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(1) Bounded Semantics of PLTL
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LTL

£ FENNF-LTL:

D ==p|DAD | DVD | —p | XD | GD | ® U ®



M,
M, Tt
M, Tt
M,
M, Tt
M, Tt
M, T

(IEH)EX: M |=d

if p € AP and p € L(r,)

if M, |
if M, 1t

=
=porM,n |=y

if M1t
if M, !
if 3i>0,

=pand M, |=vy
|=¢

M, |= v and Vj<i, M,i|=d

if Vi=0, M, | =y



Existential Model Checking Problem

M |=¢ ¢, if there a computation rt such that M,nt |= ¢

Given M and o.

M |=¢ o, iff

M}/écp



PRAEN: M, |5 ¢

k-path: T =T, ...



[ F41E Y (non-loop): M, 1t |=, ¢

M, |="p, ifp e APand p € L(r,,)

M, |=™ —p, ifpe APandp ¢ L(r,,)

M, |=,™ dvy, if M, |="™dor M, [=™ vy

M, |=™ dAy, if M,m |=™dand M, |=™ vy

M, |="X o, if k>m+1 and M, |=,™* ¢

M, |=" dUy, if Im<i<k, M,m |=! y and Vm<j<i, M,t|=] ¢
M, |=" Gy, if false

M7 =4 dif M7 =0



fRAE X (loop): M, mt |= ¢
(k,1)-loop: T =T ... T (7 ... T )°



[RAE X (loop): M, mt |=, b

M,

M, |=

M,
M,
M,

M,

— |,
_kmpl

=kI,m d)V\VI
=k|'m dAy,
=k|’m X d)l

ifp e APandp € L(r,,)
ifpe APandp ¢ L(r,,)
if M, [="™ & or M, |="™ vy
if M, |='™ ¢ and M, |="™ vy
if k>m+1 and M, |= ™1 ¢,
ork=mand M,n |= " ¢
if Im<i<k, M,nt |= " v and Vm< j<i, M,t| =" o,
or Vm< j<k, M,x|=" ¢ and
JI<i<m, M,t |=" v and V|<j<i, M,t|=" ¢
if Vmin(l,m)<i<k, M, | ="



PRAEN: M, |5 ¢

DEFINITION
Mt [=, &, itM,t |5, dor M, |5, ¢ for some | € {0,...,k}

DEFINITION
Ml=¢, &, if M, |=, ¢ for some computation .

LEMMA (Soundness)
If M|=¢, &, then M |=¢ ¢.

LEMMA (Completeness)
If M |=; ¢, then M|=¢, ¢ for some k > 0.



fR 718 X

THEOREM
M |=; ¢ iff
there is k=0 such that M |[=¢, ¢

Corollary
M JE & if
there is k >0 such that M |[=¢, —¢
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(least completeness threshold < |M | *21¢l)



S AR AR e
(Bounded Model Checking)

Let b be a completeness threshold for M |= ¢ or infinity.

k=0;
. if M|=¢, =@, then report Myé 0}
if k=b, then report M|= o;

pwoN e

k=k+1; goto step 2;

1 »



Example: F(a=CR or b=CR)?

CR,NCR,0,0,0 CR,NCR,0,0,

ait, NCR,0,1, ANCR,wait,1,0,0
IRNCROLL ait,wait, 1,10
¥

CR,wait,l,l,

E.:G(a!l=CR and b!=CR) ?



Example: ¢ = F(a=CR or b=CR)

Q: M |= F(a=CR or b=CR) ?
Negation: M|=; — F(a=CR or b=CR) ?
M|=¢, — F(a=CR or b=CR) for some k ?
M, © |=, G(a!=CR and b!=CR) for some k and computation &t

«=0: (NCR,NCR,0,0,0),......
«=1: (NCR,NCR,0,0,0)(wait,NCR,0,1,1),......
=2: (NCR,NCR,0,0,0)(wait,NCR,0,1,1)(wait,wait,1,1,0),......

Since M| =g, —F(a=CR or b=CR) holds for k=2,
we have that M|= F(a=CR or b=CR) does not hold.



Example: F(a=CR or b=CR)?

CR,NCR,0,0,0 CR,NCR,0,0,

ait, NCR,0,1, ANCR,wait,1,0,0
IRNCROLL ait,wait, 1,10
¥

CR,wait,l,l,

E..G(al=CR and b!=CR) ? ok



Example: F(a=CR or b=CR)?

CR,NCR,0,0,0 CR,NCR,0,0,

ait, NCR,0,1, ANCR,wait,1,0,0
(CR,NCR,0,1,1> Wait,wait, 1,1,0
y

//

CR,wait,1,1,0 m

e E..G(a!=CR and b!=CR) ?



Example: ¢ = F(a=CR or b=CR)

Q: M |= F(a=CR or b=CR) ?
Negation: M|=; — F(a=CR or b=CR) ?
M|=¢, — F(a=CR or b=CR) for some k ?
M, © |=, G(a!=CR and b!=CR) for some k and computation & ?

Check M|=¢, — F(a=CR or b=CR) for k= 0,1,2,...,| M| *2!!

Since M|=¢ , —F(a=CR or b=CR) does not hold for k=|M|*2ll,
we have M|= F(a=CR or b=CR).



Example: F(a=CR or b=CR)?

CR,NCR,0,0,0 CR,NCR,0,0,

ait, NCR,0,1, ANCR,wait,1,0,0
(CR,NCR,0,1,1> Wait,wait, 1,1,0
y

//

CR,wait,1,1,0 m

E..G(a!=CR:and b!=CR)? Ict()?



(I1) Automata Representation of PLTL



PLTL 2 m-Automata

Let AP be given.
Let ¢ over AP be given.

Construct a GBA A such that
<S5,(,L> |= ¢ iff L(Q)e L(A)

L(Q) € (2%)®



Example

Gp
pUq
pU(qUr)



Example
Gp

AP={p}

<>,SALLF>

2 ={{}, {p}} {p}
S = {s0}

A ={(s0,{p},s0) }

| = {sO}
F = {s0O}



Example

pUq

AP=ip,a) (0,0}

{a}
<>,SALF>
2 ={{}, {p}, {a}, {p,a} } {p.,q}

- (0] P} (p.a}
A = { (SO,{p};SO)I (sO,{p,Q},SO), } g:l);
| = {sO} !

F={s1}



Example

pUq

AP={p,q}

q
<>,SALLF>
2 ={{} {p}, {a}, {p,a} !
o T

S ={s0,s1}

A =1{(s0,{p},50), (sO,{p,a},s0), ... }
| = {sO}

F={s1}




Example
pU(qUr)?

pU(qUr)




PLTL 2 m-Automata

Only consider NNF formulas with

literals,
disjunction, conjunction,
X, U, R

D ==p|-p | DAD | DVD XD | PRD | DU D



PLTL = w-Automata
Let ¢ be a PLTL formula over AP.

Construct a GBA A=<S,>, A, F> such that
<S5,(,L> |= ¢ iff L(Q) e L(A)

(1)Z=24P
(2)S,LAF = ?



PLTL 2 m-Automata

Q2>
initial node
s=[¢g; @; ; ]

s=[a; D, c; d] =2
new node

s'=[s; d; O; O]

Meaning of [a; b; c; d]



PLTL 2 m-Automata

s=[a; p,p; ¢; d] where pis a literal
Replace by

s'=[a; ¢; p,c; d]



PLTL 2 m-Automata

s=[a; Puv,9; ¢; d]

Replace by

s'=[a; P, P; PV P4,C; d]
s”=[a; 01,0; PV Py,C; d]



PLTL 2 m-Automata

s=[a; PuAP1,@; C; d]

Replace by

s'=[a; ©o,P1,P; PeAP4,C; d]



PLTL 2 m-Automata

s=[a; X¢,,0; c; d]

Replace by

s'=[a; @; X@4,¢; ¢,,d]



PLTL =2 ®-Automata
s=[a; poU,,; c; d]

Replace by
s'=[a; @ V(PoAX(PU@,)),0; PoUe,,c; d]

Or equivalently, by,

s1=[a; ¢,,0; P,Up,,C; d]
s2 =[a; ©,,0; P.U0,,C; d,(0,Up,)]




PLTL =2 ®-Automata
s=[a; @oRP,,; c; d]

Replace by
s'=[a; @A (@oVX(PoRD,)),®; PoRPy,C; d]

Or equivalently, by,

s1=[a; ©,,0,©0; O,RP,,C; d]
s2=[a; ¢, ©; OuRO,C; d,(PoRP,)]




PLTL 2 m-Automata

s=[a; ©; c; d]
s’=[a’; D; c; d]

Replace by

s”’=[a,a’; J; c; d]



PLTL 2 m-Automata

s=[a; ©; c; d]
s’=[a’; D; c; d]

Replace by

s”’=[a,a’; J; c; d]

s=[a; b; c; d]
s’=[a’; b; c; d]

Replace by

s’’=[a,a’; b; c; d]

Generally,
merge equivalent nodes



PLTL 2 m-Automata

s=[a; J; c; d]

secliffe ea



PLTL 2 m-Automata
zzzAP

s=[a; J; c; d]
s’=[a’; &, c’; d’]

Define A as follow:

(s,0,5') € Aiffs € a’ and |=s



PLTL 2 m-Automata

Let f(e,Up,) ={s | p,Up,€5.c 2 @ €5.C}

F={flo,Up,) | p,Up, is a sub-formula of ¢ }



PLTL 2 m-Automata

Theorem
Let A=<2,S,A,|,F> be a GBA as constructed.
Then <S,{,L> |= ¢ iff L(Q) e L(A).



Example

Gp
pUq
pU(qUr)

i »
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2,3,4

Replaced b
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5,6, 7
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Summary: 1
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Summary: 1,4

58



Summary: 1, 2,3,4
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Summary: 1, 2,3,4,5,6, 7

60
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F={ {111,112!2!31 a32}1 {12’111 ’31 ’2} }
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1 ZL

F={ {111,112a2a31 a32}1 {12’111 ’31 ’2} }

62



ERp])

{9,p.r}, {q.p}, {p.r}, {p}

{9,p.r}, {q,p}, {q.r}, {q}

{9,p.r}, {r.p}, {q.r}, {r}

{9,p.r}, {q.p}, {p.r}, {p}, {a.r}, {a}, {r}, {}

e IR EE S B

A=(2,S,ALF)

63



ZHl

Let ¢ = pU(qUr).
Let A= (Z,5,A,1,F) where
o > = 2{p.ar}
«S={111,112,12,2,31,32 }
e A={
(111,{r},2), (111 {p,r},2),
} (111,{q,r},2), (111,{p,q,r},2),......

o 1={111,112,12}
« F={{111,112,2,31,32}, {12,111,31,2} }

Then <S,,L> |= ¢ iff L(Q)e L(A)

64



Example (p U q)
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Exa
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Automata-based Model Checking

M|=¢

[(Av) < [[o]]
-(A|\/|) - -(A(p)
(Ay) A L—A) = D

'(AM M _IA(P) — @

LAy NA_,) =D



(111) First Order Linear Temporal Logic



Syntax of FOLTL

Let B=(F,P) be a base for a first order logic.
Let WFF be the set of well-formed formulas.

Definition
Let p range over formulas over WFF.
The set @ of FOLTL formulas is defined as follows.

== o OAD | ODVOD | =D |
XO|GO|FO | DRO | DPUD




Semantics



Semantics

et B=(F,P) be a base for a first order logic.
_et the interpretation 1=(D,l,) of B=(F,P) be given.

et 2 be the set of assignments.

o:X=>D

( e 2% :Asequence of states
( is called a model.



Semantics: ¢ |=

JN UN USN AN AN AN AN AN NN Y

= ¢ is defined as follows:

=p,
= _,q),
= bV,
= AV,
=X ¢,
=F ¢,
=G ¢,
= ¢Uy,
= ORy,

if p e WFFand {,|=,p

if ¢ = ¢
if¢[=¢dorl|=vy
if{|=pand T |=vy
ifct |=¢

if 3i>0,C |= o

if Vi=0, T |= o

if 3i>0, ¢ |=y and VO<j<i, T |= ¢
if Vi>0, (VO<j<i, ¥ |£d) > T |=y



Satisfiability



Satisfiability and Validity

Definition
A formula ¢ is satisfiable, if there is a model
( such that T |= ¢.

Definition
A formula ¢ is valid, if for every model ,
( |= ¢ holds.



Equivalences



Equivalences

Definition
A formula ¢ is equivalent to a formula v, if
for all models , (C |= ¢ iff T |= ).



FOLTL Proof Rules



Proof Rules (for G/R)



Proof Rules (for G/R)
o=y denotes G(p—vy)



Proof Rules (for G/R)
o=y denotes G(p—vy)



Proof Rules (for G/R)
o=y denotes G(p—y)

0J=} 0J=}
O A—yY=>X O O =X
o = ¢ O = ¢
¢ =(yYR ¢) ¢=G¢



Example
M=<T,O>
T:  {a>2 -2 (a):=(a-2),

a<=2 > (a):=(a)
}
®: (a=100va=200)

: (Int,l,)

M |= G (even(a))



Example

M=<T,0>

T:  {a>2 -2 (a):=(a-2),

a<=2 =2 (a):=(a)
}
®: (a=100va=200)
|: (Int,1,)

M |=G (even(a))

©=0
¢ = even(a)

¢ 7
® = G (even(a))



Example

M=<T,0>

T:  {a>2 -2 (a):=(a-2),

a<=2 =2 (a):=(a)
}
®: (a=100va=200)
|: (Int,1,)

M |=G (even(a))

(

0=0

) =even(a)

(

Y =

® = G (even(a))



Proof Rules (for F/U)



Proof Rules (for F/U)

/lllll

RKTEEHIREAME:

/7 (partial order, H &~ %1k FEXTFR
SE 41 ¢ (complete partial order, 554 _F7t)
se a1y (7 /)N Jt)
SEAHS

2 7 (linear order, total order)
K 3% % (well-founded order)
K5 (well-order)




Proof Rules (for F/U)

K %L 7 (well-founded order):

(W,=)

PR R 545 wO > wl > w2 > ...

7E X

A WHIME:

.

W2 B4

i

il

M2

ST WG, AW RES

 HAN =

AN
=

/lllll

WA L 75 Tng T Bk



Proof Rules (for F/U)

00 —0 -0 -0 -0 —

b =(yvo) ¢

¢ =W(t/x)
(PAt=v) = @U(yv(pat<v))

VAR, tYII, < N JCiE AT S
woN— IR A A 3\, HAR & YX;
W=({c(x) | I(w)(c)=true},lo(<)) N RIS

i
0



Proof Rules (for F/U)

(

D =>(Yvo)

(

y =>W(t/X)

(PAt=v) = @oU(yVv(pAat<v))

VA&, NI, < N JeiR AT s
woN—JCIE T 2 3, HLAR = X

W=({o(x) | I(w)(c)=true},lo(<)) N K-

Nmy

Pl




Proof Rules (for F/U)

o =>(yvo) t, t, t,
¢ =>wW(/x)

(PAt=v) = @oU(yVv(pAat<v))

-------------------- l(w(t/x))(c)=true

b :>((pOU\|;) = |(w)(c[X/l(t)c])=true
= I(t)(c) eW

VAR, tYII, < N JCiE AT S
woN— IR A A 3\, HAR & YX;
W=({c(x) | I(w)(c)=true},lo(<)) N RIS

i
0



Proof Rules (for F/U)

P ® P

o =(yvo) t t, t,
¢ =>W(t/X)

—
(pAt=v) = oU(yv(pat<v)) P00
____________________ p=>Xy
o =>(pUy)

P=>(poUvy)

VA&, NI, < N JeiR AT s
woN—JCIE T 2 3, HLAR = X
W=({o(x) | Iw)(c)=true},lo(s)) R %

Nmy




Proof Rules (for F/U)

¢ ¢ P
o =(yvo) t t, t,
® =@uAW(t/X)
(PAt=V) = X(yv(pAt<v)) =0
____________________ P=Xy
d=(pUVy)
¢=(poUy)

VA&, NI, < N JeiR AT s
woN—JCIE T 2 3, HLAR = X
W=({o(x) | Iw)(c)=true},lo(s)) R %

Nmy




Proof Rules (for F/U)



Proof Rules (for F/U)

b =(yvo)
¢ = W(t/x)

(pAt=V) = F(yv(pat<v))

VA&, NI, < N JeiR AT s
woN—JCIE T 2 3, HLAR = X

W=({o(x) | I(w)(c)=true},l (<)) N KL

i



Proof Rules (for F/U)

b =(yvo)
¢ = W(t/x)

(pAt=V) = X(yv(pat<v))

VA&, NI, < N JeiR AT s
woN—JCIE T 2 3, HLAR = X

W=({o(x) | I(w)(c)=true},l (<)) N KL

i



Example
M=<T,O>
T:  {a>2 -2 (a):=(a-2),

a<=2 > (a):=(a)
}
®: (a=100va=200)

: (Int,l,)

M |= F(a<=2)



Example

M=<T O®> b =(yvo)

o = w(t/x)
T. {a>2 =2 (a)=(a-2), (pat=v)= X(yv(pat<v))
a<=2 2 (a):=(a) -
} b= Fy
®: (a=100va=200)
b =0, y=(a<=2)
I (Int,l,) e? t? w? W?

M |= F(a<=2) ® =F(a<=2)



Example

M=<T,0> d =>(yvo)

¢ = W(t/x)
T. {a>2 =2 (a)=(a-2), (pat=v)= X(yv(pat<v))
a<=2 2 (a):=(a)  -—--mmmmmemm———e
} ¢ = Fy
®: (a=100va=200)
b =0, y=(a<=2)
I (Int,l,) o = (a>2), t=a, w = (x>2)
W ={3,4,5,...}
M |= F(a<=2) ® =F(a<=2)




Example

(y,2):=(1,x)

begin: (y,z):=(1,x);

sl:
S2:
s3:
s4.

if (z>0) goto s2; else

(y):=(y*z);
(z):=(z-1);
(r):=(y);

"> I

goto s1;
goto s4;
goto s3;
goto s1;
goto end;



r=x!

N
'€ IEm &
K

(pc=begin)A(x>=0) = G((pc=end)-=>(r=x!))

P=>G¢



w=(x>=0)(|W={0,1,2,3... }

A
v

(pc=begin)A(x>=0) = F(pc=end)
¢ = Fy



Applications of FOLTL



FOLTL as a Specification Language

System Models: First Order Models (M)
System Specifications: Formulas of FOLTL (o)

Verification of correctness
Solving the verification problem: M |= ¢



FOLTL as a Specification Language

System Models: GTS (M=<T,0>)
System Specifications: Formulas of FOLTL (o)

Verification of correctness
Solving the verification problem: M |= ¢

Ex»



(IV) Summary

* Bounded Semantics of PLTL
* Automata Representation of PLTL Formulas
* First Order LTL
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25 E KripkeZ5 F A N (HE Hir 5 AT S IREE

CR,NCR,0,0,b QCR,NCR,0,0,1D

vait,NCR,D,l

" NCR,CR,1,0,0

J PR A8 SCUE B (a) AN B I U B (b) B AT
(a) M |=( (a=NCR va=wait) U a=CR)
(b) M |=( (a=NCR va=wait) U (a=CR or b=CR) )

4

CR,wait,1,1,0




25 >] 2

(a) 1S5 A3 (pvlq U r)) F T H S
(b) #1E5 223\ (XpAala R 1)) 0T H B4




