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(1) Timed Transition Systems and Timed Automata
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Clocks

X: A set of clock variables
Q: A set of time constants

Let X range over X. Let c range over Q.
The set of clock formulas ®(X) is as follows:

O:=xZc|c<x| 0| OAD



Valuations

Let R be the set of real numbers.
A valuation is a function v: X=2R.

Notation
v+t denote v’ such that v’(x)=v(x)+t for all x eX.

t*v denotev’ such that v’(x)=t*v(x) for all x eX.

[Y->t]v denote v’ such that:
v’(x)=t for all x €Y, and v’(x)=v(x) for all x eX\Y.



Timed Transition Systems (TTS)

Definition

A TTS is a quintuple <X,S,X,A, 1>
— 2 : Afinite set of symbols
— S : A finite set of states
— X: A finite set of clock variables
—AcCSx2Ex2Xx DO(X) xS : A transition relation
— | < S : A set of initial states



Example: 2

{a,b,c}



Example: S




Example: X={x,y,z}




Example: A




Example: |




Basic Concepts



States

The set of valuations: V=X=2>R.

A state is an element of S x V.

Similar to
Flow Chart
Diagram Models




Timed Words

A timed word is an infinite sequence of 2 x R.

A timed word is denote by (o,t) €Z® x R®.

It is required that t,,,> 7, (or 7,,,> 1) and
for all teR, there is i such that t, > t.



Runs

Given A=<2,S,X,A,I>

Definition

Let (o,T) €X® x R®.

A run of A on (o,T) is an infinite sequence
(SoVo)(S1,Vq) .... Of Sx V such that

So € |, and v, =[X->0]v;

Vi>0,3YcX, AdeD(X),A(s;,0.,,,Y, 0,5:,1) €A,

V+T.,.-T, |[= ¢ and v, = [Y->0](v.+1,,-T)).



Words over Runs

Definition
A timed word over a run r of A is
an infinite sequence (o,t) €X® x R®

such that ris a run on (o,71).
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Timed-Automaton

Definition

A timed automaton is a sextuple <%,S5,X,A,l,F>
— 2 : Afinite set of symbols
— S : A finite set of states
— X: A finite set of clock variables
—AcCSx2Ex2Xx DO(X) xS : A transition relation
— | < S : A set of initial states
— F < S: Aset of acceptance states

EE



Example: F={s1,s3}

x<2,a,{x.y!
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Accepting Runs

Let inf(r) be the set of states
that appear infinitely many times on .

Definition
An accepting run of Aisarunr of A
such that inf(r)"FzO.



Accepting Words

Definition
An accepting word of A is

a word over some accepting run of A.



Language

Definition
The language of A is
the set of accepting words of A.

The language of A is denoted L(A).
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i 18] Buchi H 412

A=(,8A,1,F) H
¥ ={a,b} .

S = 1{50,51,52,53} .

A={
(so,a,{x},x=1,51), (s2,a,{x},x =1,s3),
(81? b {y} trueﬁ 82)? (839 bg {y} Y = ]- 82)
i =

I =1{so0}.
F={s2} .
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Basic Properties

Reachability:
states (locations) + time-constraints

Safety
Inevitability



Operations

Union
Intersection

Not closed under complementation.



Emptiness Problem

Let A be a TA.
L(A)=7?

PSPACE-complete.
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A=<X,S,X,A, | F> HH

>.={a,b}
S={gr,gr2,yr,rr,rg,rg2}
X={u}
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(11) Hybrid Systems (Hybrid Automata)






a,Xx=900,x:=x+1

e

X'=2 px=100,x:=x-1 X =-1

X=Xy+2t X=Xq-t



Timed TS (for comparison)

Definition
A timed transition system is a quintuple <2,S,X,A,1>
— 2 : Afinite set of symbols
— S : A finite set of states
— X: A finite set of clock variables
—AcCSxXEx2Xx DO(X) xS : A transition relation
— | < S : A set of initial states



Hybrid -Systems

Definition

A hybrid system is a sextuple <2,S,X,A,l,flow>
— 2 : Afinite set of symbols
— S : A finite set of states
— X: A set of n real variables
— A Sx2xP(X) x D(X) xS : A transition relation
— 1< Sx (2R)": A set of initial states
— flow: S 2 ®O(X,X’)

D(X): X=2(R"2>R) d(Z): predicates over Z



a,Xx=900,x:=x+1

e

X'=2 px=100,x:=x-1 X =-1

X=Xy+2t X=Xq-t



States

A set of control states: S
A set of variables:

The set of valuations: V=X-2>R.

veV denotes:
(v(x1),...,v(xn)) € R"

A system state is an element of S x V.



Time-Transitions:

0=>0: (s,v0) =° (s,v1)

df such that f is differentiable, and
f: [0,0] 2 R"
f(0) =vO
f(o) = vl
VCe(0,0).flow(s)[X/f(C)]1[X /T (C)]=true



Action-Transitions:

ccX:

(sO,v0) =2° (s1,v1)

Le®D(X), peD(X), (sO,0,0,A,51) €A,
{z1,...,zk}=dom(A),
such that

vO [= 0,
vl =v0[z1/A(z1)(vO)]...[zk/A(zk)(vO)]

EE



Runs on Timed-Words

timed-word: (o,t)= (ol,71) (02,72)......
run on (o,T): r= (sO,v0)(s1,vl)......
(sO,v0)€l, and

(s(i)v(i))  —>eten-e (s(i).v*)
(s(i)v*) ol (s(i+1),v(i+1))



Runs

risarun, if
there exists a timed word (o, 1)

such that ris a run on (o,1)
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A=<X> S X Al flow> H
>.={a,b}
S={s0,s1}
X={x}
A={(s0,a,A0,x=900,s1), (s1,b,A1,x=100,s0) }
I={(s0,[0])}
flow(s0)=(x"=2), flow(s1)=(x"=-1)

AO(x)=(x+1), Al(x)=(x-1)



% i - x<1000

a,Xx=900,x:=x+1

e

X'=2 px=100,x:=x-1 X =-1

X=Xy+2t X=Xq-t



Hybrid Automata

Hybrid System + Acceptance Condition



(111) Petri Nets
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{s0,...,52,10,...,t2, ts }
{uo,...,u2,v0,...,v2 }
{(sO,u0),(u0,s1),(s1,ul),(ts,ul),...}
M: M(s0)=1,M(s1)=0,M(s2)=0,...



Petri Nets

Definition

A Petri-net is a quadruple <P,T,F,M,>
— P : A finite set of places
— T : A finite set of transitions

—Fc (PxT)uU (T xP): A set of edges
— M,: PN, the initial marking/state



Example: Places
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Example: Transitions
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Example: A Compete Model
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Basic Concepts



States

Markings

M: PN



Transitions

°p(t) ={p P | (p,t)eF }
pe(t)={p P | (t,p)eF }

t is executable/fireable at state M,
iff Vpe °p(t).M(p)=1.

M—=2>t M’ denote t is executable/fireable at M, and
Vp.(M’(p)=M(p)-(p e °p(t))+(pep°(t))

M = M’ iff there is some t such that M=>t M’
or there is no executable t at M and M=M".



Computations

Definition

A computation of PN=<P,T,F,M> is

an infinite sequence of P> N:

X X X, ...

such that X,=M,, and X. 2 X.,, forall i> 0
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Example:
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Reachability

The set of reachable states {M | My, =2>* M }

Reachability Problem
Given X: P->N.
IsXe{M|M,2>*M}?

The reachability problem is decidable and
is EXPSPACE-hard.



Liveness

Dead

May fire

Can fire arbitrary often
Can fire infinitely often

Can always fire



Example: Liveness




Safe Petri-Nets

A Petri-net is k-bounded, if
VM such that M,=>*M, M(p)<k.

A Petri-net is called safe Petri-nets, if
VM such that M,=>*M, M(p)<1.

The reachability problem of safe Petri-nets is
PSPACE-complete.



(IV) Summary

* Timed Transition Systems and Timed Automata
* Hybrid Systems and Hybrid Automata
* Petri-Nets
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