Branching Time Temporal Logics
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Example

x=1,t=0

y::O |t==1

Initial States

sO

t0
x=0
y=0



T,

(5)
$2,10,0,1,1> 51,t1,1,1,0

(9)
$3,10,0,0,1> s2,t1,1,1,0
12

~s3,t1,1,0,0

33,12,1,0,0

is3,t3fo,o,oi
& ©




Examples of Properties

e Safety

* |nevitability

* Response

* Immediate Response

* Priority
* First Come — First Served
* Globally Exists a Branch such that F(a=s2)



Tree Structures
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(1) Computation Tree Logic (CTL)



Tree Structures

Path Quantifiers: A, E



Examples of Properties

e Safety: AG (!(a=s2Ab=t2))

* Inevitability AF (a=s2vb=t2)

* Response AG (a=s1 = AF (a=s2))

* Imm. Response AG (a=s1 = AX (a=s2))

* Priority AG (a=s1Ab!=t1Ab!=t2 2 A(a=s2 R b!=t2))
* FCFS AG (a=s1Ab!=t1Ab!=t2 =2 A(b!=t2 U a=s2))

* GE.. AG (EF(a=s2))



Syntax of CTL

Let AP be a set of proposition symbols.

Definition
Let p range over AP.
The set ® of CTL formulas is defined as follows.

D ==p |DAD|DVD | —D |
AX D | AGD |AF D | A(dR D) | A(D U D) |
EXD | EGD |EFD | E(®R D) | E(® U )



Examples of Properties

e Safety: AG (!(a=s2Ab=t2))

* Inevitability AF (a=s2vb=t2)

* Response AG (a=s1 = AF (a=s2))

* Imm. Response AG (a=s1 = AX (a=s2))

* Priority AG (a=s1Ab!=t1Ab!=t2 2 A(a=s2 R b!=t2))
* FCFS AG (a=s1Ab!=t1Ab!=t2 =2 A(b!=t2 U a=s2))

* GE.. AG (EF(a=s2))



Proposition Symbols

Let AP be the set of proposition symbols
{p0,p1,...,p13} with the following meaning:

po = (x = 0) ppr=(x=1)
p2 = (y =0) ps = (y =1)
ps = (t = 0) ps = (t=1)
Pe+i = (a=8;) | Proyi = (b=1;)

i€{0,1,2,3}



Examples of Properties

e Safety: AG (—(p8apl2))

* Inevitability AF (p8 v p12)

* Response AG (p7 > AF p8)

* Imm. Response AG (p7 =2 AX p8)

* Priority AG (p7A—pllr—pl2 = A(p8 R —pl2))
* FCFS AG (p7A—p1l1r—p12 = A(—pl12 U p8))

. GE.. AG (EF (p8))



Semantics



Kripke Structures

Let K=<§,R,|,L> be a Kripke structure.
— S : A finite set of states
— R < SxS: A total transition relation
— | < S: Asetofinitial states
— L: S > 2%Pis a labeling function



Semantics: M |= ¢

A CTL formula may be interpreted on
a Kripke structure.

(1) Define M,s |= ¢ for a state s

(2) Define M |= ¢ as follows:
M |= ¢ if M,s |= ¢ for every initial state s.



Semantics: M,u|= ¢

Definition
M,u |[=p,
M,u |= =,
M,u |= dwvy,
M,u |= by,
M,u |=A vy,
M,u |=E vy,

if p € AP and p € L(u)

if M,u = ¢

if M,u |[=dorMu =y

if M,u|=¢dand M,u |=vy

if for every path w of u, (M,n |= v)

if there is a path m of u, (M, |= )



Semantics: M, |= vy

Definition

Mt |=Xd, ifMm, |=d

M,m |=F¢, ifJi=0, (M,n. |=0d)

M, |=G ¢, ifVix0, (M,n. |=d)

M,rt |= ¢Uy, if Ji>0, M,; |= vy and VO<|<i, M, |=¢
M,n |= Ry, if Viz0, (VO<j<i, M,m;|= d)2M,m; | =y




Satisfiability and Validity



Satisfiability and Validity

Definition
A formula ¢ is satisfiable, if there is a model
M such that M |= ¢.

Definition
A formula ¢ is valid, if for every model M,
M|= ¢ holds.



Satisfiability and Validity Checking

The complexities of CTL satisfiability and
validity checking are EXPTIME-complete.



Equivalences



Equivalences

Definition
A formula ¢ is equivalent to a formula v, if
for every model M, (M |[= ¢ iff M |= ).



Examples of Equivalences

E(¢ Ry) =E(y U (dAy)) VEG y

These equivalences can be proved by applying
the semantics.



Dual Operators and the Negation Normal Form (NNF)



Dual Operators

EX &
EG ¢
E(d R y)
EF ¢
E(d U y)

—AX— b



NNF

Definition
A formula is in NNF, if the negation symbol is

only applied to atomic formulas.

Every formula is equivalent to a formula in NNF.



Recursive Equations



Operators R and U

E(bRy)=y A(d Vv EXE(PRW))
E(pUwy)=y v (dAEXE(PUwy))

AlPRvy)=y A (P vAXA(D R VY))
AlpUvy)=y v (dAAXA(P U vy))



Operators G and F

Let p,e AP be given.
Let 1 denote (p, A —p,)

Then
EG y =E(L R y)
EF v =E(—L U y)



Minimal Complete Set of Temporal Operators



Minimal Complete Set

EX,EFEG,ER,EU

ER is expressible by EU and EG
EF is expressible by EU

Then {EX,EU,EG} is a complete set.

{EX,EU,EG} is also a minimal complete set.



Expressivity



Expressivity of Subsets of CTL




Expressivity of Subsets of CTL




CTL Proof System



Proof System for {EX,EU,EG,EF,AX,AU,AG,AF}

* Axioms for temporal logics formulas
* Proof rules for temporal formulas
* Propositional proof system



Axioms for Temporal Logics Formulas

e EFp < E(—L U p)

* AGp <> —EF—p

e AFp < A(—L U p)

* EGp <> —-AF —p

* EX(p Vv q) <> EXp Vv EXq

e AXp <> —EX —p

* E(pUq) <> (g vipAEXE(p UQq))
* AlpUq) <> (qvVv(p AAXA(p U q))
o EX—L A AX—L



Axioms for Temporal Logics Formulas

* AG(r >(—q AEXr)) >(r - —A(p U q))

* AG(r —>(—qg A EXr)) —>(r > —AFq)

* AG(r >(—g A(p — AXr))) —(r > —E(p U q))
* AG(r —>(—qg A AXr)) —>(r - —EFq)

* AG(p — q) >(EXp — EXq)




Proof Rule (Generalization)



Propositional proof system

* Axioms: all tautologies are axioms

* Proof Rule (MP):



Proof System

The proof system is sound and complete.



Applications of CTL



CTL as a Specification Language

System Models: Kripke Structures (K)
System Specifications: Formulas of CTL (o)

Verification of correctness
Solving the model checking problem: K |= ¢



Model Checking



Model Checking

Definition
Given a model K and a formula ¢.
The model checking problem is the problem of

checking whether K |= ¢ holds.



Model Checking

The complexity of model checking is P-complete.



On CTL*

The set @ of CTL* formulas is defined as follows.

D ==p |DOAD|DVD | D |
XO|GD|FD | (PRD) | (DUD) |
FD | AD

CTL: every path quantifier of {E,A}
must be followed by one of X,G,F,R,U

CTL* is more expressive than CTL



(1) CTLER 718 X
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CTL

ZFENNFA T :

DO ==p| ODAD | ODVD | —p |
AXD | A(@RD) | A(® U D) |
EX® | E(® R @) | E(® U D)



B X: Mul=d

M,u
M,u
M,u
M, u
M,u
M,u
M, T
M, Tt
M,

:p’

= pvy,

if p e AP and p € L(u)

if M,u |
if M,u

<
=porM,u |=vy

if M,u

=¢pand M,u |= vy

if for every path m of u, (M, |= )

if there is a path T of u, (M, |=vy)

if M,mt,
if 3i>0,

= ¢
M, 7, |= v and Vj<i, M, 1| =¢

if Vix0, (Vj<i, M, ;£ ) > M, ;| =y



e FG

M,nt |= Fy, if 3i>0, M,zt. |= vy
M, |= Gy, if Vi>0, M,mt.|= vy



R A 7

k-path: & Nk+1 1) B 45
M = (S,R,I,L)

M, = (S,Ph,,1,L)

% oNkEEAE .

rs(m): AR A AR FPIRAS

—0—0—0—0-0—-0—0
w



PRAE X M,ul=, ¢

M,u
M,u
M,u
M,u
M,u
M, u
M, Tt
M, Tt
M,

=k P,

=k P,
= OV,
= dAY,
=AY,
=B,
= X P,
= dUvy,
= ®Ry,

if p e AP and p € L(u)

if p e APand p ¢ L(u)

if M,u |=, dorM,u |= v

if M,u |=, & and M,u |= v

if for every k-path © of u, (M,n |=, y)

if there is a k-path w of u, (M, |=, y)

ifk>1and M,m; |=, ¢

if Ji<k, M,m; |=, yand Vj<i, M| =, ¢

if Vi<k, (Vj<i, M,m;|# ¢)2M,m;|=, v and
(Vi<k.(M,m. £, &) =2 rs(n))

o—0—0—0-0-0 -0
\—//




PR FLAE X FG

M, | =, Fy, if Ji<k, M, |=, v
M, |=, Gy, if Vi<k, (M,r.|=, v) and rs(n)

—0—0—0—0-0—-0—0



PRAES: M= b

Definition
M |=, & if M,u |= o for every initial state u.

Soundness
For every i >0, if M |=. @, then M |= 0.

Completeness
If M |= ¢, then thereisani>0 such that M |=. o.



PR A B &

(Bounded Correctness Checking)

k=0;
if M|=, ¢, then report M|= ¢;
if M,s|=_—@ for some sel, then report I\/II/A 0;

N

k=k+1; goto step 2;

o7 W
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p: 1FEE B
q: AT ENE
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55

WM B 3 & R AL

PR FLE X HEMAE 7535 £ E(q0 U g2 )RIAG(q0 v q2),

o3 g /N AT AR E BL_E 22 A6 5 e 1 7



E(gO U g2) vs A(—g0 R —q2)

* Ph, BATA

« sO M, sO s1s5 |=, (qO U g2)

o sl1/s2/s3/...

« Ph; A

« s0st; M, i/ E(q0U g2)

¢ s0s2; ... M i/ E(q0U qg2)

* Ph,:

« 50 s15s3; H T Mo AN 2 E(q0 U g2)
e 50 s1s5; M, AN 2 E(q0 U g2)
e sOs2s4;

e 505s255; ... k=22 /N[ Hi EE(QO U q2)72 753 /2 I 7



AG(qOvqg2) vs EF(—g0A—Q2)

« Phy,: HATH

* s0O M, s0 s2 s4 |=, F(—q0A—Q2)

« s1/s2/s3/... Al

. Ph,: M,,s0 2 EF(—q0A—q2)
« s0s1; M,s0 Wi EF(-gq0A—Qg2)
« s0s2; ... M ANiaE  AG(qOvg2)

* Ph,:

+ s0s1s3; HT M, A2 EF(-q0A—q2)
» s0s1 s5; M, AN 2 EF(-q0A—q2)
* s0 s2 s4;

e s0s2s5;... k=2/2&&/NAIHiEAG(qOVG2)E 15T & K F



PR F A 7Y

i Pho
50O ;...

i Ph1
e sOsT;
e sOsZ; ..

* Ph,:

o s0s1s3;
e s0s15s5;
o s0s2s4;

4(s0...)

* Phg:

e S0 s1s3 s4;
* S0 s1s3s5;
e s0s1s5 s0;
 s0s2s4 s5;
e s0s2 s5 s0;

e sOs25s5; ...

Ph,:
sO s1 s3 s4 s5;
sO s1 s3 s5 s0;
sO s1 s5 s0 s1;
sO s1 s5 s0 s2;
sO s2 s4 s5 s0;
sO s2 s5 s0 s1;
sO s2 s5 s0 s2;
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PR A B &

 Ms [= 0. BRI My My .
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Specification

M|=¢

| < [[o]]



Formulas

[[p]] ={s | peL(s) }

[[o Ayl =I[le]] N I[w]]

[lovvyll =llellv [yl

[[=o 1] =S\ [[o]]



Minimal Complete Set

EX,EFEG,ER,EU,
AX,AF,AG,AR,AU

EF is expressible by EU
ER is expressible by EU and EG

Then {EX,EG,EU} is a complete set.



Formulas

[[EX @] ={s | s2s,s" e [lo]]}

[[E(@ U y)]] =7?

[[EG(y)]] =7



Recursive Equations

E(p U ) =y Vv (d A EX(E( U vy)))
E(p R ) =y A (P Vv EX(E( R wy)))

[[E(@ U] =[lyl] v (lld ]I EX([[E(P U w)l])

[[EG(y)]] = [[y]] M EX([[EG(y)]])



Recursive Equations

E(p Uy) =y v (o AEX(E(D U y)))
f(Z)=y v (d A EX(2))
Then E(¢ U y) is a fixpoint of f.

f: pow(S)—> pow(S)



Fixpoint

f(Z)=y v (¢ A EX(Z))
f is monotonic; f is continuous

pow(S) is a complete lattice.

f has a least and a greatest fixpoint

nZ.f(2), pf
vZ.f(Z), vf



Fixpoint

uf = {f{L) | keN}

We prove: [[E(¢ U y)]] = uf

Then we have:
E(dUwy) = n2.f(2) = pZ.(y v (¢ A EX(2))



Recursive Equations

EG(y) = v A EX(EG(y))
f(Z)=y A EX(Z)
Then EG(y) is a fixpoint of f.

f: pow(S)—> pow(S)



Fixpoint

f(Z)=y A EX(Z)
f is monotonic; f is continuous
pow(S) is a complete lattice.

f has a least and a greatest fixpoint

nZ.f(2), uf
vZ.f(Z), vf



Fixpoint

vi=n{fS) | keN}
We prove: [[EG(y)]] = vf

Then we have:
EG(y) = vZ.f(Z) = vZ.(y A EX(Z))



EG A1 EU

n(Z) = (p A EXZ) R
(Z) = (qV (p A EXZ)) 588

EGp 7% 1 E‘J_‘/I\Z:fﬁl'f—i
E(pUq) & 7 B— P43

94



EG A1 EU

s Sk ]

EGp 3& 71 BERABE
E(pUq) 72 m WE/DAT) &,

Al

sevZ(pNEXZ)= s e EGp
se E(pUq) =seuzZqV (pNEXZ))

95



seE(pUq) = s euZ.(qv(pAEX Z))

uZ(qV (pNEXZ)) = Uri(false) .

# s € E(pUq),

MWAFAE 1o =5,n>0, 7 =mom ---

W/ Eq HXAE j<n, mFEDp.
Zn=0MN g € (false) .

96



seE(pUq) = s euZ.(qv(pAEX Z))

BXT B « Mg e k,

T =g BXEFE j <k, n; l=p W o € 707 (false) .
wWn=k+1HBH

™ Eq BXTTE j <n, 7Tj D .

WRIEREBE, ®A1E m e 5t (false) .

T

T (mo,m)EA, mmEDP,

WRIE o BEN, w0 € To(m1)

AW o € (5T (false)) = 70+ (false) .
RIFFARE, s e E(pUq) = s e uZ(qVv(pNEXZ))

97




seVZ.(pAEX Z) = seEG p

vZ(p AN EXZ) = Nti(true)

WAELE n, 77 (true) = 7" (true) .

Wso=scvZ(pNEXZ)
N so € N7{*(true) H p € L(so)

AT s € 7' (true) .

98

EE



seVZ.(pAEX Z) = seEG p

71 B E AN

l

ﬁ'—( ’U(Ju' S1 ﬂ:‘n’bl(au'%}ﬁ% ((’0 (’1) - A

‘-.._

518 sy e N1 (true) H p € L(s1) .

WASHEFIXT R i >0,

AR s ALIRSEGHR (54, 8:401) € A
#15 5,00 € N (true) H p € L(si41) .
*Eﬁ‘EGpﬂ/‘Jg , SEEG}OO

A

WsevZpANEXZ)=se EGp .

99



Fixpoint Formulation of CTL

[p]] ={s | pelL(s) }
[EX@]] ={s]|s=2s,s e[lo]]}

E(dUvy)  =pZ.(y v ( A EX(2)))
E(bRy) =vZ.(y A (D Vv EX(Z)))
EFy = uZ.(y v EX(2))
EGy = vZ.(yw A EX(Z))




Fixpoint Formulation of CTL

[[AX@]] ={s]| (s=2s)>s'[[o]] }

AlPUy) = pZ.(y v (b A AX(Z)))
A(PRy) =vZ.(y A (P v AX(Z)))
AFy = uZ.(y v AX(Z))
AGy = vZ.(w A AX(Z))




Model Checking

M |= ¢

| < [[P]

o7 W
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sEZHL: E(qOUq2)
 E(qOUQ2) = uZ.(g2v(gOAEX Z))

SO=false

S1=g2 = {s5}

S2={s5}U({s0,...,s3}{s1,...,54}) = {s1,s2,53,s5}
S3={s5}({s0,...,s3}{s0,...,s4}) = {s0,s1,s2,53,s5}
« S4={s5}U({s0,...,s3}{s0,...,s5}) = {s0,s1,52,53,s5}

ZAR 3 2 E(qOUQG2)



SHEZHL: AG(gOvg2)
AG(g0vag2) = vZ.((g0vqg2) A AX Z)

SO=true

S1=q0vq2 = {s0,s1,s2,s3,s5}
S52={s0,s1,s2,53,s5}{s0,s1,s4,s5} = {s0O,s1,s5}
S3={s0,s1,s2,53,s5}{s4,s5} = {s5}
S4={s0,s1,s2,53,s5}{s4} = {}

SO5={}

ZE AN A AG(q0vg2)



(IV) n-Calculus



Syntax of u-Calculus

Let AP be a set of proposition symbols.

Definition

Let p range over AP.

The set ® of u-calculus formulas is as follows.

O==p|Z| DAD | DVD | - D |
<>SO|[]D | pZ2.o | vZ.O

Variables are in the scope of even number of neg.



Semantics

e: VAR =2 pow(S)
[p]. ={s | peL(s) }

[plle
[Z]]e
[<.>p]]e
[ []o]le

1LONARVALLS

o Vv w]]e
[—o ]]e
[(nZ.d]le
[vZ.d]]e

=e(Z)

{s
{s

o

(o]
le U [[yl]]

s=2s’,s" € [[p]]e }
(s=2s') = (s'ellplle) }

e N [[y]]

S\

opl]e

={YCSS | [[d]
= {YcSS |YC

e
e

e(Z/Y) Y}

[Pplle(Z/Y) }



Closed Formulas

Formulas without free variables.

The semantics of such a formula does not depend

on the initial assighment e.

[[e]l =  [lo]le forany e



Example

vZ.(pA[][.1Z)

p is true at all even places along all paths



Satisfiability

The complexity is EXPTIME-complete.



Applications of u-Calculus



u-Calculus as a Specification Language

System Models: Kripke Structures (K)
System Specifications: Closed Formulas (o)
K=o



Model Checking

Definition
Given a model K and a formula ¢.
The model checking problem is the problem of

checking whether K |= ¢ holds.



Model Checking

The complexity of model checking is in NP m coNP.



u-Calculus with Actions



Syntax of u-Calculus

Let AP be a set of proposition symbols.

Definition
Let p range over AP.
The set @ of p-calculus formulas is as follows.
O==p|Z]| DAD | DVD | D |
<a>® | [a]D | pZ2.D | VZ.D
Variables are in the scope of even number of neg.



Semantics

Interpreted on
Doubly Labeled Transition Systems



Labeled Transition Systems

Definition

A LTS is a quadruple <Z,S,A,I>
— 2 : Afinite set of symbols
— S : A finite set of states

— AcSx2xS:Atransition relation
— | < S : A set of initial states



Double-Labeled Transition Systems

AP: A set of propositions.

Definition
A DLTS is a quintuple M=<X,S,A,1,L>
— 2 : A set of action symbols
— S : A finite set of states
— Ac Sx2xS: A total transition relation

— | < S: Asetof initial states
— L: S 2 2%Pis a labeling function
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By X BB R A

p: 1FEE B
q: AT ENE




Semantics

[plle
[Z]]e
[<a>p]]e
[ [a]o]]e
1LONARVALLS

o Vv w]]e
[—o ]]e
[(nZ.d]le
[vZ.d]]e

et e: VAR = pow(S)

={s | peL(s) }

=e(Z)

{s
{s

o

(o]
le U [[yl]]

s2?2s,s" € [[lle }
(s=22s') = (s’e[[p]le) }

e N [[y]]

S\

opl]e

={YCSS | [[d]
= {YcSS |YC

e
e

e(Z/Y) Y}

[Pplle(Z/Y) }



Applications of u-Calculus



u-Calculus as a Specification Language

System Models: DLTS (M)

System Specifications: Closed Formulas (o)
M|=¢

I < [[o]]

o7 W



By X BB R A

p: 1FEE B
q: AT ENE




) 4 —a

EFHL: pX.(q2v<1>X)

e SO=false

o S1=g2v<1>{} = {s5}

o S2={s5}h {s2,s3} ={s2,s3,s5}

e S3={s5}{s1,s2,s3} = {s1,s2,s3,s5}

o 54={s5}{s0,s1,s2,53} = {s0,s1,s2,s3,s5}
¢ S5={s5}{s0,s1,s2,s3} = {s0,s1,s2,s3,s5}



3 E K- vX.(—q2A[1]X)

Negation of uX.(q2v<1>X)

e SO=true

e S1=—q2 =1{s0,s1,s2,s3,54}

o 52={s0,s1,s82,53,s4}{s0,s1,s4,s5} = {s0,s1,s4}
e 53={s0,s1,s2,s3,54}{s0,s4,s5} = {s0,s4}

« 54={s0,s1,s2,53,54}{s4,s5} = {s4}

« 55={s0,s1,s2,53,54}{s4,s5} = {s4}



1B Rl pX.(g2v[1]X)

e SO=false

o S1=g2V[1[} = {s5}{s4,s5} = {s4,s5}

o S52={s5}{s2,s3,54,s5} = {s2,s3,54,s5}

e S3={s5h{s1,52,53,54,s5} ={s1,s2,53,54,s5}

o S4={s5} {s0,s1,s2,s3,s4,s5} ={s0,s1,s2,5s3,s4,s5}
¢ 55={s0,s1,s2,53,54,s5}
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¢ uX.(g2v<1>X)

o uX.(<EBUZR>TRUEV<1>X)



Formulation of CTL in u-Calculus (1)

TR(p)
TR(pAY)
TR(pvy)
TR(—=9)

TR(EX o)
TR(E(pUw))
TR(E(dRy))

TR(EFy)
TR(EGv)

=P

= TR($)A TR(y)

=TR(d)v TR(y)

=<>T
= uZ.(T

= vZ.(T
= pZ.(T

(P

= vZ.(T

)

R(w) v (TR(D) A <.>(Z)))
R(w) A (TR(D) v <.>(Z)))
R(w) v <.>(2))

R(n

1) A <.>(2))



Formulation of CTL in u-Calculus (2)

TR(AX o)
TR(A(PUwy))
TR(A(PRy))
TR(AFy)
TR(AGv)

= [.] TR(o)

= pZ.(T
= VvZ.(

= pZ.(T
=vZ.(T

R(r

R(r

s) v

(W) A

/) v (TR() A [.1(2)))
R(y) A (TR() v [.1(2)))
.1(2))
.1(2))




(V) Summary

Computation Tree Logic (CTL)

Bounded Semantics of CTL

Fixpoint Representation of CTL Formulas
u-Calculus
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