𝐷(22) = {(1,−1)}, and 𝐷2 = {(0, 0), (1,−1), (−1, 1)}.

4. Observe that 𝐷1 = 𝐷2. Our results in this paper guarantee that 𝐷 = 𝐷1 = {(0, 0), (1,−1), (−1, 1)}, i.e., 𝐷1 is the set of inputs which 
make the program diverging.

5. Note that 𝑉 ∩𝐷 = {(1,−1)} ≠ ∅, yielding that the program is diverging on input (𝑥0, 𝑦0) = (1,−1).

The upper bound given in Section 4 on the length of polynomial ascending chains (i.e., Hilbert ascending chains of polynomial 
ideals) guarantees that we only need to symbolically execute the loop for finitely many steps and check whether the given input is a 
solution to the ideal formed by some path in the induced finite execution tree.

3.  Preliminaries

3.1.  Polynomial rings and ideals

A monomial of 𝑥𝑥𝑥 = (𝑥1, 𝑥2,… , 𝑥𝑑 ) is of the form 𝑥𝑥𝑥𝛼𝛼𝛼 ≜ 𝑥𝛼11 𝑥𝛼22 ⋯ 𝑥𝛼𝑑𝑑 , where 𝛼𝛼𝛼 = (𝛼1, 𝛼2,… , 𝛼𝑑 ) ∈ ℕ𝑑 is a vector of natural numbers, 
and deg(𝑥𝑥𝑥𝛼𝛼𝛼) ≜ ∑𝑑

𝑖=1 𝛼𝑖 is called the degree of 𝑥𝑥𝑥𝛼 . A monomial 𝑚1 = 𝑥𝑥𝑥𝛼𝛼𝛼 is a factor of a monomial 𝑚2 = 𝑥𝑥𝑥𝛽𝛽𝛽 (or equivalently, 𝑚2 is a multiple
of 𝑚1), denoted by 𝑚1|𝑚2, if 𝛼𝑖 ≤ 𝛽𝑖 for 𝑖 = 1, 2,… , 𝑑. A polynomial 𝑓 of 𝑥𝑥𝑥 is a linear combination of a finite number of monomials 
over a field 𝕂, i.e., 𝑓 =

∑𝑚
𝑖=1 𝜆𝑖𝑥𝑥𝑥

𝛼𝛼𝛼𝑖 , where 𝑚 is the number of distinct monomials of 𝑓 and 𝜆𝑖 ∈ 𝕂 is the nonzero coefficient of 𝑥𝑥𝑥𝛼𝛼𝛼𝑖 , 

1 The initial set 𝑉  can be arbitrary, since our approach computes the whole set of non-terminating inputs.
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for each 𝑖. In this article, 𝕂 can be an arbitrary field, including the field ℚ of rational numbers, ℚ of algebraic complex numbers, 
ℝ of real numbers, ℂ of complex numbers, the field of rational functions, and even a finite field. The degree of 𝑓 (𝑥𝑥𝑥) is defined as 
deg(𝑓 ) ≜ max{deg(𝑥𝑥𝑥𝛼𝛼𝛼𝑖 ) ∣ 𝑖 = 1, 2,… , 𝑚}. Denote by [𝑥𝑥𝑥] the set of monomials of 𝑥𝑥𝑥 and 𝕂[𝑥𝑥𝑥] the polynomial ring of 𝑥𝑥𝑥 over 𝕂. The 
degree of a finite set 𝑋 ⊆ 𝕂[𝑥𝑥𝑥] is defined as deg(𝑋) ≜ max{deg(𝑓 ) ∣ 𝑓 ∈ 𝑋}.

We introduce the lexicographic order over monomials: 𝑥𝑥𝑥𝛼𝛼𝛼 ≺ 𝑥𝑥𝑥𝛽𝛽𝛽 if and only if there exists 1 ≤ 𝑖 ≤ 𝑑 such that 𝛼𝑖 < 𝛽𝑖 and 𝛼𝑗 = 𝛽𝑗 for 
all 1 ≤ 𝑗 < 𝑖. For every polynomial 𝑓 ∈ 𝕂[𝑥𝑥𝑥] we write its leading monomial (i.e., the greatest monomial under ≺) as lm(𝑓 ). For any 
𝑛 ∈ ℕ, a set of monomials 𝑀 is called 𝑛-compressed, if for any 𝑚 ∈ 𝑀 with deg(𝑚) = 𝑛, {𝑚′ ∣ deg(𝑚′) = 𝑛, 𝑚′ ≻ 𝑚} ⊆ 𝑀.

Definition 1  (Polynomial ideal). 

1. A nonempty subset 𝐼 ⊆ 𝕂[𝑥𝑥𝑥] is called an ideal if 𝑓, 𝑔 ∈ 𝐼 ⟹ 𝑓 + 𝑔 ∈ 𝐼 , and 𝑓 ∈ 𝐼, ℎ ∈ 𝕂[𝑥𝑥𝑥] ⟹ 𝑓ℎ ∈ 𝐼 .
2. Let 𝑃 = {𝑓1, 𝑓2,… , 𝑓𝑛} be a nonempty subset of 𝕂[𝑥𝑥𝑥]. The ideal generated by 𝑃  is defined as ⟨𝑃 ⟩ ≜

{

∑𝑛
𝑖=1 𝑓𝑖ℎ𝑖 ∣ 𝑓𝑖 ∈ 𝑃 , ℎ𝑖 ∈ 𝕂[𝑥𝑥𝑥]

}

.
𝑃  is called a basis of ⟨𝑃 ⟩.

3. The product of two ideals 𝐼 and 𝐽 is defined as
𝐼 × 𝐽 ≜ ⟨{𝑓𝑔 ∣ 𝑓 ∈ 𝐼, 𝑔 ∈ 𝐽}⟩.

For a finite set 𝑃 = {𝑓1, 𝑓2,… , 𝑓𝑛}, we simply write ⟨𝑃 ⟩ as ⟨𝑓1, 𝑓2,… , 𝑓𝑛⟩. Given two polynomial sets 𝑃  and 𝑄, we define 𝑃 ⋅𝑄 ≜
{𝑓𝑔 ∣ 𝑓 ∈ 𝑃 , 𝑔 ∈ 𝑄}. Obviously, ⟨𝑃 ⟩ × ⟨𝑄⟩ = ⟨𝑃 ⋅𝑄⟩.

Hilbert’s basis theorem [26, Chapter 7] implies that the polynomial ring 𝕂[𝑥𝑥𝑥] is a Noetherian ring, that is, 
Theorem 1  (Ascending Chain Condition). For any ascending chain of ideals 𝐼1 ⊆ 𝐼2 ⊆ ⋯ ⊆ 𝐼𝑛 ⊆ ⋯ of  𝕂[𝑥𝑥𝑥], there exists 𝑁 ∈ ℕ such that 
𝐼𝑛 = 𝐼𝑁  for all 𝑛 ≥ 𝑁 . 

An equivalent statement of Theorem 1 is that every ideal 𝐼 ⊆ 𝕂[𝑥𝑥𝑥] is finitely-generated, that is, 𝐼 = ⟨𝑓1, 𝑓2,… , 𝑓𝑛⟩ for some 
𝑓1, 𝑓2,… , 𝑓𝑛 ∈ 𝕂[𝑥𝑥𝑥]. Thus, we can define the degree of an ideal 𝐼 as gdeg(𝐼) = min{deg(𝑃 ) ∣ 𝑃 is a basis of 𝐼}.

Note that an ideal may have different bases. However, using Buchberger’s algorithm [28] under a fixed monomial ordering, a 
Gröbner basis GB(𝐼) of 𝐼 can be computed from any other basis of 𝐼 . We simply write GB(⟨𝑃 ⟩) as GB(𝑃 ) for any basis 𝑃 . An important 
property of such Gröbner basis is that the remainder of any polynomial 𝑓 on division by GB(𝑃 ) – written as Rem(𝑓,GB(𝑃 )), i.e., the 
remainder obtained by the multivariate polynomial division with respect to the fixed monomial order – satisfies

𝑓 ∈ ⟨𝑃 ⟩ ⟺ Rem(𝑓,GB(𝑃 )) = 0.

Therefore, the membership problem of polynomial ideals over an effective field (i.e., fields with computable arithmetic) 𝕂 is decidable 
by constructing the Gröbner basis. Note that the problem of constructing Gröbner bases is EXPSPACE-complete and can be solved in 
time of doubly exponential in 𝑑 when 𝕂 = ℚ [29,30].

3.2.  Algebraic sets and varieties

A polynomial 𝑓 ∈ 𝕂[𝑥𝑥𝑥] can be regarded as a function from the affine space 𝕂𝑑 to 𝕂. The set of zeros of a polynomial set 𝑃 ⊆ 𝕂[𝑥𝑥𝑥]
can be defined as 𝑍(𝑃 ) ≜ {𝑥𝑥𝑥 ∈ 𝕂𝑑 ∣ ∀𝑓 ∈ 𝑃 ∶ 𝑓 (𝑥𝑥𝑥) = 0}. Clearly, 𝑍(𝑃 ) = 𝑍(⟨𝑃 ⟩). 
Definition 2  (Algebraic Set and Variety). A set 𝑋 ⊆ 𝕂𝑑 is

1. algebraic, if there exists 𝑃 ⊆ 𝕂[𝑥𝑥𝑥] with 𝑋 = 𝑍(𝑃 ), and 𝑃  is called a set of generating polynomials of 𝑋;
2. reducible, if it has two proper algebraic subsets 𝑋1 and 𝑋2 such that 𝑋 = 𝑋1 ∪𝑋2; otherwise irreducible;
3. a variety, if it is a nonempty irreducible algebraic set.

The following properties on algebraic sets and varieties hold: the union of two algebraic sets is algebraic, i.e., 𝑍(𝑃 ) ∪𝑍(𝑄) = 𝑍(𝑃 ⋅𝑄); 
the intersection of any family of algebraic sets is algebraic, i.e., ⋂𝛼 𝑍(𝑃𝛼) = 𝑍(

⋃

𝑃𝛼); and suppose 𝑋1, 𝑋2,… , 𝑋𝑛 are algebraic sets 
and 𝑋 is a variety, then

𝑋 ⊆ 𝑋1 ∪⋯ ∪𝑋𝑛 ⟹ ∃𝑘 ∈ {1,… , 𝑛}∶ 𝑋 ⊆ 𝑋𝑘.

An algebraic set is usually represented by a (not necessarily unique) set of generating polynomials. By defining
𝐼(𝑋) ≜ {𝑓 ∈ 𝕂[𝑥𝑥𝑥] ∣ ∀𝑥𝑥𝑥 ∈ 𝑋 ∶ 𝑓 (𝑥𝑥𝑥) = 0}

for any 𝑋 ⊆ 𝕂𝑑 , one can verify that 𝐼(𝑍(𝑃 )) is the maximal set that generates 𝑍(𝑃 ). Hence, any algebraic set 𝑋 can be identified by 
the ideal 𝐼(𝑋). The membership 𝑓 ∈ 𝐼(𝑍(𝑃 )) for any polynomial 𝑓 and any finite set 𝑃 = {𝑓1,… , 𝑓𝑛} of polynomials is equivalent to 
the unsatisfiability of 𝑓1(𝑥𝑥𝑥) = 0 ∧ 𝑓2(𝑥𝑥𝑥) = 0 ∧⋯ ∧ 𝑓𝑛(𝑥𝑥𝑥) = 0 ∧ 𝑓 (𝑥𝑥𝑥) ≠ 0, which is decidable for 𝕂 = ℝ or ℂ, and 𝑓, 𝑓1,… , 𝑓𝑛 ∈ ℚ[𝑥𝑥𝑥] due 
to Tarski’s approach [31]. We resort to the construction of Gröbner bases for effective fields beyond ℝ or ℂ (see Section 6.2), such 
that our results on both the decidability of termination and the complexity of deciding termination (see Proposition 1) still apply.

Additionally, considering the fact that 𝑋1 ⊂ 𝑋2 ⟺ 𝐼(𝑋1) ⊃ 𝐼(𝑋2) for any two algebraic sets 𝑋1 and 𝑋2, it follows immediately 
from Theorem 1 that 
Theorem 2  (Descending Chain Condition).  For any descending chain of algebraic sets 𝑋1 ⊇ 𝑋2 ⊇ ⋯ ⊇ 𝑋𝑛 ⊇ ⋯ of  𝕂𝑑 , there is 𝑁 ∈ ℕ
with 𝑋𝑛 = 𝑋𝑁  for all 𝑛 ≥ 𝑁 . 
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3.3.  Monomial ideals and Hilbert’s functions

An ideal 𝐼 is called monomial if it can be generated by a set of monomials. A monomial ideal always has a finite basis 
{𝑚1, 𝑚2,… , 𝑚𝑠} of monomials (by Dickson’s Lemma), and any monomial 𝑚 ∈ ⟨𝑚1, 𝑚2,… , 𝑚𝑠⟩ should be a multiple of some 𝑚𝑖.

Definition 3  (Hilbert’s Function). For a monomial ideal 𝐼 ⊆ 𝕂[𝑥𝑥𝑥], Hilbert’s function 𝐻𝐼 ∶ ℕ → ℕ is defined as
𝐻𝐼 (𝑛) ≜ dim𝕂 𝕂𝑛[𝑥𝑥𝑥]∕𝐼𝑛 = dim𝕂 𝕂𝑛[𝑥𝑥𝑥] − dim𝕂 𝐼𝑛,

where 𝕂𝑛[𝑥𝑥𝑥] is the set of homogeneous polynomials of degree 𝑛 (i.e., polynomials in which all monomials have the same degree 𝑛) 
and 𝐼𝑛 = 𝐼 ∩ 𝕂𝑛[𝑥𝑥𝑥], and both are linear spaces over 𝕂; dim𝕂 denotes the dimension of the linear spaces over 𝕂. 
Note that dim𝕂 𝕂𝑛[𝑥𝑥𝑥] = (𝑛)𝑑−1 is the number of monomials of degree 𝑛, where

(𝑛)𝑑−1 ≜
(

𝑛 + 𝑑 − 1
𝑑 − 1

)

=
(𝑛 + 𝑑 − 1)!
𝑛! (𝑑 − 1)!

.

𝐻𝐼 (𝑛) = 0 means that 𝐼 contains all monomials of degree at least 𝑛.
We use Macaulay’s theorem [32] to estimate the value of Hilbert’s function 𝐻𝐼 . To this end, we define a function Inc𝑘 ∶ ℕ → ℕ for 

natural number 𝑘 ≥ 1 below. When 𝑘 is given, any number 𝑛 ∈ ℕ can be uniquely decomposed as
𝑛 = (𝑛1)𝑘 + (𝑛2)𝑘−1 +⋯ + (𝑛𝑟)𝑘−𝑟+1 ≜ (𝑛1, 𝑛2,… , 𝑛𝑟)𝑘,

where 0 ≤ 𝑟 ≤ 𝑘 and 𝑛1 ≥ 𝑛2 ≥ ⋯ ≥ 𝑛𝑟 ≥ 0. In fact, 0 = ()𝑘 with 𝑟 = 0; and for 𝑛 > 0, 𝑛1, 𝑛2,… , 𝑛𝑟 are successively determined by
(𝑛1)𝑘 ≤ 𝑛 < (𝑛1 + 1)𝑘

(𝑛2)𝑘−1 ≤ 𝑛 − (𝑛1)𝑘 < (𝑛2 + 1)𝑘−1
⋯

until 𝑛 = (𝑛1, 𝑛2,… , 𝑛𝑟)𝑘 for some 𝑟 ≥ 1. Now we define
Inc𝑘((𝑛1,… , 𝑛𝑟)𝑘) = (𝑛1,… , 𝑛𝑟)𝑘+1.

For instance, Inc𝑘(0) = 0, and Inc3(11) = Inc3((2, 0)3) = (2, 0)4 = 16 (note that 11 = (2, 0)3). 
Theorem 3  (Macaulay’s Theorem [32]).  For any monomial ideal 𝐼 ⊆ 𝕂[𝑥𝑥𝑥],

𝐻𝐼 (𝑛 + 1) ≤ Inc𝑛(𝐻𝐼 (𝑛)) for all 𝑛 ≥ 1.

Moreover, 𝐻𝐼 (𝑛 + 1) = Inc𝑛(𝐻𝐼 (𝑛)) if gdeg(𝐼) ≤ 𝑛 and a monomial basis of 𝐼 is 𝑛-compressed. 

4.  Upper bound on the length of polynomial ascending chains with a control function

In this section, we investigate the maximal length of ascending chains of polynomial ideals with a control function. To this end, 
we first define the concepts of 𝑓 -bounded chains and 𝑓 -generating sequences.

Consider a general field 𝕂. Let 𝑥𝑥𝑥 = (𝑥1, 𝑥2,… , 𝑥𝑑 ) be a vector of 𝑑 variables and 𝕂[𝑥𝑥𝑥] the polynomial ring of 𝑥𝑥𝑥 over 𝕂. 
Definition 4  (𝑓 -Bounded Chain of Polynomial Ideals).  For any monotonically increasing function 𝑓 ∶ ℕ → ℕ (namely, 𝑓 (𝑥) ≤ 𝑓 (𝑦)
for all 𝑥 ≤ 𝑦), an ascending chain 𝐼1 ⊆ 𝐼2 ⊆ ⋯ ⊆ 𝐼𝑛 of polynomial ideals of 𝕂[𝑥𝑥𝑥] is called 𝑓 -bounded, if gdeg(𝐼𝑖) ≤ 𝑓 (𝑖) for all 𝑖 ≥ 1. We 
denote by 𝐿(𝑑, 𝑓 ) the maximal length of all strictly ascending chains of 𝕂[𝑥𝑥𝑥] that are 𝑓 -bounded. 
Remark 1. 
1. The condition of 𝑓 -boundedness is necessary to define the maximal length, as the length of a chain with unbounded degrees could 
be arbitrarily large. For instance, the length of ⟨𝑥𝑛⟩ ⊂ ⟨𝑥𝑛−1⟩ ⊂ ⋯ ⊂ ⟨1⟩ may be arbitrarily large if 𝑛 is unbounded.

2. For ease of discussion, the function 𝑓 is assumed to be increasing without loss of generality. In fact, for a general 𝑓 , consider 
the increasing function 𝐹 ∶ ℕ → ℕ with 𝐹 (𝑛) ≜ max{𝑓 (1), 𝑓 (2),… , 𝑓 (𝑛)}. Then an 𝑓 -bounded chain is always an 𝐹 -bounded chain 
since 𝑓 (𝑛) ≤ 𝐹 (𝑛) for all 𝑛. Hence, 𝐿(𝑑, 𝑓 ) ≤ 𝐿(𝑑, 𝐹 ) and 𝐿(𝑑, 𝐹 ) is an upper bound on the lengths of the chains.
We aim to compute 𝐿(𝑑, 𝑓 ) in terms of the number 𝑑 of variables and function 𝑓 . To this end, we consider ascending chains of a 

special form. 
Definition 5  (𝑓 -Generating Sequence of Monomials).  For a function 𝑓 ∶ ℕ → ℕ, a finite sequence of monomials 𝑚1, 𝑚2,… , 𝑚𝑛 ∈ [𝑥𝑥𝑥]
is 𝑓 -generating, if deg(𝑚𝑖) ≤ 𝑓 (𝑖) and 𝑚𝑖+1 ∉ ⟨𝑚1,… , 𝑚𝑖⟩ for all 𝑖 ≥ 1.

Then an 𝑓 -generating monomial sequence 𝑚1,… , 𝑚𝑛 generates a strictly ascending chain 𝐼1 ⊂ ⋯ ⊂ 𝐼𝑛 of monomial ideals satisfying 
gdeg(𝐼𝑖) ≤ 𝑓 (𝑖), where 𝐼𝑖 ≜ ⟨𝑚1,… , 𝑚𝑖⟩. By considering the sequence of leading monomials of polynomials in an ascending chain, 
Moreno-Socías proved in [33] that in order to compute 𝐿(𝑑, 𝑓 ), it suffices to consider the ascending chains that are generated by 
𝑓 -generating monomial sequences. Namely,2

2 Proposition 1 is valid, as it only states that 𝐿(𝑑, 𝑓 ) is the largest number of monomials, yet without addressing how to construct 𝐿(𝑑, 𝑓 ), which 
is essentially the flawed part in [33].
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Proposition 1  ([33, Lemma 3.1]). 𝐿(𝑑, 𝑓 ) is exactly the largest number of monomials of an 𝑓 -generating sequence in [𝑥𝑥𝑥].

Proposition 1 suggests that the length 𝐿(𝑑, 𝑓 ) is independent of the choice of the field 𝕂, as it suffices to consider monomials instead 
of polynomials. In the rest of this section, we construct the longest chain in the form of an 𝑓 -generating sequence. We start with a 
special case where the degrees of polynomial ideals are not just bounded but completely determined by a function 𝑓 . Then we reduce 
the general case to this special one.

Our approach to investigating the maximal length of polynomial ascending chains with a control function consists of three steps:

(i) Reduce computing the bound on 𝑓 -bounded polynomial ideal chains to computing the bound on 𝑓 -generating sequences of 
monomials (cf. Proposition 1), which has been obtained by the results in [33].

(ii) Construct the longest 𝑓 -generating sequence of monomials whose degrees are precisely determined (not just upper-bounded) by 
𝑓 , leveraging Hilbert’s function and Macaulay’s theorem (cf. Lemma 1).

(iii) Prove that the bound on 𝑓 -generating sequences of monomials is identical to the length of the sequence of 𝑓 -bounded polynomial 
ideals over an extended space (cf. Theorem 4).

Remark 2. The use of Hilbert’s function and Macaulay’s theorem is inspired by Moreno-Socías’s proof tactics in [33]. There are, 
however, crucial differences in the underlying techniques for constructing the longest 𝑓 -generating sequence of monomials: we 
perform the construction in a necessarily extended space of monomials [𝑥𝑥𝑥, 𝑥𝑑+1] (Step (iii), with an auxiliary variable 𝑥𝑑+1); in 
contrast, the construction in [33] works directly on the original monomial space [𝑥𝑥𝑥]. We will show in Example 4 that the constructed 
𝑓 -generating sequence of monomials in [33] is in fact not the longest (revealing that Proposition 4.3 in [33] is wrong). It will also 
be shown that such a spuriously “maximal” length may lead to unsoundness when being applied to termination analysis of MPPs. 

4.1.  The longest chain of specified degrees

Consider a special type of 𝑓 -generating sequences 𝑚1,… , 𝑚𝑛 such that
∀𝑖 ∈ {1,… , 𝑛}∶ deg(𝑚𝑖) = 𝑓 (𝑖). (1)

And in particular, we inductively construct a sequence 𝑠𝑒𝑞[𝑥𝑥𝑥; 𝑓 ] ≜ (𝑚̂1,… , 𝑚̂𝑁 ) of monomials in [𝑥𝑥𝑥] for a control function 𝑓 as 
follows: Initially define 𝑚̂1 = 𝑥𝑓 (1)1 ; suppose 𝑚̂1,… , 𝑚̂𝑛 are defined for some 𝑛 ≥ 1, then let

𝑚̂𝑛+1 ≜ max{𝑚 ∣ deg(𝑚) = 𝑓 (𝑛 + 1), 𝑚 ∉ ⟨𝑚̂1,… , 𝑚̂𝑛⟩} (2)

until {𝑚 ∣ deg(𝑚) = 𝑓 (𝑁 + 1)} ⊆ ⟨𝑚̂1,… , 𝑚̂𝑁 ⟩ holds for some 𝑁 . Here max is taken with respect to the lexicographical ordering over 
monomials.

Obviously, 𝑠𝑒𝑞[𝑥𝑥𝑥; 𝑓 ] is an 𝑓 -generating sequence that satisfies (1). It follows from (2) that the corresponding ideal 𝐼𝑛 ≜
⟨𝑚̂1, 𝑚̂2,… , 𝑚̂𝑛⟩ is 𝑓 (𝑛)-compressed for every 𝑛 = 1, 2,… , 𝑁 , and 𝐻𝐼𝑁

(𝑓 (𝑁 + 1)) = 0 holds by the definition of Hilbert’s function.

Proposition 2. 𝑥𝑓 (1)1 = 𝑚̂1 ≻ 𝑚̂2 ≻ ⋯ ≻ 𝑚̂𝑁 = 𝑥𝑓 (𝑁)
𝑑 .

Proof.  We first prove that 𝑚̂𝑛 ≻ 𝑚̂𝑛+1 for any 𝑛 ∈ {1, 2,… , 𝑁 − 1}. Let 
𝑚 = max{𝑚′ ∣ deg(𝑚′) = 𝑓 (𝑛) and 𝑚′ is a monomial factor of 𝑚̂𝑛+1}.

Such 𝑚 exists since deg(𝑚̂𝑛+1) = 𝑓 (𝑛 + 1) ≥ 𝑓 (𝑛). 𝑚̂𝑛+1 ∉ 𝐼𝑛 ≜ ⟨𝑚̂1, 𝑚̂2,… , 𝑚̂𝑛⟩ implies that 𝑚 ∉ 𝐼𝑛, which further implies that 𝑚̂𝑛 ≻ 𝑚
since 𝐼𝑛 is 𝑓 (𝑛)-compressed and deg(𝑚) = deg(𝑚̂𝑛) = 𝑓 (𝑛). 𝑚̂𝑛 ≻ 𝑚̂𝑛+1 is immediately obtained from the maximality of 𝑚.

To prove 𝑚̂𝑁 = 𝑥𝑓 (𝑁)
𝑑 , we note that

𝑥𝑓 (𝑁+1)
𝑑 ∈ {𝑚 ∣ deg(𝑚) = 𝑓 (𝑁 + 1)} ⊆ ⟨𝑚̂1,… , 𝑚̂𝑁 ⟩,

namely, 𝑥𝑓 (𝑁+1)
𝑑  is a monomial multiple of some 𝑚̂𝑛, 𝑛 ∈ {1, 2,… , 𝑁}. Thus, 𝑚̂𝑛 = 𝑥𝑓 (𝑛)𝑑 ⪯ 𝑚̂𝑁 . But for 𝑛 < 𝑁 , we just proved that 

𝑚̂𝑛 ≻ 𝑚̂𝑁 . The only possibility is that 𝑛 = 𝑁 and 𝑚̂𝑁 = 𝑥𝑓 (𝑁)
𝑑 . ∎

Example 2.  For 𝑑 = 3 and 𝑓 (𝑛) = 2 × 3𝑛−1, we have 
𝑠𝑒𝑞[𝑥, 𝑦, 𝑧; 𝑓 ] = {𝑚̂1, 𝑚̂2,… , 𝑚̂4382} = {𝑥2, 𝑥𝑦5, 𝑥𝑦4𝑧13, 𝑥𝑦3𝑧50, 𝑥𝑦2𝑧159, 𝑥𝑦𝑧484, 𝑥𝑧1457, 𝑦4374, 𝑦4373𝑧8749,… , 𝑦0𝑧2⋅3

4381
}.

Then, 𝑁 = 4382 in this case.
Now we show that the sequence 𝑠𝑒𝑞[𝑥𝑥𝑥; 𝑓 ] has the largest number of monomials among all 𝑓 -generating sequences satisfying (1). 

Lemma 1.  If 𝑚1, 𝑚2,… , 𝑚𝑛 is an 𝑓 -generating sequence that satisfies (1), then 𝑛 ≤ 𝑁 .

Proof.  We prove by contradiction. Suppose 𝑛 ≥ 𝑁 + 1. Let 𝐼𝑖 = ⟨𝑚1,… , 𝑚𝑖⟩ for all 𝑖 ∈ {1, 2,… , 𝑛}.
For simplicity, we define 𝐻𝑖(𝑗) ≜ 𝐻𝐼𝑖 (𝑗) and 𝐻̂𝑖(𝑗) ≜ 𝐻𝐼𝑖

(𝑗), for all 𝑖, 𝑗 ≥ 1. Observe that

𝐻𝑖(𝑗)

⎧

⎪

⎨

⎪

⎩

= 𝐻𝑖−1(𝑗), 𝑗 < 𝑓 (𝑖);

= 𝐻𝑖−1(𝑗) − 1, 𝑗 = 𝑓 (𝑖);

≤ Inc𝑗−1 𝐻𝑖(𝑗 − 1), 𝑗 > 𝑓 (𝑖).

(3)
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The first two equalities follow from the definition of 𝐼𝑖, and the third inequality from Theorem 3. Similarly, we have

𝐻̂𝑖(𝑗)

⎧

⎪

⎨

⎪

⎩

= 𝐻̂𝑖−1(𝑗), 𝑗 < 𝑓 (𝑖);

= 𝐻̂𝑖−1(𝑗) − 1, 𝑗 = 𝑓 (𝑖);

= Inc𝑗−1 𝐻̂𝑖(𝑗 − 1), 𝑗 > 𝑓 (𝑖).

(4)

Here, the third one becomes an equality since 𝐼𝑖 is 𝑓 (𝑖)-compressed and gdeg(𝐼𝑖) = 𝑓 (𝑖) ≤ 𝑗 − 1, and thus the conditions for the equality 
in Theorem 3 are satisfied. On the other hand, we observe that 𝐻1(𝑓 (1)) = 𝐻̂1(𝑓 (1)) = (𝑓 (1))𝑑−1 − 1. It then can be proved inductively 
from (3) and (4) that

𝐻𝑖(𝑗) = 𝐻𝑖−1(𝑗) ≤ 𝐻̂𝑖−1(𝑗) = 𝐻̂𝑖(𝑗), 𝑗 < 𝑓 (𝑖);

𝐻𝑖(𝑗) = 𝐻𝑖−1(𝑗) − 1 ≤ 𝐻̂𝑖−1(𝑗) − 1 = 𝐻̂𝑖(𝑗), 𝑗 = 𝑓 (𝑖);

𝐻𝑖(𝑗) ≤ Inc𝑗−1 𝐻𝑖(𝑗 − 1) ≤ Inc𝑗−1 𝐻̂𝑖(𝑗 − 1) = 𝐻̂𝑖(𝑗), 𝑗 > 𝑓 (𝑖).

Here, the fact that 𝑟 ≤ 𝑡 ⟹ Inc𝑗 (𝑟) ≤ Inc𝑗 (𝑡) is applied. Hence we have proved that 𝐻𝑖(𝑗) ≤ 𝐻̂𝑖(𝑗) for all 𝑖 ≥ 1 and 𝑗 ≥ 1. Then 
𝐻𝑁 (𝑓 (𝑁 + 1)) ≤ 𝐻̂𝑁 (𝑓 (𝑁 + 1)) = 0. We have 𝑚𝑁+1 ∈ {𝑚 ∣ deg(𝑚) = 𝑓 (𝑁 + 1)} ⊆ ⟨𝑚̂1,… , 𝑚̂𝑛⟩, which contradicts (2). ∎

We consider next how to compute the maximal length 𝑁 from the sequence 𝑠𝑒𝑞[𝑥𝑥𝑥; 𝑓 ]. To this end, we define a function Ω(𝑑, 𝑓 , 𝑡)
to calculate the locations 𝑘 of monomials of the form 𝑚̂𝑘 = 𝑥𝑎1𝑥

𝑏
𝑑 , i.e., the monomials consisting of only 𝑥1 and 𝑥𝑑 .

Definition 6. 
Given 𝑑, 𝑡 ∈ ℕ and an increasing function 𝑓 ∶ ℕ → ℕ, a function Ω(𝑑, 𝑓 , 𝑡) is recursively defined for 𝑑 ≥ 1 and 𝑡 ≤ 𝑓 (1) as:

1. Ω(1, 𝑓 , 𝑡) = 1 and Ω(𝑑, 𝑓 , 0) = 1, for all 𝑑 ≥ 1, 𝑓 and 𝑡 ∈ {0, 1,… , 𝑓 (1)}.
2. For 𝑑 > 1 and 1 ≤ 𝑡 ≤ 𝑓 (1),

Ω(𝑑, 𝑓 , 𝑡) = Ω(𝑑, 𝑓 , 𝑡 − 1) + Ω(𝑑 − 1, 𝑓Ω(𝑑,𝑓 ,𝑡−1),𝑡−𝑓 (1), 𝑓Ω(𝑑,𝑓 ,𝑡−1),𝑡−𝑓 (1)(1)).

Here 𝑓𝑚,𝑟 is a function 𝑓𝑚,𝑟(𝑛) ≜ 𝑓 (𝑚 + 𝑛) + 𝑟.

Proposition 3. 
Let 𝑘 = Ω(𝑑, 𝑓 , 𝑡) with 𝑑 ≥ 2 and 𝑡 ≤ 𝑓 (1), then the 𝑘th monomial 𝑚̂𝑘 of the chain 𝑠𝑒𝑞[𝑥𝑥𝑥; 𝑓 ] constructed in (2) is exactly

𝑚̂𝑘 = 𝑥𝑓 (1)−𝑡1 𝑥𝑓 (𝑘)−𝑓 (1)+𝑡𝑑 .

In particular, for 𝑡 = 𝑓 (1), the monomial 𝑚̂𝑁 = 𝑥𝑓 (𝑁)
𝑑  is at the end of the chain and thus the length of the chain is 𝑁 = Ω(𝑑, 𝑓 , 𝑓 (1)).

Proof.  We prove by induction on 𝑑. For 𝑑 = 2, the 𝑘th monomial is 𝑚̂𝑘 = 𝑥𝑓 (1)−𝑘+11 𝑥𝑓 (𝑘)−𝑓 (1)+𝑘−12  according to the construction of (2). 
On the other hand, Ω(𝑑, 𝑓 , 𝑡) = 𝑡 + 1 from Definition 6. Let 𝑘 = 𝑡 + 1, the result holds.

Suppose the result is true for 𝑑 − 1, then we prove it for 𝑑 ≥ 3. From Proposition 2, the exponents of variable 𝑥1 are (not strictly) 
decreasing in the sequence 𝑠𝑒𝑞[𝑥𝑥𝑥; 𝑓 ]. Hence, this sequence can be divided into many segments such that for monomials in each 
segment, the exponents of 𝑥1 are the same. Consider an arbitraty one of such segments:

𝑚̂𝑖+1 ≜ 𝑥𝛼1𝑚𝑖+1, 𝑚̂𝑖+2 ≜ 𝑥𝛼1𝑚𝑖+2,… , 𝑚̂𝑗 ≜ 𝑥𝛼1𝑚𝑗 ,

where 𝛼 denotes the exponent of 𝑥1 and 𝑚𝑖+1, 𝑚𝑖+2,… , 𝑚𝑗 are monomials in [𝑥2,… , 𝑥𝑑 ]. We claim that the sequence 𝑚𝑖+1, 𝑚𝑖+2,… , 𝑚𝑗
is exactly 𝑠𝑒𝑞[𝑥2,… , 𝑥𝑑 ; 𝑓𝑖,−𝛼] (and for ease of reading, we postpone its argument to the end of this proof). Then, from Proposition 2, 
the first monomial is of the form 𝑚𝑖+1 = 𝑥𝑓 (𝑖+1)−𝛼2  and the last monomial is 𝑚𝑗 = 𝑥𝑓 (𝑗)−𝛼𝑑 ; by induction hypothesis, the length of this 
sequence is 

𝑗 − 𝑖 = Ω(𝑑 − 1, 𝑓𝑖,−𝛼 , 𝑓𝑖,−𝛼(1)).

Now we apply this result to all segments of the sequence 𝑠𝑒𝑞[𝑥𝑥𝑥; 𝑓 ]: The first segment is a single monomial 𝑚̂1 = 𝑥𝑓 (1)1  with the 
exponent 𝛼 = 𝑓 (1) of 𝑥1; the second segment is 𝑚̂2, 𝑚̂3,… , 𝑚̂𝑖1  with exponent 𝛼 = 𝑓 (1) − 1 of 𝑥1; and generally, the segment with 
exponent 𝛼 = 𝑓 (1) − 𝑡 is represented as

𝑚̂𝑖𝑡−1+1, 𝑚̂𝑖𝑡−1+2,… , 𝑚̂𝑖𝑡 ,

for 𝑡 = 1, 2,… , 𝑓 (1). Here 𝑖0 is defined as 1 and 𝑖𝑓 (1) = 𝑁 . Then, we have 𝑚̂𝑖𝑡 = 𝑥𝑓 (1)−𝑡1 𝑥𝑓 (𝑖𝑡)−𝑓 (1)+𝑡𝑑  and
𝑖𝑡 − 𝑖𝑡−1 = Ω(𝑑 − 1, 𝑓𝑖𝑡−1 ,𝑡−𝑓 (1), 𝑓𝑖𝑡−1 ,𝑡−𝑓 (1)(1)).

It further follows that 𝑖𝑡 = Ω(𝑑, 𝑓 , 𝑡) by induction on 𝑡: For 𝑡 = 0, 𝑖0 = 1 = Ω(𝑑, 𝑓 , 0); if 𝑖𝑡−1 = Ω(𝑑, 𝑓 , 𝑡 − 1), then, from Clause 2 of 
Definition 6,

𝑖𝑡 = 𝑖𝑡−1 + Ω(𝑑 − 1, 𝑓𝑖𝑡−1 ,𝑡−𝑓 (1), 𝑓𝑖𝑡−1 ,𝑡−𝑓 (1)(1)) = Ω(𝑑, 𝑓 , 𝑡).

The result of Proposition 3 is achieved by letting 𝑘 = 𝑖𝑡.
At last, we prove the claim of 𝑠𝑒𝑞[𝑥2,… , 𝑥𝑑 ; 𝑓𝑖,−𝛼] = (𝑚𝑖+1, 𝑚𝑖+2,… , 𝑚𝑗 ). From the definition, we actually prove that

1. 𝑚𝑖+1 = 𝑥𝑓 (𝑖+1)−𝛼2 ;
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2. 𝑚𝑘+1 = max{𝑚 ∣ deg(𝑚) = 𝑓 (𝑘 + 1) − 𝛼, 𝑚 ∉ ⟨𝑚𝑖+1,… , 𝑚𝑘⟩}, for 𝑘 = 𝑖 + 1, 𝑖 + 2,… , 𝑗 − 1; and
3. {𝑚 ∣ deg(𝑚) = 𝑓 (𝑗 + 1) − 𝛼} ⊆ ⟨𝑚𝑖+1,… , 𝑚𝑗⟩.

For 𝑖 = 0, we have 𝛼 = 𝑓 (1) from 𝑚̂1 = 𝑥𝑓 (1)1 , and thus 𝑚𝑖+1 = 1. The first result holds. For 𝑖 > 0, the first result follows from the 
construction (2) with 𝑛 = 𝑖 + 1. Similarly, the second result follows from the construction (2) with 𝑛 = 𝑘, noting that the exponent 
of 𝑥1 is greater than 𝛼 in 𝑚̂1, 𝑚̂2,… , 𝑚̂𝑖 and thus 𝑚̂𝑛+1 ∉ ⟨𝑚̂1,… , 𝑚̂𝑛⟩ is equivalent to 𝑚𝑛+1 ∉ ⟨𝑚𝑖+1,… , 𝑚𝑛⟩. For 𝑗 = 𝑁 , the third result 
follows immediately from the condition 

{𝑥𝛼1 ⋅ 𝑚 ∣ deg(𝑚) = 𝑓 (𝑁 + 1) − 𝛼} ⊆ {𝑚′ ∈ [𝑥𝑥𝑥] ∣ deg(𝑚′) = 𝑓 (𝑁 + 1)} ⊆ ⟨𝑚̂1,… , 𝑚̂𝑁 ⟩.

To prove the third result for 𝑗 < 𝑁 , consider a monomial 𝑚 ∈ [𝑥2,… , 𝑥𝑑 ] with deg(𝑚) = 𝑓 (𝑗 + 1) − 𝛼, then 𝑥𝛼1𝑚 ≻ 𝑚̂𝑗+1 as the 
exponent of 𝑥1 is smaller than 𝛼 in 𝑚̂𝑗+1. Since deg(𝑥𝛼1𝑚) = 𝑓 (𝑗 + 1) and ⟨𝑚̂1, 𝑚̂2,… , 𝑚̂𝑗+1⟩ is 𝑓 (𝑗 + 1)-compressed, we have 𝑥𝛼1𝑚 ∈
⟨𝑚̂1, 𝑚̂2,… , 𝑚̂𝑗+1⟩ and consequently 𝑚 ∈ ⟨𝑚𝑖+1,… , 𝑚𝑗⟩. ∎
Example 3. Let 𝑓 (𝑛) = 2 × 3𝑛−1, then Ω(3, 𝑓 , 2) = 4382 is exactly the number of monomials in Example 2. 

4.2.  Reduction of the general case

Now we drop the restriction in (1) and consider the length of a general 𝑓 -generating sequence of monomials 𝑚1,… , 𝑚𝑛 in [𝑥𝑥𝑥]. 
The idea is to reduce this general case to the special case. To this end, we introduce a new variable 𝑥𝑑+1 (for which the lexicographic 
order adheres to 𝑥1 ≻ ⋯ ≻ 𝑥𝑑 ≻ 𝑥𝑑+1), and construct for each 𝑚𝑖 (𝑖 = 1,… , 𝑛) a monomial 𝑚̃𝑖 ∈ [𝑥𝑥𝑥, 𝑥𝑑+1] such that 𝑚̃𝑖 = 𝑚𝑖𝑥

𝑐𝑖
𝑑+1, 

where 𝑐𝑖 = 𝑓 (𝑖) − deg(𝑚𝑖) ∈ ℕ. Hence deg(𝑚̃𝑖) = 𝑓 (𝑖), and thus (1) is satisfied by 𝑚̃1,… , 𝑚̃𝑛. Furthermore, 
Proposition 4. 𝑚̃1,… , 𝑚̃𝑛 is an 𝑓 -generating sequence of 𝕂[𝑥𝑥𝑥, 𝑥𝑑+1].
Proof.  It suffices to prove that for every 𝑖 = 1, 2,… , 𝑛 − 1, 𝑚̃𝑖+1 ∉ ⟨𝑚̃1,… , 𝑚̃𝑖⟩. In fact, if this is not the case then 𝑚̃𝑖+1 should be a 
multiple of some 𝑚̃𝑗 , with 𝑗 ≤ 𝑖. It implies that 𝑚𝑖+1 is a multiple of 𝑚𝑗 , which contradicts 𝑚𝑖+1 ∉ {𝑚1,… , 𝑚𝑖}. ∎

It then follows immediately from Lemma 1 and Proposition 3 that 𝑛 ≤ Ω(𝑑 + 1, 𝑓 , 𝑓 (1)). Since 𝑚1,… , 𝑚𝑛 is arbitrarily chosen, we 
obtain 𝐿(𝑑, 𝑓 ) ≤ Ω(𝑑 + 1, 𝑓 , 𝑓 (1)) by Proposition 1. Conversely, we also show that Ω(𝑑 + 1, 𝑓 , 𝑓 (1)) ≤ 𝐿(𝑑, 𝑓 ). Consider the sequence 
𝑠𝑒𝑞[𝑥𝑥𝑥, 𝑥𝑑 ; 𝑓 ] = (𝑚̂1,… , 𝑚̂𝑁 ), where 𝑁 = Ω(𝑑 + 1, 𝑓 , 𝑓 (1)). Replacing 𝑥𝑑+1 by 1 in each 𝑚̂𝑖 yields a sequence 𝑚′

1,… , 𝑚′
𝑁  of monomials in 

𝕂[𝑥𝑥𝑥], which is still an 𝑓 -generating sequence:
Proposition 5. 𝑚′

1,… , 𝑚′
𝑁  is an 𝑓 -generating sequence.

Proof.  Observe that deg(𝑚′
𝑖) ≤ deg(𝑚̂𝑖) = 𝑓 (𝑖) for all 𝑖. It remains to prove that for all 𝑖, 𝑚′

𝑖 ∉ ⟨𝑚′
1,… , 𝑚′

𝑖−1⟩.
From Proposition 2, 𝑚̂𝑖 ≻ 𝑚̂𝑖+1 for all 𝑖, which implies that 𝑚′

𝑖 ⪰ 𝑚′
𝑖+1. Note that 𝑚′

𝑖 ≠ 𝑚′
𝑖+1; otherwise, 𝑚̂𝑖 ≜ 𝑚′

𝑖𝑥
𝛼
𝑑+1 ≻ 𝑚′

𝑖+1𝑥
𝛽
𝑑+1 ≜

𝑚̂𝑖+1 implies that 𝛼 > 𝛽, and thus 𝑓 (𝑖) = deg(𝑚′
𝑖) + 𝛼 > deg(𝑚′

𝑖+1) + 𝛽 = 𝑓 (𝑖 + 1), which contradicts the monotonicity of 𝑓 . Therefore, 
𝑚′
𝑖 ≻ 𝑚′

𝑖+1. The result follows immediately. ∎
Ω(𝑑 + 1, 𝑓 , 𝑓 (1)) = 𝑁 ≤ 𝐿(𝑑, 𝑓 ) follows immediately from this result and Proposition 1. Therefore, we obtain the following fact. 

Theorem 4. 𝐿(𝑑, 𝑓 ) = Ω(𝑑 + 1, 𝑓 , 𝑓 (1)).

4.3.  Mistake in Moreno-Socías’s approach

The following example shows that the monomial ascending chain constructed by Moreno-Socías in [33] is not the longest:
Example 4.  For 𝑑 = 2, 𝑓 (𝑖) = 1 + 𝑖, the monomial set of the longest monomial ascending chain is

{𝑚1, 𝑚2,… , 𝑚11} = {𝑥2, 𝑥𝑦2, 𝑥𝑦, 𝑥, 𝑦6, 𝑦5, 𝑦4, 𝑦3, 𝑦2, 𝑦, 1},

and 𝐿(2, 𝑓 ) = 11.

However, according to Moreno-Socías’s approach [33], the monomial set in Example 4 is 
{𝑥2, 𝑥𝑦2, 𝑦4, 𝑦3, 𝑥𝑦, 𝑦2, 𝑥, 𝑦, 1}, (5)

and thus 𝐿(2, 𝑓 ) = 9, which is evidently smaller (than 11) and can be proven not to be the maximal length of all the ascending chains 
(by applying Definition 5). We remark that such a spurious bound on the length may lead to crucial consequences when being applied 
in termination analysis of MPPs: a non-terminating MPP can be erroneously concluded as being terminating because of not reaching 
a sufficient depth in its execution tree (which is captured by the maximal length of the ascending chains). Thus termination analysis 
based on this bound may give unsound results.

Next, we pinpoint the specific technical flaw in [33] that leads to the erroneous result as demonstrated by Example 4. À la 
Proposition 4.3 in [33], the strategy to construct the longest monomial ascending chain is as follows: Every new monomial to be 
added is chosen among those of the maximum possible degree, by taking the least available one per the lexicographic order. This 
strategy, however, relies on a condition that is not always valid: Given any simple monomial chain (𝑚1,… , 𝑚𝑖), suppose we employ 
the above strategy to generate monomials 𝜇𝑖 with length 𝐿. We define, as per Proposition 4.3 in [33], 𝑖0 = 0, 𝑖𝑟 = 𝐿, and 

{𝑖1,… , 𝑖𝑟−1} = {𝑖 ∣ 0 < 𝑖 < 𝐿, deg(𝜇𝑖) ≠ deg(𝜇𝑖+1)}
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with 𝑖1 < ⋯ < 𝑖𝑟−1. Moreover, for any 0 < 𝑗 < 𝑟, let 𝛼 = 𝑖𝑗−1, 𝛽 = 𝑖𝑗 , and 
𝛿 = deg(𝜇𝛼+1) = ⋯ = deg(𝜇𝛽 ), 𝛿 = min{deg(𝑚𝛼+1),… , deg(𝑚𝛽 )}.

Then the condition erroneously asserts that 
𝛿 ≤ deg(𝑚𝑘) ≤ 𝛿 for 𝛼 < 𝑘 ≤ 𝛽.

This condition holds for the so-constructed chain (5) where {𝑖0, 𝑖1,… , 𝑖7} = {0, 1, 2, 3, 4, 6, 8, 9}. Consider, for instance, 𝛼 = 𝑖4 = 4 and 
𝛽 = 𝑖5 = 6, then 𝛿 = deg(𝑥𝑦) = deg(𝑦2) = 2, and indeed we have deg(𝑚5) = 2 ≤ 𝛿 and deg(𝑚6) = 2 ≤ 𝛿. Nonetheless, for the genuinely 
longest chain {𝑚1, 𝑚2,… , 𝑚11} as given in Example 4, we have deg(𝑚5) = 6 ≰ 𝛿 and deg(𝑚6) = 5 ≰ 𝛿. In fact, one could verify that 
Proposition 4.3 in [33] yields the correct result in the special case of ∀𝑖 ∈ {1,… , 𝑛}∶ deg(𝑚𝑖) = 𝑓 (𝑖), as identified in Section 4.1.

4.4.  Complexity of 𝐿(𝑑, 𝑓 )

To show that 𝐿(𝑑, 𝑓 ) is not primitive recursive, we introduce the Ackermann function: 
Definition 7  (Ackermann Operator). The Ackermann operator ⇑𝑑 for natural numbers 𝑑, 𝑥, 𝑦 is defined by

𝑥 ⇑0 𝑦 = 1 + 𝑥𝑦

𝑥 ⇑𝑑 0 = 1 𝑑 > 0

𝑥 ⇑𝑑 𝑦 = 𝑥 ⇑𝑑−1 (𝑥 ⇑𝑑 (𝑦 − 1)) 𝑑 > 0, 𝑦 > 0

For instance, one can easily compute that 𝑥 ⇑𝑑 1 = 1 + 𝑥 and 𝑥 ⇑1 𝑦 = 1 + 𝑥 + 𝑥2 +⋯ + 𝑥𝑦. A basic property of Ackermann function is 
that it is not primitive recursive. Now we use it to discuss the complexity of 𝐿(𝑑, 𝑓 ).
Proposition 6.  For two positive integers 𝑎, 𝑏, and 𝑓 (𝑛) = 𝑎(𝑛 − 1) + 𝑏 with 𝑛 ≥ 1,

𝐿(𝑑, 𝑓 ) = 1
𝑎
(

(𝑎 + 1) ⇑𝑑−1 (𝑏 + 1)
)

− 𝑏 + 2
𝑎

.

Proof.  We prove that for 𝑑 ≥ 2 and 0 ≤ 𝑡 ≤ 𝑏,

Ω(𝑑, 𝑓 , 𝑡) = 1
𝑎
(

(𝑎 + 1) ⇑𝑑−2 (𝑡 + 1)
)

− 𝑡 + 2
𝑎

, (6)

then Proposition 6 follows immediately from Theorem 4 by setting 𝑡 = 𝑏 = 𝑓 (1). The proof of (6) is achieved by induction on 𝑑 and 𝑡
as follows.

For 𝑡 = 0 and 𝑑 ≥ 2, Ω(𝑑, 𝑓 , 0) = 1, and (𝑎 + 1) ⇑𝑑−2 (𝑡 + 1) = (𝑎 + 1) ⇑𝑑−2 1 = 𝑎 + 2; (6) holds. For 𝑑 = 2 and 0 ≤ 𝑡 ≤ 𝑏, we have 
Ω(2, 𝑓 , 𝑡) = 1 + 𝑡 since Ω(1, 𝑓 , 𝑡) = Ω(2, 𝑓 , 0) = 1 and Ω(2, 𝑓 , 𝑡) = Ω(2, 𝑓 , 𝑡 − 1) + 1 from Definition 6. Noting that (𝑎 + 1) ⇑0 (𝑡 + 1) = 1 +
(𝑎 + 1)(𝑡 + 1), (6) is obtained.

Suppose (6) holds for 𝑑 − 1 and for (𝑑, 𝑡 − 1), we now prove it for (𝑑, 𝑡) from the recursive relation in Definition 6:
Ω(𝑑, 𝑓 , 𝑡) = Ω(𝑑, 𝑓 , 𝑡 − 1) + Ω(𝑑 − 1, 𝑓Ω(𝑑,𝑓 ,𝑡−1),𝑡−𝑓 (1), 𝑓Ω(𝑑,𝑓 ,𝑡−1),𝑡−𝑓 (1)(1)).

Specifically, by induction hypothesis on (𝑑, 𝑡 − 1),

Ω(𝑑, 𝑓 , 𝑡 − 1) = 1
𝑎
(

(𝑎 + 1) ⇑𝑑−2 𝑡
)

− 𝑡 + 1
𝑎

.

We write 𝑚 = Ω(𝑑, 𝑓 , 𝑡 − 1), then 𝑎𝑚 + 𝑡 + 1 = (𝑎 + 1) ⇑𝑑−2 𝑡. We further write 𝑟 = 𝑡 − 𝑓 (1) = 𝑡 − 𝑏, then, by induction hypothesis on 
𝑑 − 1, we have

Ω(𝑑 − 1, 𝑓𝑚,𝑟, 𝑓𝑚,𝑟(1)) =
1
𝑎
(

(𝑎 + 1) ⇑𝑑−3 (𝑎𝑚 + 𝑏 + 𝑟 + 1)
)

− 𝑚 − 𝑏 + 𝑟 + 2
𝑎

,

noting that 𝑓𝑚,𝑟(𝑛) = 𝑎(𝑛 + 𝑚 − 1) + 𝑏 + 𝑟 = 𝑎(𝑛 − 1) + 𝑎𝑚 + 𝑏 + 𝑟 and thus 𝑓𝑚,𝑟(1) = 𝑎𝑚 + 𝑏 + 𝑟. Therefore,

Ω(𝑑, 𝑓 , 𝑡) = 𝑚 + Ω(𝑑 − 1, 𝑓𝑚,𝑟, 𝑓𝑚,𝑟(1)) =
1
𝑎
(

(𝑎 + 1) ⇑𝑑−3 (𝑎𝑚 + 𝑡 + 1)
)

− 𝑡 + 2
𝑎

= 1
𝑎
(

(𝑎 + 1) ⇑𝑑−3 ((𝑎 + 1) ⇑𝑑−2 𝑡)
)

− 𝑡 + 2
𝑎

= 1
𝑎
(

(𝑎 + 1) ⇑𝑑−2 (𝑡 + 1)
)

− 𝑡 + 2
𝑎

,

which is exactly (6) for 𝑑 and 𝑡. ∎
In Proposition 6, 𝐿(𝑑, 𝑓 ) is a primitive recursive function on 𝑎 and 𝑏 for a fixed 𝑑, yet becomes Ackermannian when 𝑑 is not fixed 

(for general 𝑓 ). Indeed, using Proposition 6, the Ackermann operator can directly be defined in terms of 𝐿(𝑑, 𝑓 ), which explains why 
𝐿(𝑑, 𝑓 ) cannot be primitive recursive in general. This observation coincides with Figueira et al.’s conclusion in [34] that 𝐿(𝑑, 𝑓𝑡,0), a 
function on 𝑡, is at level Γ𝜆+𝑘−1 of the fast-growing hierarchy for 𝑓 at level 𝜆. Their results answered Seidenberg’s second question 
on non-primitive recursiveness by giving a lower bound on 𝐿(𝑑, 𝑓 ). In contrast, our approach gives an explicit recursive function 
(which is Ackermannian) as the maximal length 𝐿(𝑑, 𝑓 ), thereby an answer also to Seidenberg’s request for an explicit expression of 
the bound. We will show in Section 6 that an explicit expression of the bound suffices to establish decidability of the termination 
problem of MPPs (see Remark 5).
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5.  Termination of MPPs with equality guards

5.1.  Multi-path polynomial programs (MPPs)

The family of polynomial programs considered in this section is formally defined as 
Definition 8  (MPPs with Equality Guards [24]).  A multi-path polynomial program (MPP) with equality guard is of the form

 while (𝐺(𝑥𝑥𝑥) = 0)

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴1(𝑥𝑥𝑥);

∥ 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴2(𝑥𝑥𝑥);

⋮

∥ 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴𝑙−1(𝑥𝑥𝑥);

∥ 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴𝑙(𝑥𝑥𝑥);

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

, where (7)

1. 𝑥𝑥𝑥 ∈ 𝕂𝑑 denotes the vector of program variables, where 𝕂 is assumed to be an effective field in this and the next sections (see 
Remark 3-1 for a detailed explanation);

2. 𝐺 ∈ 𝕂[𝑥𝑥𝑥] in the loop condition (guard) is a polynomial;
3. 𝐴𝐴𝐴𝑖 ∈ 𝕂𝑑 [𝑥𝑥𝑥] (1 ≤ 𝑖 ≤ 𝑙) are vectors of polynomials describing assignments to variables in the loop body;
4. ∥ is interpreted as a nondeterministic choice between the 𝑙 assignments.
Remark 3. 
1. 𝕂 is required to be effective (e.g., the field ℚ, ℚ, the simple extension field ℚ(𝜋), or the field of rational functions over ℚ), since 
the program (7) should be executable on a computer. Specifically, for an input 𝑥𝑥𝑥, the symbolic computation of 𝐺(𝑥𝑥𝑥) outputs an 
expression 𝑒 consisting of components of 𝑥𝑥𝑥, coefficients of 𝐺 (denoted by Coeff0 the set of them), and operations of addition, 
subtraction and multiplication in 𝕂. Then, to run the loop, it should be decidable whether 𝑒 = 0. Furthermore, after an iteration 
of the loop for some 𝐴𝐴𝐴𝑖, the coefficients of polynomials in 𝐴𝐴𝐴𝑖 (denoted by Coeff 𝑖 the set of them) are involved in the expression. 
The effectiveness of 𝕂 guarantees that checking whether an expression of this form is zero or not is decidable. In our discussion 
of an MPP, if the field is not effective (e.g., 𝕂 = ℝ), we always assume that 𝑒 = 0 is decidable for every 𝑒 ∈ Expr𝕂(Coeff ∪ {𝑥𝑥𝑥}), 
where Coeff = Coeff0 ∪ Coeff1 ∪⋯ ∪ Coeff 𝑙 and Expr𝕂(𝑆) denotes the set of all expressions from a finite set 𝑆 ⊆ 𝕂 and operators 
in 𝕂. This condition is sufficient to establish the decidability of termination of MPP (7) (cf. Theorem 6).

2. The loop guard of MPP (7) can be extended to a more general form ⋀𝑀
𝑖=1

⋁𝑁𝑖
𝑗=1 𝐺𝑖𝑗 (𝑥𝑥𝑥) = 0. Here, each disjunctive clause 

⋁𝑁𝑖
𝑗=1 𝐺𝑖𝑗 (𝑥𝑥𝑥) = 0 is equivalent to 𝐺𝑖(𝑥𝑥𝑥) = 0 with 𝐺𝑖 ≜

∏𝑁𝑖
𝑗=1 𝐺𝑖𝑗 , then the CNF form ⋀𝑀

𝑖=1 𝐺𝑖(𝑥𝑥𝑥) = 0 can be handled by applying 
the same reduction as in [24]. It is nevertheless essential to assume that inequalities will never occur in guards, otherwise the 
termination problem will become undecidable, even not semi-decidable [7].

3. We are interested in the problem of deciding termination of the loop for a given initial value of 𝑥𝑥𝑥. If the input 𝑥𝑥𝑥 is subject to 
semi-algebraic constraints and all coefficients of polynomials are rational numbers, our decidability result still holds for 𝕂 = ℝ
according to [31]. This further suggests the decidability of universal termination for ℝ (and for ℂ, which reduces to ℝ in the case 
of universal termination).

Example 5  (liu1 [24]).  Consider the MPP

while (𝑥 + 𝑦 = 0)

{

(𝑥, 𝑦) ∶= (𝑥 + 1, 𝑦 − 1);

∥ (𝑥, 𝑦) ∶= (𝑥2, 𝑦2);

}

.

We have 𝑑 = 2, 𝐺(𝑥, 𝑦) = 𝑥 + 𝑦, 𝐴𝐴𝐴1(𝑥, 𝑦) = (𝑥 + 1, 𝑦 − 1), and 𝐴𝐴𝐴2(𝑥, 𝑦) = (𝑥2, 𝑦2). Note that this example, amongst others, cannot be 
handled by Liu et al.’s technique based on under/over-approximating the NTI [24]. See the experiments in Section 8. 
Example 6.  Consider a nondeterministic quantum program [35] of the form

while (Mea[𝜌] = 0)

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜌 ∶= 1(𝜌);

∥ 𝜌 ∶= 2(𝜌);

⋮

∥ 𝜌 ∶= 𝑙−1(𝜌);

∥ 𝜌 ∶= 𝑙(𝜌);

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

, where

1. 𝜌 ∈ ℂ𝑑2  is a 𝑑 × 𝑑 density matrix.
2. Mea = {𝑀0,𝑀1} is a two-outcome quantum measurement, where 𝑀0 and 𝑀1 are 𝑑 × 𝑑 complex matrices.
3. 𝑖 are quantum super-operators that perform linear transformations over ℂ𝑑2 .

In this example, 𝑥𝑥𝑥 = 𝜌, 𝐺(𝑥𝑥𝑥) = tr(𝑀0𝜌𝑀
†
0 ) and 𝐴𝐴𝐴𝑖 = 𝑖, where tr(𝑀) is the trace of a matrix 𝑀 , and 𝑀† = (𝑀T)∗ is the complex 

conjugate of the transpose of 𝑀 . Clearly, it is a multi-path linear program over ℂ𝑑2 .

In [35], the set of non-terminating inputs (diverging states, in their terminology) of the loop in Example 6 plays a key role in 
deciding the termination of nondeterministic quantum programs. We will show in the experiments that our approach can be used to 
discover termination/nontermination proofs of such quantum programs.
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5.2.  Execution of MPPs

Given an input 𝑥𝑥𝑥, the behavior of MPP (7) on 𝑥𝑥𝑥 is determined by the nondeterministic choices of 𝐴𝐴𝐴𝑖 (1 ≤ 𝑖 ≤ 𝑙), and consequently 
all the possible executions form a tree. 
Definition 9  (Execution Tree [24]). The execution tree of MPP (7) on input 𝑥𝑥𝑥 ∈ 𝕂𝑑 is defined inductively as follows:
1. The root is the input value of 𝑥𝑥𝑥.
2. A node ̃𝑥𝑥𝑥 is a leaf node if 𝐺(𝑥𝑥𝑥) ≠ 0; otherwise, ̃𝑥𝑥𝑥 has 𝑙 children 𝐴𝐴𝐴1(𝑥𝑥𝑥), 𝐴𝐴𝐴2(𝑥𝑥𝑥),… ,𝐴𝐴𝐴𝑙(𝑥𝑥𝑥), and there is a directed edge from ̃𝑥𝑥𝑥 to 𝐴𝐴𝐴𝑖(𝑥𝑥𝑥), 
labeled by 𝑖, for 1 ≤ 𝑖 ≤ 𝑙.

Now we consider paths in the execution tree. Let Σ = {1, 2,… , 𝑙} denote the set of indices of the assignments 𝐴𝐴𝐴𝑖 (1 ≤ 𝑖 ≤ 𝑙). 
For any finite string 𝜎 = 𝑎1𝑎2 ⋯ 𝑎𝑠 ∈ Σ∗, we write |𝜎| = 𝑠 for its length and Pre(𝜎) = {𝑎1 ⋯ 𝑎𝑖 ∣ 𝑖 = 0, 1,… , 𝑠 − 1} for the set of its 
proper prefixes. The concatenation of two strings 𝜎 = 𝑎1 ⋯ 𝑎𝑠 and 𝜏 = 𝑏1 ⋯ 𝑏𝑡 is written as 𝜎𝜏 = 𝑎1 ⋯ 𝑎𝑠𝑏1 ⋯ 𝑏𝑡. For simplicity, we 
let 𝐴𝐴𝐴𝜎 = 𝐴𝐴𝐴𝑎𝑠◦⋯◦𝐴𝐴𝐴𝑎2◦𝐴𝐴𝐴𝑎1  and 𝐴𝐴𝐴𝜖 = 𝐢𝐝 (i.e 𝐴𝐴𝐴𝜖(𝑥𝑥𝑥) ≡ 𝑥𝑥𝑥) for the empty string 𝜖. Then 𝐴𝐴𝐴𝜎𝜏 = 𝐴𝐴𝐴𝜏◦𝐴𝐴𝐴𝜎 . Similarly, for an infinite sequence 
𝜎 = 𝑎1𝑎2 ⋯ ∈ Σ𝜔, we define |𝜎| = ∞ and Pre(𝜎) = {𝑎1 ⋯ 𝑎𝑖 ∣ 𝑖 = 0, 1,…}. The concatenation of a finite string 𝜏 = 𝑏1 ⋯ 𝑏𝑡 ∈ Σ∗ and an 
infinite string 𝜎 = 𝑎1𝑎2 ⋯ ∈ Σ𝜔 is defined as 𝜏𝜎 = 𝑏1 ⋯ 𝑏𝑡𝑎1𝑎2 ⋯ ∈ Σ𝜔.

Then any finite or infinite path from the root in the execution tree can be identified by a finite or infinite string over Σ. Specifically, 
for any 𝜎 = 𝑎1𝑎2 ⋯ ∈ Σ∗ ∪ Σ𝜔, the corresponding execution path is

𝑥𝑥𝑥
𝐴𝐴𝐴𝑎1
←←←←←←←←←←←←←←←←→ 𝐴𝐴𝐴𝑎1 (𝑥𝑥𝑥)

𝐴𝐴𝐴𝑎2
←←←←←←←←←←←←←←←←→ 𝐴𝐴𝐴𝑎2 (𝐴𝐴𝐴𝑎1 (𝑥𝑥𝑥))

𝐴𝐴𝐴𝑎3
←←←←←←←←←←←←←←←←→ ⋯ .

Moreover, any node in the execution tree is of the form 𝐴𝐴𝐴𝜎 (𝑥𝑥𝑥), where 𝜎 = 𝑎1𝑎2 ⋯ ∈ Σ∗ represents the execution history. Its ancestor 
nodes are 𝐴𝐴𝐴𝜏 (𝑥𝑥𝑥), with 𝜏 ∈ Pre(𝜎). According to the definition of the execution tree, we have 𝐺(𝐴𝐴𝐴𝜏 (𝑥𝑥𝑥)) = 0. Then all paths in the 
execution tree are given as follows. 
Definition 10  (Execution Paths [24]). The set of execution paths of MPP (7) for an input 𝑥𝑥𝑥 ∈ 𝕂𝑑 is defined as

Path(𝑥𝑥𝑥) ≜ {𝜎 ∈ Σ∗ ∪ Σ𝜔 ∣ ∀𝜏 ∈ Pre(𝜎)∶ 𝐺(𝐴𝐴𝐴𝜏 (𝑥𝑥𝑥)) = 0}.

For any path 𝜎, we write the set of corresponding polynomials as 𝑇 −
𝜎 ≜ {𝐺◦𝐴𝐴𝐴𝜏 ∣ 𝜏 ∈ Pre(𝜎)}. Then we have

𝜎 ∈ Path(𝑥𝑥𝑥) ⟺ 𝑥𝑥𝑥 ∈ 𝑍(𝑇 −
𝜎 ).

5.3.  Termination of MPPs

Now we formalize the meaning of “termination” of MPP (7). Intuitively, “a program terminates” means that its execution will be 
accomplished within a finite number of steps, i.e., the execution tree is finite. Formally, we have 
Definition 11  (Termination). 
1. For an input 𝑥𝑥𝑥 ∈ 𝕂𝑑 , MPP (7) is terminating if |Path(𝑥𝑥𝑥)| < ∞, i.e., Path(𝑥𝑥𝑥) is a finite set; it is non-terminating otherwise.
2. 𝐷 ≜ {𝑥𝑥𝑥 ∈ 𝕂𝑑 ∣ |Path(𝑥𝑥𝑥)| = ∞} is the set of non-terminating inputs (NTI) of MPP (7).
By König’s lemma [36], the execution tree is infinite if and only if it contains an infinite path, i.e.,

|Path(𝑥𝑥𝑥)| = ∞ ⟺ Path(𝑥𝑥𝑥) ∩ Σ𝜔 ≠ ∅

for all 𝑥𝑥𝑥 ∈ 𝕂𝑑 . The NTI can thus be expressed as
𝐷 =

⋃

𝜎∈Σ𝜔
𝑍(𝑇 −

𝜎 ). (8)

We are further interested in program termination within a fixed number of iterations: 
Definition 12  (𝑛-Termination). For a natural number 𝑛 ∈ ℕ,

1. MPP (7) is 𝑛-terminating for an input 𝑥𝑥𝑥 ∈ 𝕂𝑑 , if |𝜎| ≤ 𝑛 for all 𝜎 ∈ Path(𝑥𝑥𝑥).
2. The set of 𝑛-non-terminating inputs (𝑛-NTI) of MPP (7) is defined as 𝐷𝑛 ≜ {𝑥𝑥𝑥 ∈ 𝕂𝑑 ∣ ∃𝜎 ∈ Path(𝑥𝑥𝑥)∶ |𝜎| > 𝑛}.

The 𝑛-NTI can be expressed in a similar way to (8). For clarity, we set 𝑇𝜎 ≜ 𝑇 −
𝜎 ∪ {𝐺◦𝐴𝐴𝐴𝜎}, then it is easy to verify that 𝑇 −

𝜎𝑎 = 𝑇𝜎 for 
any 𝜎 ∈ Σ∗ and 𝑎 ∈ Σ. In particular, 𝑇𝜖 = {𝐺}. 
Proposition 7. 

𝐷𝑛 =
⋃

|𝜎|=𝑛 𝑍(𝑇𝜎 ).

Proof.  From Definition 12-2,
𝑥𝑥𝑥 ∈ 𝐷𝑛 ⟺ ∃𝜎 = 𝑎1𝑎2 ⋯ ∈ Path(𝑥𝑥𝑥) ∶ |𝜎| > 𝑛

⟺ ∃𝜎′ = 𝑎1𝑎2 ⋯ 𝑎𝑛+1 ∈ Path(𝑥𝑥𝑥)∶ |𝜎′| = 𝑛 + 1

⟺ ∃𝜎′′ = 𝑎1𝑎2 ⋯ 𝑎𝑛 ∈ Σ𝑛, 𝑎𝑛+1 ∈ Σ∶ 𝑥𝑥𝑥 ∈ 𝑍(𝑇 −
𝜎′′𝑎𝑛+1

) = 𝑍(𝑇𝜎′′ ).

The result holds. ∎
In particular, we note that 𝐷0 = 𝑍(𝑇𝜖) = 𝑍({𝐺}).
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6.  Decidability of the termination problem

We prove that it is decidable whether an MPP of the form (7) is terminating on a given input 𝑥𝑥𝑥. This is done by an algorithm 
computing the NTI 𝐷 for an MPP, and thus it suffices to decide whether 𝑥𝑥𝑥 ∈ 𝐷.

Our idea is essentially to compute the ideal of a polynomial ascending chain. More clearly, consider the simplest case of 𝑙 = 1, 
i.e., an MPP with a single path. In this case, the NTI is

𝐷 = {𝑥𝑥𝑥 ∣ 𝐺(𝐴𝐴𝐴𝑘
1(𝑥𝑥𝑥)) = 0 for all 𝑘 ≥ 0},

which is the set of zeros of the ideal 𝐼 generated by a infinite sequence of polynomials 𝐺,𝐺◦𝐴𝐴𝐴1,⋯ , 𝐺◦𝐴𝐴𝐴𝑘
1 ,⋯. From Theorem 1, there 

exists a number 𝑁 such that
𝐼 = 𝐼𝑁 ≜ ⟨𝐺,𝐺◦𝐴𝐴𝐴1,… , 𝐺◦𝐴𝐴𝐴𝑁

1 ⟩

and thus 𝐷 = 𝐷𝑁 = 𝑍(𝐼𝑁 ). One can certify that the program does not terminate on input 𝑥𝑥𝑥, i.e., 𝑥𝑥𝑥 ∈ 𝐷, by iteratively checking 
𝐺
(

𝐴𝐴𝐴𝑛
1(𝑥𝑥𝑥)

)

= 0 with 𝑛 = 0, 1,… , 𝑁 . Therefore, the key to certifying termination is to determine when the number 𝑁 is reached (and 
thus the procedure stops). This is achieved by two steps:

1. (Strict chain condition) Suppose
𝐺(𝐴𝐴𝐴𝑘

1(𝑥𝑥𝑥)) ∈ 𝐼𝑘−1 = ⟨𝐺(𝑥𝑥𝑥), 𝐺(𝐴𝐴𝐴1(𝑥𝑥𝑥)),… , 𝐺(𝐴𝐴𝐴𝑘−1
1 (𝑥𝑥𝑥))⟩,

then it is obtained by replacing 𝑥𝑥𝑥 with 𝐴𝐴𝐴1(𝑥𝑥𝑥) that
𝐺(𝐴𝐴𝐴𝑘+1

1 (𝑥𝑥𝑥)) ∈ ⟨𝐺(𝐴𝐴𝐴1(𝑥𝑥𝑥)),… , 𝐺(𝐴𝐴𝐴𝑘
1(𝑥𝑥𝑥))⟩ ⊆ 𝐼𝑘.

Namely, 𝐼𝑘 = 𝐼𝑘−1 implies 𝐼𝑘+1 = 𝐼𝑘. It actually means that the ascending chain of ideals 𝐼𝑛 (resp. the descending chain of 𝐷𝑛) is 
strict.

2. (Complexity) Let 𝑁 = min{𝑛 ∣ 𝐺(𝐴𝐴𝐴𝑛
1(𝑥𝑥𝑥)) ∈ 𝐼𝑛−1} − 1. It is exactly the number of iterations we need. Moreover, let 𝑔 = deg(𝐺), 𝑎 =

deg(𝐴𝐴𝐴1) and 𝑓 (𝑖) = 𝑔𝑎𝑖−1, then deg(𝐺◦𝐴𝐴𝐴𝑖) ≤ 𝑓 (𝑖). The ascending chain of 𝐼𝑛 is thus 𝑓 -bounded and 𝑁 ≤ 𝐿(𝑑, 𝑓 ) from Definition 4.

Similar results for general MPPs are present in the rest of this section.

6.1.  Characterization of the NTI

We investigate the mathematical structure of the NTI, which immediately implies the decidability of the termination problem. 
Denote by 𝐿(𝑑, 𝑔, 𝑎) the obtained maximal length 𝐿(𝑑, 𝑓 ) of polynomial ascending chains under a specific control function 𝑓 (𝑖) = 𝑔𝑎𝑖−1, 
which will play a key role in representing the complexity of several algorithms in the forthcoming discussion.
Definition 13  (Backward subset).  For any 𝑋 ⊆ 𝕂𝑑 , its backward subset under MPP (7) is defined as

Back(𝑋) ≜
⋃

𝑎∈Σ
(𝑋 ∩𝐴𝐴𝐴𝑎

−1(𝑋)) = {𝑥 ∈ 𝑋 ∣ ∃𝑎 ∈ Σ∶ 𝐴𝐴𝐴𝑎(𝑥) ∈ 𝑋}.

Lemma 2.  For any 𝑛 ≥ 0, Back(𝐷𝑛) = 𝐷𝑛+1.

Proof.  First, we prove that 𝐷𝑛+1 ⊆ Back(𝐷𝑛). For any 𝑥𝑥𝑥 ∈ 𝐷𝑛+1, it follows from Proposition 7 that 𝑥𝑥𝑥 ∈ 𝑍(𝑇𝜎 ) for some 𝜎 = 𝑎1 ⋯ 𝑎𝑛+1 ∈
Σ𝑛+1. Then by definition 𝐴𝐴𝐴𝑎1 (𝑥𝑥𝑥) ∈ 𝑍(𝑇𝑎2⋯𝑎𝑛+1 ) ⊆ 𝐷𝑛, i.e., 𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴−1

𝑎1
(𝐷𝑛). Note that 𝑥𝑥𝑥 ∈ 𝐷𝑛+1 ⊆ 𝐷𝑛, we have 𝑥𝑥𝑥 ∈ 𝐷𝑛 ∩𝐴𝐴𝐴−1

𝑎1
(𝐷𝑛) ⊆ Back(𝐷𝑛).

Conversely, to show that Back(𝐷𝑛) ⊆ 𝐷𝑛+1, suppose 𝑥𝑥𝑥 ∈ Back(𝐷𝑛). We have 𝑥𝑥𝑥 ∈ 𝐷𝑛 and 𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴−1
𝑎 (𝐷𝑛) for some 𝑎 ∈ Σ. Then 𝐺(𝑥𝑥𝑥) = 0

and 𝐴𝐴𝐴𝑎(𝑥𝑥𝑥) ∈ 𝑍(𝑇𝜎 ) for some 𝜎 ∈ Σ𝑛. As {𝐺} ∪ {𝑓◦𝐴𝐴𝐴𝑎 ∣ 𝑓 ∈ 𝑇𝜎} = 𝑇𝑎𝜎 , we obtain 𝑥𝑥𝑥 ∈ 𝑍(𝑇𝑎𝜎 ) ⊆ 𝐷𝑛+1. This completes the proof. ∎
Remark 4. The Back operator defined in Definition 13 is reminiscent of the standard pre-image operator employed in transition 
systems; see, e.g., [18]. Specifically, the pre-image operator for a relation 𝑅 ⊆ 𝑆 × 𝑆 of a set 𝑆 is

pre𝑅(𝑋) ≜ {𝑠 ∈ 𝑆 ∣ ∃𝑥 ∈ 𝑋 ∶ (𝑠, 𝑥) ∈ 𝑅}

for any subset 𝑋 ⊆ 𝑆. Then, the pre-image operator for the transition relation induced by an MPP is defined as
pre(𝑋) ≜ {𝑥𝑥𝑥 ∈ 𝕂𝑑 ∣ 𝐺(𝑥𝑥𝑥) = 0 and ∃𝑎 ∈ Σ ∶ 𝐴𝐴𝐴𝑎(𝑥𝑥𝑥) ∈ 𝑋} =

⋃

𝑎∈Σ
(𝐷0 ∩𝐴𝐴𝐴𝑎

−1(𝑋)).

Note that 𝐷𝑛+1 = pre(𝐷𝑛) for all 𝑛 ≥ 0. Therefore, Back and pre coincide on the sets 𝐷𝑛, 𝑛 = 0, 1,…, and the results in Theorem 5 also 
follow from [18]. However, they may differ in the general case. In particular, while Back(𝑋) is always a subset of 𝑋, pre(𝑋) may not 
be. We use the operator Back in the paper rather than pre because the former is defined independently of 𝐺, the guard polynomial 
of the MPP. This makes it particularly useful in the study of extensions of MPPs with loop guards of different types, as discussed in 
Section 7. 
Theorem 5. 

1. clause]ite:algebraic For any 𝑛 ≥ 0, 𝐷𝑛 is an algebraic set.
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2. clause]ite:chain The algebraic sets 𝐷𝑛 form a strict descending chain

𝐷0 ⊃ 𝐷1 ⊃ ⋯ ⊃ 𝐷𝑁 = 𝐷𝑁+1 = ⋯ ,

and the chain length 𝑁 satisfying 𝑁 ≤ 𝐿(𝑑, 𝑔, 𝑎) − 1, where 𝑔 = deg(𝐺) and 𝑎 = deg(𝐴𝐴𝐴1) +… + deg(𝐴𝐴𝐴𝑙).
3. clause]ite:D=DN 𝐷 = 𝐷𝑁 , i.e., the fixed-point of the chain is exactly the NTI. Consequently, the NTI is also an algebraic set.

Proof.  Clause 1 is directly from Proposition 7. The strict descending chain condition in Clause 2 follows straightforwardly from 
Lemma 2, and the bound 𝐿(𝑑, 𝑔, 𝑎) of length 𝑁 follows from Proposition 10, noting that 𝑁 ≤ 𝑁̂ .

To prove Clause 3, it suffices to show 𝐷𝑁 ⊆ 𝐷, since 𝐷 ⊆ 𝐷𝑛 (∀𝑛 ≥ 0) can be verified from the definition. For any 𝑛 ≥ 𝑁 and any 
𝑥𝑥𝑥 ∈ 𝐷𝑁 = 𝐷𝑛, we have ∃𝜎 ∈ Path(𝑥𝑥𝑥)∶ |𝜎| > 𝑛. Therefore, |Path(𝑥𝑥𝑥)| = ∞ and 𝑥𝑥𝑥 ∈ 𝐷. ∎

Theorem 5 suggests immediately that the NTI of MPP (7) can be obtained by computing 𝐷 = 𝐷𝐿(𝑑,𝑔,𝑎)−1 – where the value of 
𝐿(𝑑, 𝑔, 𝑎) can be calculated via Theorem 4 and Definition 6 – and thus the termination of MPP (7) on an input 𝑥𝑥𝑥 (i.e., 𝑥𝑥𝑥 ∉ 𝐷) is 
certified by verifying ⋁𝑓∈𝑇𝜎 𝑓 (𝑥𝑥𝑥) ≠ 0 for all |𝜎| = 𝐿(𝑑, 𝑔, 𝑎) − 1 by Proposition 7. Note that 𝐿(𝑑, 𝑔, 𝑎) − 1 is independent of the input 𝑥𝑥𝑥
and the choices of execution paths, and thus a uniform upper bound on the running time of terminating executions. Formally, 

Theorem 6  (Decidability). MPP (7) terminates on an input if and only if it terminates within 𝐿(𝑑, 𝑔, 𝑎) − 1 iterations of the while-loop. 
Therefore, the termination problem of MPP (7) on an input is decidable by the following decision procedure: For each execution path of length 
𝐿(𝑑, 𝑔, 𝑎) − 1, run the program from the input; if for at least one path, the loop condition remains true during the execution, the answer is
non-terminating, and terminating otherwise. 

Remark 5.  The decision procedure of certifying termination in Theorem 6 is, however, of limited practical use. Since 𝐿 grows 
Ackermannianly in 𝑑, the value of 𝐿(𝑑, 𝑔, 𝑎) is typically huge and computing 𝑇𝜎 with |𝜎| = 𝐿(𝑑, 𝑔, 𝑎) − 1 is infeasible in practice. To 
derive a practically applicable algorithm, we turn to compute 𝐷 = 𝐷𝑁  by iteratively calculating the 𝑛-NTI 𝐷𝑛 for 𝑛 = 0, 1,…, until 
the stabilization condition 𝐷𝑛 = 𝐷𝑛+1 is reached. This idea of computing 𝐷 will be exploited in Algorithms 1 and 2. Although 𝑁 is 
explicitly upper bounded by 𝐿(𝑑, 𝑔, 𝑎) − 1 (in contrast to the implicit characterization given by the fast-growing hierarchy in [34]), 
the tightness of such a bound remains an open question. In fact, our experiments in Section 8 show that the exact value of 𝑁 is always 
much smaller than the bound, which suggests that our bound can be further improved in future research.

The following properties of NTI will be used in Section 7.2 to tackle MPPs with inequality guards.
A set 𝑋 ⊆ 𝕂𝑑 is said to be transitive under MPP (7), if it can be finitely decomposed as 𝑋 = 𝑋1 ∪𝑋2 ∪⋯ ∪𝑋𝑛 satisfying that for 

any 𝑖 ∈ {1, 2,… , 𝑛}, there exists 𝑎 ∈ Σ and 𝑗 ∈ {1, 2,… , 𝑛} such that 𝐴𝐴𝐴𝑎(𝑋𝑖) ⊆ 𝑋𝑗 . We have the following result: 

Lemma 3.  Let 𝑋 ⊆ 𝐷0 be transitive, then 𝑋 ⊆ 𝐷. Moreover, for any 𝑥𝑥𝑥 ∈ 𝑋, Path(𝑥𝑥𝑥) contains an infinite path of the form 𝜎0𝜎𝜔1 , where 
𝜎0, 𝜎1 ∈ Σ∗, and 𝜎1 is a non-empty string.

Proof.  The transitivity of 𝑋 = 𝑋1 ∪𝑋2 ∪⋯ ∪𝑋𝑛 allows existence of two functions 𝑎∶ {1, 2,… , 𝑛} → Σ and 𝑏∶ {1, 2,… , 𝑛} →
{1, 2,… , 𝑛} such that 𝐴𝐴𝐴𝑎(𝑖)(𝑋𝑖) ⊆ 𝑋𝑏(𝑖) for all 𝑖 ∈ {1, 2,… , 𝑛}. Now for any 𝑥𝑥𝑥 ∈ 𝑋, 𝑥𝑥𝑥 ∈ 𝑋𝑖 for some 𝑖 ∈ {1,… , 𝑛}. Let 𝑏𝑘 = 𝑏𝑘(𝑖) and 
𝑎𝑘 = 𝑎(𝑏𝑘(𝑖)) for all 𝑘 ≥ 0, we have the path

𝑋𝑖 = 𝑋𝑏0

𝐴𝐴𝐴𝑎0
←←←←←←←←←←←←←←←←→ 𝑋𝑏1

𝐴𝐴𝐴𝑎1
←←←←←←←←←←←←←←←←→ 𝑋𝑏2

𝐴𝐴𝐴𝑎2
←←←←←←←←←←←←←←←←→ ⋯

satisfying 𝐴𝐴𝐴𝑎𝑘 (𝑋𝑏𝑘 ) ⊆ 𝑋𝑏𝑘+1 . Then for 𝜎 = 𝑎1𝑎2 ⋯ ∈ Σ𝜔 and any 𝜏 ∈ Pre(𝜎), we have 𝐴𝐴𝐴𝜏 (𝑋𝑖) = 𝑋𝑏
|𝜏|

⊆ 𝑋 ⊆ 𝐷0. So 𝐴𝐴𝐴𝜏 (𝑥𝑥𝑥) ∈ 𝐷0 = 𝑍({𝐺}), 
and thus (𝐺◦𝐴𝐴𝐴𝜏 )(𝑥𝑥𝑥) = 0. Therefore 𝜎 ∈ Path(𝑥𝑥𝑥) and 𝑥𝑥𝑥 ∈ 𝐷.

Moreover, note that {𝑏0, 𝑏1,…} ⊆ {1, 2,… , 𝑛} has at most 𝑛 elements, then there exists 𝑗 ∈ {0, 1,… , 𝑛 − 1} and 𝑝 ∈ {1,… , 𝑛} such 
that 𝑏𝑗 = 𝑏𝑗+𝑝. Thus for all 𝑘 ≥ 0 and 𝑡 ≥ 𝑗, 𝑏𝑡+𝑘𝑝 = 𝑏𝑡+𝑘𝑝(𝑖) = 𝑏𝑡(𝑖) = 𝑏𝑡. We have

𝜎 = (𝑎1𝑎2 ⋯ 𝑎𝑗−1)(𝑎𝑗𝑎𝑗+1 ⋯ 𝑎𝑗+𝑝−1)𝜔.

 ∎

Theorem 7. 𝐷 is the largest transitive subset of 𝐷0.

Proof.  According to Lemma 3, it suffices to prove that 𝐷 is transitive. We use the irreducible decomposition 𝐷 = 𝑌1 ∪ 𝑌2 ∪⋯ ∪ 𝑌𝑛 to 
prove transitivity. For any 𝑖 ∈ {1, 2,… , 𝑛}, we have

𝑌𝑖 ⊆ 𝐷 = Back(𝐷) ⊆
⋃

𝑎∈Σ
𝐴𝐴𝐴𝑎

−1(𝐷) =
⋃

𝑎∈Σ

⋃𝑛

𝑗=1
𝐴𝐴𝐴−1

𝑎 (𝑌𝑗).

Note that 𝑌𝑖 is irreducible and for any 𝑎 ∈ Σ and any algebraic set 𝑋 = 𝑍(𝑇 ), 𝐴𝐴𝐴−1
𝑎 (𝑋) = 𝑍({𝑓◦𝐴𝐴𝐴𝑎 ∣ 𝑓 ∈ 𝑇 }) is also algebraic. Then 

there exists 𝑎 ∈ Σ and 𝑗 ∈ {1, 2,… , 𝑛} such that 𝑌𝑖 ⊆ 𝐴𝐴𝐴𝑎
−1(𝑌𝑗 ), i.e., 𝐴𝐴𝐴𝑎(𝑌𝑖) ⊆ 𝑌𝑗 . ∎

Corollary 1.  For any 𝑥𝑥𝑥 ∈ 𝐷, there is an infinite path in Path(𝑥𝑥𝑥) with a regular form 𝜎 = 𝜎0𝜎𝜔1 , where 𝜎0, 𝜎1 ∈ Σ∗, and 𝜎1 is the non-empty 
string.
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6.2.  Algorithms and their complexities

Now we are ready to formally present algorithms of computing 𝐷 for MPP (7), or more precisely, of computing a finite set 𝐵
of generating polynomials of 𝐷 with 𝐷 = 𝑍(𝐵). Thus a program terminates on a given input 𝑥𝑥𝑥 if and only if ⋁𝑓∈𝐵 𝑓 (𝑥𝑥𝑥) ≠ 0 which 
is decidable under the assumption in Remark 3-1. Furthermore, when the field 𝕂 = ℝ and all polynomial coefficients are rational 
numbers, we can even check if a program terminates on a given input set 𝑋, a semi-algebraic set defined by a polynomial formula 
𝜙(𝑥𝑥𝑥). It is equivalent to the unsatisfiability of ⋀𝑓∈𝐵(𝑓 (𝑥𝑥𝑥) = 0) ∧ 𝜙(𝑥𝑥𝑥), which is decidable à la [31].

An algorithm for computing 𝐷 is directly obtained from Theorem 5: it computes the fixed-point of the chain
𝐷0 ⊃ 𝐷1 ⊃ ⋯ ⊃ 𝐷𝑁 = 𝐷𝑁+1 = ⋯ .

In the algorithm, 𝐷𝑛 is represented by a set 𝑆𝑛 ≜
∏

𝜎∈Σ𝑛 𝑇𝜎 of generating polynomials, since by Proposition 7,

𝐷𝑛 =
⋃

|𝜎|=𝑛
𝑍(𝑇𝜎 )

(∗)
= 𝑍

(

∏

𝜎∈Σ𝑛
𝑇𝜎

)

,

where the equality (∗) is from the fact that
𝑍(𝐴1) ∪𝑍(𝐴2) ∪⋯ ∪𝑍(𝐴𝑘) = 𝑍(𝐴1 ⋅ 𝐴2 ⋅ ⋯ ⋅ 𝐴𝑘)

for sets 𝐴1, 𝐴2,… , 𝐴𝑘 of polynomials. The algorithm incrementally computes 𝑆0, 𝑆1,… and stops as soon as the stabilization condition 
𝑍(𝑆𝑛) = 𝑍(𝑆𝑛+1) is satisfied. The detailed procedure is presented in Algorithm 1, in which the stabilization condition is checked via 
the following proposition.

Proposition 8. 𝐷𝑛 = 𝐷𝑛+1 iff 𝑓 ∈ 𝐼(𝑍(𝑇𝜎 )) for all 𝜎 ∈ Σ𝑛 and all 𝑓 ∈
∏

𝜏∈Σ𝑛+1 𝑇𝜏 .

Proof.  Since 𝐷𝑛 is always a superset of 𝐷𝑛+1, by Proposition 7, we have

𝐷𝑛 = 𝐷𝑛+1 ⟺ 𝐷𝑛 ⊆ 𝐷𝑛+1 ⟺
⋃

𝜎∈Σ𝑛
𝑍(𝑇𝜎 ) ⊆

⋃

𝜏∈Σ𝑛+1
𝑍(𝑇𝜏 )

⟺ ∀𝜎 ∈ Σ𝑛 ∶ 𝑍(𝑇𝜎 ) ⊆
⋃

𝜏∈Σ𝑛+1
𝑍(𝑇𝜏 ) = 𝑍(

∏

𝜏∈Σ𝑛+1
𝑇𝜏 )

⟺ ∀𝜎 ∈ Σ𝑛 ∶
∏

𝜏∈Σ𝑛+1
𝑇𝜏 ⊆ 𝐼(𝑍(𝑇𝜎 )).

This completes the proof. ∎

Algorithm 1: Computing NTI from 𝑛-NTI.
input: The dimension 𝑑, the polynomial 𝐺 and the polynomial vectors 𝐴𝐴𝐴1,… ,𝐴𝐴𝐴𝑙.
output: The integer 𝑁 = min {𝑛 ≥ 0 ∣ 𝐷𝑛 = 𝐷𝑛+1} and a basis 𝑆0 of 𝐷𝑁 .

1 set of polynomial sets 𝑆0 ← ∅; ⊳ for generating polynomials of 𝐷𝑛
2 set of polynomial sets 𝑆1 ← {𝑇𝜖}; ⊳ for generating polynomials of 𝐷𝑛+1
3 bool 𝑏 ← False;
4 integer 𝑛 ← −1;
5 while ¬𝑏 do
6 𝑆0 ← 𝑆1;  𝑆1 ← ∅;  𝑛 ← 𝑛 + 1;
7 for 𝑇𝜎 ∈ 𝑆0 do
8 for 𝑎 ← 1 to 𝑙 do
9 𝑇𝜎𝑎 ← 𝑇𝜎 ∪ {𝐺◦𝐴𝐴𝐴𝜎𝑎};
10 𝑆1 ← 𝑆1 ∪ {𝑇𝜎𝑎};

/* test if 𝐷𝑛 = 𝐷𝑛+1 */
11 𝑏 ← True;
12 for 𝑇𝜎 ∈ 𝑆0 do
13 for 𝑓 ∈

∏

𝑆1 do
14 𝑏 ← 𝑏 ∧ (𝑓 ∈ 𝐼(𝑍(𝑇𝜎)));

15 return 𝑛, 𝑆0;

Complexity of Algorithm 1. By Theorem 5, the while loop terminates after 𝑁 iterations, with 𝑁 bounded by 𝐿(𝑑, 𝑔, 𝑎). In the 𝑛th 
iteration, there are mainly two computation steps: the first one is to add the polynomial set 𝑇𝜏 into 𝑆1 for each 𝜏 ∈ Σ𝑛+1 and thus will be 
executed 𝑂(|Σ𝑛+1

|) = 𝑂(𝑙𝑛+1) times; the second step concerns checking the condition 𝑓 ∈ 𝐼(𝑍(𝑇𝜎 )) for all 𝜎 ∈ Σ𝑛 and all 𝑓 ∈
∏

𝜏∈Σ𝑛+1 𝑇𝜏 , 
leading to 𝑂(𝑙𝑛(𝑛 + 2)𝑙𝑛+1 ) times of the membership checking. Thus, the total time complexity is 𝑂(𝑙𝑁 (𝑁 + 2)𝑙𝑁+1 ).
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Remark 6.  As mentioned in Section 3.2, the step of checking 𝑓 ∈ 𝐼(𝑍(𝑇𝜎 )) in Algorithm 1 is decidable via Tarski’s approach [31] 
for field 𝕂 = ℝ or ℂ and rational polynomial coefficients; while for fields beyond ℝ and ℂ, this approach becomes inapplicable and a 
method of Gröbner bases proposed in the latter part of this section will be applied. Here, we study a special case that the field 𝕂 is a 
subfield of ℂ (e.g., the subfields ℚ of rationals and ℚ of algebraic complex numbers), and show that the termination problem of this 
case can be solved by leveraging the case of 𝕂 = ℂ: Suppose that the 𝑛-NTI is obtained in the case of a field 𝕂1, written as 𝐷𝑛

|

|

|𝕂=𝕂1
. 

Then, the 𝑛-NTI with restriction to a subfield 𝕂2 ⊆ 𝕂1 can be derived as

𝐷𝑛
|

|

|𝕂=𝕂2
= 𝐷𝑛

|

|

|𝕂=𝕂1
∩ 𝕂𝑑

2 .

Hence, an MPP of field 𝕂2 terminates on an input 𝑥𝑥𝑥 ∈ 𝕂2 (i.e., 𝑥𝑥𝑥 ∈ 𝐷|

|

|𝕂=𝕂2
) if and only if 𝑥𝑥𝑥 ∈ 𝐷|

|

|𝕂=𝕂1
, which can be checked by 

considering the field as 𝕂1. Moreover, this idea works even for subrings (rather than subfields) of 𝕂1. For instance, when the input 
value of 𝑥𝑥𝑥 and the polynomial coefficients in MPP (7) are all integers (i.e., the subring ℤ of ℂ), one can interpret the field as ℂ and 
compute by Algorithm 1 a set 𝑆 of generating polynomials of the 𝑁𝑇𝐼 𝐷|

|

|𝕂=ℂ
, then the program terminates on input 𝑥𝑥𝑥 if and only 

if ⋁𝑓∈𝑆 𝑓 (𝑥𝑥𝑥) ≠ 0, which is decidable as 𝑥𝑥𝑥 ∈ ℤ𝑑 and 𝑆 ⊆ ℤ[𝑥𝑥𝑥]. Nonetheless, this method does not apply to universal termination for a 
subfield 𝕂0 of ℂ (unless 𝕂0 = ℝ), i.e., to decide whether 𝐷|

|

|𝕂=ℂ
∩ 𝕂𝑑

0 = ∅. For instance, when the subfield is ℚ, it is to determine if a 
set 𝑆 of polynomials with rational coefficients has rational roots, which is generally undecidable (as related to the unsolvability of 
Diophantine equations [37]).

To address the case of an effective field 𝕂 that is not a subfield of ℂ (e.g., a finite field or the field of rational functions), we employ 
the method of Gröbner bases to refine the condition of 𝐷𝑛 = 𝐷𝑛+1. Specifically, by constructing a Gröbner basis 𝐵𝑛 of the set 

∏

𝜎∈Σ𝑛 𝑇𝜎
of generating polynomials of 𝐷𝑛, i.e., 𝐷𝑛 = 𝑍(𝐵𝑛), we check the condition 𝐵𝑛 = 𝐵𝑛+1 instead of 𝐷𝑛 = 𝐷𝑛+1, noting that the former 
always implies the latter (although the converse may not hold). This refined condition can be verified through ideal membership 
checking, which is decidable for any effective field. Formally, we express 𝐷𝑛 by a set of generating polynomials as follows:

Proposition 9. 𝐷𝑛 = 𝑍(𝐵𝑛) for any 𝑛 ∈ ℕ, where 𝐵0 ≜ {𝐺} and 𝐵𝑛+1 ≜ 𝐵𝑛 ∪
∏𝑙

𝑎=1(𝐵𝑛◦𝐴𝐴𝐴𝑎) for 𝑛 ∈ ℕ. Here 𝐵𝑛◦𝐴𝐴𝐴𝑎 ≜ {𝑓◦𝐴𝐴𝐴𝑎 ∣ 𝑓 ∈ 𝐵𝑛}.

Proof.  We prove by induction on 𝑛. For 𝑛 = 0, 𝐷0 = 𝑍({𝐺}) = 𝑍(𝐵0) from the definition; the claim holds. Suppose 𝐷𝑛 = 𝑍(𝐵𝑛), we 
prove that 𝐷𝑛+1 = 𝑍(𝐵𝑛+1). It suffices to prove that 𝑍(𝐵𝑛+1) = Back(𝑍(𝐵𝑛)) from Lemma 2. From the definition of 𝐵𝑛+1, we have

𝑍(𝐵𝑛+1) = 𝑍(𝐵𝑛 ∪
𝑙

∏

𝑎=1
(𝐵𝑛◦𝐴𝐴𝐴𝑎)) = 𝑍(𝐵𝑛) ∩𝑍(

𝑙
∏

𝑎=1
(𝐵𝑛◦𝐴𝐴𝐴𝑎))

= 𝑍(𝐵𝑛) ∩ (
⋃

𝑎∈Σ
𝑍(𝐵𝑛◦𝐴𝐴𝐴𝑎)) =

⋃

𝑎∈Σ
(𝑍(𝐵𝑛) ∩𝑍(𝐵𝑛◦𝐴𝐴𝐴𝑎)).

On the other hand, from Definition 13,

Back(𝑍(𝐵𝑛)) =
⋃

𝑎∈Σ
(𝑍(𝐵𝑛) ∩𝐴𝐴𝐴𝑎

−1(𝑍(𝐵𝑛))).

The proof is then completed by noting that

𝑥𝑥𝑥 ∈ 𝐴𝐴𝐴𝑎
−1(𝑍(𝐵𝑛)) ⟺ 𝐴𝐴𝐴𝑎(𝑥𝑥𝑥) ∈ 𝑍(𝐵𝑛) ⟺ ∀𝑓 ∈ 𝐵𝑛 ∶ 𝑓

(

𝐴𝐴𝐴𝑎(𝑥𝑥𝑥)
)

= 0

⟺ ∀𝑔 ∈ 𝐵𝑛◦𝐴𝐴𝐴𝑎 ∶ 𝑔(𝑥𝑥𝑥) = 0 ⟺ 𝑥𝑥𝑥 ∈ 𝑍(𝐵𝑛◦𝐴𝐴𝐴𝑎),

i.e., 𝑍(𝐵𝑛◦𝐴𝐴𝐴𝑎) = 𝐴𝐴𝐴𝑎
−1(𝑍(𝐵𝑛)). ∎

Polynomials in 𝐵𝑛 are incrementally computed by composition and multiplication of polynomials from 𝐺 and 𝐴𝐴𝐴𝑎, 𝑎 ∈ Σ. Moreover, 
we compute a Gröbner basis of 𝐵𝑛 so that the membership problem 𝑓 ∈ 𝐵𝑛 can be efficiently solved by testing whether Rem(𝑓, 𝐵𝑛) = 0. 
Then, the condition 𝐵𝑛 = 𝐵𝑛+1 can be verified by membership checking. In this way, a more effective and more efficient algorithm 
for computing the NTI is given in Algorithm 2, whose correctness is guaranteed by the following result.

Proposition 10. ∀𝑛 ∈ ℕ∶ 𝐷𝑁̂ = 𝐷𝑁̂+𝑛 for 𝑁̂ ≜ min {𝑛 ∣ 𝐵𝑛 = 𝐵𝑛+1}, and 𝑁̂ ≤ 𝐿(𝑑, 𝑔, 𝑎) − 1, where 𝐿(𝑑, 𝑔, 𝑎) is the same as in Theorem 5.

Proof.  Note that 𝐵𝑛 ⊆ 𝐵𝑛+1 for all 𝑛, thus 𝑁̂ is well-defined due to Theorem 1. Moreover, 𝐵𝑛−1 = 𝐵𝑛 implies 𝐵𝑛 = 𝐵𝑛+1, according to 
the recurrence relation of 𝐵𝑛. Therefore, we have the strict ascending chain:

𝐵0 ⊂ 𝐵1 ⊂ ⋯ ⊂ 𝐵𝑁̂ = 𝐵𝑁̂+1 = ⋯ .

On the other hand, deg(𝐵𝑛) ≤ 𝑔𝑎𝑛−1 since deg(𝐵0) = 𝑔 and

deg(𝐵𝑛+1) = deg(𝐵𝑛 ∪
𝑙

∏

𝑎=1
(𝐵𝑛◦𝐴𝐴𝐴𝑎)) = max(deg(𝐵𝑛), deg(

𝑙
∏

𝑎=1
(𝐵𝑛◦𝐴𝐴𝐴𝑎))) ≤

𝑙
∑

𝑎=1
(deg(𝐵𝑛) deg(𝐴𝐴𝐴𝑎)) = 𝑎 deg(𝐵𝑛).

So, gdeg(⟨𝐵𝑛⟩) ≤ 𝑔𝑎𝑛−1 and thus 𝑁̂ ≤ 𝐿(𝑑, 𝑔, 𝑎) − 1 according to Definition 4. ∎
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Algorithm 2: Computing NTI by Gröbner bases.
input: The dimension 𝑑, polynomial 𝐺 and polynomial vectors 𝐴𝐴𝐴1,… ,𝐴𝐴𝐴𝑙.
output: The integer 𝑁̂ = min {𝑛 ∣ 𝐵𝑛 = 𝐵𝑛+1} and a Gröbner basis 𝐵 of 𝐷𝑁̂ .

1 set of polynomials 𝐵 ← {𝐺}; ⊳ for recording 𝐵𝑛
2 polynomial 𝑓 ← 0;
3 polynomial 𝑟 ← 0; ⊳ to keep track of the remainder
4 integer 𝑛 ← −1;
5 bool 𝑐 ← True;

/* test if 𝐵𝑛 = 𝐵𝑛+1 */
6 while 𝑐 do
7 𝑐 ← False;  𝑛 ← 𝑛 + 1;
8 for 𝑓 ∈

∏𝑙
𝑖=1(𝐵◦𝐴𝐴𝐴𝑖) do

9 𝑟 ← Rem(𝑓, 𝐵);
10 if 𝑟 ≠ 0 then
11 𝐵 ← GB(𝐵 ∪ {𝑟});  𝑐 ← True;

12 return 𝑛, 𝐵;

Complexity of Algorithm 2. There are 𝑁̂ iterations of the while loop during the execution. In the 𝑛th iteration, there are at most |
|

𝐵𝑛+1
|

|

polynomials to be added into 𝐵. Note that |
|

𝐵𝑛
|

|

= 𝑂(2𝑙𝑛−1 ). Thus, the time complexity is 𝑂(2𝑙𝑁̂ ).

Remark 7. As discussed in Remark 6, the advantage of Algorithm 2 lies in its applicability to general effective fields (rather than ℝ
and ℂ in Algorithm 1). However, as a trade-off, we have 𝑁̂ ≥ 𝑁 , i.e., Algorithm 2 may require more iterations than Algorithm 1. In 
the case of 𝑁̂ > 𝑁 , we have 𝑍(𝐵𝑛) = 𝐷𝑛 = 𝐷𝑛+1 = 𝑍(𝐵𝑛+1), but 𝐵𝑛 ⊂ 𝐵𝑛+1. This case is possible, as different polynomials may have 
the same set of roots. The example below demonstrates the case of 𝑁̂ > 𝑁 : 

while (𝑥2 + 𝑦2 = 0) {(𝑥, 𝑦) ∶= (𝑥, 𝑥 + 𝑦); }.

With this loop as input, the iteration in Algorithm 2 yields
GB(𝐵0) = {𝑥2 + 𝑦2}, GB(𝐵1) = {𝑥2 + 𝑦2, 2𝑥𝑦 − 𝑦2, 𝑦3}, GB(𝐵2) = GB(𝐵3) = {𝑥2, 𝑥𝑦, 𝑦2},

thus 𝑁̂ = 2. For 𝕂 = ℂ, the output of Algorithm 1 is 𝑁 = 1, as
𝐷0

|

|

|𝕂=ℂ
= 𝑍(𝐵0) = {(𝑐,±i𝑐) ∣ 𝑐 ∈ ℝ},

𝐷1
|

|

|𝕂=ℂ
= 𝑍(𝐵1) = {(0, 0)} = 𝑍(𝐵2) = 𝐷2

|

|

|𝕂=ℂ
;

while for 𝕂 = ℝ, the output of Algorithm 1 is 𝑁 = 0, as 
𝐷0

|

|

|𝕂=ℝ
= 𝐷0

|

|

|𝕂=ℂ
∩ℝ2 = {(0, 0)} = 𝐷1

|

|

|𝕂=ℂ
∩ℝ2 = 𝐷1

|

|

|𝕂=ℝ
.

7.  Extensions and applications

In this section, we extend the obtained results on MPPs to more general polynomial programs, including polynomial guarded 
commands and MPPs with inequality guards. We further show potential applications to invariant generation.

7.1.  Polynomial guarded commands

Consider a more general model of polynomial programs named polynomial guarded commands (PGCs), which are typical guarded 
commands [38] with all expressions being polynomials and guards being polynomial equalities: 
Definition 14  (PGCs with Equality Guards).  A PGC with equality guards is of the form

do 𝐺1(𝑥𝑥𝑥) = 0 ⟶ 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴1(𝑥𝑥𝑥);
∥ 𝐺2(𝑥𝑥𝑥) = 0 ⟶ 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴2(𝑥𝑥𝑥);

⋮
∥ 𝐺𝑙−1(𝑥𝑥𝑥) = 0 ⟶ 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴𝑙−1(𝑥𝑥𝑥);
∥ 𝐺𝑙(𝑥𝑥𝑥) = 0 ⟶ 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴𝑙(𝑥𝑥𝑥);

od,

where (9)

1. 𝑥𝑥𝑥 ∈ 𝕂𝑑 denotes the vector of program variables;
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2. 𝐺𝑖 ∈ 𝕂[𝑥𝑥𝑥] are polynomials. Like MPPs, a PGC admits general guards of the form ⋁𝑀
𝑖=1

⋀𝑁𝑖
𝑗=1 𝐺𝑖𝑗 (𝑥𝑥𝑥) = 0;

3. 𝐴𝐴𝐴𝑖 ∈ 𝕂𝑑 [𝑥𝑥𝑥] (1 ≤ 𝑖 ≤ 𝑙) are vectors of polynomials, describing the updates of program variables.
Remark 8. 

1. Loosely speaking, given an input 𝑥𝑥𝑥, whenever some guards 𝐺𝑖 are satisfied, one of them is nondeterministically chosen and the 
corresponding assignment is taken. It repeats until none of the guards holds.

2. Evidently, when all 𝐺𝑖(𝑥𝑥𝑥) are identical, the PGC degenerates to an MPP; if 𝐺𝑖(𝑥𝑥𝑥) = 0 ∧ 𝐺𝑗 (𝑥𝑥𝑥) = 0 has no solution in 𝕂 for any 𝑖 ≠ 𝑗, 
the choice among these updates becomes deterministic.

3. Notice that the deterministic choice derived from (9) cannot be used to define a general deterministic choice
if 𝐺(𝑥𝑥𝑥) = 0 then 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴1(𝑥𝑥𝑥) else 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴2(𝑥𝑥𝑥),

as it is equivalent to
if 𝐺(𝑥𝑥𝑥)=0 ⟶ 𝑥𝑥𝑥∶=𝐴𝐴𝐴1(𝑥𝑥𝑥) ∥ 𝐺(𝑥𝑥𝑥)≠0 ⟶ 𝑥𝑥𝑥∶=𝐴𝐴𝐴2(𝑥𝑥𝑥) fi,

which contains 𝐺(𝑥𝑥𝑥) ≠ 0. In [6], Müller-Olm and Seidl proved that the Post Correspondence Problem (PCP) can be encoded 
into the extension of PGCs by allowing polynomial inequations in guards, indicating that termination of such an extension is 
undecidable in general.

Given an input 𝑥𝑥𝑥, the set of paths starting from 𝑥𝑥𝑥 is
Path(𝑥𝑥𝑥) ≜ {𝜎 ∈ Σ∗ ∪ Σ𝜔 ∣ ∀𝜏 ∈ Pre(𝜎), 𝑖 ∈ Σ∶ 𝜏𝑖 ∈ Pre(𝜎) ∪ {𝜎} ⟹ 𝐺𝑖(𝐴𝐴𝐴𝜏 (𝑥𝑥𝑥)) = 0}.

For a path 𝜎 ∈ Path(𝑥𝑥𝑥), the set of corresponding polynomials 𝑇 −
𝜎  is {𝐺𝑖(𝐴𝐴𝐴𝜏 ) ∣ 𝜏𝑖 ∈ Pre(𝜎) ∪ {𝜎}}. Similarly, we have

𝜎 ∈ Path(𝑥𝑥𝑥) ⟺ 𝑥𝑥𝑥 ∈ 𝑍(𝑇 −
𝜎 ).

A PGC is non-terminating on a given input 𝑥𝑥𝑥 if there exists 𝜎 ∈ Path(𝑥𝑥𝑥) s.t. |𝜎| = ∞, otherwise it is terminating. We denote the set of 
non-terminating inputs of the PGC by 𝐷.

Analogous to MPPs, (9) is called 𝑛-terminating on an input 𝑥𝑥𝑥 ∈ 𝕂𝑑 , if |𝜎| ≤ 𝑛 for all 𝜎 ∈ Path(𝑥𝑥𝑥), and the set of 𝑛-non-terminating 
inputs of (9) is defined as

𝐷𝑛 ≜ {𝑥𝑥𝑥 ∈ 𝕂𝑑 ∣ ∃𝜎 ∈ Path(𝑥𝑥𝑥)∶ |𝜎| > 𝑛}.

Analogous to Theorem 5, the NTI 𝐷 and 𝑛-NTI 𝐷𝑛 of a PGC have the properties: 
Theorem 8. 

1. For any 𝑛 ≥ 0, 𝐷𝑛 is an algebraic set.
2. The algebraic sets 𝐷𝑛 form a strict descending chain

𝐷0 ⊃ 𝐷1 ⊃ ⋯ ⊃ 𝐷𝑀 = 𝐷𝑀+1 = ⋯ ,

with 𝑀 ≤ 𝐿(𝑑, 𝑔, 𝑎) where 𝑔 = max{deg(𝐺1),… , deg(𝐺𝑙)} and 𝑎 = deg(𝐴𝐴𝐴1) +⋯ + deg(𝐴𝐴𝐴𝑙).
3. 𝐷 = 𝐷𝑀 .

Based on Theorem 8, algorithms akin to Algorithms 1 and 2 for computing the NTI of a given PGC can be obtained without 
substantial change.

7.2.  MPPs with inequality guards

The method proposed in Section 6 becomes inapplicable as soon as inequalities are involved in the guards of MPPs. In fact, 
the termination problem in this case is generally undecidable (even not semi-decidable [7]) and thus cannot be completely solved. 
However, an incomplete method for proving nontermination can be achieved by our results. The basic idea is to strengthen an 
inequality guard by an equality and then try to prove that the obtained MPP is non-terminating under the strengthened guard.

For example, consider the following MPP with inequality guard:

ineq while (𝑥 ≥ 0)

⎧

⎪

⎨

⎪

⎩

(𝑥, 𝑦) ∶= (𝑥 − 3, 𝑦 − 3);

∥ (𝑥, 𝑦) ∶= (𝑥 − 3𝑦, 𝑦2 + 𝑥2);

∥ (𝑥, 𝑦) ∶= (1, 0);

⎫

⎪

⎬

⎪

⎭

Denote by ineq’ the program obtained by replacing 𝑥 ≥ 0 with 𝑥 − 𝑦2 = 0 in ineq. Obviously, 𝑥 − 𝑦2 = 0 ⟹ 𝑥 ≥ 0, and thus ineq is 
non-terminating for every non-terminating input of ineq’. By our method one can easily verify that with input (𝑥0, 𝑦0) = (1,−1) and 
(4, 2), ineq does not terminate.

The key to proving nontermination using this method is finding appropriate strengthened polynomial equalities 𝐺(𝑥𝑥𝑥) = 0. Accord-
ing to Corollary 1, the program does not terminate on input 𝑥𝑥𝑥 if and only if 𝜎0𝜎𝜔1 ∈ Path(𝑥𝑥𝑥) for some 𝜎0, 𝜎1 ∈ Σ∗. Hence, the set of all 
possible polynomials 𝐺 can be written as ⋃𝜎0 ,𝜎1∈Σ∗ 𝐼𝜎0 ,𝜎1 , where 

𝐼𝜎0 ,𝜎1 ≜ {𝐺 ∈ ℝ[𝑥𝑥𝑥] ∣ 𝜎0𝜎𝜔1 ∈ Path(𝑥𝑥𝑥)} = {𝐺 ∈ ℝ[𝑥𝑥𝑥] ∣ 𝐺(𝐴𝐴𝐴𝜏 (𝑥𝑥𝑥)) = 0 for all 𝜏 ∈ Pre(𝜎0𝜎𝜔1 )}.
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So, 𝐺 is an invariant along with a path 𝜎0𝜎𝜔1  and thus can be computed by existing invariant-generation procedures which are discussed 
in Sections 7.3 and 9. Then it suffices to find one of them that is stronger than the original guard.

For illustration, we propose a concrete procedure of generating 𝐺 for 𝕂 = ℚ. Let 𝑔(𝑥𝑥𝑥) ≥ 0 be the polynomial inequality guard. We 
find the strengthened polynomial of the form 𝐺(𝑥𝑥𝑥) = (1 + 𝑝(𝑥𝑥𝑥))𝑔(𝑥𝑥𝑥) − 𝑞(𝑥𝑥𝑥), where 𝑝(𝑥𝑥𝑥) and 𝑞(𝑥𝑥𝑥) are sum-of-squares polynomials (i.e., 
∑

𝑖 𝑠
2
𝑖 (𝑥𝑥𝑥) with 𝑠𝑖(𝑥𝑥𝑥) ∈ ℚ[𝑥𝑥𝑥]) whose coefficients are parameters. Then 𝐺(𝑥𝑥𝑥) = 0 implies 𝑔(𝑥𝑥𝑥) = 𝑞(𝑥𝑥𝑥)∕(1 + 𝑝(𝑥𝑥𝑥)) ≥ 0. The parameters in 𝑝(𝑥𝑥𝑥)

and 𝑞(𝑥𝑥𝑥) can be instantiated by solving the constraints 𝐺(𝐴𝐴𝐴𝜏 (𝑥𝑥𝑥)) = 0, 𝜏 ∈ Pre(𝜎0𝜎𝜔1 ).

7.3.  Invariant generation for MPPs

Now consider a variant problem: Given vectors of polynomials 𝐴𝐴𝐴𝑖 and an set 𝐷 of inputs, how to discover all polynomial invariants
of the form 𝐺(𝑥𝑥𝑥) = 0 for the MPP with true as the loop guard and 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴1 ∥ ⋯ ∥ 𝑥𝑥𝑥 ∶= 𝐴𝐴𝐴𝑙 as the loop body? When 𝑙 = 1, it is actually 
the dual problem to termination: A subset 𝐷 of the NTI is given, while the polynomial 𝐺 in the loop guard is unknown and needs to 
be found. Consider, for example, 

(𝑥0, 𝑦0) = (0, 0); while (true) {(𝑥, 𝑦) ∶= (𝑥 + 1, 𝑦 + 2𝑥 + 1)}

for which 𝐺(𝑥, 𝑦) = 𝑥2 − 𝑦 serves as an invariant, since (0, 0) is a non-terminating input of the MPP with 𝐺(𝑥, 𝑦) = 0 in the loop guard.
As argued in [39], generating polynomial equality invariants for MPPs is interesting yet challenging, with promising applications 

in program verification. In the literature, however, only a partial solution to the problem is available, which requires the so-called 
solvability assumption [39]. In solvable MPPs, assignments 𝐴𝐴𝐴𝑖 are essentially linear. In what follows, we show that by the approach 
proposed in this paper one can solve this problem without the solvability assumption (provided a bound on the degree of 𝐺(𝑥𝑥𝑥)
instead). That is, given an MPP, a set 𝐷 of inputs and any integer 𝑘, we can generate all polynomial invariants of the form 𝐺(𝑥𝑥𝑥) = 0
with deg(𝐺) ≤ 𝑘 for the MPP.

Our method is essentially an application of Theorems 5 and 6. Consider an MPP with polynomial assignments 𝐴𝐴𝐴𝑖, 1 ≤ 𝑖 ≤ 𝑙, and let 
𝑎 = max{deg(𝐴𝐴𝐴1),… , deg(𝐴𝐴𝐴𝑙)}. Then polynomial 𝐺(𝑥𝑥𝑥) is an invariant if and only if the MPP of form (7) is always non-terminating for all 
execution paths and on all inputs in 𝐷. From Theorems 5 and 6, it suffices to consider execution paths with length 𝐿(𝑑, deg(𝐺), 𝑎) − 1
instead of infinite execution paths. Formally, for any positive integer 𝑘, let Σ𝑘 = {𝜎 ∈ Σ∗ ∣ |𝜎| ≤ 𝐿(𝑑, 𝑘, 𝑎) − 1}. 
Definition 15  (𝑘-Invariants). The set of 𝑘-invariants of the MPP is defined as Inv𝑘(𝐷) ≜ {𝐺 ∈ 𝕂[𝑥𝑥𝑥] ∣ deg(𝐺) ≤ 𝑘, 𝐺(𝐴𝐴𝐴𝜎 (𝑥𝑥𝑥)) = 0 for all𝑥𝑥𝑥 ∈
𝐷, 𝜎 ∈ Σ𝑘}. 

Thanks to the explicit bound 𝐿(𝑑, 𝑘, 𝑎) − 1, the number of all 𝜎 ∈ Σ𝑘 as well as the number of constraints on 𝐺 is finite for a single 
input 𝑥𝑥𝑥. The coefficients of 𝐺 can thus be computed for a finite set 𝐷 using standard constraint-solving techniques, noting that Inv𝑘(𝐷)
forms a linear space over 𝕂 and a basis of it can be computed from the constraints. This ensures that the 𝑘-invariants are computable. 
Moreover, the computability of Inv𝑘(𝐷) holds also for 𝕂 = ℝ and a semi-algebraic set 𝐷 of inputs à la [31].

By Theorems 5 and 6, we obtain the soundness of this invariant generation approach: all polynomials in Inv𝑘(𝐷) are indeed 
invariants of the MPP, i.e., 
Proposition 11. For any 𝐺 ∈ Inv𝑘(𝐷), the MPP with 𝐺(𝑥𝑥𝑥) = 0 as the loop guard and 𝐴𝐴𝐴𝑖 as assignments does not terminate for any input in 
𝐷 and any path in Σ𝜔.

Completeness of the approach is obtained by noting that any polynomial invariant of degree 𝑘 is in Inv𝑘(𝐷). Therefore, 
Theorem 9.  For an MPP on input set 𝐷, Inv𝑘(𝐷) is exactly the set of all polynomial equality invariants of degree ≤ 𝑘.

The set of all polynomial equality invariants of an MPP can then be written as Inv(𝐷) ≜
⋃

𝑘 Inv𝑘(𝐷). Note that computing the set 
Inv(𝐷) is in general impossible [40]; in fact, deciding if Inv(𝐷) ≠ ∅, i.e., if Inv𝑘(𝐷) ≠ ∅ for some 𝑘, is a difficult problem. Hence, it is 
reasonable to consider the invariants in Inv𝑘(𝐷), i.e., polynomial invariants of a fixed degree 𝑘. However, most existing approaches 
in the literature are incomplete for generating polynomials in Inv𝑘(𝐷). For instance, Rodríguez-Carbonell and Kapur’s method is 
incomplete unless the program is linear [41] or solvable [39]; The computation of the strongest algebraic invariant by Hrushovski et 
al. [40] works only for affine programs; Colón’s approach based on abstract interpretation [42] of approximating the set of invariants 
may miss some polynomials in the result (due to the use of pseudo ideals instead of ideals). In contrast, our method guarantees 
completeness of computing Inv𝑘(𝐷) for general polynomial programs. To the best of our knowledge, this is the first work that can 
compute all degree-𝑘 ploynomial equality inviariants for every 𝑘. In additional, it provides an explicit bound 𝐿(𝑑, 𝑘, 𝑎) on the number 
of constraints. Nonetheless, we remark that such a bound is of limited practical use as it is typically huge, as discussed in Remark 5.

8.  Implementation and experiments

We have implemented the proposed algorithms in Maple3 for discovering non-terminating inputs for MPPs. The implementation 
takes an MPP as input, and gives the number 𝑁 of iterations and a set of generating polynomials of the NTI as output. The procedure 
of checking termination on an input value 𝑥𝑥𝑥 – by verifying if 𝑥𝑥𝑥 is a common root of those generating polynomials – is straightforward 
and thus excluded from the implementation. Checking 𝑓 ∈ 𝐼(𝑍(𝑇𝜎 )) in Algorithm 1 is implemented by computing the radical ideals 

3 Available at https://github.com/Chenms404/MPPs.
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Fig. 1. Example MPPs used for evaluation.

of 𝑇𝜎 , which essentially assumes that 𝕂 is algebraically closed, i.e., is ℂ in all examples; while implementation of Algorithm 2 allows 
the use of general 𝕂. The computations of Gröbner bases and ideal membership attribute to the Maple package Groebner and
PolynomialIdeals, respectively. Below, we demonstrate our approach with examples from the literature (see Fig. 1), evaluated on 
a 2.4GHz Intel Core-i5 processor with 16GB RAM running macOS Catalina.
Remark 9. Notice that all the experiments are conducted mainly for the purpose of testing and demonstrating the proposed al-
gorithms. A fully automated tool with applications to real programs is not provided, due to the high complexity of the underlying 
procedures: the membership problem of polynomial ideals is EXPSPACE-complete in the size of the problem instance [29], while the 
computation of Gröbner bases has even higher worst-case complexity. The same issue applies already to the incomplete method [24] 
that only approximates the NTI and checks a group of sufficient (yet not necessary) conditions for termination and/or nontermination. 

The following observations can be drawn from the experimental results collected in Table 1:

1. The Maple implementation of Algorithm 2 works efficiently: it outperforms Algorithm 1 and solves all examples successfully 
within 6 s in total. Algorithm 1, however, tends to be strenuous when 𝑙 or the expected 𝑁 reaches 2, and gets timeouts for cases 
with 𝑁 ≥ 3.

2. 𝑁 equals roughly to 𝑑 in these examples, at least not getting too large in terms of 𝑑, which well explains that despite a worst-case 
complexity doubly exponential in 𝑁 , Algorithm 2 may perform well in practice.

3. Example qtwk is adapted from a nondeterministic quantum program in [35] that models a quantum walk on an undirected graph 
of four vertices. Our approach succeeds in computing the NTI, which coincides with that in [35], and thus provides a proof of 
nontermination.

It is also worth highlighting that, as explained in [24], Examples liu1 and liu3 cannot be handled by the technique thereof based 
on under/over-approximating the NTI, since no information about termination can be inferred from the approximations, whereas 
they are successfully solved by the approach developed in this paper. The same argument applies to other examples like overview. A 
detailed comparison with the approach in [24] in terms of applicability and performance is unfortunately not possible as no publicly 
available implementation is provided therein.
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Table 1 
Evaluation results.

Name Source 𝑑 𝑙 𝑁  Time (sec)
Algorithm 1 Algorithm 2

 overview  [⋆ ]  2  2  1  0.244  0.012
 liu1  [24]  2  2  0  0.003  0.002
 liu2  [24]  2  2  0  0.006  0.002
 loop  [43]  2  2  2  90.881  0.013
 liu3  [24]  1  2  2  121.418  0.009
 ineq’  [⋆ ]  2  3  2  TO  0.056
 prod  [39]  3  2  4  TO  0.948
 liu4  [24]  3  2  4  TO  0.515
 var4  [⋆ ]  4  2  5  TO  4.014
 qtwk  [35]  4  2  1  0.438  0.036

Legends: the first two columns specify the name of the program, and 
the citation from where the program was adapted ([⋆ ] marks exam-
ples developed by the authors). 𝑑 indicates the number of variables 
in the loop, 𝑙 represents the number of branches in the loop body, 
and the last two columns give the time (in seconds) taken by the Al-
gorithms. Timeouts (TO) here are set to 20 min. In addition, 𝑁̂ = 𝑁
holds for all the examples.

9.  Related work

In the literature, various well-established techniques on termination analysis are tailored to linear programs, i.e., programs with 
linear guards and assignments. For single-path linear programs, Colón and Sipma utilized polyhedral cones to synthesize linear ranking 
functions [10]. Podelski and Rybalchenko [11], based on Farkas’ lemma, presented a complete method to find linear ranking functions 
if they exist. Ben-Amram and Genaim [9] extended the above results in the following way: first, they proved that synthesizing linear 
ranking functions for single-path linear programs is in co-NP if program variables are interpreted over the integers ℤ (in contrast 
to the PTIME complexity over the rationals ℚ or reals ℝ); second, they proposed an approach to synthesizing lexicographical ranking 
functions for multi-path linear programs. More recently, Kovács and Varonka established in [44] the undecidability of termination for 
multi-path loops with affine updates and linear inequality conditions.

In recent years, there has been an increasing interest in the termination problem of nonlinear programs due to their omnipresence 
in safety-critical embedded systems. Bradley et al. [7] proposed an approach to proving termination of MPPs with polynomial be-
haviours over ℝ through finite difference trees. A similar idea was exploited in [23] for termination analysis of nonlinear command 
sequences. Typically, with the development of computer-algebra systems, more and more techniques from symbolic computation, for 
instance, polynomial ideals [45–47], Gröbner bases [48,49], quantifier elimination [50] and recurrence relations [39,51], have been 
successfully applied to the verification of programs and control systems. Indeed, these techniques can also be applied to polynomial 
programs to discover termination or nontermination proofs (cf., e.g., [52] for a class of single-path polynomial loops). Chen et al. [13] 
proposed a relatively complete method (w.r.t. a given template) for generating polynomial ranking functions over ℝ by a reduction 
to semi-algebraic system solving. Gupta et al. [15] proposed a practical method to search for counter-examples of termination, by 
first generating lasso-shaped [53] candidate paths and then checking the feasibility of the “lassoes" using constraint solving.

For more general programs, many other techniques, like predicate abstraction, parametric abstraction, Lagrangian relaxation, 
semidefinite programming, etc., have been successfully applied [14,54–56].

The following results are closely related to this paper. Tiwari identified in [5] a class of simple linear loops and proved that its 
universal termination problem is decidable over ℝ. Thereafter, the results were extended to affine loops over ℤ. In particular, universal 
termination of linear loops is decidable over both integers [57] and rationals [8], and further results address loops with at most 4 
variables [17] as well as loops with diagonalizable [17,18] or triangular [19] assignment matrices. Xia and Zhang [22] investigated 
an extension of Tiwari’s simple linear loops by allowing nonlinear loop conditions and proved that the termination problem is still 
decidable over ℝ, yet becomes undecidable over ℤ. Recently, Frohn et al. [58] proved by a reduction to the existential theory of the 
reals that termination of triangular weakly nonlinear loops over ℝ is decidable, and nontermination over ℤ and ℚ is semi-decidable. It 
was further shown in [59] that the halting problem (w.r.t. a given input) is decidable for such loops over any ring that lies between 
ℤ and field ℝ𝔸 of real algebraic numbers. In [7], Bradley et al. proved by a reduction from Diophantine equations that termination 
of MPPs with inequalities as loop conditions is not even semi-decidable. Additionally, Müller-Olm and Seidl [6] proved that the 
termination problem of affine programs with equalities and inequalities is undecidable. This article extends the picture by showing 
the decidability of termination for a family of MPPs with equality conditions.

Now we place our work in position with existing efforts in addressing Seidenberg’s questions concerning the maximal length of 
Hilbert ascending chains. Most pertinently, Moreno-Socías has proposed in [33] a constructive method for explicitly representing an 
upper bound on the length of ascending chains of polynomial ideals. Unfortunately, the obtained bound is incorrect, namely, the 
constructed chain is in fact not the longest. We show that such a spuriously “maximal” length may lead to unsoundness issues when 
being applied to termination analysis of MPPs. Inspired by Moreno-Socías’s results, we present an essentially different approach to 
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constructing a Hilbert ascending chain of the maximal length. A more technical comparison together with an illustrating example 
can be found in Section 4.

Moreover, there are results dedicated merely to the complexity of the length of Hilbert ascending chains (Seidenberg’s second 
question). McAloon [60] proved that for a linear control function 𝑓 , 𝐿(𝑑, 𝑓𝑡) is not primitive recursive on 𝑡, with 𝑓𝑡 defined by 
𝑓𝑡(𝑛) = 𝑓 (𝑛 + 𝑡). Figueira et al. established in [34], through Dickson’s lemma, the relation between the complexity of 𝐿(𝑑, 𝑓𝑡) w.r.t. 𝑡
and that of 𝑓 in the fast-growing hierarchy. These results yield a partial answer to Seidenberg’s questions (i.e., on the non-primitive 
recursiveness) yet without addressing the question by providing an explicit form of 𝐿(𝑑, 𝑓 ). More recently, Steila and Yokoyama [61] 
presented an alternative proof by using 𝐻-closures and exploited termination bounds in terms of reverse mathematics. Compared 
with existing techniques, our method directly computes the maximal length of the chains rather than providing its lower/upper 
bounds. Such an explicit expression for 𝐿(𝑑, 𝑓 ) enables a straightforward way to show the underlying Ackermannian complexity. 
More importantly, it delivers insight into how many iterations a loop at most will take until termination, and hence is useful in 
building a decision procedure for termination. The explicit expression for 𝐿(𝑑, 𝑓 ) also fulfils Liu et al.’s aspirations for “a more precise 
complexity analysis” of the decision algorithms, as stated in [24].

A major difference between our results and the abovementioned ones is that we present a construction of the longest ascending 
chain and a recursive procedure to compute its length, hence Seidenberg’s first question [1] on explicitness is completely answered. 
To the best of our knowledge, this is the first time that such an algorithm is designed for the general case. In contrast, existing work 
mainly focuses on the complexity problem, and thus only upper bounds (rather than the maximal value) of the length are obtained. 
Specifically, (1) In [62], the relaxation of the upper bound does not guarantee equality at each step, nor does it provide the length 
of the longest ascending chain; (2) The method of [34] does not guarantee equality (as noted in Remark 3.1), and consequently, it 
cannot provide the exact value of the maximal length. Instead, they presented the complexity using the fast-growing hierarchy. Our 
results on the Ackermannian nature of the upper bound align with theirs but are weaker; (3) [63] proves the complexity by reduction 
from the coverability problem of reset VAS, which is different from our algorithmic method. It is interesting to compare their method 
of proving Acermannian complexity 𝐹𝜔(𝑝(𝑛)) with the method in [34].

A method similar to our Algorithm 2 appears in [64]. The “zero-stable-restrict” algorithm therein computes the weakest zero-stable 
transition formula, which is analogous to the ideal ⟨𝐵⟩ in Algorithm 2, for polynomial transition systems. These systems are similar 
to MPPs but are considerably more expressive. Nonetheless, a key difference lies in the scope of termination guarantees: In [64], the 
procedure for checking termination is complete only for transition formulas that admit polynomial ranking functions (PRFs). That is, if 
a formula terminates yet admits no PRF, its termination may be missed by their approach – even if non-polynomial ranking functions 
exist. In contrast, termination of MPPs is proved in full generality by our method. More specifically, our decidability results advance 
the understanding of the termination problem in two aspects:
1. We proved (in Theorem 6) that any terminating execution of MPP (7) admits a computable, uniform upper bound 𝐿(𝑑, 𝑔, 𝑎) − 1
on its running time. This bound is independent of both the input values and the nondeterministic choices of execution paths. 
Notably, such uniformity is not established in [64] using the method of PRFs.

2. While [64] considers only polynomials over the field ℚ of rational numbers, our results apply to a broader class of (effective) 
fields 𝕂, as discussed in Remark 3-1.

Both advances are derived from our results on computing the maximal length of polynomial ascending chains in Section 4.

10.  Conclusion

We showed that the termination problem of a family of multi-path polynomial programs with equality conditions is decidable. 
This class of (multi-path) polynomial programs, to the best of our knowledge, is hitherto the largest fragment of nonlinear programs 
with a decidable termination problem: any extension of it by allowing inequalities or inequations in the guards may render the termi-
nation problem undecidable. Two variant algorithms for computing the set of non-terminating inputs, and thus deciding termination, 
are proposed, whose effectiveness was demonstrated on a collection of typical examples from the literature. To analyze complexities 
of the decision algorithms, we proposed a constructive method to compute the maximal length of Hilbert ascending chains of poly-
nomial ideals under a control function. An explicit recursive function is then obtained for computation, which further implies the 
Ackermannian complexity of the length, thereby answering the questions raised by Seidenberg. We discussed potential extensions to 
more general polynomial programs including PGCs and MPPs with inequality guards. A relatively complete approach (in terms of a 
bound on the degree of polynomial equalities) to synthesize polynomial equality invariants for MPPs was also presented.

For future work, identifying the optimal upper bound on the running time of a terminating MPP remains an open question. Another 
problem of particular interest is to consider invariant generation without a priori specified degrees. Note that even for the simplest 
case, namely, with a single variable 𝑥 (i.e., 𝑑 = 1) and a unique assignment 𝐴(𝑥) (i.e., 𝑙 = 1) in the MPP, the problem is non-trivial. In 
this case, a polynomial equality invariant 𝐺(𝑥) = 0 exists if and only if the input state 𝑥0 is a pre-periodical point of 𝐴. We note that 
the problem of deciding whether a rational point is pre-periodical for a given polynomial map is related to the Uniform Boundedness 
Conjecture [65].
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