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Networked cybernetic and physical systems of the Internet of Things (IoT) immerse civilian and industrial

infrastructures into an interconnected and dynamic web of hybrid and mobile devices. The key feature of such

systems is the hybrid and tight coupling of mobile and pervasive discrete communications in a continuously

evolving environment (discrete computations with predominant continuous dynamics). In the aim of ensuring

the correctness and reliability of such heterogeneous infrastructures, we introduce the hybrid 𝜋-calculus

(HpC), to formally capture both mobility, pervasiveness and hybridisation in infrastructures where the network

topology and its communicating entities evolve continuously in the physical world. The 𝜋-calculus proposed

by Robin Milner et al. is a process calculus that can model mobile communications and computations in a very

elegant manner. TheHpC we propose is a conservative extension of the classical 𝜋-calculus, i.e., the extension

is “minimal”, and yet describes mobility, time and physics of systems, while allowing to lift all theoretical

results (e.g. bisimulation) to the context of that extension. We showcase the HpC by considering a realistic

handover protocol among mobile devices.

CCS Concepts: • Theory of computation → Process calculi; Timed and hybrid models; Algebraic
language theory; Operational semantics.

Additional Key Words and Phrases: 𝜋-calculus, Hybrid Systems, Internet of Things, Bisimulation

1 INTRODUCTION
Today’s Internet of Things (IoT) consists of networked cybernetic and physical systems (CPSs)

that improve coordination and observation of large infrastructures by sensing and actuating the

environment using increasingly complex distributed protocols. Most of such systems consist of het-

erogeneous endpoints, physical or cybernetic, of highly variable capacities, resources, connectivity,

mobility, and security. These endpoints combine hardware-embedded functionalities in complex,

distributed, discrete/continuous control loops between small, autonomous and mobile endpoints

and large, secure, high-performance servers, often so from individual, sporadic or intermittent

interactions between “end-user apps”, e.g., smartphones, vehicles, and large infrastructures, e.g.,

clouds, traffic or satellite networks. When designing networked and mobile CPSs of the IoT, we

need to take both the effect of the dynamic change of the network topology (mobility) and the

correctness of the hybrid behaviours (continuous evolution, discrete computation and control, and
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their fusion) of the communicating entities within the network into account. We call such systems

Hybrid and Mobile Systems, of which the complexity reflects in the following four aspects.

Mobility The physical location as well as the communication link of an entity within the network

keeps changing, i.e., the communication topology is dynamically changed as private client-server

channels are transferred as messages using servicing channels.

Privacy The communication within the network usually has privacy requirements. Some entities

may form a local group to communicate with each other, but other joining the network may not

share with this group.

Openness In the runtime of the network, new entities and communication links may be created

and, meanwhile, old or obsolete ones may be deleted at any time, i.e., the network is an open and

dynamic system.

Hybridisation Physical and cybernetic entities in the network perform hybrid behaviour, cou-

pling discrete sensing and actuation protocols and topologically pervasive continuous physical

behaviours.

Hybrid and mobile systems are usually safety-critical, for instance, internet-connected vehicles,

next generation train networks, air-traffic control, unmanned autonomous systems. Any defect in

the design of protocols controlling such distributed systems may lead to catastrophic consequences.

Assuring the safety of heterogeneity systems with mobility and dynamicity forms a challenge

which must be addressed with formal guarantees as mandated by many certification standards for

safety-critical system design. Dealing with the tightly-coupled combination of mobility, privacy,

openness, and hybridisation is the most difficult aspect of this challenge. Unfortunately, and to

the best of our knowledge, no existing calculus covers the full spectrum and complexity of such

infrastructures, despite there commonality in civil and industrial networks.

To address this issue, this article presents a conservative extension of the classical 𝜋-calculus, the

hybrid 𝜋-calculus (HpC). In the 𝜋-calculus, proposed by Robin Milner et al., channels, variables, and

data are all first-class citizens: they are called names. This makes a fundamental difference between

the 𝜋-calculus and other process calculi such as CSP (Communicating Sequential Processes) or CCS

(Calculus of Communicating Systems). A name can be used as a channel to transfer other names

and meanwhile it can be treated as a message transferred by names: a first-class citizen. More

details about 𝜋-calculus can be found in [35–38]. The convention that “names are first-class citizens”

makes the 𝜋-calculus powerful in characterising mobility. Therefore, we adopt this convention in

the HpC, where a name can uniformly be used as a channel, a parameter, an ordinary, continuous

or physical variable. Thanks to this convention, theHpC can model complex networked and mobile

CPSs in a very natural and elegant manner, just like the classic 𝜋-calculus for discrete mobile

communication systems alone.

Contributions. This paper presents the first characterisation of a 𝜋-calculus that has the capability

to compositionally orchestrate the interaction of discretely timed processes and continuously timed

ordinary differential equations (ODEs). The HpC provides a hybrid calculus in which all objects

are first-class citizens:

• Discrete channels and continuous variables are treated uniformly;

• Discrete and continuous processes are equal hybrid processes;

• All channels and processes, discrete or continuous, have both meanings in the discrete and

continuous operational semantics; and

• Last but not least, the HpC is the first calculus to support control-theoretic approximate

bisimulation in the presence of dynamic and mobile channels and processes.
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This combination forms a process algebra, the HpC, to describe protocols amongst hybrid and

mobile systems by allowing for the specification of mobility, real-timed continuous evolution and

discretely-timed concurrent computations and communications. The lean and simple embedding of

discrete and continuous functions in the 𝜋-calculus (there is one proof system for discrete interaction

and one for continuous evolution) allows us to define a theory of bisimulation applying to discrete

and continuous processes alike, providing the most expressive model for the verification of hybrid

and mobile systems. While perhaps surprising, this result is in turn similar to, and an extension of,

earlier results in [41], which proved the discrete relative completeness of differential dynamic logic,

and in [59], which proved the discrete relative completeness of hybrid Hoare logic. We introduce the

real-world case study of a handover protocol for a train control system to demonstrate the benefits

of the HpC to provide an expressive, sound and precise modelling and verification workflow to

model protocols dominated by physics, distribution, real time, dynamicity and mobility, along with

a theory of bisimulation to verify them.

Paper organisation. After reviewing related works in Section 2, some motivating examples in

Section 3 give an overview of theHpC, whose formal syntax and operational semantics are specified

in Section 4 and Section 5. Then, a theory of strong, weak, and approximate bisimulation for the

HpC are introduced in Section 6. The case study of a handover protocol of a real-world train control

system is demonstrated in Section 7. Section 8 concludes.

2 RELATEDWORKS
An important research field and corpus of related works addresses the modelling and verification of

combined continuous and discrete dynamics, also called hybrid systems. It can be roughly classified

into the following categories:

• Graphical modelling tools with simulation engines (Simulink [33, 34], Ptolemy, Modelica),

allow to model closed-loop systems using diagrams, verify and validate them by simulation.

• Automata-based modelling and model-checking based on reachable sets computation ab-

stractly model systems using hybrid automata [1, 23]. Hybrid automata extend finite-state

automata by attaching ordinary differential equations (ODEs) to model continuous evolution

in each state of the system. Verification is conducted by computing reachable sets possibly

with abstraction and approximation [13, 17, 18, 27];

• Process algebra-like modelling together with theorem proving, by which a system is mod-

elled as a process-algebraic term, and verification is done by theorem proving, e.g., differen-

tial dynamical logic [40] and hybrid Hoare logic [31, 59].

• Extended Event-B framework, based on refinement and automated proof to model and verify

hybrid systems, for instance, core hybrid Event-B [6–8] and Event-B hybridisation [16].

Unlike the aforementioned approaches, advanced concurrency models such as the 𝜋-calculus [35]

and its variants do support the expression of mobility and dynamic communication topology. With

these process-algebraic methods, verification is conducted using several forms of bisimulation such

as strong, weak, and branching bisimulation [38, 50]. None of the aforementioned approaches to

the modelling and verification of hybrid systems address mobility and dynamicity.

2.1 Process Algebras for Timed and Hybrid Systems
The notion of Hybrid Process Algebra (HyPA) was first proposed in [15] and it is an extension of the

Algebra of Communicating Processes (ACP) to model hybrid systems. HyPA processes were then

linearised in [49], where a corresponding simulation tool was provided. Hybrid 𝜒 [47] is an extension

of the simulation language 𝜒 to model hybrid systems. Hybrid 𝜒 combines the theories of process

algebra and hybrid automata and can model the dynamic behaviour of systems. Reference [48]
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defined the methods that transform hybrid 𝜒 to other formal models that describe hybrid systems.

The work of [10] combined the process algebra with timing [5], propositional signals [4], and a

process algebra that can describe the interleaving of discrete actions and continuous evolution.

A process algebra combining time and mobility, named TiMo (Timed Mobility), was proposed

in [14] and it was then extended to real-time systems as rTiMo [2]. However, rTiMo only supports

local communication, while in the real-world application, entities can communicate remotely.

Thus, a new model BigrTiMo [56], the combination of Bigraph model and rTiMo, was present.

Compared to the current calculus for mobile distributed systems, BigrTiMo can not only capture

mobility, but also describe space and time constraints. Recently, a timed calculus with mobility,

called MTCWN [55], was proposed to capture mobility in wireless networks.

Of inspiration to the definition of the HpC is He’s works on Hybrid CSP (HCSP) [22, 60] which

provide a uniform characterisation of discrete processes and continuous behaviours in Hoare’s

CSP [24]. However, it does not support mobility, i.e., the dynamic introduction and transmission of

channel names as first-class objects. The classical 𝜋-calculus supports mobility that way, but does

depict the continuous evolution of CPSs. The Φ-calculus, the first extension of 𝜋-calculus to model

hybrid systems, was proposed in [45], and a corresponding verification framework based on spatial

logic was given in [44]. However, the issue of mobility is not the concern of the calculus, and the

tight coupling of hybrid behaviour and mobile communication is also not addressed.

The session 𝜋-calculus [46] is an extension of the 𝜋-calculus that can model communication

protocols between processes in amore structuredmanner. The calculus enjoys a powerful multiparty

session type system bywhich properties like deadlock-freedom and liveness can be proved. However,

it cannot model continuous behaviour. Another calculus of sessions is the multiparty motion

session calculus [32]. It is equipped with continuous-time motion primitives to describe affine

approximations of continuous agents behaviours. It serves as amodelling language for programming

and schedule the coordination of multiple robots. However, it does not support general forms of

ODEs or mobility, i.e., the topology of communication never changes.

2.2 Process Algebras for the Internet of Things
There are some works based on process calculi for the modelling and verification of IoT. For example,

the IoT-calculus [29] is the first process calculus for IoT. It can capture some basic features of IoT

networks, such as the partial topology of communications and the interaction between sensors,

actuators and computing processes to provide useful services to the end user. IoT-LySa [11] is a

process calculus endowed with a static analysis that tracks the provenance and the route of IoT

data, and detects how they affect the behaviour of smart objects. However, neither IoT-calculus nor

IoT-LySa can describe timed behaviour. A process calculus of IoT systems, called CaIT, is proposed

in [30], where timed behaviours, with desirable time, consistency and fairness properties, are

supported. Recently, a secure mobile real-time process calculus for specifying and reasoning about

IoT systems, called SMrCaIT [12], was proposed. It supports not only value-passing communication

but also name-passing communication, and additionally, it can strictly separate process actions and

mobility modelling by providing parametric mobility models. However, SMrCaIT cannot describe

the continuous evolution of entities in physical world.

2.3 Verification of Hybrid Systems
A lot of existing works on verification of hybrid systems use reachability-analysis and theorem

proving methods. Most of the works on reachability analysis model hybrid systems use hybrid

automata, which are verified by computing reachable sets [1]. On the theorem proving side,

differential dynamic logic [40, 42] reasons about hybrid systems using an extension of dynamic

logic to include continuous evolution. HCSP [22] is an extension of CSP that includes continuous
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evolution and interruption by communication. Proof systems based on Hoare logic have been

proposed for HCSP [21, 31, 59]. In this paper, we conduct the verification of HpC processes based

on the notion of bisimulation, which covers the behaviour of discrete communication, mobility of

names, dynamicity of processes, and of continuously timed functions.

There have been some work on simulation and approximate simulation relations between hybrid

systems. Due to the presence of ODEs, it is not possible to maintain an exact simulation relation

between hybrid systems or between a hybrid system and a discrete program executable on a

computer. Hence, the concept of approximate bisimulation is proposed [20] to allow errors up to a

bounded distance between states of the two systems. The distance between two states is usually

defined as the maximum of Euclidean distances of values of variables under states, which is actually

one special case of the quantitative bisimulation proposed in [19, 28]. The work [25] proposes the

use of two parameters on both observable states and transition labels as precisions. Using a similar

notion of approximate bisimulation with two parameters, the work [58] proved correctness of code

generation from HCSP models into SystemC [58] and then into C [53], in the sense that the original

model and the discrete code are approximately bisimilar.

3 OVERVIEW: MOTIVATING EXAMPLES
We introduce some preliminary examples to illustrate how continuous behaviours are represented

in the HpC, starting with continuous time, and then highlight more of its features using more

elaborate ones.

BigBen ≜ {0 | ¤𝑐 = 1, {𝑐}}
The process named BigBen has a free name 𝑐 denoting the clock (highlighted in blue for clarity).

Intuitively, the implementation of BigBen only interacts with the outside world using the (discrete)

communication channel 𝑐 . The evolution of BigBen is continuously defined by an ordinary differen-

tial equation (ODE) ¤𝑐 = 1 with the initial condition 0, where ¤𝑐 is the abbreviation of the derivative

d𝑐
d𝑡

and ¤𝑐 = 1 means 𝑐 increases linearly (with respect to time). The set {𝑐} defines the interface of
the ODE. The notation 𝑐 is an output action, indicating that the real-time value of the clock 𝑐 can

be sensed (read) at any time during its evolution. However, the clock of BigBen cannot be actuated

(written). This would have to be specified by an additional input action 𝑐 in the interface, i.e., {𝑐, 𝑐},
allowing one to reset BigBen with a new value of 𝑐 . BigBen can serve as a global clock that can be

sensed everywhere in the scope of 𝑐 . We can, on the contrary, use 𝑐 as a private name to model the

side effect of a timing constraint, as follows:

wait(𝑑) ≜ (𝜈𝑐){0 | ¤𝑐 = 1 & 𝑐 < 𝑑}
Process wait is parameterised by 𝑑 , to denote the duration and the scope of 𝑐 (private and

localised by 𝜈). No one in the environment can read or write its value (the interface of the ODE is

empty). The constraint 𝑐 < 𝑑 means that the evolution of the ODE terminates once the value of 𝑐

reaches 𝑑 . It is called the boundary condition of the ODE. Concretely, one may depict the evolution

of process wait(d) by the following transition:

wait(d).P d−→ P

In the reminder, we will reuse process wait to express time delays. Now, let us consider a process

observing time from BigBen repeatedly. The process named Observer recursively (modality 𝜇)

reads time 𝑡 from channel 𝑐 , performs some time-sensitive task Task(𝑡) and then waits for two

time units before scheduling the next run. The Observer can interact with BigBen periodically by

sharing channel 𝑐 . This interaction can be modelled by the parallel composition BigBen ∥ Observer.

Observer ≜ 𝜇𝑥 .𝑐 (𝑡).Task(𝑡).wait(2).𝑥
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Remark 1. Notice that name 𝑐 in BigBen is a physical variable of the ODE ¤𝑐 = 1. Meanwhile, it is
used as an output channel (a sensor) in its analog-digital interface {𝑐} with process Observer. The
clock 𝑐 evolves continuously according to ¤𝑐 = 1. During its evolution, BigBen can provide a real-time
value to the observer using the discrete output channel 𝑐 , whenever it is requested to. In this sense, 𝑐
could be called a “continuous channel”. In the HpC, however, we do not distinguish between physical
variables and channels. They are all “first-class citizens” following the convention of the 𝜋-calculus.

3.1 Bouncing Ball
Now, let us consider a classic: a ball falling from an initial height of 5m with initial velocity 0m/s.

The ball falls with a dynamics given by two ODEs
¤ℎ = 𝑣 , its height, and ¤𝑣 = −9.8 m/s

2
, its velocity.

The behaviour of the ball is modelled by the following process:

Ball ≜
{
5 | ¤ℎ = 𝑣

0 | ¤𝑣 = −9.8 , {𝑣, 𝑣}
}

The interface {𝑣, 𝑣} indicates that the environment can sense (𝑣) and actuate (𝑣) the velocity of the

ball. Once the ball hits the ground, its velocity becomes discontinuous: it is reversed. We assume

that the collision of the ball with the ground is inelastic and that its velocity is reversed by a factor

of −0.8, i.e., the ball bounces back and looses 0.2 energy. The effect of hitting the ground implies:

Ground ≜ 𝜇𝑥 .(𝜈𝑐){0 | ¤𝑐 = 1 & ℎ > 0 ∨ 𝑣 ≥ 0}.𝑣 (𝑣0).𝑣 ⟨−0.8𝑣0⟩.𝑥
where 𝑐 is the local time on the ground. It means that the ground waits until the elevation ℎ of the

ball reaches 0 (ℎ ≤ 0) with negative velocity (𝑣 < 0), i.e., the boundary condition ℎ > 0 ∨ 𝑣 ≥ 0

becomes false. When that happens, it reads the velocity of the ball by the input action 𝑣 (𝑣0).
The discrete variable 𝑣0 stores the value of the velocity and the ground inverts it to −0.8 × 𝑣0 by

performing the output action 𝑣 ⟨−0.8𝑣0⟩. The bouncing ball system can be defined by the parallel

composition Ball∥Ground, which causes a Zeno-behaviour: it generates an infinite execution but

the sum of the durations of all the timed actions in the execution is bounded by a constant.

3.2 Mobile Vehicle
At last, we introduce an example reflecting the capability of theHpC in modelling mobility, i.e., the

migration of channel and physical variable names as messages through servicing channels between

processes. We consider a vehicle moving back and forth between two base stations, which control

the movement of the vehicle alternately. The behaviour of the Vehicle can be modelled as follows:

Vehicle ≜ (𝜈𝑝, 𝑣, 𝑎)𝑏1⟨𝑝, 𝑣, 𝑎⟩.


0 | ¤𝑝 = 𝑣

0 | ¤𝑣 = 𝑎

0 | ¤𝑎 = 0

, {𝑝, 𝑣, 𝑎}


Modality 𝜈 creates names 𝑝 , 𝑣 , and 𝑎 to denote its position, velocity, and acceleration, respectively.

These names are private to the Vehicle, which then sends them using the shared channel 𝑏1 to

notify base station Base1 that it may sense and actuate the Vehicle using these names. Once

synchronised, the vehicle behaves according to the set of ODEs { ¤𝑝 = 𝑣, ¤𝑣 = 𝑎, ¤𝑎 = 0}, where 𝑝 , 𝑣 , and
𝑎 are set to 0 initially. The set {𝑝, 𝑣, 𝑎} defines the interface of the ODEs: the output actions 𝑝 and 𝑣

denote that the real-time values of position (𝑝) and velocity (𝑣) of the vehicle can be sensed (read);

the input action 𝑎 indicates that the value of the acceleration (𝑎) of the vehicle can be actuated

(written) by the environment interacting with the ODEs.

Base1 ≜ !𝑏1 (𝑝, 𝑣, 𝑎).𝑝 (𝑝0).
©­­«
[𝑝0 < 100] .𝑣 (𝑣0).𝑎⟨𝑓1 (𝑝0, 𝑣0)⟩.wait(1).𝑏1⟨𝑝, 𝑣, 𝑎⟩
+
[𝑝0 ≥ 100] .𝑏2⟨𝑝, 𝑣, 𝑎⟩

ª®®¬



HpC: A Calculus for Hybrid and Mobile Systems – Full Version 7

Notice that input actions 𝑝 and 𝑣 are not in the interface, indicating that the position (𝑝) and velocity

(𝑣) of the vehicle cannot be modified by the environment. The behaviour of base station 𝑏1 uses

the operator + to denote a non-deterministic choice between two conducts and replication (!) to

model mutual recursion (between stations 1 and 2). Replication !P is equivalent to P∥!P. Intuitively,
it is the parallel composition of infinite Ps. When an instance of P is forked, it receives the actual
parameters (𝑝, 𝑣, 𝑎) on channel 𝑏1 and then forks a process to read the real-time position 𝑝0 of

the vehicle by its name 𝑝 , i.e., 𝑝 (𝑝0). If the vehicle is still within the domain of the base station

(𝑝0 < 100), then (1) the base station continues to read the velocity by its name 𝑣 , i.e., 𝑣 (𝑣0), (2)
adjust the acceleration (𝑎) according to the sensed velocity (𝑣0) and position (𝑝0) of the vehicle by

an algorithm 𝑓1, making the vehicle move forwards, i.e., 𝑎⟨𝑓1 (𝑝0, 𝑣0)⟩, (3) wait for 1 second, i.e.,
wait(1), and (4) repeats the procedure by rebooting itself, i.e., 𝑏1⟨𝑝, 𝑣, 𝑎⟩. Otherwise, if the vehicle
has moved out of range of the station (𝑝0 ≥ 100), the station contacts its neighbour to take control

over the vehicle by sending it the physical variables (𝑝 , 𝑣 , and 𝑎) of the vehicle over channel 𝑏2.

Base1 will then wait until being invoked again by the other station Base2 over channel 𝑏1.
Symmetrically, the behaviour of the second base station is modelled by the matching replication.

Function 𝑓2 orders the vehicle to move back to the first station until the position of the vehicle

reduces to 10. When that happens, the first base station is invoked by 𝑏1⟨𝑝, 𝑣, 𝑎⟩ to take control back
on the vehicle again. The system can bemodelled using parallel composition Vehicle∥Base1∥Base2,
allowing the vehicle to move back and forth between the two base stations.

Base2 ≜ !𝑏2 (𝑝, 𝑣, 𝑎).𝑝 (𝑝0).
©­­«
[𝑝0 > 10] .𝑣 (𝑣0) .𝑎⟨g2 (𝑝0, 𝑣0)⟩.wait(2).𝑏2⟨𝑝, 𝑣, 𝑎⟩
+
[𝑝0 ≤ 10] .𝑏1⟨𝑝, 𝑣, 𝑎⟩

ª®®¬
4 THE HYBRID 𝜋-CALCULUS
In this section, we introduce the syntax of the HpC, along with the notations and the structural

congruence laws that will be used throughout the paper.

4.1 Names and Expressions
We assume an enumerable set of names N , e.g. 𝑥 , 𝑦, 𝑧, · · · , possibly with superscript or subscript.

Unlike discrete channels, which carry values, continuous physical variables are designated by

a subset of names V ⊆ N to denote functions from time to values, usually noted 𝑣 , 𝑢, 𝑤 , etc.

Expressions 𝑒 are defined by the grammar 𝑒 F c | 𝑥 | op ®𝑒 , where c is a constant such as a real

or a string, 𝑥 ∈ N is a name, op represents an operator, and ®𝑒 F ∅ | 𝑒, ®𝑒 is a tuple or vector of
such expressions, and especially, ®c denotes a vector of constants. We use |®𝑒 | and N(®𝑒) to denote
the length of and the set of names in ®𝑒 , respectively. A Boolean expression 𝐵 can be defined (or

derived) from the strictly smaller grammar 𝐵 F false | 𝑒 = 𝑒 | 𝑒 < 𝑒 | 𝐵 ∧ 𝐵 | ¬𝐵.

4.2 Syntax
The syntax of HpC, defined below, is an extension to the classic 𝜋-calculus in [35, 36] with two

constructs, highlighted in blue: (1) a general form of guard [𝐵], and (2) prefix {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R} to
describe the continuous behaviour of a physical process.

In the remainder and for clarity, we use terms P, Q, and R to represent processes and M, N, and W
to denote sums

∑
𝑖∈𝐼 𝜋𝑖 .P𝑖 , where sub-terms guard a process P𝑖 by a prefix 𝜋𝑖 , which can be empty

(silence 𝜏), an input 𝑥 ( ®𝑦), an output 𝑥 ⟨®𝑒⟩, a Boolean clause [𝐵], or a continuous {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}.
The empty sum (𝐼 = ∅) stands for inaction and is noted as process 0. The restriction of a name 𝑥 to

the scope of P is noted (𝜈𝑥)P, its replication noted !P and its parallel composition to P′ noted P∥P′ .
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The term {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P denotes a continuous process. From left to right, it consists of

a vector of expressions ®𝑒0 representing the initial state of the ODE’s variables ®𝑣 and ®𝑒 its vector
field which we require to be locally Lipschitz-continuous (as formally defined in Theorem 6.7).

The Boolean condition 𝐵 defines the domain constraints (range or boundary) of the continuous

variable. Once 𝐵 is violated by the state of the ODE, e.g. ®c, then its evolution stops immediately and

its continuation ( ®𝑦).P is applied to the final state ®c, reducing to P{®c/®𝑦}. Finally, the set R ⊆ {𝑣, 𝑣 |
𝑣 ∈ N (®𝑣)} is called the ready set or interface of the ODE. It declares the channel names which can

be sensed or actuated by discrete processes. For brevity, we omit 𝐵 if it is true and omit R if it is ∅.

Definition 4.1 (Syntax).

𝜋 F 𝜏 (Silent) P F
∑

𝑖∈𝐼 𝜋𝑖 .P𝑖 (Sum)
| 𝑥 ( ®𝑦) (Input) | (𝜈𝑥)P (Restriction)
| 𝑥 ⟨®𝑒⟩ (Output) | P∥P′ (Parallel)
| [𝐵] (Guard) | !P (Replication)
| {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦) (Continuous)

Remark 2. For a continuous action {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}, i.e., we do not assume that N(®𝑒) ⊆ N (®𝑣) or
N(𝐵) ⊆ N (®𝑣) (as opposed to autonomous systems, whose continuous variables are local). For instance,
{0 | ¤𝑣 = 𝑤 & 𝑢 < 1, {𝑣, 𝑣}} allows to reference external physical variables𝑤 and 𝑢.

4.3 Scope of Names
WewriteB(P) for the names bound in P by an occurrence of the 𝜈 prefixes and, conversely, F (P) for
the free names of P. For example, F (𝑥 ( ®𝑦) .P) = {𝑥} ∪ F (P) − N (®𝑦) and B(𝑥 ( ®𝑦).P) = B(P) ∪ N (®𝑦).
We adopt Barendregt’s Convention that the free and bound names of each process are disjoint:

F (P) ∩ B(P) = ∅ for all P and hence N(P) = F (P) ⊎ B(P).

4.4 Structural Congruence
Structural congruence ≡ is defined as the smallest congruence satisfying the following laws:

• If P is an 𝛼-conversion of Q, then P ≡ Q.
• Commutativity: P∥Q ≡ Q∥P and M + N ≡ N + M.
• Associativity: (P∥Q)∥R ≡ P∥(Q∥R) and (M + N) + W ≡ M + (N + W).

Equivalences of P∥0 ≡ P, M + 0 ≡ M, (𝜈𝑥)0 ≡ 0, (𝜈𝑥) (P∥Q) ≡ P∥(𝜈𝑥)Q if 𝑥 ∉ F (P), and so on are

proved with the strong bisimulation relation ∼ defined in Section 6.1.

5 OPERATIONAL SEMANTICS
In this section, we first define the substitutions on expressions and processes in Section 5.1. Then,

we define states and flows in Section 5.2 and 5.3 to describe the dynamics of a physical process. A

state maps names to reals while a flow is a function over time describing the trajectory or evolution

of a physical process. Section 5.4 specifies the operational semantics of the proposed HpC, where
we can see how continuous variables are viewed as channels sampled by discrete processes.

5.1 Substitutions
A substitution Δ ≜ {𝑒1/𝑥1, · · · , 𝑒𝑛/𝑥𝑛}, also written {𝑒1, · · · , 𝑒𝑛/𝑥1, · · · , 𝑥𝑛} or {®𝑒/®𝑥}, maps pairwise

distinct names 𝑥𝑖 (i.e. 𝑖 ≠ 𝑗 ⇒ 𝑥𝑖 ≠ 𝑥 𝑗 ) of a process P (resp. an expression 𝑒) to an expression

𝑥𝑖Δ = 𝑒𝑖 , for all 1 ≤ 𝑖 ≤ 𝑛, written PΔ (resp. 𝑒Δ), and acts as the identity otherwise.
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5.2 States
A state 𝜎𝑉 : 𝑉 → R maps the continuous variables in 𝑉 ⊆ V to reals. We note it 𝜎 if its domain

dom(𝜎) = 𝑉 is specified. The union of two states 𝜎 ∪ 𝜎 ′
is defined iff. 𝜎 and 𝜎 ′

agree on common

names: for all 𝑥 ∈ dom(𝜎) ∩ dom(𝜎 ′), 𝜎 (𝑥) = 𝜎 ′ (𝑥). Let ®𝜔 be a vector of names and constants. The

evaluation of ®𝑒 in state 𝜎 , denoted ⟦®𝑒⟧𝜎 , is defined by the following rules:

⟦c⟧𝜎 = c
𝑥 ∈ dom(𝜎)
⟦𝑥⟧𝜎 = 𝜎 (𝑥)

𝑥 ∉ dom(𝜎)
⟦𝑥⟧𝜎 = 𝑥

op ⟦®𝑒⟧𝜎 = ®𝜔
⟦op ®𝑒⟧𝜎 = ®𝜔 ⟦𝑒, ®𝑒⟧𝜎 = ⟦𝑒⟧𝜎 , ⟦®𝑒⟧𝜎

For brevity, ⟦®𝑒⟧ denotes ⟦®𝑒⟧𝜎∅ , for example, ⟦1+2⟧ = 3, ⟦𝑥⟧ = 𝑥 , and ⟦𝑥 = 𝑥⟧ = true, while ⟦1/0⟧,
⟦𝑥 + 1⟧, and ⟦𝑥 > 𝑦⟧ are undefined. Evaluation acts as substitution, hence ⟦𝑥⟧𝜎 = 𝑥 if 𝑥 ∉ dom(𝜎).

5.3 Flows
A flow 𝜌d

𝑉
: [0, d) → 𝑉 → R is defined by a function over time using a set of continuous variables

𝑉 ⊆ V . 𝜌d
𝑉
(𝑡) designates the state of 𝑉 at time 𝑡 ∈ [0, d). For brevity, we write Left(𝜌d

𝑉
) ≜ 𝜌d

𝑉
(0)

and Right
− (𝜌d

𝑉
) ≜ lim𝑡→d− 𝜌

d
𝑉
(𝑡) for the left and right-limit states of 𝜌d

𝑉
, respectively. The name

set and the duration of 𝜌d
𝑉
are obtained byN(𝜌d

𝑉
) = 𝑉 and |𝜌d

𝑉
| = d. Therefore, in what follows, we

omit𝑉 and d and use 𝜌 to denote a flow. We require 𝜌 to be right continuous and semi-differentiable
within its domain. Additionally, the left limit at the end point of any flow should exist:

Right Continuity ∀𝑣 ∈ N (𝜌) � ∀𝑡 ∈ [0, |𝜌 |) � 𝜌 (𝑡) (𝑣) = lim𝑡→0
+ 𝜌 (𝑡) (𝑣).

Semi-differentiablity ∀𝑣 ∈ N (𝜌) � ∀𝑡 ∈ (0, |𝜌 |) � ∃c1, c2 ∈ R � ¤𝜌 (𝑡−) (𝑣) = c1 ∧ ¤𝜌 (𝑡+) (𝑣) = c2,
where ¤𝜌 (𝑡±) (𝑣) ≜ lim𝜀→0

± (𝜌 (𝑡 + 𝜀) (𝑣) − 𝜌 (𝑡) (𝑣)) /𝜀 for ± ∈ {+,−}.
Left Limit ∀𝑣 ∈ N (𝜌) � ∃c ∈ R � Right− (𝜌) (𝑣) = c.

Two flows 𝜌 and 𝜌 ′ can be concatenated, denoted 𝜌⌢𝜌 ′, if the right limit of 𝜌 and the initial state

of 𝜌 ′ coincide, i.e. Right− (𝜌) = Left(𝜌 ′). Formally, (𝜌⌢𝜌 ′) (𝑡) = 𝜌 (𝑡) if 0 ≤ 𝑡 < |𝜌 | and 𝜌 ′ (𝑡 − |𝜌 |)
if |𝜌 | ≤ 𝑡 < |𝜌 | + |𝜌 ′ |. The union and intersection of two flows are defined if they have the same

duration and agree on the common names. We define 𝜌 ⊎ 𝜌 ′ = 𝜌 ∪ 𝜌 ′ if N(𝜌) ∩ N (𝜌 ′) = ∅. In
addition, 𝜌 − 𝜌 ′ = 𝜌 ′′ if 𝜌 = 𝜌 ′′ ⊎ (𝜌 ∩ 𝜌 ′).
A flow 𝜌 can be refined as a pair 𝒜 · 𝒢, logically equivalent to 𝒜 ⊎ 𝒢, where 𝒢 is the flow

of the continuous variables defined in the process under consideration and 𝒜 is the flow of the

(undefined) continuous variables it uses. In other words,𝒜 is the trajectory of continuous variables

defined in the environment with which the process interacts. In this sense, 𝒜 and𝒢 may be called

the assumption and guarantee, respectively, in terms borrowed from contract theory [9]. A flow

𝒜 ·𝒢 is said to be closed if N(𝒜) = ∅, i.e., it has no assumption on the environment. In control

theory, it is hence called an autonomous system (the actual implementation of a physical process).

The composition of flows can algebraically be defined as the composition of contracts:

(𝒜 ·𝒢) ⊗ (𝒜′ ·𝒢′) ≜
(
(𝒜 −𝒢

′) ∪ (𝒜′ −𝒢)
)
· (𝒢 ∪𝒢

′)

In the remainder, we use 𝜌 and𝒜 ·𝒢 to denote a flow, interchangeably. We say a set of ODEs
¤®𝑣 = ®𝑒

evolves along a flow𝒜 ·𝒢, denoted ⟦¤®𝑣 = ®𝑒⟧𝒜 ·𝒢, iff (1) N(𝒢) = N(®𝑣) and N(𝒜) = N(®𝑒) − N (®𝑣),
and (2) ∀𝑡 ∈ (0, |𝒜 ·𝒢 |) � ¤𝒢(𝑡) (®𝑣) = ⟦®𝑒⟧(𝒜 ·𝒢) (𝑡 ) . Similarly, we say a Boolean expression 𝐵 keeps

holding along a flow 𝜌 , denoted ⟦𝐵⟧𝜌 , iff ∀𝑡 ∈ [0, |𝜌 |) � ⟦𝐵⟧𝜌 (𝑡 ) = true.

5.4 A Structural Operational Semantics
The operational semantics is defined by a proof system that consists of two rule-sets:

(1) A set of discrete transition rules, for example, P
𝜏−→ Q.

(2) A set of, so called, continuous evolution rules, for example, P
d−→ Q where d > 0.
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While the first one defines transitions that can conceptually be perceived as taking “discrete” or no

time to perform an action, like a conventional labelled transition system, the second rule-set does,

on the contrary, define the continuous trajectories of an hybrid system over time.

5.4.1 Abstractions and Concretions. To express the discrete transition relation correctly, we intro-

duce the notions of abstractions and concretions due to [36].

Definition 5.1 (Abstraction and concretion). ( ®𝑥).P is an abstraction of process P. Two abstractions

are structurally congruent (≡) if, up to 𝛼-conversion, their bound names ®𝑥 are identical and their

processes are structurally congruent. Conversaly, (𝜈 ®𝑦)⟨®𝑒⟩.P is a concretion of process P withN(®𝑦) ⊆
N (®𝑒). Two concretions are structurally congruent if, up to alpha-conversion and re-ordering of

restricted names, their prefixes (𝜈 ®𝑦)⟨®𝑒⟩ are identical and their processes are structurally congruent.

We highlight abstractions as F or G and concretions as C or D, as they have a specific usage. An

agent A or B is either an abstraction or a concretion. An ordinary process P is a special kind of

agent: it is both an abstraction ().P and a concretion ⟨⟩.P.

Definition 5.2 (Ions). Abstraction and a concretion can be regarded as positive and negative ions.
Assuming 𝑦 ∉ N(®𝑥) and N(®𝑥) ∩ F (Q) = ∅, then:

(𝜈𝑦) ( ®𝑥).P ≜ ( ®𝑥).(𝜈𝑦)P and (( ®𝑥).P) ∥Q ≜ ( ®𝑥).(P∥Q)

((𝜈 ®𝑥)⟨®𝑒⟩.P) ∥Q ≜ (𝜈 ®𝑥)⟨®𝑒⟩.(P∥Q) and (𝜈𝑦) ((𝜈 ®𝑥)⟨®𝑒⟩.P) ≜
{

(𝜈𝑦, ®𝑥)⟨®𝑒⟩.P if 𝑦 ∈ N (®𝑒)
(𝜈 ®𝑥)⟨®𝑒⟩.(𝜈𝑦)P otherwise

Definition 5.3 (Application). The application of an abstraction and a concretion is defined by

( ®𝑥).P@(𝜈 ®𝑦)⟨®𝑒⟩.Q ≜ (𝜈 ®𝑦) (P{®𝑒/®𝑥}∥Q), assuming that N(®𝑦) ∩ F (P) ⊆ N (®𝑥). In particular, for an

abstraction F = ( ®𝑥).P, we write F⟨®𝑒⟩ for F@⟨®𝑒⟩ to mean P{®𝑒/®𝑥}.

5.4.2 Small-step Operational Semantics. The transition of a process P to an agent A performing the

action 𝛼 is defined by P
𝛼−→ A. The action 𝛼 can be discrete or continuous:

(1) A discrete action 𝜆, which can either be silent (𝜏), an input 𝑥 , or an output 𝑥 ;

(2) A continuous action ⟨𝜌,R⟩, which describes the continuous trajectory defined by a flow 𝜌

and a ready set of channels R, pending communication during the evolution.

The operational semantics is defined by the rule-sets of Table 1, for discrete transitions, and of

Table 2, for continuous evolution. We first define the structural equivalence rule. It stipulates that, if

two processes are structurally congruent, then they have the same behaviour. Rule [Eqv] provides
alpha-equivalence, commutativity, associativity to both transition systems: it is labelled by 𝛼 .

P ≡ Q Q
𝛼−→ B B ≡ A

P
𝛼−→ A

[Eqv]

Rule [𝜆-Act]. Top-left of Table 1, a sum is represented as 𝜆A + M, where 𝜆 is a discrete action

(silence 𝜏 , input 𝑥 , or output 𝑥 ) and A is an agent (abstraction, concretion, or process). The agent A
is triggered if 𝜆 is executed.

Rule [Pass]. If the Boolean expression 𝐵 evaluates to true, the process [𝐵] .P+M silently transitions
to P. Guards allow to define if 𝐵 then P else Q by [𝐵] .P + [¬𝐵] .Q
Rule [Sense]. A process of continuous prefix can be selected for sensing to allow an ODE be

interrupted and sensed by the environment. Assume that 𝑣 is the 𝑖-th element of ®𝑣 in the ODE:

𝑣 = ®𝑣 (𝑖). Then, the output action 𝑣 in the interface R indicates that the current value of 𝑣 𝑒 = ®𝑒0 (𝑖)
can be sent out by 𝑣 . Thus, the continuous process transitions to a concretion whose “charge” is ⟨𝑒⟩
by the output action 𝑣 ∈ R. Notice that sensing does not stop the ODE. After merging the “charge”

⟨𝑒⟩ with the environment, the ODE continues to evolve from its current state ®𝑒0.
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Rule [Actuate]. Actuation is symmetric to sensing: a process of continuous prefix can be

interrupted for actuation. The presence of an input action 𝑣 in the interface R indicates that the

current value of 𝑣 , i.e., ®𝑒0 (𝑖), can be modified to a new value, denoted by a fresh variable 𝑥 . When

that happens, the 𝑖-th element of ®𝑒0 is replaced with 𝑥 , represented by ®𝑒1 = ®𝑒0 [𝑖 ↦→ 𝑥] (to mean

that ®𝑒1 (𝑖) = 𝑥 and ®𝑒1 ( 𝑗) = ®𝑒0 ( 𝑗) for all 𝑗 ≠ 𝑖). In the conclusion of the rule, the continuous process

transitions to an abstraction whose “charge” is (𝑥) by an input action 𝑣 ∈ R. Similarly, actuation

does not stop an ODE, i.e., once an actual value substitutes the “charge” (𝑥) by composition, the

resumes its evolution with its updated state.

Table 1. Discrete transitions

𝜆A + M
𝜆−→ A

[𝜆-act] ⟦𝐵⟧ = true

[𝐵] .P + M
𝜏−→ P

[Pass]

𝑣 ∈ R 𝑣 = ®𝑣 (𝑖) ®𝑒0 (𝑖) = 𝑒

{®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P + M
𝑣−→ ⟨𝑒⟩.{®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P

[Sense]

𝑣 ∈ R 𝑣 = ®𝑣 (𝑖) ®𝑒1 = ®𝑒0 [𝑖 ↦→ 𝑥] 𝑥 ∉ N(®𝑒0, ®𝑣, ®𝑒, 𝐵, ®𝑧) ∪ N (P)
{®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P + M

𝑣−→ (𝑥).{®𝑒1 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P
[Actuate]

P
𝜆−→ A

P∥Q 𝜆−→ A∥Q
[Par] P

𝑥−→ F Q
𝑥−→ C

P∥Q 𝜏−→ F@C
[Sync] P

𝜆−→ A 𝜆 ∉ {𝑥, 𝑥}

(𝜈𝑥)P 𝜆−→ (𝜈𝑥)A
[Res] P∥!P 𝜆−→ A

!P
𝜆−→ A

[Rep]

Rule [Sync]. As for the rule of sensing and actuation, an input action 𝑥 produces an abstraction

F which synchronises with the concretion C of the matching output action 𝑥 . It results in a silent

action 𝜏 and the application F@C.
Rule [Par]. Parallel processes P∥Q may also evolve independently w.r.t. a discrete action 𝜆.

Rule [Res]. Restriction (𝜈𝑥)P behaves as P if its discrete action 𝜆 does not concern the name 𝑥 ,

i.e., 𝜆 ∉ {𝑥, 𝑥}. The rule stipulates that references to 𝑥 cannot escape the scope of (𝜈𝑥) (·).
Rule [Rep]. The meaning of replication !P reflects the intuition of forking an unlimited number

of copies of P in parallel. Replication can model recursion as 𝜇𝑥 ( ®𝑦).P@⟨®𝑒⟩ ≜ (𝜈𝑥)
(
𝑥 ⟨®𝑒⟩∥!𝑥 ( ®𝑦).P

)
.

For convenience, we write 𝜇𝑥 .P for 𝜇𝑥 ().P@⟨⟩ as, e.g., in the recursion Ground in Section 3.1.

The rule-sets in Table 2 define the continuous behaviours of all (hybrid) processes.

Rule [Run]. A run describes the evolution of a continuous prefix {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}. It starts
from the initial state represented by a vector of expressions ®𝑒0 and then evolves according to

the (set of) ODE(s)
¤®𝑣 = ®𝑒 . Thus, ®𝑒0 should be evaluated with respect to the initial state of 𝒢, i.e.,

Left(𝒢) (®𝑣) = ⟦®𝑒0⟧. Then, the derivative ¤®𝑣 = ®𝑒 must evaluate to true along the entire trajectory

𝒜 ·𝒢, i.e., ⟦¤®𝑣 = ®𝑒⟧𝒜 ·𝒢. The state of the ODE evolves within the boundary defined by 𝐵, i.e., ⟦𝐵⟧𝒜 ·𝒢
while the channels in the ready set R listen to the environment. The final state of ®𝑣 of the evolution
is defined by the limit Right

− (𝒢) (®𝑣) = ®c. However, the premise ⟦𝐵⟧Right− (𝒜 ·𝒢) should still hold

when that happens, allowing the process to resume from state ®c and, e.g., an interruption using

rules [Sense] or [Actuate] of Table 1.
Rule [Stop]. Continuous evolution stops once it reaches the boundary of 𝐵. Starting from the

initial condition ⟦®𝑒0⟧, the ODE evolves along the trajectory𝒜 ·𝒢 until it reaches its boundary, i.e.,

¬⟦𝐵⟧Right− (𝒜 ·𝒢) , unlike rule [Run]. Once the evolution stops, the current state ®c = Right
− (𝒢) (®𝑣)

of the ODE is transferred to its continuation, ( ®𝑦).P, i.e., ( ®𝑦).P@⟨®c⟩ ≡ P{®c/®𝑦}.
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Table 2. Continuous evolution

Left(𝒢) (®𝑣) = ⟦®𝑒0⟧ Right
− (𝒢) (®𝑣) = ®c ⟦¤®𝑣 = ®𝑒⟧𝒜 ·𝒢 ⟦𝐵⟧𝒜 ·𝒢 ⟦𝐵⟧Right− (𝒜 ·𝒢)

{®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P + M
⟨𝒜 ·𝒢,R⟩
−−−−−−−→ {®c | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦) .P

[Run]

Left(𝒢) (®𝑣) = ⟦®𝑒0⟧ Right
− (𝒢) (®𝑣) = ®c ⟦¤®𝑣 = ®𝑒⟧𝒜 ·𝒢 ⟦𝐵⟧𝒜 ·𝒢 ¬⟦𝐵⟧Right− (𝒜 ·𝒢)

{®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P + M
⟨𝒜 ·𝒢,R⟩
−−−−−−−→ P{®c/®𝑦}

[Stop]

∀𝑖 ∈ 𝐼 � 𝜆𝑖 ≠ 𝜏∑
𝑖∈𝐼 𝜆𝑖A𝑖

⟨𝜌d
∅ ,{𝜆𝑖 }𝑖∈𝐼 ⟩−−−−−−−−−→ ∑

𝑖∈𝐼 𝜆𝑖A𝑖

[Wait] P
⟨𝜌,R⟩
−−−−→ P′ Q

⟨𝜌 ′,R′ ⟩
−−−−−→ Q′ R ∩ R′ = ∅

P∥Q
⟨𝜌⊗𝜌 ′,R∪R′ ⟩
−−−−−−−−−−→ P′∥Q′

[Par′]

P
⟨𝒜 ·𝒢,R⟩
−−−−−−−→ P′ 𝑥 ∉ N(𝒜)

(𝜈𝑥)P
⟨𝒜 ·𝒢,R⟩\𝑥
−−−−−−−−−→ (𝜈𝑥)P′

[Res′] P
⟨𝜌,R⟩
−−−−→ P′ R ∩ R = ∅

!P
⟨𝜌,R⟩
−−−−→ !P′

[Rep′]

Example 5.4. Consider {1 | ¤𝑣 = 𝑣 & 𝑣 < 5}(𝑦).P, where the solution of { ¤𝑣 = 𝑣} with initial

condition 𝑣 (0) = 1 is 𝑣 (𝑡) = exp(𝑡) for 𝑡 > 0. It may evolve for ln(5) time units and then stop to

execute the continuation by rule [Stop]:
Left(𝒢) (𝑣) = ⟦1⟧ Right

− (𝒢) (𝑣) = 5 ⟦¤𝑣 = 𝑣⟧𝒜 ·𝒢 ⟦𝑣 < 5⟧𝒜 ·𝒢 ¬⟦𝑣 < 5⟧Right− (𝒜 ·𝒢)

{1 | ¤𝑣 = 𝑣 & 𝑣 < 5}(𝑦).P
⟨𝒜 ·𝒢,∅⟩
−−−−−−→ P{5/𝑦}

where 𝒜 · 𝒢 is the flow with |𝒜 · 𝒢 | = ln(5), N(𝒜) = ∅, N(𝒢) = {𝑣}, and 𝒢(𝑡) (𝑣) = exp(𝑡).
Also, the process may evolve for mere 1 time units by rule [Run], i.e., |𝒜 · 𝒢 | = 1, N(𝒜) = ∅,
N(𝒢) = {𝑣}, and𝒢(𝑡) (𝑣) = exp(𝑡). The target process may then evolve for ln(5) − 1 time units to

reach P{5/𝑦}, i.e., the flow from {1 | ¤𝑣 = 𝑣 & 𝑣 < 5}(𝑦).P to P{5/𝑦} is chopped into two segments.

Left(𝒢) (𝑣) = ⟦1⟧ Right
− (𝒢) (𝑣) = exp(1) ⟦¤𝑣 = 𝑣⟧𝒜 ·𝒢 ⟦𝑣 < 5⟧𝒜 ·𝒢 ⟦𝑣 < 5⟧Right− (𝒜 ·𝒢)

{1 | ¤𝑣 = 𝑣 & 𝑣 < 5}(𝑦).P
⟨𝒜 ·𝒢,∅⟩
−−−−−−→ {exp(1) | ¤𝑣 = 𝑣 & 𝑣 < 5}(𝑦).P

Rule [Wait]. In the continuous semantics, a sum

∑
𝑖∈𝐼 𝜆𝑖A𝑖 holding discrete input and output

actions prefixes (i.e. 𝜆𝑖 ≠ 𝜏) is regarded as choice waiting for an interruption to happen. To that

effect, its prefixes are added to the ready set as {𝜆𝑖 }𝑖∈𝐼 and its flow is empty (𝜌d∅).
Rule [Par′]. Two processes evolving in parallel, P∥Q, can synchronise over the same period of

time by jointly orchestrating the “contractual” composition 𝜌 ⊗ 𝜌 ′, that is, if one is not waiting for

the other to communicate, i.e., R ∩R′ = ∅, where R ≜ {𝑥,𝑦 | 𝑥,𝑦 ∈ R} is the dual of R. Conversely,

if R ∩ R′ ≠ ∅, both parties are waiting for a discrete communication to occur with a matching

channel. This must instead be done immediately, by using rules [Sense], [Actuate] or [Sync],
instead of rule [Par′], which does not apply in that case.

Example 5.5. Consider the parallel composition of 𝑥 (𝑦).P and 𝑥 ⟨1⟩.Q, it can be resolved by using

rule [Sync] in Table 1, instead of [Par′] in Table 2, because the ready sets match {𝑥} ∩ {𝑥} = {𝑥}.

Rule [Res′]. Similarly, if P can perform the trajectory 𝒜 ·𝒢 if the scope of 𝑥 is restricted to P
(it is not an assumption𝒜), then (𝜈𝑥)P can perform the same trajectory while keeping the name
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𝑥 private to P, represented by ⟨𝒜 ·𝒢,R⟩\𝑥 , which is equivalent to ⟨𝒜 ·𝒢\𝑥,R − {𝑥, 𝑥}⟩, where
𝒢\𝑥 = 𝒢 if 𝑥 ∉ N(𝒢) and𝒢′

if𝒢 = 𝒢
′ ⊎𝒢𝑥 with N(𝒢𝑥 ) = {𝑥}.

Rule [Rep′]. A continuous transition from P to P′ implies one from !P to !P′. Intuitively, it is a
special case of rule [Par′], since !P can actually be seen as copies of P executing in parallel.

Remark 3. A continuous action of the form ⟨𝜌d∅, ∅⟩ denotes an evolution that lasts for d time, whose
trajectory cannot be observed (it has no observable variable in lexical scope) and whose ready set is
empty. It hence can be treated by its side-effect: a delay of time, and simplified as d, the duration of the
delay. For example, the transition from wait(d) in Section 3 may adopt this simplification.

6 BISIMULATION AND CONGRUENCE
The HpC is a conservative extension of the classical 𝜋-calculus. As we have seen, the extension

is operationally “minimal”, and is yet able to describe mobility and physics while allowing to

lift existing theoretical results (e.g. bisimulation) of the classic 𝜋-calculus [36] to the context of

that extension. We first define strong and weak bisimulations in the HpC, extended to hybrid

systems, and prove some of its desired properties. Then, we define the notion of approximate

bisimulation, which can be treated as the generalised form of weak bisimulation. It is worth

mentioning that approximate bisimulation is, to date, only known for first-order calculi (i.e. without

process dynamicity or channel mobility).

6.1 Strong Bisimulation and Congruence
Definition 6.1 (Strong Bisimulation). Let F and G denote abstractions and C and D concretions, a

binary relation S over the processes is a strong simulation if, for each PSQ we have

• P
𝜏−→ P′ implies ∃Q′ s.t. Q 𝜏−→ Q′ and P′SQ′;

• P
𝑥−→ F implies ∃G s.t. Q

𝑥−→ G and FSG;
• P

𝑥−→ C implies ∃D s.t. Q
𝑥−→ D and CSD;

• P
⟨𝜌1⌢ · · ·⌢𝜌𝑛,R⟩
−−−−−−−−−−−−→ P′ implies ∃Q′ s.t. Q

⟨𝜌1,R⟩
−−−−−→ · · ·

⟨𝜌𝑛,R⟩
−−−−−→ Q′ and P′SQ′.

The S-relations between abstractions and concretions are defined below:

• FSG means that F⟨®𝑒⟩SG⟨®𝑒⟩ for all ®𝑒;
• CSD means that C ≡ (𝜈 ®𝑦)⟨®𝑒⟩.P and D ≡ (𝜈 ®𝑦)⟨®𝑒⟩.Q s.t. PSQ.

If both S and its inverse are strong simulations then S is a strong bisimulation. Two agents A
and B are strongly equivalent, written A ∼ B, if (A, B) belongs to a strong bisimulation.

The following two theorems prove that ∼ for the HpC is (1) an equivalence relation, i.e., P ∼ P
(reflexivity), P ∼ Q implies Q ∼ P (symmetry), and P ∼ Q and Q ∼ R imply P ∼ R (transitivity); (2) a
strong bisimulation, i.e., relation S = {(P, Q) | P ∼ Q} is a strong bisimulation, where P and Q are
HpC processes; (3) a congruence, i.e., P ∼ Q implies C[P] ∼ C[Q] for any context C.

Theorem 6.2 (Eqivalence and Strong Bisimulation).

(1) ∼ is an equivalence relation;
(2) ∼ is itself a strong bisimulation.

Proof. (1) For reflexivity, it is enough to show that the identity relation over the set of agents

A, i.e., the relation {(A, A) | A ∈ A} is a strong bisimulation. For symmetry, we have to show that

if S is a strong bisimulation then so is its converse S−1
, and this is obvious from the definition. For

transitivity, we must show that if S and S′
are strong bisimulations, then so is their composition

SS′ ≜ {(A, B) | ∃X � ASX ∧ XS′B}
It is enough to show that this is a strong simulation. Let (A, B) ∈ SS′

. Then,
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Case 1 A and B are abstractions. According to Definition 6.1, A⟨®𝑒⟩SX⟨®𝑒⟩ and X⟨®𝑒⟩S′B⟨®𝑒⟩ for all ®𝑒 ,
implying A⟨®𝑒⟩SS′B⟨®𝑒⟩ for all ®𝑒 .

Case 2 A and B are concretions. Let A ≡ (𝜈 ®𝑦)⟨®𝑒⟩.P, B ≡ (𝜈 ®𝑦)⟨®𝑒⟩.Q, and X ≡ (𝜈 ®𝑦)⟨®𝑒⟩.R. Then,
according to Definition 6.1, PSR and RS′Q, implying PSS′Q.

Case 3 A and B are processes. Let A
𝛼−→ A′. Then,

• 𝛼 = 𝜆 is a discrete action. By Definition 6.1, ∃X′ such that X
𝜆−→ X′ and A′SX′, and hence

∃B′ such that B
𝜆−→ B′ and X′S′B′. Thus, A

𝜆−→ A′ implies B
𝜆−→ B′ and A′SS′B′.

• 𝛼 = ⟨𝜌,R⟩ is a continuous action. By Definition 6.1, ∃X′ s.t. X
⟨𝜌1,R⟩
−−−−−→ · · ·

⟨𝜌𝑛,R⟩
−−−−−→ X′ and

A′SX′, where 𝜌 = 𝜌1
⌢ · · ·⌢ 𝜌𝑛 , and hence ∃B′ s.t.

B
⟨𝜌 (1)

1
,R⟩

−−−−−−→ · · ·
⟨𝜌 (𝑚

1
)

1
,R⟩

−−−−−−−−→ · · ·
⟨𝜌 (1)

𝑛 ,R⟩
−−−−−−→ · · ·

⟨𝜌 (𝑚𝑛 )
𝑛 ,R⟩

−−−−−−−−→ B′

and X′S′B′, where 𝜌𝑖 = 𝜌
(1)
𝑖

⌢ · · ·⌢ 𝜌
(𝑚𝑖 )
𝑖

for 1 ≤ 𝑖 ≤ 𝑛. Thus,

A
⟨𝜌 (1)

1

⌢ · · ·⌢𝜌
(𝑚

1
)

1

⌢ · · ·⌢𝜌
(1)
𝑛

⌢ · · ·⌢𝜌
(𝑚𝑛 )
𝑛 ,R⟩

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ A′

implies B
⟨𝜌 (1)

1
,R⟩

−−−−−−→ · · ·
⟨𝜌 (𝑚

1
)

1
,R⟩

−−−−−−−−→ · · ·
⟨𝜌 (1)

𝑛 ,R⟩
−−−−−−→ · · ·

⟨𝜌 (𝑚𝑛 )
𝑛 ,R⟩

−−−−−−−−→ B′ and A′SS′B′.

In summary, the strong simulation condition for SS′
is established.

(2) Let A ∼ B, where A and B are agents. Then by definition ASB for some strong bisimulation S.

Case 1 If A
𝜆−→ A′, then ∃B′ such that B

𝜆−→ B′ and A′SB′;
Case 2 If A

⟨𝜌1⌢ · · ·⌢𝜌𝑛,R⟩
−−−−−−−−−−−−→ A′, then ∃B′ such that B

⟨𝜌1,R⟩
−−−−−→ · · ·

⟨𝜌𝑛,R⟩
−−−−−→ B′ and A′SB′.

Hence also A′ ∼ B′. Thus, ∼ is a strong simulation, and by symmetry so is its converse. □

Theorem 6.3 (Congruence).

• If A ∼ B then 𝜆A + M ∼ 𝜆B + M.
• If P ∼ Q then (1) [𝐵] .P + M ∼ [𝐵] .Q + M, (2) (𝜈𝑥)P ∼ (𝜈𝑥)Q, (3) P∥R ∼ Q∥R, (4) !P ∼ !Q, (5)

(𝜈 ®𝑥)⟨®𝑒⟩.P ∼ (𝜈 ®𝑥)⟨®𝑒⟩.Q, and (6) {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P + M ∼ {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).Q + M.
• If P{®𝑒/®𝑥} ∼ Q{®𝑒/®𝑥} for all ®𝑒 , then ( ®𝑥).P ∼ (®𝑥).Q.

Proof. The detailed proof can be found in Appendix B. □

Property 6.1 (Strong Eqivalence).

(1) (𝜈𝑥)0 ∼ 0, P∥0 ∼ P, and M + 0 ∼ M.
(2) (𝜈𝑥) (P∥Q) ∼ P∥(𝜈𝑥)Q if 𝑥 ∉ F (P).
(3) (𝜈𝑥) (𝜈𝑦)P ∼ (𝜈𝑦) (𝜈𝑥)P.

Proof. The property is proved by case analysis on the semantics rules of Tables 1 and 2 using

Definition 6.1. □

The above equivalence relations usually appear as the structural congruence rules of 𝜋-calculus.

Here we can prove that they are strong equivalences and hence removed from the structural

congruence rules for the HpC (Section 4.4).

6.2 Weak Bisimulation and Congruence
Intuitively, the difference between strong and weak bisimulation is that the latter disregards 𝜏-

actions, as 𝜏-actions usually denote internal or invisible behaviours such as internal communications

and discrete computations whose time can be ignored.
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We use ⇒ to denote finite 𝜏-actions. Concretely, P ⇒ P′ if P
𝜏−→ · · · 𝜏−→ P′. Besides, P

𝑥 ®𝑒−−→ P′ is

defined if P
𝑥−→ F and F⟨®𝑒⟩ = P′. Then, we can define the weak bisimulation as follows:

Definition 6.4 (Weak Bisimulation). A binary relation S over the processes is a weak simulation

if, for each PSQ we have

• P
𝜏−→ P′ implies ∃Q′ s.t. Q ⇒ Q′ and P′SQ′;

• P
𝑥 ®𝑒−−→ P′ implies ∃Q′ s.t. Q ⇒ 𝑥 ®𝑒−−→⇒ Q′ and P′SQ′;

• P
𝑥−→ (𝜈 ®𝑦)⟨®𝑒⟩.P′ implies ∃Q′ s.t. Q ⇒ 𝑥−→ (𝜈 ®𝑦)⟨®𝑒⟩.Q′′, Q′′ ⇒ Q′, and P′SQ′;

• P
⟨𝜌1⌢ · · ·⌢𝜌𝑛,R⟩
−−−−−−−−−−−−→ P′ implies ∃Q′ s.t. Q ⇒

⟨𝜌1,R⟩
−−−−−→⇒ · · · ⇒

⟨𝜌𝑛,R⟩
−−−−−→⇒ Q′ and P′SQ′.

If both S and its inverse are weak simulations then S is a weak bisimulation. Two processes P
and Q are weakly equivalent, written P ≈ Q, if (P, Q) is in some weak bisimulation.

The last rule of Definition 6.4 extends classical weak bisimulation to continuous actions that

are “chopped” by discrete 𝜏-actions. For example, wait(3) ≈ wait(1).𝜏 .wait(1).𝜏 .𝜏 .wait(1). The
following theorem reveals that ≈ is an equivalence relation and itself a weak bisimulation.

Theorem 6.5 (Eqivalence and Weak Bisimulation).

(1) ≈ is an equivalence relation;
(2) ≈ is itself a weak bisimulation.

Proof. It is analogous to Theorem 6.2. □

6.3 Approximate Bisimulation
The notion of approximate bisimulation was first proposed in [20] to suit the study of hybrid

systems. It allows the observations of two systems to be distant within a tolerable bound, rather

than exactly identical. In [25], the approximate bisimulation was extended to allow precision

not only between the observations of two systems, but also between the timely synchronisation

between them. The work of [58] extends approximate bisimulation by allowing both a tolerance on

time and value between the observations of two systems. It can be used to prove the approximate

equivalence between a hybrid discrete-continuous model (in, e.g., Hybrid CSP) and the discrete

SystemC [58] and C [53] code generated from it.

Definition 6.6 (Approximate Bisimulation). A binary relation S over the processes is an (𝜖, 𝛿)-
approximate simulation if for each PSQ we have:

• P
𝜏−→ P′ implies ∃Q′ s.t. Q ⇒ Q′ and P′SQ′;

• P
𝑥 ®𝑒−−→ P′ implies ∃Q′ s.t. Q ⇒ 𝑥 ®𝑒−−→⇒ Q′ and P′SQ′;

• P
𝑥−→ (𝜈 ®𝑦)⟨®𝑒⟩.P′ implies ∃Q′ s.t. Q ⇒ 𝑥−→ (𝜈 ®𝑦)⟨®𝑒⟩.Q′′, Q′′ ⇒ Q′, and P′SQ′;

• P
⟨𝜌,R⟩
−−−−→ P′ implies ∃Q′ s.t. Q ⇒

⟨𝜌1,R1 ⟩−−−−−−→⇒ · · · ⇒
⟨𝜌𝑛,R𝑛 ⟩−−−−−−→⇒ Q′, and P′SQ′, where

∥Left(𝒢) − Left(𝒢1)∥ ≤ 𝜖 and
��|𝜌 | − |𝜌1⌢ · · ·⌢ 𝜌𝑛 |

�� ≤ 𝛿 with 𝜌 = 𝒜 ·𝒢 and 𝜌1 = 𝒜1 ·𝒢1.

If both S and its converse are (𝜖, 𝛿)-approximate simulations then S is an (𝜖, 𝛿)-approximate

bisimulation. P and Q are (𝜖, 𝛿)-approximately bisimilar, written P ≈𝜖,𝛿 Q, if (P, Q) is in some

(𝜖, 𝛿)-approximate bisimulation. In particular, the weak bisimulation in Definition 6.4 is a (0, 0)-
approximate bisimulation.

The last rule in Definition 6.6 says that, if two processes P and Q are in (𝜖, 𝛿)-approximate

bisimulation, then (1) the distance between observations of P and Q should not exceed 𝜖 . The left
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states of guarantee-flows𝒢 and𝒢1 of continuous variables defined by P and Q denote their observed
states, respectively). Then, (2) the distance between two continuous actions of P and Q should

not exceed 𝛿 (it compares the lengths of continuous actions). Finally, (3) the target processes P′

and Q′ should be in the same bisimulation. The distance allowed between states in approximate

bisimulation can be considered as a kind of metrics in quantitative bisimulation [19, 28], which is

however limited to states and traces. In both frameworks, its goal is to define a safe limit for the

update period of the controller.

The discretisation of hybrid model plays an important role in the model-based design of cyber-

physical systems. To design a system combined with discrete, continuous and mobility, code at

the implementation-level must determine how to sample data from the continuous plant, compute

control commands, and perform the interactions between these different parts correctly. An efficient

solution is to first have a hybrid control model (for example, in the HpC), that can be formally

verified with safety guarantee, and then to discretise the continuous plant to obtain an algorithmic

model to implement the cyber-physical system.

The notion of approximate bisimulation provides a bridge between hybrid models in control

theory and discrete code in computer science. When a weak bisimulation relation between the

hybrid model and its discretisation holds, the correctness of the code implementation is guaranteed.

Actually, based on the approximate bisimulation of Definition 6.6, the discretisation of the whole

HpC to correct executable code can be done similarly as for HCSP in [53, 58]. For example, consider

the discretisation of the continuous evolution of time length d > 0. Concretely, the continuous

process {®𝑒0 | ¤®𝑣 = ®𝑒}d ≜ (𝜈𝑐){0, ®𝑒0 | ¤𝑐 = 1, ¤®𝑣 = ®𝑒 & 𝑐 < d} evolves from ®𝑒0 according to
¤®𝑣 = ®𝑒 for d

time units. Its discretisation is given by the following theorem.

Theorem 6.7 (Discretisation). Given a set of ODEs ¤®𝑣 = ®𝑒 , with N(®𝑒) ⊆ N (®𝑣) and ®𝑒0 as the
initial value, satisfying the local Lipschitz condition on the interval [0, d] for some d > 0, i.e., there
exists a constant L > 0 such that ∥⟦®𝑒{®c1/®𝑣}⟧ − ⟦®𝑒{®c2/®𝑣}⟧∥ ≤ L∥®c1 − ®c2∥ for all ®c1, ®c2 ∈ D, where
D ⊂ R | ®𝑣 | is any compact set. Let ®c be the values satisfying ∥®c − ⟦®𝑒0⟧∥ ≤ 𝜖′, then for any precision
𝜖 > 𝜖′ > 0, there exists a step size 𝛿 > 0, using coefficients Φ of the 4-stage Runge-Kutta method for
computing approximated values of ®𝑣 , such that step( ®𝑦,𝑑) ≜ (𝜈𝑐){0, ¤®𝑦 | ¤𝑐 = 1, ¤®𝑣 = ®0 & 𝑐 < 𝑑} and

{®𝑒0 | ¤®𝑣 = ®𝑒}d ≈(𝜖,𝛿 ) 𝜇𝑥 ( ®𝑦, 𝑧).
(
[𝑧 ≥ 𝛿] .step( ®𝑦, 𝛿).𝑥 ⟨®𝑦 + Φ( ®𝑦, 𝛿) · 𝛿, 𝑧 − 𝛿⟩
+[0 < 𝑧 < 𝛿] .step( ®𝑦, 𝑧) + [𝑧 = 0] .0

)
@⟨®c, d⟩

7 CASE STUDY: A NETWORK’S HANDOVER PROTOCOL
To put all the features and definitions of the HpC in motion, our case study is that of a handover

protocol for next-generation’s high-speed train control system. For the sake of clarity, we abstract

away most of the design details and actual system parameters to only highlight key behaviours of

the protocol, assuming wired or wireless private communications (i.e. not open broadcast radio

channels, for obvious safety and security concerns).

7.1 Overview
The overall framework of the train control system is shown in Fig. 1. The network is composed of

a train, of several railway-sectors, and of a terminus where the train stops. The train starts from

the departure and ends at the terminus, under the coordinated control of the consecutive sectors.

The railway sector can directly control the train by sensing and actuating using private channels

of the train (its ready-set interface). These control links (channels) are transferred as messages

between adjacent sectors to handover the train from one to the other. The sector receiving the

channels takes over control of the train until the train leaves it, in which case a handover occurs.
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The network may of course be extended to contain more sectors, bifurcations, terminals and trains

but, for simplicity, we just require one sector to control at most one train at a time. The status of a

sector is hence either free or busy. All sectors are initially free. As Fig. 1 shows, if a sector is free

(a), i.e., it handles no train, then it will keep on stand-by, monitoring requests from its neighbor

sector(s). Once it receives a handover request, it switches to the busy status and gets ready to take

control of the approaching train. If the sector is busy, on the contrary, it will reply to its neighbor

to refuse the handover request. It will return to the free status once the train it controls leaves the

current sector. As illustrated by (c) and (d) in Fig. 1, each sector has a handover point, near the end

point of the sector. Once the train reaches the handover point of a sector, the sector will raise a

handover request to the next sector. If the handover request is accepted (c), then it will transfer the

channels connecting to the train to the next sector. Otherwise (d), it will decelerate the train to

prevent it from entering the adjacent sector, and then try to hand it over again. The terminus can

be regarded as a special sector that decelerates the train until it becomes immobile i.e., “terminates”.

Fig. 1. Scenarios of the handover protocol

7.2 Trains
The behaviour of a collection of (potentially infinite) trains is modelled by the following replication.

Once TRAIN is invoked by channel train. It forks an instance of a train process which starts a

handover request by channel handover′ to the (first) sector to control the train. If the request is

replied by yes′, the channels of the train are created, i.e., (𝜈𝑝, 𝑣, 𝑎, 𝑞). The newly created private

channels will be sent to the controlling sector by channel switch, and then the train will start running
according to the ODE under the control of the sector. However, if the request is refused (no′), the
train will wait for 10s before retrying. The position, velocity, acceleration, and the destination of

a train are denoted by names 𝑝 , 𝑣 , 𝑎, and 𝑞 with 0s as initial values. A railway sector controls a

train by sensing its real-time position (𝑝) and velocity (𝑣) and actuating the acceleration (𝑎) and

destination (𝑞), according to the interface {𝑝, 𝑣, 𝑎, 𝑞}. The boundary condition 𝑝 < 𝑞 means that

a train terminates once it reaches the destination. Note that the value of the destination can be

modified by “actuation” (𝑞 ∈ {𝑝, 𝑣, 𝑎, 𝑞}).
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TRAIN ≜ !train(handover′, yes′, no′, switch).handover′ .©­­­­­­­­­«

yes′ .(𝜈𝑝, 𝑣, 𝑎, 𝑞)switch⟨𝑝, 𝑣, 𝑎, 𝑞⟩.
0 | ¤𝑝 = 𝑣

0 | ¤𝑣 = 𝑎

0 | ¤𝑎 = 0

0 | ¤𝑞 = 0

& 𝑝 < 𝑞, {𝑝, 𝑣, 𝑎, 𝑞}


+
no′ .wait(10).train⟨handover′, yes′, no′, switch⟩

ª®®®®®®®®®¬
7.3 Sectors
The sectors control the evolution of the train by sensing the real-time position and velocity and by

actuating the acceleration of the train. A sector is either free or busy. A sector is free if it controls

no train and busy otherwise. Thus, a free sector accepts the handover request from its prior sector

while a busy sector refuses.

7.3.1 Behaviours. Let ®𝜉 = handover, yes, no, reset, the behaviour of a free sector takes two channels
free and busy as parameters to switch the sector from state free to state busy.

Free ≜ free( ®𝜉).handover .
(
yes∥busy⟨ ®𝜉⟩

)
A Free sector is invoked by free and receives the channels (handover , yes, and no) from its prede-

cessor and the channel to reset its state back to free (as explained later). Once invoked, it monitors

handover requests from its predecessor. Once it receives such a request, it (1) notifies its prede-

cessor sector that the request is accepted by yes, and (2) get into the busy state by invoking busy.
These two actions execute in parallel. A collection of FREE sectors can be modelled by replica-

tion: FREE ≜ !Free. A free sector becomes busy once it receives the handover request from its

predecessor, and the behaviour of a busy sector is modelled by

Busy ≜ busy( ®𝜉).
(
handover .

(
no∥busy⟨ ®𝜉⟩

)
+ reset .free⟨ ®𝜉⟩

)
The mirror process Free takes channels free and busy as parameters. A Busy sector is invoked by

channel busy and receives the channels (handover , yes, and no) from its predecessor and channel

reset to flip its state to free. After the invocation, it either receives a handover request from its

predecessor or it is reset. In the first case, it refuses the handover request by no and, meanwhile, stay

in the busy state by invoking busy again. In the other case, it returns to state free by invoking channel
free. Notice that the choice between handover and reset is non-deterministic: if the choice cannot be

made at the moment of the interruption, the sum it forms is delayed (by application of rule [Wait]).
A collection of BUSY sectors is also defined by replication BUSY(busy, free) ≜ !Busy(busy, free).
Once a free sector accepts the handover request from its neighbour, it switches to the busy state

(see Free) and starts to control the approaching train. The controller’s behaviour is modelled by

Control ≜ ctrl(®𝜂).channels(𝑝, 𝑣, 𝑎, 𝑞).𝑞⟨𝑝𝑒⟩.comp⟨®𝜂, 𝑝, 𝑣, 𝑎, 𝑞⟩
where ®𝜂 = (𝑝𝑠 , 𝑝ℎ, 𝑝𝑒 , 𝑑, handover′, yes′, no′, switch, channels, reset) are defined as follows. Param-

eters 𝑝𝑠 , 𝑝ℎ , and 𝑝𝑒 denote the start, handover, and end points of the sector. The sector sends

handover requests to the next sectors via channel handover′, and receives successful and failed

responses from channels yes′ and no′, respectively. Duration 𝑑 is the control period. The sector

resets its own state by channel reset. If the handover request to the next sector is accepted, the

current sector sends the private channels (𝑝 , 𝑣 , 𝑎, and 𝑞) of the leaving train to the next sector

by switch. Symmetrically, if the sector accepts the handover request from the previous sector, it
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receives the channels of the approaching train on channels. Process Control is invoked by ctrl(®𝜂).
Then, it waits for the parameters (𝑝 , 𝑣 , 𝑎, and 𝑞) of the train approaching from the previous sector,

modifies the destination of the train to the end point of the current section, i.e., 𝑞⟨𝑝𝑒⟩, and finally

invokes the computing function comp below. We can use replication to treat Control as a function

called repeatedly by process CTRL ≜ !Control. The computing behaviour of a (busy) sector is

invoked by channel comp. Then, it senses the real-time position 𝑝0 of the train it controls by the

position name 𝑝 of the train, i.e., 𝑝 (𝑝0). If the train has not reached the handover point of the sector

(i.e. 𝑝0 < 𝑝ℎ), then the sector continues to sense the real-time velocity of the train, based on which

a control command is computed by the function 𝑓 , specified in Section 7.6.5. After actuating the

acceleration of the train by 𝑎⟨𝑓 (𝑝0, 𝑣0, 𝑝𝑒 , 𝑑)⟩, the sector waits for one period, i.e., wait(𝑑), before
invoking the next computation. If the train crosses the handover point (𝑝0 ≥ 𝑝ℎ), then the sector

sends a handover request to the next sector by handover′ and wait for a reply. If the reply is no′,
it continues as usual. When it receives yes′, it sends the private channels of the train to the next

sector, i.e., switch⟨𝑝, 𝑣, 𝑎, 𝑞⟩, and then monitors the real-time position of the train until it leaves the

sector (𝑝 < 𝑝𝑒 becomes false). After that, it resets its state to free and restart Control process by
ctrl. Process Compute can also be treated as a function COMP ≜ !Compute.

Compute ≜ comp(®𝜂, 𝑝, 𝑣, 𝑎, 𝑞).𝑝 (𝑝0).©­­­­­­­­­«

if 𝑝0 < 𝑝ℎ then
𝑣 (𝑣0).𝑎⟨𝑓 (𝑝0, 𝑣0, 𝑝𝑒 , 𝑑)⟩.wait(𝑑).comp⟨®𝜂, 𝑝, 𝑣, 𝑎, 𝑞⟩

else

handover′ .©­«
yes′ .switch⟨𝑝, 𝑣, 𝑎, 𝑞⟩.(𝜈𝑐){0 | ¤𝑐 = 1 & 𝑝 < 𝑝𝑒 }.reset .ctrl⟨®𝜂⟩
+
no′ .𝑣 (𝑣0).𝑎⟨𝑓 (𝑝0, 𝑣0, 𝑝𝑒 , 𝑑)⟩.wait(𝑑).comp⟨®𝜂, 𝑝, 𝑣, 𝑎, 𝑞⟩

ª®¬

ª®®®®®®®®®¬
7.3.2 Sector Creation. In SectionA.2.1, the behaviours of sectors consists of four replicated elements

in two parts: FREE and BUSY manage the states of sectors, and CTRL and COMP specify the control

procedure. The following process initializes a (free) sector:

Sector ≜ sec( ®𝜉 ′, ®𝜂′).(𝜈 reset)
(
free⟨ ®𝜉⟩∥ctrl⟨®𝜂⟩

)
We write

®𝜉 ′ = ®𝜉\reset and ®𝜂′ = ®𝜂\reset for removing the name reset from ®𝜉 and ®𝜂. The sequences of
names

®𝜉 and ®𝜂 have been defined in Section A.2.1. Process Sector is invoked by channel sec with
receiving

®𝜉 ′, ®𝜂′. Then, it calls FREE via channel free and forks a process to manage the state of the

sector (initially free). Meanwhile, it calls CTRL via channel ctrl to start the control procedure. These

two processes operate in parallel and are connected via the local channel reset. If the train leaves the

current sector, the control procedure will reset the state of the sector to free (see Busy and Compute).
We consider potentially infinite sectors, thus we define the replication of sectorsSECT ≜ !Sector.
Sectors can be defined by the parallel composition to create a new (free) sector by channel sec:

SECTOR ≜ SECT (Call Entry)
∥ FREE ∥ BUSY (State)
∥ CTRL ∥ COMP (Function)

For example, given the sequences of names
®𝜉 ′ and ®𝜂′ above, ®𝜂′′ = ®𝜂′{10/𝑝𝑠 , 14/𝑝ℎ, 15/𝑝𝑒 , 1/𝑑} and

sec⟨ ®𝜉 ′, ®𝜂′′⟩∥SECTOR create a free sector whose start (𝑝𝑠 ), handover (𝑝ℎ), and end (𝑝𝑒 ) points are at

10 km, 14 km, and 15 km, respectively, and the control period (𝑑) of the sector is 1 s.
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7.4 Terminus
The terminus can be regarded as a particular sector which always stops trains. The behaviour of

terminus can be defined using replication: Once it is invoked by term, it will fork a recursion that

refuses (𝑛𝑜) any handover request it receives.

TERMINUS ≜ !term(handover, no).𝜇𝑥 .handover .𝑛𝑜.𝑥

7.5 Network
The resource of the whole system is composed of trains, sectors, and a terminus:

RESOURCE ≜ TRAIN∥SECTOR∥TERMINUS
We create channels handover𝑖 , yes𝑖 , no𝑖 , and channels𝑖 to connect the 𝑖-th and the (𝑖 + 1)st sectors.
The 𝑖-th sector sends handover requests to the next sector via channel handover𝑖 and it will be

replied by yes𝑖 or no𝑖 . If yes𝑖 , it then sends the channels of the train to the next sector via channel

channels𝑖 . The network contains three consecutive sectors, a terminus (which could be treated as

the fourth sector) and a train is placed at the start point of the first sector, initially.

Let ®𝑥𝑖 = handover𝑖 , yes𝑖 , no𝑖 for 𝑖 ∈ {0, 1, 2, 3} and ®𝑦 = channels0, channels1, channels2, channels3.
The complete train control Network is modelled as follows:

Network ≜ (𝜈 train, sec, free, busy, ctrl, comp, term, stop, brake)
(
Starter∥RESOURCE

)
Starter ≜ (𝜈 ®𝑥0, ®𝑥1, ®𝑥2, ®𝑥3, ®𝑦)

©­­­­­«
train⟨®𝑥0, channels0⟩∥
sec⟨®𝑥0, 0, 4, 5, 1, ®𝑥1, channels0, channels1⟩∥
sec⟨®𝑥1, 5, 9, 10, 1, ®𝑥2, channels1, channels2⟩∥
sec⟨®𝑥2, 10, 14, 15, 1, ®𝑥3, channels2, channels3⟩∥
term⟨handover3, no3⟩

ª®®®®®¬
The Starter creates all the physical entities (a train, three sectors, and a terminus) and connects

them together through links (channels) ®𝑥𝑖 . In addition, from the actual parameters (configurations)

of these entities, we can see that the period of each sector and the terminus is 1 s, the length of

each sector is 5 km with the handover point 1 km to the end point.

7.6 Verification of the Handover Protocol Scenarios
This section focuses on the verification of the most critical component of the railway network’s

control: the handover protocol. The specification of the complete model of the network is included

in the supplementary materials which will be shared online.

Unlike the complete case study, which features dynamicity, mobility, orchestration, the network

considered in the present scenario contains only one train Train and two sectors, Left and Right.
Its purpose is to verify the robustness of the handover protocol with respect to physical models and

observations manifesting bounded physical disturbances and, nonetheless, prove the approximate

bisimulation between an abstract, perfect model, and the realistic model with noise/disturbance.

The handover protocol is verified against its two possible scenarios: a successful handover, next,

and a failed one. The train is placed at the starting point of the left sector initially. Under the

control of the two sectors, the train will run to the right and finally terminate at the end of the

right sector. By using replication, it can be extended to a network containing potentially infinite

trains, controllers, terminus and sectors, which can be created and terminated dynamically.

7.6.1 The Train Model. Let 𝑢 represent an arbitrary disturbance of the environment on the train

and let constant len = 5 km denote the length of each sector. In the real world, however, the run

of a train will be disturbed by many factors such as wind, drift, heat, friction and slope. All these

disturbances are abstracted as an external and uncontrolled input 𝑢 in the model. We assume that
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𝑢 is free to change dynamically within certain bounds [−0.1, 0.1]. The Train first creates three

private variables (𝜈𝑝, 𝑣, 𝑎) to denote its position 𝑝 , velocity 𝑣 , and acceleration 𝑎 of the train. These

variables are sent out via channels by channels⟨𝑝, 𝑣, 𝑎⟩. The sector receiving them takes control of

the train. The train runs according to the set of ODEs specified in Run. The boundary condition

𝑝 < 2len means that the length of the whole journey of the train will be 2len = 10 km long.

Train ≜ (𝜈𝑝, 𝑣, 𝑎) (channels⟨𝑝, 𝑣, 𝑎⟩.Run ∥ Observer)

Run ≜


0 | ¤𝑝 = 𝑣

0 | ¤𝑣 = 𝑎 + 𝑢
0 | ¤𝑎 = 0

& 𝑝 < 2len, {𝑝, 𝑣, 𝑎}
 .𝑝 ⟨2len⟩

Observer ≜ {0 | ¤𝑥 = 𝑣 & 𝑝 < 2len}(𝑥 ′).{𝑥 ′ | ¤𝑥 = 0}
The ready set (interface) {𝑝, 𝑣, 𝑎} indicates that the position (𝑝) and velocity (𝑣) of the train are

sensors while the acceleration (𝑎) can be actuated by the sector controlling the train. Once the

train reaches the end of the right sector, it sends its last position (2len) out before termination.

Process Observer monitors the evolution of the train. It calculates its location using a free variable

𝑥 by sensing the recorded velocity 𝑣 of the train defined in process Run and without actuating the

dynamic of the train. Once the evolution of the train terminates, the physical variables 𝑝 , 𝑣 , 𝑎 are

no longer visible. We hence sustain 𝑥 to its latest value once the train reaches the end of the right

sector (𝑝 = 2len), as specified by the ODE ¤𝑥 = 0.

The dynamic of the Train is not affected . To prove bisimulation properties, however, it is

necessary to use the Observer to track the position of the train, because the evolution of 𝑝 is

private to the Train (variable 𝑝 is under the scope of a restriction 𝜈). The variable 𝑥 in the Observer
is used to mimic or simulate the evolution of 𝑝 in Run.

7.6.2 The Left Sector. The Left sector first takes control of the train by receiving the physical

variables of the train, i.e., channels(𝑝, 𝑣, 𝑎), and then starts its control Loop. Let us highlight the
constants for the handover point pℎ = 4 km, the track length len = 5 km, and the update period

of the sector’s controller d = 1 s. At each iteration of the Loop, the sector first reads the current
position of the train, i.e., 𝑝 (𝑝0). If the train has not reached the handover point (𝑝0 < pℎ), the sector
will continue to read the current velocity, i.e., 𝑣 (𝑣0), compute a safe acceleration 𝑓 (𝑝0, 𝑣0, len, d)
based on the sensed data, and then actuate the train with the new acceleration. The function

𝑓 : R4 → R reflects the control strategy and will be specified in Section 7.6.5. After that, the sector

waits for d time units before starting the next iteration of control, i.e., wait(d).ctrl.
However, if the train has crossed the handover point (𝑝0 ≥ pℎ), the sector will send a handover

request to the right sector (ℎ𝑎𝑛𝑑𝑜𝑣𝑒𝑟 ) and wait for a reply. If the reply is no, i.e., the handover is
refused, it will continue controlling the train to decelerate it. If the reply is yes, the left sector sends
the physical variables of the train to the right sector (switch⟨𝑝, 𝑣, 𝑎⟩), switching the control of the
train from the left to the right sectors.

Left ≜ channels(𝑝, 𝑣, 𝑎).Loop

Loop ≜ 𝜇 ctrl.𝑝 (𝑝0).

©­­­­­­­­«

if 𝑝0 < pℎ then

𝑣 (𝑣0).𝑎⟨𝑓 (𝑝0, 𝑣0, len, d)⟩.wait(d).𝑐𝑡𝑟𝑙
else

handover .
©­­«
yes.switch⟨𝑝, 𝑣, 𝑎⟩
+
no.𝑣 (𝑣0).𝑎⟨𝑓 (𝑝0, 𝑣0, len, d)⟩.wait(d).𝑐𝑡𝑟𝑙

ª®®¬

ª®®®®®®®®¬
7.6.3 The Right Sector: Successful Handover. In this scenario, since the Right sector contains no
train initially, it should first reply yes to the handover request of the left sector. Then, it takes the
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control of the coming train by switch(𝑝, 𝑣, 𝑎) and starts the control Loop′. At each iteration of Loop′,
the right sector checks whether the train has reached the endpoint. If not (𝑝0 < 2len), it drives the
train periodically according to the algorithm specified by 𝑓 ; otherwise, control terminates.

Right ≜ handover .yes.switch(𝑝, 𝑣, 𝑎).Loop′
Loop′ ≜ 𝜇 ctrl.𝑝 (𝑝0).if 𝑝0 < 2len then 𝑣 (𝑣0).𝑎⟨𝑓 (𝑝0, 𝑣0, 2len, d)⟩.wait(d).𝑐𝑡𝑟𝑙 else 0

Remark 4. The physical variables 𝑝 , 𝑣 , and 𝑎 in Run depict the continuous evolution of the position,
velocity, and acceleration of the Train. Meanwhile, they can be used as channels by sectors to control
the train. In this sense, they represent the “control” of the train: any sector obtaining these variables
takes control of the train. In particular, these variables can be exchanged between sectors, indicating
the handover of control, and reflecting the “mobility” of the system. In addition, this example reflects
the convention of the classic 𝜋-calculus that “names are the first-class citizen”.

7.6.4 The Right Sector: Failed Handover. In this scenario, the right sector always refuses the

handover request from the left. The behaviour of the right sector can be modelled by Right′ ≜
𝜇𝑥 .handover .no.𝑥 . It replies no whenever it receives a handover request.

7.6.5 Control Algorithm. We mentioned in Section 7.6.2 that a sector controls a train by using a

control command function 𝑓 : R4 → R. Given a real-time position 𝑝0, velocity 𝑣0, end point 𝑝𝑒 and

period 𝑑 of the sector, function 𝑓 computes the acceleration 𝑎 of the train. Let vmax = 40 m/s be

the maximum velocity of the train and amin = −1 m/s
2
the braking deceleration of the train. The

control performed by 𝑓 uses the Maximum Protection Curve [57] and is computed as follows:

𝑉lim (𝑝0, 𝑝𝑒 ) =

{
vmax if 𝑝𝑒 − 𝑝0 ≥ v2

max

(−2amin )√︁
−2amin · (𝑝𝑒 − 𝑝0) if 0 < 𝑝𝑒 − 𝑝0 <

v2
max

(−2amin )

If the end point is farther than the minimal safe distance −v2
max

/(2amin) of the train, the upper
limit velocity of the vehicle can be the maximum vmax. If not, the velocity should not exceed√︁
−2amin · (𝑝𝑒 − 𝑝0) in order not to enter the next sector. At each iteration, the control algorithm

predicts the position 𝑝′ and velocity 𝑣 ′ of the train at the next period based on the maximum

acceleration amax = 1 m/s
2
. Concretely, they can be computed by 𝑣 ′ = 𝑣0 + amax · 𝑑 and 𝑝′ =

𝑝0 + 𝑣0 · 𝑑 + 1

2
· amax · 𝑑2, where 𝑑 > 0 is the update period of the sector. If, at the next period,

the velocity does not exceed the upper limit computed as above, i.e., 𝑣 ′ ≤ 𝑉lim (𝑝′, 𝑝𝑒 ), then the

maximum acceleration amax is safe. If not, it continues to test if a constant velocity (no acceleration

or deceleration) is safe, i.e., 𝑣0 ≤ 𝑉lim (𝑝0 + 𝑣0 · 𝑑, 𝑝𝑒 ). If not, the train brake with the minimal

deceleration amin. The above control strategy can be summarised as:

𝑓 (𝑝0, 𝑣0, 𝑝𝑒 , 𝑑) =


amax if 𝑣 ′ ≤ 𝑉lim (𝑝′, 𝑝𝑒 )
0 if 𝑣0 ≤ 𝑉lim (𝑝0 + 𝑣0 · 𝑑, 𝑝𝑒 )

amin otherwise

7.6.6 Systems. The System of the successful scenario (Section 7.6.3) is modelled by the composition

of the Train and Left and Right sectors, and they communicate with each other through local

channels (of scope restricted by 𝜈) :

System ≜ (𝜈 link, handover, switch, yes, no) (Train∥Left∥Right)
Channel link connects the Train and the Left sector. The other channels (handover , switch, yes, and
no) connect the Left and Right sectors. Similarly, the System′ of the failed scenario (Section 7.6.4)

is as follows:

System′ ≜ (𝜈 link, handover, switch, yes, no) (Train∥Left∥Right′)
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7.6.7 Approximate Bisimulations. In the successful scenario, the train runs into the right sector

smoothly and finally stops at the end of the right sector. If there is no disturbance, the expected

behavior of the train can be described by the following specification (SPEC):

SPEC ≜ (𝜈𝑝, 𝑣)
(
(Up.Stable.Down)∥Observer

)
Up ≜ {0, 0 | ¤𝑝 = 𝑣, ¤𝑣 = 1 & 𝑝 < 0.8 km}(𝑝1, 𝑣1)

Stable ≜ {𝑝1, 𝑣1 | ¤𝑝 = 𝑣, ¤𝑣 = 0 & 𝑝 < 9.2 km}(𝑝2, 𝑣2)
Down ≜ {𝑝2, 𝑣2 | ¤𝑝 = 𝑣, ¤𝑣 = −1 & 𝑝 < 10 km}

Process Observer is defined in Section 7.6.1. According to this specification, the evolution of the

(undisturbed) train is composed of the following three stages:

Up The train speeds up from the initial state (𝑝 = 0 m and 𝑣 = 0 m/s) with the maximum

acceleration 1 m/s
2
for 0.8 km when it reaches the maximum velocity 40 m/s.

Stable Then, the train runs with constant velocity (40 m/s) until it is 0.8 km close to the end of the

right sector (10 − 0.8 = 9.2 km).

Down Finally, the train decelerates with the minimum acceleration −1 m/s
2
until it stops at the

end of the right sector (10 km).

The specification (SPEC) describes the ideal model of the train control systemwithout disturbance.

The following proposition reveals that the disturbed System model (Section 7.6.6) is (0.4 km, 0)-
approximately bisimilar to the SPEC model, indicating that the distance between the disturbed and

undisturbed trains is within 0.4 km. By simulation, the maximum distance is around 0.205 km.

Proposition 7.1. SPEC ≈(0.4 km,0) System.

Proof. We first prove that the distance between the real-time positions of the trains in SPEC
(undisturbed) and System (disturbed) is not larger than 0.4 km, based on which we then prove that

the following relation forms a (0.4 km, 0)-approximate bisimulation. More intuitively, it can be

represented by the hybrid automaton in the left of Fig. 3, where each state only observes variable 𝑥 .

Fig. 2. The execution of System

The execution of the System model can be depicted by Fig. 2. The sector senses the position

(𝑝) and velocity (𝑣), computes a new acceleration (𝑎) based on the sensed data according to the

algorithm specified in Section 7.6.5, and actuates the train with the computed acceleration every 1

second (the control period of the sector). Here the communication and computation are represented

by a sequence of 𝜏-actions, which are timeless. Once the Left sector senses that the train has

reached the handover point, say at time 𝑛, it raises a handover request, which will be accepted by

the Right sector, and then the right sector takes over the control. Since the handover is successful

and both sectors adopt the same control algorithm (Section 7.6.5), the handover of the train is
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seamless and the train runs into the right sector without realising any difference. The handover

procedure can also be described by a sequence of 𝜏-actions and hence it is timeless.

S = {(SPEC, System)}∪{
(P, Q)

����� SPEC ⟨𝜌1,∅⟩−−−−−→ · · ·
⟨𝜌𝑛,∅⟩−−−−−→ P

System ⇒
⟨𝜌 ′

1
,∅⟩

−−−−−→⇒ · · · ⇒
⟨𝜌 ′

𝑚,∅⟩
−−−−−→⇒ Q

, |𝜌1⌢ · · ·⌢ 𝜌𝑛 | = |𝜌 ′
1

⌢ · · ·⌢ 𝜌 ′𝑚 |
}

After that, under the control of the right sector, the train runs and finally terminates at the end

point of the sector. Intuitively, the execution of System can be depicted by the hybrid automaton

on the right of Fig. 3, where

𝐵1 ≜ 𝑣 + amax · d ≤ 𝑉lim (𝑝 + 𝑣 · d + 1

2
· amax · d2, 2len)

𝐵2 ≜ 𝑣 ≤ 𝑉lim (𝑝 + 𝑣 · d, 2len)
indicate that the acceleration 1m/s

2
and the constant velocity are safe at the next period, respectively.

We only observe the variable 𝑥 of the state here (in red).

Fig. 3. The hybrid automata of SPEC (left) and System (right)

In order to observe the difference between the real-time positions (𝑥) of the trains in SPEC and
System, we compose the hybrid automata in Fig. 3, resulting in the composition shown in Fig. 4,

where we subscript the variables of SPEC by 1 and System by 2 to distinguish between them.

Specifically, the composed hybrid automaton H consists of two independent components: one

representing the evolution of SPEC variables (𝑥1, 𝑝1, 𝑣1, 𝑎1, 𝑐1) and the other representing System
variables (𝑥2, 𝑝2, 𝑣2, 𝑎2, 𝑐2). Here, we introduce two fresh variables, 𝑎1 and 𝑎2, representing accelera-

tion, to unify the dynamics of both components. For example, the transition fromUp to Stable in the
SPEC is described by the reset operation 𝑎1 := 0 inH , when the guard condition [𝑝1 ≥ 0.8∧𝑐1 ≥ 1]
is met. The clock 𝑐1, which is implicit in the SPEC, is introduced to force the transitions to take

place at each time step. Consequently, proving the desired bisimulation relation is equivalent to

showing that trajectories of the automatonH will never reach the unsafe region |𝑥1 −𝑥2 | ≥ 0.4 km.

The latter problem is a typical safety verification problem: proving that a hybrid automaton, starting

from an initial set of states, will never enter an unsafe region over an infinite-time horizon.

A well-established method to solve safety verification problem of hybrid systems is that of

using differential invariants. Given a hybrid automaton, a differential invariant is a subset of the

state space that remains invariant under the system’s continuous dynamics, i.e., all trajectories
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starting from the differential invariant remain within it forever. To prove system safety, it suffices

to find a differential invariant that includes the initial states and excludes the unsafe region. For

the given problem, we can prove the existence of such a differential invariant that witnesses the

safety of H with respect to the unsafe region |𝑥1 − 𝑥2 | ≥ 400, implying that the relation S is a

(0.4 km, 0)-approximate bisimulation, i.e., SPEC ≈(0.4 km,0) System.

Fig. 4. The composed hybrid automatonH

The existence of the aforementioned differential invariant is established by using barrier certifi-
cates [26, 43]. However, a detailed discussion of barrier certificates is beyond the scope of this paper.

Appendix C provides formal definitions of hybrid automata and barrier certificates, along with an

explanation of how to compute the desired differential invariant using these techniques. □

In the failed scenario, the expected behaviour of the undisturbed train can be described by the

following specification (SPEC′), depicting a train stopping at the endpoint of the left sector (5 km):

SPEC′ ≜ (𝜈𝑝, 𝑣)
(
(Up′ .Stable′ .Down′)∥Observer

)
Up′ ≜ {0, 0 | ¤𝑝 = 𝑣, ¤𝑣 = 1 & 𝑝 < 0.8 km}(𝑝1, 𝑣1)

Stable′ ≜ {𝑝1, 𝑣1 | ¤𝑝 = 𝑣, ¤𝑣 = 0 & 𝑝 < 4.2 km}(𝑝2, 𝑣2)
Down′ ≜ {𝑝2, 𝑣2 | ¤𝑝 = 𝑣, ¤𝑣 = −1 & 𝑝 < 5 km}

In the same (mirror) way as above, we can prove the following result:

Proposition 7.2. SPEC′ ≈(0.3 km,0) System
′.

8 CONCLUSIONS
In this article, we presented the definition of a compositional and expressive extension of the

𝜋-calculus with hybrid, discrete, real-timed and continuous processes, i.e., the hybrid 𝜋-calculus

(HpC). The HpC allows to express and capture complex verification issues posed by dynamic,

mobile and hybrid systems. We lifted the theory of bisimulation and congruence of the 𝜋-calculus to

the HpC. In addition, we illustrate the expressive power, modelling and verification capabilities of

the HpC by considering a functionally realistic model of a parametric hybrid (discrete/continuous)

protocol: the handover protocol of a modular train control system. As a result, we obtain the

first characterisation of process calculus that has the capability to compositionally orchestrate the

interaction of discretely timed processes and continuously timed ordinary differential equations

(ODEs) in the presence of dynamicity and mobility. All items of the HpC are first-class citizens:

• Discrete and continuous processes are equal hybrid processes.
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• Discrete channels and continuous variables are equal hybrid names.

• All channels and processes, discrete or continuous, have meaning in the discrete and

continuous operational semantics, providing the first hybrid semantics for the 𝜋 calculus.

The HpC supports control-theoretic approximate bisimulation for a process calculus with dynamic

channels and processes.

Future works
The HpC and its case study build the foundation to study the verification of pervasive internet(s)

of hybrid things. Our future works focus on developing three aspects to empower its practicality:

(1) Establish a proof system for the HpC based on the generalised hybrid Hoare logic [59];

(2) Extend theHpC to a hybrid session 𝜋-calculus with a powerful session type system [32, 46];

(3) Generate executable code automatically from HpC processes, the correctness of which

(discretisation) will be proved using approximate bismulation (Definition 6.6).
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A COMPLETE CASE STUDY OF THE NETWORKED TRAINS HANDOVER
The overall framework of the train control system is shown in Fig. 1. Our toy network is composed

of a train, of three railway-sectors, and of a terminus where the train stops. It features the handover

protocol of a high-speed train control system to illustrate the main features of the HpC. We recall

the overall framework of the train control system in Fig. 1. The train starts from the departure

point and ends at the terminus under the control of consecutive sectors. The railway sector can

directly control the train by sensing and actuating the private channels of the train (its ready-set

interface). These control links are transferred as messages between adjacent sectors to handover

control of the train (mobility). The sector receiving the channels takes over control of the train until

the train leaves it, in which case a handover occurs. The toy network of Fig. 1 may be extended,

even randomly and dynamically, with more sectors, bifurcations, terminals and trains.

For simplicity, we just require one sector to control at most one train at a time. The status of a

sector is hence either free or busy. All sectors are initially free. As Fig. 1 shows, if a sector is free

(a), i.e., it handles no train, then it will keep on stand-by, monitoring requests from its neighbour

sector(s). Once it receives a handover request, it switches to the busy status and gets ready to take

control of the approaching train. If the sector is busy, on the contrary, it will reply to its neighbour

to refuse the handover request. It will return to the free status once the train it controls leaves the

current sector. As illustrated by scenarios (c) and (d) in Fig. 1, each sector has a handover point,

near the end point of the sector. Once the train reaches the handover point of a sector, the sector

will raise a handover request to the next sector. If the handover request is accepted (c), then it will

transfer the channels connecting to the train to the next sector. Otherwise, scenario (d), it will

decelerate the train to prevent it from entering the adjacent sector, and then try to hand it over

again. The terminus can be regarded as a special sector that decelerates the train until it becomes

immobile i.e., “terminates” its operation.

A.1 Trains
The behaviour of a collection of (potentially infinite) trains is modelled by the following replication.

Once TRAIN is invoked by channel train. It forks an instance of a train process which starts a

handover request by channel handover′ to the (first) sector to control the train. If the request is

replied by yes′, the channels of the train are created, i.e., (𝜈𝑝, 𝑣, 𝑎, 𝑞). The newly created private

channels will be sent to the controlling sector by channel switch, and then the train will start running
according to the ODE under the control of the sector. However, if the request is refused (no′), the
train will wait for 10s before retrying. The position, velocity, acceleration, and the destination of

a train are denoted by names 𝑝 , 𝑣 , 𝑎, and 𝑞 with 0s as initial values. A railway sector controls a

train by sensing its real-time position (𝑝) and velocity (𝑣) and actuating the acceleration (𝑎) and

destination (𝑞), according to the interface {𝑝, 𝑣, 𝑎, 𝑞}. The boundary condition 𝑝 < 𝑞 means that

a train terminates once it reaches the destination. Note that the value of the destination can be

modified by “actuation” (𝑞 ∈ {𝑝, 𝑣, 𝑎, 𝑞}).

TRAIN ≜ !train(handover′, yes′, no′, switch).handover′ .©­­­­­­­­­«

yes′ .(𝜈𝑝, 𝑣, 𝑎, 𝑞)switch⟨𝑝, 𝑣, 𝑎, 𝑞⟩.
0 | ¤𝑝 = 𝑣

0 | ¤𝑣 = 𝑎

0 | ¤𝑎 = 0

0 | ¤𝑞 = 0

& 𝑝 < 𝑞, {𝑝, 𝑣, 𝑎, 𝑞}


+
no′ .wait(10).train⟨handover′, yes′, no′, switch⟩

ª®®®®®®®®®¬
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A.2 Sectors
The sectors control the evolution of the train by sensing the real-time position and velocity and by

actuating the acceleration of the train. A sector is either free or busy. A sector is free if it controls

no train and busy otherwise. Thus, a free sector accepts the handover request from its prior sector

while a busy sector refuses.

A.2.1 Behaviours. Let ®𝜉 = handover, yes, no, reset, the behaviour of a free sector takes two channels
free and busy as parameters to switch the sector from state free to state busy.

Free ≜ free( ®𝜉).handover .
(
yes∥busy⟨ ®𝜉⟩

)
A Free sector is invoked by free and receives the channels (handover , yes, and no) from its prede-

cessor and the channel to reset its state back to free (as explained later). Once invoked, it monitors

handover requests from its predecessor. Once it receives such a request, it (1) notifies its prede-

cessor sector that the request is accepted by yes, and (2) get into the busy state by invoking busy.
These two actions execute in parallel. A collection of FREE sectors can be modelled by replica-

tion: FREE ≜ !Free. A free sector becomes busy once it receives the handover request from its

predecessor, and the behaviour of a busy sector is modelled by

Busy ≜ busy( ®𝜉).
(
handover .

(
no∥busy⟨ ®𝜉⟩

)
+ reset .free⟨ ®𝜉⟩

)
The mirror process Free takes channels free and busy as parameters. A Busy sector is invoked by

channel busy and receives the channels (handover , yes, and no) from its predecessor and channel

reset to flip its state to free. After the invocation, it either receives a handover request from its

predecessor or it is reset. In the first case, it refuses the handover request by no and, meanwhile, stay

in the busy state by invoking busy again. In the other case, it returns to state free by invoking channel
free. Notice that the choice between handover and reset is non-deterministic: if the choice cannot be

made at the moment of the interruption, the sum it forms is delayed (by application of rule [Wait]).
A collection of BUSY sectors is also defined by replication BUSY(busy, free) ≜ !Busy(busy, free).
Once a free sector accepts the handover request from its neighbour, it switches to the busy state

(see Free) and starts to control the approaching train. The controller’s behaviour is modelled by

Control ≜ ctrl(®𝜂).channels(𝑝, 𝑣, 𝑎, 𝑞).𝑞⟨𝑝𝑒⟩.comp⟨®𝜂, 𝑝, 𝑣, 𝑎, 𝑞⟩
where ®𝜂 = (𝑝𝑠 , 𝑝ℎ, 𝑝𝑒 , 𝑑, handover′, yes′, no′, switch, channels, reset) are defined as follows. Param-

eters 𝑝𝑠 , 𝑝ℎ , and 𝑝𝑒 denote the start, handover, and end points of the sector. The sector sends

handover requests to the next sectors via channel handover′, and receives successful and failed

responses from channels yes′ and no′, respectively. Duration 𝑑 is the control period. The sector

resets its own state by channel reset. If the handover request to the next sector is accepted, the

current sector sends the private channels (𝑝 , 𝑣 , 𝑎, and 𝑞) of the leaving train to the next sector

by switch. Symmetrically, if the sector accepts the handover request from the previous sector, it

receives the channels of the approaching train on channels. Process Control is invoked by ctrl(®𝜂).
Then, it waits for the parameters (𝑝 , 𝑣 , 𝑎, and 𝑞) of the train approaching from the previous sector,

modifies the destination of the train to the end point of the current section, i.e., 𝑞⟨𝑝𝑒⟩, and finally

invokes the computing function comp below. We can use replication to treat Control as a function

called repeatedly by process CTRL ≜ !Control. The computing behaviour of a (busy) sector is

invoked by channel comp. Then, it senses the real-time position 𝑝0 of the train it controls by the

position name 𝑝 of the train, i.e., 𝑝 (𝑝0). If the train has not reached the handover point of the sector

(i.e. 𝑝0 < 𝑝ℎ), then the sector continues to sense the real-time velocity of the train, based on which

a control command is computed by the function 𝑓 , specified in Section 7.6.5. After actuating the

acceleration of the train by 𝑎⟨𝑓 (𝑝0, 𝑣0, 𝑝𝑒 , 𝑑)⟩, the sector waits for one period, i.e., wait(𝑑), before
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invoking the next computation. If the train crosses the handover point (𝑝0 ≥ 𝑝ℎ), then the sector

sends a handover request to the next sector by handover′ and wait for a reply. If the reply is no′,
it continues as usual. When it receives yes′, it sends the private channels of the train to the next

sector, i.e., switch⟨𝑝, 𝑣, 𝑎, 𝑞⟩, and then monitors the real-time position of the train until it leaves the

sector (𝑝 < 𝑝𝑒 becomes false). After that, it resets its state to free and restart Control process by
ctrl. Process Compute can also be treated as a function COMP ≜ !Compute.

Compute ≜ comp(®𝜂, 𝑝, 𝑣, 𝑎, 𝑞).𝑝 (𝑝0).©­­­­­­­­­«

if 𝑝0 < 𝑝ℎ then
𝑣 (𝑣0).𝑎⟨𝑓 (𝑝0, 𝑣0, 𝑝𝑒 , 𝑑)⟩.wait(𝑑).comp⟨®𝜂, 𝑝, 𝑣, 𝑎, 𝑞⟩

else

handover′ .©­«
yes′ .switch⟨𝑝, 𝑣, 𝑎, 𝑞⟩.(𝜈𝑐){0 | ¤𝑐 = 1 & 𝑝 < 𝑝𝑒 }.reset .ctrl⟨®𝜂⟩
+
no′ .𝑣 (𝑣0).𝑎⟨𝑓 (𝑝0, 𝑣0, 𝑝𝑒 , 𝑑)⟩.wait(𝑑).comp⟨®𝜂, 𝑝, 𝑣, 𝑎, 𝑞⟩

ª®¬

ª®®®®®®®®®¬
A.2.2 Sector Creation. In Section A.2.1, the behaviours of sectors consists of four replicated

elements in two parts: FREE and BUSY manage the states of sectors, and CTRL and COMP specify the

control procedure. The following process initializes a (free) sector:

Sector ≜ sec( ®𝜉 ′, ®𝜂′).(𝜈 reset)
(
free⟨ ®𝜉⟩∥ctrl⟨®𝜂⟩

)
We write

®𝜉 ′ = ®𝜉\reset and ®𝜂′ = ®𝜂\reset for removing the name reset from ®𝜉 and ®𝜂. The sequences of
names

®𝜉 and ®𝜂 have been defined in Section A.2.1. Process Sector is invoked by channel sec with
receiving

®𝜉 ′, ®𝜂′. Then, it calls FREE via channel free and forks a process to manage the state of the

sector (initially free). Meanwhile, it calls CTRL via channel ctrl to start the control procedure. These

two processes operate in parallel and are connected via the local channel reset. If the train leaves the

current sector, the control procedure will reset the state of the sector to free (see Busy and Compute).
We consider potentially infinite sectors, thus we define the replication of sectorsSECT ≜ !Sector.
Sectors can be defined by the parallel composition to create a new (free) sector by channel sec:

SECTOR ≜ SECT (Call Entry)
∥ FREE ∥ BUSY (State)
∥ CTRL ∥ COMP (Function)

For example, given the sequences of names
®𝜉 ′ and ®𝜂′ above, ®𝜂′′ = ®𝜂′{10/𝑝𝑠 , 14/𝑝ℎ, 15/𝑝𝑒 , 1/𝑑} and

sec⟨ ®𝜉 ′, ®𝜂′′⟩∥SECTOR create a free sector whose start (𝑝𝑠 ), handover (𝑝ℎ), and end (𝑝𝑒 ) points are at

10 km, 14 km, and 15 km, respectively, and the control period (𝑑) of the sector is 1 s.

A.3 Terminus
The terminus can be regarded as a particular sector which always stops trains. The behaviour of

terminus can be defined using replication: Once it is invoked by term, it will fork a recursion that

refuses (𝑛𝑜) any handover request it receives.

TERMINUS ≜ !term(handover, no).𝜇𝑥 .handover .𝑛𝑜.𝑥

A.4 Network
The resource of the whole system is composed of trains, sectors, and a terminus:

RESOURCE ≜ TRAIN∥SECTOR∥TERMINUS
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We create channels handover𝑖 , yes𝑖 , no𝑖 , and channels𝑖 to connect the 𝑖-th and the (𝑖 + 1)st sectors.
The 𝑖-th sector sends handover requests to the next sector via channel handover𝑖 and it will be

replied by yes𝑖 or no𝑖 . If yes𝑖 , it then sends the channels of the train to the next sector via channel

channels𝑖 . The network contains three consecutive sectors, a terminus (which could be treated as

the fourth sector) and a train is placed at the start point of the first sector, initially.

Let ®𝑥𝑖 = handover𝑖 , yes𝑖 , no𝑖 for 𝑖 ∈ {0, 1, 2, 3} and ®𝑦 = channels0, channels1, channels2, channels3.
The complete train control Network is modelled as follows:

Network ≜ (𝜈 train, sec, free, busy, ctrl, comp, term, stop, brake)
(
Starter∥RESOURCE

)
Starter ≜ (𝜈 ®𝑥0, ®𝑥1, ®𝑥2, ®𝑥3, ®𝑦)

©­­­­­«
train⟨®𝑥0, channels0⟩∥
sec⟨®𝑥0, 0, 4, 5, 1, ®𝑥1, channels0, channels1⟩∥
sec⟨®𝑥1, 5, 9, 10, 1, ®𝑥2, channels1, channels2⟩∥
sec⟨®𝑥2, 10, 14, 15, 1, ®𝑥3, channels2, channels3⟩∥
term⟨handover3, no3⟩

ª®®®®®¬
The Starter creates all the physical entities (a train, three sectors, and a terminus) and connects

them together through links (channels) ®𝑥𝑖 . In addition, from the actual parameters (configurations)

of these entities, we can see that the period of each sector and the terminus is 1 s, the length of

each sector is 5 km with the handover point 1 km to the end point.

B PROOFS OF THE STRONG CONGRUENCE
Lemma B.1. The following relations are strong bisimulations:

(1) {((𝜈®𝑧) (P∥X), (𝜈®𝑧) (Q∥Y)) | P ∼ Q, X ∼ Y, ®𝑧 ∈ N∗}
(2) {(!P, !Q), ((𝜈®𝑧) (X∥!P), (𝜈®𝑧) (Y∥!Q)) | P ∼ Q, X ∼ Y, ®𝑧 ∈ N∗}

where N is the set of names.

Proof. (1) Let S denote the relation. We first consider the case that (𝜈®𝑧) (P∥X) 𝜆−→ A, where 𝜆 is

a discrete action. We try to find some B such that (𝜈®𝑧) (Q∥Y) 𝜆−→ B and ASB. The former transition

can be inferred by any of the following rules:

P
𝜆−→ A′ 𝜆 ∉ ®𝑧 ∪ ®𝑧

(𝜈®𝑧) (P∥X) 𝜆−→ (𝜈®𝑧) (A′∥X)

X
𝜆−→ A′ 𝜆 ∉ ®𝑧 ∪ ®𝑧

(𝜈®𝑧) (P∥X) 𝜆−→ (𝜈®𝑧) (P∥A′)

P
𝑥−→ F X

𝑥−→ C

(𝜈®𝑧) (P∥X) 𝜏−→ (𝜈®𝑧) (F@C)
P

𝑥−→ C X
𝑥−→ F

(𝜈®𝑧) (P∥X) 𝜏−→ (𝜈®𝑧) (F@C)

where ®𝑧 ∪ ®𝑧 ≜ {𝑧, 𝑧 | 𝑧 ∈ ®𝑧}.
For the first transition, since P

𝜆−→ A′ and P ∼ Q, we get Q
𝜆−→ B′ and A′ ∼ B′. Thus,

Q
𝜆−→ B′ 𝜆 ∉ ®𝑧 ∪ ®𝑧

(𝜈®𝑧) (Q∥X) 𝜆−→ (𝜈®𝑧) (B′∥X)
For A′ and B′, we have the following three cases:

Case 1 A′ and B′ are processes. Then, (𝜈®𝑧) (A′∥X)S(𝜈®𝑧) (B′∥X) given that A′ ∼ B′.
Case 2 Let A′ = ( ®𝑥).P′ and B′ = ( ®𝑥).Q′ be abstractions, whereN(®𝑥)∩(F (X)∪N (®𝑧)) = ∅. Since A′ ∼

B′, ∃S′
such that A′S′B′, i.e., P′{®𝑒/®𝑥} = A′⟨®𝑒⟩ S′ B′⟨®𝑒⟩ = Q′{®𝑒/®𝑥} for all ®𝑒 by definition. Thus,
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(𝜈®𝑧) (P′{®𝑒/®𝑥}∥X)S(𝜈®𝑧) (Q′{®𝑒/®𝑥}∥X) for all ®𝑒 . ByDefinition 5.2 andN(®𝑥)∩(F (X)∪N (®𝑧)) = ∅,
we can get (𝜈®𝑧) (A′∥X) = ( ®𝑥).(𝜈®𝑧) (P′∥X) and (𝜈®𝑧) (B′∥X) = ( ®𝑥).(𝜈®𝑧) (Q′∥X) and for all ®𝑒 ,

( ®𝑥).(𝜈®𝑧) (P′∥X)⟨®𝑒⟩ ( ®𝑥).(𝜈®𝑧) (Q′∥X)⟨®𝑒⟩
q q

(𝜈®𝑧) (P′{®𝑒/®𝑥}∥X) S (𝜈®𝑧) (Q′{®𝑒/®𝑥}∥X)

which means

(𝜈®𝑧) (A′∥X) (𝜈®𝑧) (B′∥X)
q q

( ®𝑥).(𝜈®𝑧) (P′∥X) S (®𝑥).(𝜈®𝑧) (Q′∥X)
by definition.

Case 3 A′ and B′ are concretions. Since A′ ∼ B′, ∃S′
such that A′S′B′ and we let A′ = (𝜈 ®𝑦)⟨®𝑒⟩.P′

and B′ = (𝜈 ®𝑦)⟨®𝑒⟩.Q′ such that P′S′Q′, where N(®𝑦) ∩ (F (X) ∪ N (®𝑧)) = ∅. By Definition 5.2,

(𝜈®𝑧) (A′∥X) = (𝜈®𝑧1, ®𝑦)⟨®𝑒⟩.(𝜈®𝑧2) (P′∥X)
(𝜈®𝑧) (B′∥X) = (𝜈 ®𝑧1, ®𝑦)⟨®𝑒⟩.(𝜈®𝑧2) (Q′∥X)

where we assume ®𝑧 = ®𝑧1, ®𝑧2 with N(®𝑧1) ⊆ N (®𝑒) and N(®𝑧2) ∩ N (®𝑒) = ∅. Since P′S′Q′, we
get

(𝜈®𝑧2) (P′∥X) S (𝜈®𝑧2) (Q′∥X)
which implies (𝜈®𝑧) (A′∥X)S(𝜈®𝑧) (B′∥X) by definition.

Let A = (𝜈®𝑧) (A′∥X) and B = (𝜈®𝑧) (B′∥X), then ASB. The proof for the second transition is symmetric.

For the third transition, since P
𝑥−→ F, X

𝑥−→ C, P ∼ Q, and X ∼ Y, we get Q
𝑥−→ F′, Y

𝑥−→ C′, F ∼ F′,
and C ∼ C′. Thus, we get the following transition:

Q
𝑥−→ F′ X

𝑥−→ C′

(𝜈®𝑧) (Q∥X) 𝜏−→ (𝜈®𝑧) (F′@C′)
Since F ∼ F′ and C ∼ C′, ∃S′,S′′

such that FS′F′ and CS′′C′. Thus, we can let F = ( ®𝑥).P′, F′ = ( ®𝑥).Q′,
C = (𝜈 ®𝑦)⟨®𝑒⟩.X′, and C′ = (𝜈 ®𝑦)⟨®𝑒⟩.Y′ such that P′{®𝑒′/®𝑥} = F⟨®𝑒′⟩ S′ F′⟨®𝑒′⟩ = Q′{®𝑒′/®𝑥} for all ®𝑒′, which
implies P′{®𝑒/®𝑥}S′Q′{®𝑒/®𝑥}, and X′S′′Y′. Then,

(𝜈®𝑧) (F@C) (𝜈®𝑧) (F′@C′)
q q

(𝜈®𝑧, ®𝑦) (P′{®®𝑒/®𝑥}∥X′) S (𝜈®𝑧, ®𝑦) (Q′{®®𝑒/®𝑥}∥Y′)

Let A = (𝜈®𝑧) (F@C) and B = (𝜈®𝑧) (F′@C′), then ASB. The proof for the fourth transition is symmetric.

Now we consider the case that (𝜈®𝑧) (P∥X)
⟨𝜌1⌢ · · ·⌢𝜌𝑛,R⟩
−−−−−−−−−−−−→ R. We try to find some R′ such that

(𝜈®𝑧) (Q∥Y)
⟨𝜌1,R⟩
−−−−−→ · · ·

⟨𝜌𝑛,R⟩
−−−−−→ R′ and RSR′. The former transition can be inferred by the rule:

P
⟨𝜌 ′,R′ ⟩
−−−−−→ P′ X

⟨𝜌 ′′,R′′ ⟩
−−−−−−→ X′ R′ ∩ R′′ = ∅

(𝜈®𝑧) (P∥X)
⟨𝜌 ′⊗𝜌 ′′,R′∪R′′ ⟩\®𝑧
−−−−−−−−−−−−−−→ (𝜈®𝑧) (P′∥X′)

where ⟨𝜌 ′ ⊗ 𝜌 ′′,R′ ∪R′′⟩\®𝑧 = ⟨𝜌1⌢ · · ·⌢ 𝜌𝑛,R⟩. Since P
⟨𝜌 ′,R′ ⟩
−−−−−→ P′, X

⟨𝜌 ′′,R′′ ⟩
−−−−−−→ X′, P ∼ Q, and X ∼ Y,

we get Q
⟨𝜌 ′

1
,R′ ⟩

−−−−−−→ · · ·
⟨𝜌 ′

𝑛,R′ ⟩
−−−−−−→ Q′, Y

⟨𝜌 ′′
1
,R′′ ⟩

−−−−−−→ · · ·
⟨𝜌 ′′

𝑛 ,R′′ ⟩
−−−−−−→ Y′, P′ ∼ Q′, and X′ ∼ Y′, where

𝜌 ′ = 𝜌 ′
1

⌢ · · ·⌢ 𝜌 ′𝑛 and 𝜌 ′′ = 𝜌 ′′
1

⌢ · · ·⌢ 𝜌 ′′𝑛
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with |𝜌𝑖 | = |𝜌 ′𝑖 | = |𝜌 ′′𝑖 | for 1 ≤ 𝑖 ≤ 𝑛. Then, we can get the transitions

(𝜈®𝑧) (Q∥Y)
⟨𝜌 ′

1
⊗𝜌 ′′

1
,R′∪R′′ ⟩\®𝑧

−−−−−−−−−−−−−−→ · · ·
⟨𝜌 ′

𝑛⊗𝜌 ′′
𝑛 ,R′∪R′′ ⟩\®𝑧

−−−−−−−−−−−−−−−→ (𝜈®𝑧) (Q′∥Y′)
Since ⟨𝜌 ′ ⊗ 𝜌 ′′,R′ ∪R′′⟩\®𝑧 = ⟨𝜌1⌢ · · ·⌢ 𝜌𝑛,R⟩, we get (𝜌 ′𝑖 ⊗ 𝜌 ′′𝑖 )\®𝑧 = 𝜌𝑖 and (R′ ∪R′′)\®𝑧 = R, i.e.,

(𝜈®𝑧) (Q∥Y)
⟨𝜌1,R⟩
−−−−−→ · · ·

⟨𝜌𝑛,R⟩
−−−−−→ (𝜈®𝑧) (Q′∥Y′)

Since P′ ∼ Q′ and X′ ∼ Y′, we get (𝜈®𝑧) (P′∥X′)S(𝜈®𝑧) (Q′∥Y′). Let R = (𝜈®𝑧) (P′∥X′) and R′ = (𝜈®𝑧) (Q′∥Y′),
then RSR′. In summary, S is a strong simulation and so is its converse: S is a strong bisimulation.

(2) Let S denote the relation. We first consider the case that !P
𝜆−→ A, where 𝜆 is a discrete action.

We try to find some B such that !Q
𝜆−→ B and ASB. Based on rules [Rep], [Rep′], [Par], and [Sync],

transition !P
𝛼−→ A can be inferred by any of the following rules:

P
𝜆−→ A′

!P
𝜆−→ A′∥!P

P
𝑥−→ F P

𝑥−→ C

!P
𝜏−→ F@(C∥!P)

P
𝑥−→ C P

𝑥−→ F

!P
𝜏−→ (F∥!P)@C

For the first transition, since P
𝜆−→ A′ and P ∼ Q, we get Q

𝜆−→ B′ and A′ ∼ B′. Thus,

Q
𝜆−→ B′

!Q
𝜆−→ B′∥!Q

Similar to the proof for the first transition in (1), we consider A′ and B′ could be processes (Case 1),
abstractions (Case 2), and concretions (Case 3), and for each case, we can prove (A′∥!P)S(B′∥!Q).
Let A = A′∥!P and B = B′∥!Q, then ASB.
For the second transition, P

𝑥−→ F, P
𝑥−→ C, and P ∼ Q, we get Q

𝑥−→ F′, Q
𝑥−→ C′, F ∼ F′, and C ∼ C′.

Thus, we can get

Q
𝑥−→ F′ Q

𝑥−→ C′

!Q
𝜏−→ F′@(C′∥!Q)

Since F ∼ F′ and C ∼ C′, ∃S′,S′′
such that FS′F′ and CS′′C′. Thus, we can let F = ( ®𝑥).P′, F′ = ( ®𝑥).Q′,

C = (𝜈 ®𝑦)⟨®𝑒⟩.P′′, and C′ = (𝜈 ®𝑦)⟨®𝑒⟩.Q′′ such that P′{®𝑒′/®𝑥} = F⟨®𝑒′⟩ S′ F′⟨®𝑒′⟩ = Q′{®𝑒′/®𝑥} for all ®𝑒′,
which implies P′{®𝑒/®𝑥}S′Q′{®𝑒/®𝑥}, and P′′S′′Q′′. By Definition 5.3 and 5.2, we get

F@(C∥!P) = ( ®𝑥).P′@(𝜈 ®𝑦)⟨®𝑒⟩.(P′′∥!P) = (𝜈 ®𝑦) (P′{®𝑒/®𝑥}∥P′′∥!P)
and F′@(C′∥!Q) = ( ®𝑥).Q′@(𝜈 ®𝑦)⟨®𝑒⟩.(Q′′∥!Q) = (𝜈 ®𝑦) (Q′{®𝑒/®𝑥}∥Q′′∥!Q). Since P′{®𝑒/®𝑥} ∼ Q′{®𝑒/®𝑥},
P′′ ∼ Q′′, and P ∼ Q, we get

F@(C∥!P) F′@(C′∥!Q)
q q

(𝜈 ®𝑦) (P′{®𝑒/®𝑥}∥P′′∥!P) S (𝜈 ®𝑦) (Q′{®𝑒/®𝑥}∥Q′′∥!Q)
Let A = F@(C∥!P) and B = F′@(C′∥!Q), then ASB. The proof for the third transition is similar.

Now we consider the case that !P
⟨𝜌1⌢ · · ·⌢𝜌𝑛,R⟩
−−−−−−−−−−−−→ !P′. We try to find some !Q′ such that

!Q
⟨𝜌1,R⟩
−−−−−→ · · ·

⟨𝜌𝑛,R⟩
−−−−−→ !Q′

The former transition can be inferred by the following rule:

P
⟨𝜌,R⟩
−−−−→ P′ R ∩ R = ∅

!P
⟨𝜌,R⟩
−−−−→ !P′
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where 𝜌 = 𝜌1
⌢ · · ·⌢ 𝜌𝑛 . Since P

⟨𝜌,R⟩
−−−−→ P′ and P ∼ Q, Q = Q1

⟨𝜌1,R⟩
−−−−−→ Q2

⟨𝜌2,R⟩
−−−−−→ · · ·

⟨𝜌𝑛−1,R⟩
−−−−−−−→ Q𝑛 = Q′

and P′ ∼ Q′. According to rule [Rep′]:

Q𝑖
⟨𝜌𝑖 ,R⟩
−−−−−→ Q𝑖+1 R ∩ R = ∅

!Q𝑖
⟨𝜌𝑖 ,R⟩
−−−−−→ !Q𝑖+1

we get the transitions !Q
⟨𝜌1,R⟩
−−−−−→ · · ·

⟨𝜌𝑛,R⟩
−−−−−→ !Q′. Since P′ ∼ Q′, we get !P′S!Q′ by definition.

For pairs ((𝜈®𝑧) (X∥!P), (𝜈®𝑧) (Y∥!Q)), we can get similar result in the same way. In summary, S is a

strong simulation and so is its converse: S is a strong bisimulation. □

Theorem 6.3 (Congruence).

• If A ∼ B then 𝜆A + M ∼ 𝜆B + M.
• If P ∼ Q then (1) [𝐵] .P + M ∼ [𝐵] .Q + M, (2) (𝜈𝑥)P ∼ (𝜈𝑥)Q, (3) P∥R ∼ Q∥R, (4) !P ∼ !Q, (5)

(𝜈 ®𝑥)⟨®𝑒⟩.P ∼ (𝜈 ®𝑥)⟨®𝑒⟩.Q, and (6) {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P + M ∼ {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).Q + M.
• If P{®𝑒/®𝑥} ∼ Q{®𝑒/®𝑥} for all ®𝑒 , then ( ®𝑥).P ∼ (®𝑥).Q.

Proof. It can be demonstrated that

S1 = {(𝜆A + M, 𝜆B + M)} ∪ {(P, Q) | P ∼ Q}
S2 = {([𝐵] .P + M, [𝐵] .Q + M), (P, Q) | P ∼ Q}
S3 = {({®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P + M, {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).Q + M)}

∪{(𝜋.P, 𝜋 .Q), (P, Q) | P ∼ Q, 𝜋 ∈ C}
S4 = {((𝜈𝑥)P, (𝜈𝑥)Q) | P ∼ Q}

where C is the set of continuous prefixes, are strong bisimulations, which are enough to prove

𝜆A + M ∼ 𝜆B + M
[𝐵] .P + M ∼ [𝐵] .Q + M

{®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).P + M ∼ {®𝑒0 | ¤®𝑣 = ®𝑒&𝐵,R}(®𝑦).Q + M
(𝜈𝑥)P ∼ (𝜈𝑥)Q

for A ∼ B and P ∼ Q. According to Lemma B.1, we can get

P∥R ∼ Q∥R
!P ∼ !Q

Assume P ∼ Q, then ∃S such that PSQ and thus (𝜈 ®𝑥)⟨®𝑒⟩.PS(𝜈 ®𝑥)⟨®𝑒⟩.Q by definition, which implies

(𝜈 ®𝑥)⟨®𝑒⟩.P ∼ (𝜈 ®𝑥)⟨®𝑒⟩.Q
Assume P{®𝑒/®𝑥} ∼ Q{®𝑒/®𝑥} for all ®𝑒 , then ∃S®𝑒 � P{®𝑒/®𝑥}S®𝑒Q{®𝑒/®𝑥}. It can be demonstrated that

S =
⋃

®𝑒 S®𝑒 is a strong bisimulation and ( ®𝑥).PS(®𝑥).Q by definition, thus ( ®𝑥).P ∼ (®𝑥).Q. In summary,

∼ is a congruence in the hybrid 𝜋-calculus. □

C BARRIER CERTIFICATES
This appendix provides the formal definition of a barrier certificate and explains how to use it

to compute a differential invariant. For a deeper dive into this topic, we suggest referring to

[26, 43, 52, 54]. The following definition and theorem are taken from [26]. We slightly modify their

formulations for our setting.

Definition C.1 (Hybrid Automaton). A hybrid automaton is a tupleH = ⟨𝐿,𝑋, 𝐸, 𝑅,𝐺, 𝐼, 𝐹 ⟩, where
• 𝐿 is a finite set of locations;

• 𝑋 ⊆ R𝑛
is the continuous state space. The hybrid state space of the system is denoted by

X = 𝐿 × 𝑋 and a state is denoted by (𝑙, 𝑥) ∈ X;
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• 𝐸 ⊆ 𝐿 ×𝐴 × 𝐿 is a set of discrete transitions, where 𝐴 is a set of actions;

• 𝐺 : 𝐸 ↦→ 2
𝑋
is a guard mapping over discrete transitions;

• 𝑅 : 𝐸 × 𝑋 ↦→ 2
𝑋
is a reset mapping over discrete transitions;

• 𝐼 : 𝐿 ↦→ 2
𝑋
is an invariant mapping.

Theorem C.2 (Hybrid-Exp Condition Barrier Certificate). [26, Theorem 2] Given a hybrid
automaton H = ⟨𝐿,𝑋, 𝐸, 𝑅,𝐺, 𝐼, 𝐹 ⟩, the initial set X0 and the unsafe set X𝑢 of H , then, for any given
set of constant real numbers 𝑆𝜆 = {𝜆𝑙 ∈ R | 𝑙 ∈ 𝐿} and any given set of constant non-negative
real numbers 𝑆𝛾 = {𝛾𝑒 ∈ R+ | 𝑒 ∈ 𝐸}, if there exists a set of continuously differentiable functions
{𝜑𝑙 (𝑥) | 𝑙 ∈ 𝐿} such that, for all 𝑙 ∈ 𝐿 and 𝑒 ∈ 𝐸, the following formulas hold:

∀𝑥 ∈ Init(𝑙). 𝜑𝑙 (𝑥) ≤ 0. (BC-1)

∀𝑥 ∈ 𝐼 (𝑙). ⟨∇𝜑𝑙 , 𝑓𝑙 ⟩ − 𝜆𝑙𝜑𝑙 (𝑥) ≤ 0. (BC-2)

∀𝑥 ∈ 𝐺 (𝑒),∀𝑥 ′ ∈ 𝑅(𝑒, 𝑥). 𝛾𝑙,𝑙 ′𝜑𝑙 (𝑥) − 𝜑𝑙 ′ (𝑥 ′) ≥ 0. (BC-3)

∀𝑥 ∈ Unsafe(𝑙). 𝜑𝑙 (𝑥) > 0. (BC-4)

where ∇ is the gradient operator, ⟨·, ·⟩ is the dot product, Init(𝑙) and Unsafe(𝑙) denote respectively the
initial set and the unsafe set at location l, then the safety property is satisfied by H .

The functions {𝜑𝑙 (𝑥) | 𝑙 ∈ 𝐿} are referred to as barrier certificates associated to the hybrid

automaton H . If such barrier certificates exist, then the set Ω defined by

Ω ≜
⋂
𝑙∈𝐿

{(𝑙, 𝑥) | 𝜑𝑙 (𝑥) ≤ 0}

is a differential invariant that witnesses the safety of H . This is ensured by the conditions outlined

in the above theorem. Intuitively, condition BC-1 guarantees that the initial states are included

in Ω, while BC-4 ensures that the unsafe states are excluded. Additionally, BC-2 ensures that

trajectories can not enter the unsafe region during continuous evolution within each location,

while BC-3 guarantees the same property for discrete transitions between successive locations.

By assuming that the barrier certificates are of certain polynomial (linear in our case) forms,

the constraints can be translated into sum-of-squares optimization problems and be solved as

semidefinite programmings [39].

To obtain the differential invariant in the proof of Proposition 7.1, we apply the above theorem

to the hybrid automatonH in Fig. (4). SinceH only has one location, we only need to compute one

function 𝜑 (the subscript 𝑙 is omitted). We employ the tools TSSOS [51] and Mosek [3] to formulate

and solve the constraints. After trying different values, we set 𝛾𝑒 = 1 for each 𝑒 ∈ 𝐸 and 𝜆 = 0.25.

The following barrier certificate is obtained, keeping five decimal places during computation:

𝜑 ≜ 0.12386 · 𝑝1 + 0.60533 · 𝑣1 − 0.00588 · 𝑎1 − 8.19308 · 𝑐1
+0.12017 · 𝑝2 + 0.58482 · 𝑣2 − 0.03074 · 𝑎2 + 0.64709 · 𝑐2 − 0.40900.

The numerical results can be verified by Mathematica. The code can be found via the link:

https://anonymous.4open.science/r/TrainBisimulation-EE75.

https://anonymous.4open.science/r/TrainBisimulation-EE75
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