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§1.1 ·KÜ6

·K´äk(½ýb¿Â��ãé§́ Ü6ín�Ä���"ýb�^1Ú0L«"{ü·

K´Ø�©)�·K"EÜ·Kd{ü·KÚé(c|¤"Ï~·�k��é(c¬£�¤Ú�

�é(c∧£Ü�¤,∨£Û�¤,→£%º¤,↔£�d¤�"n-�é(c�±w¤´{0, 1}n�{0, 1}�

¼ê"·�k¬1 = 0Ú¬0 = 1"̂ A,B,C�i1L«·KC�§±e´∧,∨,→,↔�ý�L"

A B A ∧ B A ∨ B A→ B A↔ B

0 0 0 0 1 1

0 1 0 1 1 0

1 0 0 1 0 0

1 1 1 1 1 1

·KC�¡��fúª"úª8Üd8B½Â)¤"�S´é(c�8Ü"dS)¤�

úªXe"£¬¤·KC�£�fúª¤´dS)¤�úª; £­¤eϕ´S¥�«�é(c§

Kϕ´dS)¤�úª; £®¤e f´S¥�n�(n ≥ 1)é(c§ϕ1, ..., ϕn´dS )¤�úª§

K f (ϕ1, ..., ϕn)´dS)¤�úª"ùp^�´cMP{"éu��é(c§·�S.¦^¥M

P{"·�5½é(c�`k?±�Ñ)Ò"é(c�`k?U^Sü�Xeµ¬,∧,∨,→,↔"

d�N·KC�|¤�8Ü�{0, 1}�¼ê¡�ý�D�"�v´ý�¼ê"PAv�vD

�A��"dS)¤�úªϕ3ve��½ÂXe"£¬¤eϕ´·KC�A§Kv(ϕ) = Av; £­¤

eϕ´S¥�«�é(cc§Kv(ϕ) = c; £®¤eϕ = f (ϕ1, ..., ϕn)§Ù¥ f´S¥�n�(n ≥ 1)é(

c§Kv(ϕ) = f (v(ϕ1), ..., v(ϕn))"

XJý�D�v¦�v(ϕ) = 1§K¡v÷vϕ§P�v |= ϕ"

XJký�D�v§¦�v |= ϕ§K¡ϕ��÷vª"ÄK¡ϕ�[bª£Ø�÷vª¤"XJ

éuz�ý�D�v§Ñkv |= ϕ§K¡ϕ�[ýª£­óª¤"

XJéuz�ý�D�v§Ñkv(ϕ) = v(ψ)§K¡ϕ�ψÜ6�d§P�ϕ ⇔ ψ"ϕ ⇔ ψ��

=�ϕ↔ ψ´[ýª"

?Uý�D�v¥A1, ..., An�D��a1, ..., an���D�P�v[A1/a1, ..., An/an]"�v′ = v[A1/a1, ..., An/an]"

·�k

v′(A) =
{ ai i f A = Ai, i ∈ {1, ..., n}

Av i f A < {A1, ..., An}

^úªϕ1, ..., ϕn©OO�úªϕ¥�ØÓ·KC�A1, ..., An���úªP�ϕ
ϕ1,...,ϕn
A1,...,An

.·�k

v(ϕϕ1,...,ϕn
A1,...,An

) = v[A1/v(ϕ1), ..., An/v(ϕn)](ϕ)

�ϕ´d{0, 1,¬,∧,∨})¤�úª"òϕ¥�∧�∨p�!0�1p����úªϕ∗§¡�ϕ�

éóª"éuý�D�vÚÙ���ý�D�v′§·�kv(ϕ) = ¬v′(ϕ∗)"�ϕ�ϕ∗p�éó

ª§ψ�ψ∗p�éóª"XJϕ⇔ ψ§Kϕ∗ ⇔ ψ∗"

1



Ü6úª�Ü�!Û�ÚÄ$�÷v��Æ!(ÜÆ!��Æ!©�Æ!áÂÆ§���

Æ£éó'X¤"

A ∧ A = A

A ∧ (B ∧C) = (A ∧ B) ∧C

A ∧ B = B ∧ A

A ∧ (B ∨C) = A ∧ B ∨ A ∧C

A ∧ (A ∨ B) = A

¬(A ∧ B) = ¬A ∨ ¬B

A ∨ A = A

A ∨ (B ∨C) = (A ∨ B) ∨C

A ∨ B = B ∨ A

A ∨ (B ∧C) = A ∨ B ∧ A ∨C

A ∨ (A ∧ B) = A

¬(A ∨ B) = ¬A ∧ ¬B

� f´n�é(c§A1, ..., An´ØÓ�·KC�"XJúªϕ¥ØÑyØA1, ..., An�	��·

KC�§�ϕ = f (A1, ..., An)§K¡ϕ½Â f"XJ�3dS)¤�úª½Â f§K¡ f�dS½Â"

�S´é(c8Ü"ez�n�(n ≥ 1)é(cÑ�dS½Â§K¡S���8"eS�?Ûý

f8ÑØ´��8§K¡S�4���8"{¬,∧,∨}´��8§{¬,∧}´4���8"

�Γ�úª8Ü§XJý�D�v÷vΓ¥�z�úª§K¡v÷vΓ"XJký�D�v÷

vΓ§K¡Γ´�÷v�"ÄK¡Γ´Ø�÷v�"

�Γ�úª8Ü§ϕ�úª"XJz�÷vúª8ÜΓ�ý�D�Ñ÷vϕ§K¡ϕ´Γ�Ü

6íØ§P�Γ |= ϕ"Γ |= ϕØ¤áP�Γ 6|= ϕ"eΓ = {ϕ1, ..., ϕn}§KòΓ |= ϕ��ϕ1, ..., ϕn |= ϕ"

�ϕ1, ..., ϕn, ϕ, ψ�úª"|= ϕ��=�ϕ´[ýª"ϕ1, ..., ϕn |= ϕ��=�ϕ1 ∧ · · · ∧ ϕn → ϕ´

[ýª"ϕ ⇔ ψ��=�ϕ |= ψ�ψ |= ϕ"Γ ∪ {ϕ} |= ψ��=�Γ |= ϕ → ψ"Γ = {ϕ1, ..., ϕn}´�÷

v���=�ϕ1 ∧ · · · ∧ ϕn´�÷v�"�Γ´úª8Ü"KΓ´Ø�÷v���=�z�úª

Ñ´Γ�Ü6íØ"

§1.2 ¢cÜ6

¢cÜ6�±é¤�	�·K\±[z§©�ÌcÚ¢c§�Ä��Ú�O�¹"¢cÜ

6¥¦^�ÎÒk±eA|µ£1¤�NC�§{¡C�§kÃ¡õ�§̂ x, y, z, u, v,wL«"£2¤�

N~�§{¡~�§̂ a, b, cL«"£3¤¼êÎÒ§z�ÎÒÑk���éX���ên§¿¡T

ÎÒ�n�¼êÎÒ§̂ f , g, hL«"£4¤¢cÎÒ§z�ÎÒÑk���éX���ên§¿¡

TÎÒ�n�¢cÎÒ§̂ A, B,CL«"£5¤þcÎÒ∀Ú∃"£6¤é(cÎÒ¬,∧,∨,→,↔"£7¤

�)Ò£§m)Ò¤§:"ÚÏÒ§"

�F´~�Ú¼êÎÒ�8Ü"dF)¤��½ÂXe"£¬¤C�´dF)¤��;£­¤F¥

�~�´dF)¤��;£®¤e f´F¥�n�(n ≥ 1)¼êÎÒ§t1, ..., tn´dF)¤��§K f (t1, ..., tn)´

dF)¤��"

�G´¢cÎÒ�8Ü"et1, ..., tn´dF)¤��§A´P¥�n�¢cÎÒ§KA(t1, ..., tn)´

d(F,G))¤��fúª"

B = (F,G)þ�úª8Ü§P�LB§½ÂXe"£¬¤d(F,G))¤��fúª´LB�úª;

£2¤e f´{¬,∧,∨,→,↔}¥�n�(n ≥ 1)é(c§ϕ1, ..., ϕn´LB�úª§K f (ϕ1, ..., ϕn)´LB�ú

ª¶£3¤eϕ´LB�úª§x´C�§K∀xϕÚ∃xϕ´LB�úª"

��)ºIdü�Ü©|¤"Ù�´����8Ü§¡�Ø�§Ù�´B¥ÎÒ�Ø�¥

���!¼ê!¢c�)º£N�¤"�I = (D, I0)"éuz�~�a§I0(a)�D¥�����¶
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éuz�n�¼êÎÒ f§I0( f )�D¥���n�¼ê¶éuz�n�¢cÎÒP§I0(P)�D¥��

�n�¢c"

�I´��)º"l¤kC�|¤�8Ü�Ø�D�¼ê¡�I¥�D�"?UD�σ¥x1, ..., xn�

D��a1, ..., an���D�P�σ[x1/a1, ..., xn/an]"·�k

σ[x1/a1, ..., xn/an](x) =
{ ai i f x = xi, i ∈ {1, ..., n}

σ(x) i f x < {x1, ..., xn}

)ºÚD��Ó5½
�Úúª�¿Â"�σ´I¥�D�"�t3)ºIÚD�σe�¿

ÂI(t)σ½ÂXe"£1¤et´C�x§KI(t)σ = σ(x)¶£2¤et´~�a§KI(t)σ = I0(a)¶£3¤

et´ f (t1, ..., tn)§Ù¥ f´n�¼êÎÒ§t1, ..., tn´�§KI(t)σ = I0( f )(I(t1)σ, ..., I(tn)σ)"

�σ´I¥�D�"úªϕ3)ºIÚD�σe�¿ÂI(ϕ)σ½ÂXe"£1¤eϕ´P(t1, ..., tn)§

Ù¥P´n�¢cÎÒ§t1, ..., tn ´�§KI(ϕ)σ = I0(P)(I(t1)σ, ..., I(tn)σ); £2¤eϕ´¬ψ§ψ´ú

ª§KI(ϕ)σ = ¬I(ψ)σ; £3¤eϕ´ϕ0 ∧ ϕ1§KI(ϕ)σ = I(ϕ0)σ ∧ I(ϕ1)σ; £4¤eϕ´ϕ0 ∨ ϕ1§

KI(ϕ)σ = I(ϕ0)σ∨ I(ϕ1)σ;£5¤eϕ´ϕ0 → ϕ1§KI(ϕ)σ = I(ϕ0)σ→ I(ϕ1)σ;£6¤eϕ´ϕ0 ↔ ϕ1§

KI(ϕ)σ = I(ϕ0)σ↔ I(ϕ1)σ; £7¤eϕ´∀xψ§KI(ϕ)σ = 1��=�éu¤kd ∈ D§I(ψ)σ[x/d] =

1¶£8¤eϕ´∃xψ§KI(ϕ)σ = 1��=��3d ∈ D¦�I(ψ)σ[x/d] = 1"

XJúªψ3úªϕ¥Ñy§K¡ψ�ϕ�fúª"C�x3∀xϕ½∃xϕ¥�Ñy��åÑy§

¿¡∀x½∃x�TgÑy�`��ϕ"XJC�x3ϕ¥�,gÑy´3ϕ���fúª¥��å

Ñy§K¡x�TgÑy�3ϕ¥��åÑy"XJC�x3ϕ¥�,gÑyØ´�åÑy§K

¡TÑy�3ϕ¥�gdÑy"3úªϕ¥kgdÑy�C�¡�ϕ�gdC�§3úªϕ¥k

�åÑy�C�¡�ϕ��åC�"ϕ¥gdC��8ÜP�Var(ϕ)"

ØÑyC���¡�Ä�"vkgdC��úª¡��é"vk�åC��úª¡�m

úª"eVar(ϕ) = {x1, ..., xn}§K¡úª∀x1 · · · ∀xnϕ�ϕ�4�"z�úª�4�´���é§z

��é�4�´§gC"

et´Ä�§Ké?¿σ,σ′kI(t)σ = I(t)σ′§=Ä��¿Â�D�Ã'"ÏdéuÄ�·��

òI(t)σ{P�I(t)"eϕ´�é§Ké?¿σ,σ′kI(ϕ)σ = I(ϕ)σ′"Ïdéu�é·��òI(ϕ)σ{

P�I(ϕ)"

ex1, ..., xn´ØÓ�C�§t1, ..., tn´�§K¡{x1/t1, ..., xn/tn}���"et´�§Kt{x1/t1, ..., xn/tn}´

^t1, ..., tn©OO�t¥x1, ..., xn�¤kÑy����§P�tt1,...,tn
x1,...,xn"eϕ´úª§Kϕ{x1/t1, ..., xn/tn}´

^t1, ..., tn©OO�t¥x1, ..., xn�¤kgdÑy���úª§P�ϕt1,...,tn
x1,...,xn"XJ3úªϕÚϕt1,...,tn

x1,...,xn¥

C���åÑygê�Ó§K¡t1, ..., tnéuϕ¥�x1, ..., xn´��\�"et1, ..., tnéuϕ¥�x1, ..., xn´

��\�§Kk

I(ϕt1,...,tn
x1,...,xn

)σ = I(ϕ)σ[x1/I(t1)σ, ..., xn/I(tn)σ]

XJ)ºIÚI¥�D�σ¦�I(ϕ)σ = 1§K¡)ºIÚD�σ÷vϕ§P�σ |=I ϕ"�)º�

½�§{P�σ |= ϕ"

XJk)ºIÚI¥�D�σ¦�σ |=I ϕ§K¡ϕ��÷vª"ÄK¡ϕ�[bª£Ø�÷v

ª¤"XJϕ3z�)º¥�ý§K¡ϕ�[ýª£Ü6k�ª¤"

^¢cÜ6úªϕ1, ..., ϕi©OO�·KÜ6úªϕ¥�·KC�A1, ..., An���¢cÜ6ú

ªP�ϕ
ϕ1,...,ϕn
A1,...,An

§¡�ϕ�O�¢~"·KÜ6[ýª�O�¢~¡�­óª"
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�ϕÚψ´úª"XJéuz�)ºIÚI¥�D�σ§I(ϕ)σ = I(ψ)σ§K¡ϕÚψÜ6�d§

P�ϕ⇔ ψ"ϕ⇔ ψ��=�ϕ↔ ψ´[ýª"éu∀Ú∃§·�k∀xϕ⇔ ¬∃x¬ϕ"

�Γ�úª8Ü§)ºIÚI¥�D�σ÷vΓ¥�z�úª§K¡IÚσ÷vΓ"XJk)

ºIÚI¥�D�σ÷vΓ§K¡Γ´�÷v�"ÄK¡Γ´Ø�÷v�"

�Γ�úª8Ü§ϕ�úª"XJz�÷vúª8ÜΓ�)ºIÚI¥�D�σÑ÷vϕ§K

¡ϕ´Γ�Ü6íØ§P�Γ |= ϕ"Γ |= ϕØ¤áP�Γ 6|= ϕ"eΓ = {ϕ1, ..., ϕn}§KòΓ |= ϕ �

�ϕ1, ..., ϕn |= ϕ"

�ϕ1, ..., ϕn, ϕ, ψ�úª"|= ϕ��=�ϕ´[ýª"ϕ1, ..., ϕn |= ϕ��=�ϕ1 ∧ · · · ∧ ϕn → ϕ´

[ýª"ϕ ⇔ ψ��=�ϕ |= ψ�ψ |= ϕ"Γ ∪ {ϕ} |= ψ��=�Γ |= ϕ → ψ"Γ = {ϕ1, ..., ϕn}´�÷

v���=�ϕ1 ∧ · · · ∧ ϕn´�÷v�"�Γ´úª8Ü"KΓ´Ø�÷v���=�z�úª

Ñ´Γ�Ü6íØ"

§1.3 8Ü

8Ü´d�
�N|¤��N"ù
�N¡�8Ü���"8Ü�½Âkü«µqÞ½

ÂÚÄ�½Â"qÞ½Â=´�Ñ¤káu8Ü���"XµA = {a, b, c}"Ä�½Â=´`²

áu8Ü���¤äk�5�A�"XµA = {x ∈ N | x > 1}½x ∈ A⇔ x > 1"

ü�8Ü��§P�A = B§��=�¦�äk�Ó���"8ÜA´8ÜB�f8§½`

8ÜA�¹u8ÜB§P�A ⊆ B§��=�¤kA���Ñ´B���"

(A = B) ⇔ ∀x(x ∈ A↔ x ∈ B)

(A ⊆ B) ⇔ ∀x(x ∈ A→ x ∈ B)

f8'X÷v±e5�"

A ⊆ A

A ⊆ B�B ⊆ CKA ⊆ C

A ⊆ B�B ⊆ AKA = B

Ø¹k?Û���8Ü¡��8§P�∅"�8´���8Ü§́ ���§§�¹u?Û8

Ü�¥"dk�õ����¤�8Ü¡�k¡8"dÃ�õ����¤�8Ü¡�Ã¡8"8

ÜA��Üf8�8Ü¡�A��8§P�2A§=2A = {X | X ⊆ A}"ea ∈ A§K{a} ⊆ A"eA ⊆ B§

KA ∈ 2B"k¡8ÜA����ê¡�Äê§P�|A|"�A´k¡8Ü§K|2A| = 2|A|"

8Ü�$�k�!¿!�"

� A ∩ B = {x | x ∈ A ∧ x ∈ B}

¿ A ∪ B = {x | x ∈ A ∨ x ∈ B}

� A − B = {x | x ∈ A ∧ x < B}

eA∩B = ∅§K¡AÚB´Ø���"8ÜAÚB��8A−Bq¡B'uA��éÖ8"�U´

�8½Ø�§=¤k�?Ø�'�8ÜÑ´T�8�f8"�A´U�f8§A'uU��éÖ

8U − A§¡�A�ýéÖ8§Ï~Ò¡Ö8§P�∼ A"

�Ü6úª�Ü�!Û�ÚÄ$�aq§8Ü��!¿!Ö$�÷v��Æ!(ÜÆ!�

�Æ!©�Æ!áÂÆ§���Æ"
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A ∩ A = A

A ∩ (B ∩C) = (A ∩ B) ∩C

A ∩ B = B ∩ A

A ∩ (B ∪C) = A ∩ B ∪ A ∩C

A ∩ (A ∪ B) = A

∼ (A ∩ B) = ∼ A∪ ∼ B

A ∪ A = A

A ∪ (B ∪C) = (A ∪ B) ∪C

A ∪ B = B ∪ A

A ∪ (B ∩C) = A ∪ B ∩ A ∪C

A ∪ (A ∩ B) = A

∼ (A ∪ B) = ∼ A∩ ∼ B

?�ü�é�x, y§ò§�U5½�^S�¤�S�§¡�kSó§P�〈x, y〉"kSók

1����1����©§〈x, y〉�1���´x§1���´y"kSó�^8ÜL«"〈x, y〉�

8ÜL«�{{x}, {x, y}}"〈x, y〉 = 〈u, v〉��=�x = u�y = v"

kSó�±í2�n­Só"n­Só½Â�〈x1, ..., xn−1, xn〉 = 〈〈x1, ..., xn−1〉, xn〉"〈x1, ..., xn−1, xn〉 =

〈y1, ..., yn−1, yn〉��=�x1 = y1§...§xn−1 = yn−1�xn = yn"

8ÜA1, ..., An�(k�¦ÈA1 × · · · ×An½Â�A1 × · · · ×An = {〈a1, ..., an〉 |a1 ∈ A1, ..., an ∈ An}"

éu?¿k¡8ÜA1, ..., An§|A1 × · · · × An| = |A1| · |A2| · · · |An|"�A = A1 × · · · × An"K1i©þ¼

êpri : A→ Ai½ÂXe"pri(〈a1, ..., an〉) = ai"

§1.4 'X

?ÛkSó�8Ü¡���'X"lX�Y�'XR÷vR ⊆ X × Y"e〈x, y〉 ∈ R§KL«

¤xRy§Ö�x�yk'XR"e〈x, y〉 < R§KL«¤xR̄y"����'X�±^����¢c(

½"½ÂR = {〈x, y〉 | P(x, y)}§=xRy��=�P(x, y)¤á"

�R´��'X"R¥¤kkSó�1����8Ü¡�R�½Â�§P�dom(R)"R¥

¤kkSó�1����8Ü¡�R���§P�ran(R)"8ÜX�X�'X¡�Xþ���'

X"'X�5�d'X¥�¹�¤kkSó¤(½"P∀x1 · · · ∀xn(x1 ∈ X ∧ · · · ∧ xn ∈ X → ϕ)

�∀x1, ..., xn ∈ X.ϕ"�R´��8ÜXþ�'X"

g�5 ∀x ∈ X.(xRx)

�g�5 ∀x ∈ X.(xR̄x)

é¡5 ∀x, y ∈ X.(xRy→ yRx)

�é¡5 ∀x, y ∈ X.(xRy ∧ yRx→ x = y)

D45 ∀x, y, z ∈ X.(xRy ∧ yRz→ xRz)

XJRÚS´X�Y���'X§KR ∩ S§R ∪ S§R − S§∼ S Ñ´X�Y���'X§�

x(R ∩ S )y ⇔ xRy ∧ xS y

x(R ∪ S )y ⇔ xRy ∨ xS y

x(R − S )y ⇔ xRy ∧ xS̄ y

x(∼ S )y ⇔ xS̄ y

�R´X�Y�'X"R�_'X´Y�X�'X§P�R−1§½Â�R−1 = {〈y, x〉 ∈ Y×X |〈x, y〉 ∈

R}"

�R´X�Y�'X§S´Y�Z�'X"R ◦ S´X�Z�'X§¡�RÚS�EÜ'X§½Â

�R ◦ S = {〈x, z〉 ∈ X × Z | ∃y ∈ Y.(xRy ∧ yS z)}"◦¡�'X�EÜ$�"3ØÚå· ��¹e§
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EÜ'X�$�Î~�ÑØ�"'X�EÜ$�÷v(ÜÆ"�R´X�Y�'X§S´Y�Z�

'X"Kk(R ◦ S )−1 = S −1 ◦ R−1"

�R´Xþ���'X§n ∈ N"R�ng�§P�Rn§½ÂXe"R0 = IX = {〈x, x〉 | x ∈ X}´8

ÜXþ�ð�'X¶Rn+1 = Rn ◦ R"

�R´Xþ���'X§'XR′´R�g�£é¡!D4¤4���=�£¬¤R′´g�£é

¡!D4¤�¶£­¤R ⊆ R′¶£®¤éu?Ûg�£é¡!D4¤'XR′′§XJR ⊆ R′′§KR′ ⊆ R′′"

^r(R), s(R), t(R)©OL«R�g�4�!é¡4�!D44�"·�k

r(R) = R ∪ IX

s(R) = R ∪ R−1

t(R) =
⋃∞

i=1 Ri

�Ö��B§'XR�D44�Ï~P�R+"R�g�D44�Ï~P�R∗"

÷vg�5!é¡5ÚD45�����8Üþ�'X¡��d'X"�R´8ÜXþ�

�d'X"éu?¿x ∈ X§8Ü[x]R½ÂXeµ[x]R = {y ∈ X | yRx}"¡[x]R�dx¤�L��d

a"̂ X/RL«R�da�8Ü{[x]R | x ∈ X}§¡X/R�X�R�û8"

�A´��8ÜSf8�àÜ"éuz�8ÜB ∈ A§B , ∅�
⋃

A = S"K¡8ÜA´S��

�CX"eA´S���CX§�é?¿B,C ∈ A§B , CKB ∩C = ∅§K¡A´S���y©"

?Û��Xþ��d'XRÑ½Â
X���y©§=X/R"?ÛX���y©A = {A1, ..., An}

Ñ½Â
���d'XR§=xRy��=�x, yÓ3��Ai¥"

÷vg�5ÚD45���8Üþ�'X¡�ýS'X"XJ≤´Xþ�ýS'X§@o

kSó〈P,≤〉L«ýS8Ü"

�½ýS8Ü〈P,≤〉ÚQ ⊆ P"XJ¤kP�Ø�¹Q�����f8Ñk4���ea ≤

b ≤ a�a , bKa, b ∈ Q§K¡〈P,≤〉�QfÄ8Ü"��ýS8Ü´QfÄ8Ü��=�Ã�î

�4~S�¥�Q���Ñyk�õg"

�〈P,≤〉�QfÄ8Ü"Px ≤ y�x , y�x < y"P∆(Q)(x)�±x�Ñu:���¹Q���

Ã�î�4~S��8Ü"±e�fÄ8Bín"

e∀x′ ∈ P.(∀x ∈ P.(x < x′ → (∆(Q)(x) = ∅ → ϕ(x)))→ ϕ(x′))K∀x ∈ P.ϕ(x)"

�½ýS8Ü〈P,≤〉"e〈P,≤〉´∅fÄ8Ü§K¡〈P,≤〉�ûÄ£Well-Founded¤8Ü"

÷vg�5!�é¡5ÚD45�����8Üþ�'X¡� S'X"XJ≤´Xþ�

 S'X§@okSó〈P,≤〉L« S8Ü"

e〈P,≤〉´ûÄ8Ü§K〈P,≤〉´ S8Ü"

�〈P,≤〉´ S8Ü"XJéuz��x, y ∈ PÑkx ≤ y½y ≤ x§K¡≤þ�Pþ��S½�

S§¡〈P,≤〉��S8Ü½ó"

�〈P,≤〉´ S8Ü§¿�A ⊆ P"�a ∈ A, b ∈ P"
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a�A����µ ∀x ∈ A.(x ≤ a)

a�A����µ ∀x ∈ A.(a ≤ x)

a�A�4��µ ∀x ∈ A.(a , x→ a 6≤ x)

a�A�4��µ ∀x ∈ A.(a , x→ x 6≤ a)

b�A�þ.µ ∀x ∈ A.(x ≤ b)

b�A�e.µ ∀x ∈ A.(b ≤ x)

b�A���þ.µ b´A�þ.§�éuz��A�þ.b′§kb ≤ b′

b�A���e.µ b´A�e.§�éuz��A�e.b′§kb′ ≤ b

�� S8Ü����§���§��þ.§��e.§XJ�3§K´���"��þ

.§�¡þ(.§P�t§lub½sup§��e.§�¡e(.§P�u§glb½in f"

�� S8Ü〈P,≤〉§XJ§�z����f8Ñk�����§K¡≤�ûS�§¡〈P,≤

〉�ûS8Ü"z��ûS8ÜÑ´�S8Ü§��S8Ü�7Ñ´ûS8Ü§
z��k�

��S8ÜÑ´ûS8Ü"

�〈P1,≤1〉, ..., 〈Pn,≤n〉� S§P = P1×· · ·×Pn"K S〈P1,≤1〉, ..., 〈Pn,≤n〉�(k�È〈P,≤〉´

�� S§Ù¥≤½ÂXe"é¤ka, b ∈ P§a ≤ b��=�é¤ki ∈ {1, ..., n}§kpri(a) ≤i

pri(b)"�S ⊆ P1 × · · · × Pn"KtS�3��=�éu¤ki ∈ {1, ..., n}§tpri(S )�3§�tS =

〈tpr1(S ), ...,tprn(S )〉"

§1.5 ¼ê

� f´8ÜX�8ÜY�'X"XJéz��x ∈ X�3���y ∈ Y ¦�〈x, y〉 ∈ f§K

¡ f�X�Y���¼ê"P� f : X → Y"X¡� f�½Â�§Y¡� f���"

éu¼ê f : X → Y§XJ〈x, y〉 ∈ f§K¡x�gCþ§y´¼ê f3x?��§�¡y�3 f�

^ex��§
¡x�y����
"Ï~^y = f (x)L«〈x, y〉 ∈ f"

�¼ê f : X → Y�A ⊆ X§K f ∩ (A × Y)´lA�Y�¼ê§¡� fÉ��uA§P� f |A"8

Ü{ f (x) | x ∈ A}¡�A3 fe��§P� f (A)"

eX′ ⊆ X§� f : X′ → Y´X′�Y�¼ê§K¡ f�X�Y� ¼ê"�«Ou ¼ê§¼ê

q¡�¼ê"

� f : X → YÚg : Y → Z´ü�¼ê§K fÚg�EÜ¼êg ◦ f´��lX�Z�¼ê§�é

u¤k�x ∈ X§(g ◦ f )(x) = g( f (x))"¼ê�EÜ÷v(ÜÆ"

e f : X → X´��¼ê§K fU
ég�EÜ?¿õg"fég�EÜ?¿õg�½ÂX

e"f 0(x) = IX(x)¶f n+1(x) = f ( f n(x))"

P∃x1 · · · ∃xn(x1 ∈ X ∧ · · · ∧ xn ∈ X ∧ ϕ)�∃x1, ..., xn ∈ X.ϕ"� f : X → Y´��¼ê"

f´÷�� ∀y ∈ Y.∃x ∈ X.( f (x) = y)

f´\�� ∀x1, x2 ∈ X.( f (x1) = f (x2)→ x1 = x2)

f´V�� f´÷���´\��

e f : X → Y ,g : Y → ZÑ´÷�¼ê§Kg ◦ f�´÷�¼ê¶e f : X → Y ,g : Y → ZÑ´\

�¼ê§Kg ◦ f�´\�¼ê¶e f : X → Y ,g : Y → ZÑ´V�¼ê§Kg ◦ f�´V�¼ê"
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� f´V��"§��¼ê´ f�_'X§P� f −1"e f : X → Y´V��§KÙ�¼

ê f −1 : Y → X�´V��"e f : X → Y ,g : Y → ZÑ´V�¼ê§K(g ◦ f )−1�´V�¼ê§

�(g ◦ f )−1 = f −1 ◦ g−1"

�U´�8§A ⊆ U"A�A�¼êΨA : U → {0, 1}½ÂXe"

ΨA(x) =
{ 1 i f x ∈ A

0 i f x < A

�U´�8§A, B ⊆ U"Ké¤kx ∈ U§±e�ª¤á"

ΨA∩B(x) = ΨA(x) · ΨB(x)

ΨA∪B(x) = ΨA(x) + ΨB(x) − ΨA∩B(x)

Ψ∼A(x) = 1 − ΨA(x)

X�Y�¤k�¼ê�8ÜP�(X → Y)"�X´��8Ü§〈Y,≤〉´�� S§f , g : X → Y´

ü�¼ê"f ≤ g��=�éu¤kx ∈ X§f (x) ≤ g(x)"〈(X → Y),≤〉�¤�� S"

�S ⊆ (X → Y)´��X�Y�¼ê�8Ü"�x ∈ X"Y�f8{ f (x) | f ∈ S }P�S (x)"tS�

3��=�éu¤kx ∈ X§tS (x)�3§�éu¤kx ∈ X§(tS )(x) = tS (x)"

�X´��8Ü"PX����n�f8�8Ü�[X]n"��[X]n�k/Ú¼êC´��[X]n�

�����k�8Ü�¼ê"¡H�C�à58Ü��=�C�^3?¿[H]n¥���¤���

´���"±e(Ø¡�Ramsey½n"

�N´g,ê8Ü"?¿[N]n�k/Ú¼êÑk��Ã¡�à58Ü"

§1.6 �� SÚ�þ�ØÄ:

�� S〈X,≤〉§XJ§Xk���§�éuXþ�z�^óS ⊆ X§tSÑ�3§K¡〈X,≤〉�

� S"X����Ï~P�⊥X½⊥"

?Ûk������¹k¡ó� S´�� S"XJ〈P1,≤1〉, ..., 〈Pn,≤n〉´�� S§K

Ù(k�È〈P1 × · · · × Pn,≤〉´�� S"XJX´��8Ü§〈Y,≤〉´���� S§K〈(X →

Y),≤〉´�� S"

�〈X,≤〉´���� S§Y ⊆ X"〈Y,≤〉´〈X,≤〉�f�� S§��=�〈Y,≤〉´����

 S§�éuYþ�z�^óS§ÑktYS = tXS"

�〈X,≤1〉Ú〈Y,≤2〉´ S§f : X → Y´¼ê"f´üN���=�∀x1, x2 ∈ X.(x1 ≤1 x2 →

f (x1) ≤2 f (x2))"

�〈X,≤1〉´ S§〈Y,≤2〉´�� S"lX�Y�üN¼ê�8Ü�¤〈(X → Y),≤2〉���

f�� S"

�〈X,≤1〉Ú〈Y,≤2〉´�� S§ f : X → Y´¼ê" f´ëY�(Scott-Continous)��=�

éX�z�^óS ⊆ X§t f (S )Ñ�3§�t f (S ) = f (tS )"ëY¼ê�8ÜP�[X → Y]"

�〈X,≤1〉Ú〈Y,≤2〉´�� S"lX�Y�ëY¼ê�8Ü[X → Y]�¤〈(X → Y),≤〉���

f�� S"

�〈X,≤1〉Ú〈Y,≤2〉´�� S§f : X → Y´¼ê"f´ëY���=� f´üN��éX�

z�^óS ⊆ X§f (tS ) ≤ t f (S )"
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�〈X,≤〉´ S§f : X → X´¼ê"e f (x) = x§K¡x´ f�ØÄ:"ex´ f�ØÄ:§�

é?¿ f�ØÄ:y§Ñkx ≤ y§K¡x´ f���ØÄ:"f���ØÄ:P�µ f"ex´ f�Ø

Ä:§�é?¿ f�ØÄ:y§Ñky ≤ x§K¡x´ f���ØÄ:"f���ØÄ:P�ν f"

�
U
�Ù/`² f�ÉØÄ:IP�å�gCþ´x§µ fk��¤µx. f§ν f�¤νx. f"

�〈X,≤〉´�� S§f : X → X´ëY¼ê"K fk��ØÄ:§��L«Xe(KleeneØ

Ä:½n)"

µ f = t{ f i(⊥) | i ∈ N}

�〈X,≤〉´�� S§f : X → X´ëY¼ê§x ∈ X"e f (x) ≤ x§Kµ f ≤ x"

�〈X,≤〉´�� S§ϕ : X → {0, 1}´��¢c"ϕ´�N���=�éX�z�^óS§

e
∧

x∈S ϕ(x)�ý§Kϕ(tS )�ý"

�〈X,≤〉´�� S§ϕ : X → {0, 1}´���N¢c"±e�ØÄ:8Bín(Scott Induc-

tion)"

eϕ(⊥)�∀x ∈ X.(ϕ(x)→ ϕ( f (x))§Kϕ(µ f )"

�� S〈X,≤〉§XJX¥�?¿ü���Ñk��þ.Ú��e.§K¡〈X,≤〉��"

�� S〈X,≤〉§XJX¥�?¿f8Ñk��þ.§K¡〈X,≤〉����"é¡/§��

 S〈X,≤〉´�����=�Ù?¿f8Ñk��e."

�〈X,≤〉´���§f : X → X´üN¼ê"K fk���ØÄ:8§�T8�¤����

�§fk��Ú��ØÄ:§��L«Xe(Knaster-TarskiØÄ:½n)"

µ f = u{x ∈ X | f (x) ≤ x}

ν f = t{x ∈ X | x ≤ f (x)}

§1.7 k�ã

k�ãD´�kSó〈V, E〉§Ù¥V´���8Ü§E´Vþ�����'X"©O¡VÚE�

k�ãD�º:�8ÜÚ>�8Ü"�L«��*5§>�8ÜEk��¤→"'X→�D4

4�ÚD4g�4�©OP�
+
→Ú

∗
→"

�kü�ãD = 〈V, E〉ÚD′ = 〈V ′, E′〉"eV ⊆ V ′�E ⊂ E′§K¡D�D′�fã§¿L«

�D ⊆ D′"eV ⊆ V ′�E = {〈u, v〉 ∈ E′ | u, v ∈ V}§K¡D�D′��Ñfã"

3k�ãD = 〈V, E〉¥§r>���S�(e1, ..., en)¡��^Ï´§Ù¥ei = 〈vi, vi+1〉 ∈ E£i =

1, ..., n¤"Ï´(e1, ..., en)��Ý�Ñy3Ï´¥�>�gê§P�|(e1, ..., en)|"Ï´(e1, ..., en)Ï~

�^º:S�(v1, ..., vn+1)L«"

éuk�ã��^Ï´§XJz^>�ÑyØ�L�g§K¡TÏ´�{üÏ´"XJ

z�º:�ÑyØ�L�g§K¡TÏ´�Ä�Ï´"Ä�Ï´�½´{üÏ´"ÏLk�

ã¥¤kº:�Ï´¡���Ï´"

XJ�^Ï´�m©Úª(uÓ�º:§K¡TÏ´�£´"XJ£´��Ý�2§K¡

T£´�£´å:�º:�g�"XJ£´¥z^>�ÑyØ�L�g§K¡T£´�{ü

£´"XJ£´Ø�����:�Ï´¥z�º:�ÑyØ�L�g§K¡T£´�Ä�£
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´"ÏLk�ã¥¤kº:�£´¡���£´"XJ�^Ï´�ª:�Ï´þ�,�Ù§

 ��º:�Ó§K¡TÏ´�@¢"

XJ�3lº:u�º:v�Ï´§K¡º:u�±��º:v§=u, v÷vu
+
→v"XJ�3l

º:u�º:v�Ï´§K�3lº:u�º:v�Ä�Ï´"3��kn�º:�k�ã¥§?

ÛÄ�Ï´��ÝÑØ�Ln − 1§?ÛÄ�£´��ÝÑØ�Ln"

��k�ãD = 〈V, E〉§XJé§�z�éº:uÚv§�±lu��v¿��±lv��u§K

¡D�rëÏã"k�ãD´rëÏ���=�Dk��£´"¡rëÏã��²��§��

=�Tã��kü�º:½k��kg��º:"

3k�ãD¥§A ⊆ D´D���4�rëÏ�Ñfã§��=�A´D��Ñfã§A´r

ëÏ�§�éu?¿�D�rëÏ�fãB ⊆ D§eA , BKA * B"3k�ãD¥§D���4

�rëÏ�Ñfã§¡�D���rëÏ©ã"

�D = 〈V, E〉�k�ã"�A ⊆ V"l8ÜA�Ú���º:�8Ü�{b | a→b, a ∈ A}§P

�E(A)"l8ÜA���º:�8Ü£�)A¤�
⋃

i≥0 Ei(A) = {b | a
∗
→b, a ∈ A}§P�E∗(A)"�

Ú��A�º:�8Ü�
⋃

i≥0(E−1)i(A) = {b | b→a, a ∈ A}§P�E−1(A)"��A�º:�8Ü

�{b | b
∗
→a, a ∈ A}§P�(E−1)∗(A)"eD´rëÏã�A ⊆ V��§KE∗(A) = (E−1)∗(A) = V"

§1.8 öS

1. �N = {0, 1, 2, ..., }�g,ê8§X = N ∪ {ω,ω′}�g,ê8\ü�Ã¡�þ"X¥����

�÷vÏ~é�ê��ÚéÃ¡�þ�n)�½Âü�Ã¡�þ÷vω < ω′"� f0, f1 :

X → X½ÂXeµf0(ω) = ω§f0(ω′) = ω′�ea ∈ NK f0(a) = a + 1¶f1(ω) = ω′§f1(ω′) = ω′�

ea ∈ NK f1(a) = a + 1"f0Ú f1´üN�"y²µf0´ëY�§f1Ø´ëY�"

2. �〈X,≤1〉Ú〈Y,≤2〉´�� S"f : X → Y´¼ê"y²µXJX��¹k¡ó§K f´ëY

���=� f´üN�"

3. �D = 〈V, E〉�k�ã"�A ⊆ V"òA ∪ E(Z)ÚA ∪ E−1(Z)w¤´gCþ�Z�(2V → 2V )¥

�¼ê§y²ùü�¼ê3 S(2V ,⊆)¥´üN4O�§E∗(A) = µZ.(A∪E(Z))�(E−1)∗(A) =

µZ.(A ∪ E−1(Z))"

4. �D = 〈V, E〉�k�ã"y²µE−1(E(V)) = V��=�E´��'X§=?¿º:k�U"
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§2 ÄuG�C[�[£XÚ

�Ù0�±Ä�G��[£�A:��."�.�Ä����Ä�G�ÚG�[£'X

±9Ð©G�"�Ù��{=�uk¡G�XÚ§
ín�{KØ�uk¡G�XÚ"

Ä�ÎÒµ �S´�8Ü"

S��8P�2S"

Ã¡S�s0s1s2......P�[si]i≥0"

k¡S�s0s1s2...snP�[si]n
i=0"

S ωL«Sþ�Ã¡S��8Ü§=S ω = {[si]i≥0 | ∀i ≥ 0, si ∈ S }"

�þe©'X§S n�L«Sþ�n�|�8Ü{(s1, ..., sn) | s1, ..., sn ∈ S }½�Ý�n�k¡S�

�8Ü{[si]n−1
i=0 | s0, ..., sn−1 ∈ S }"

e→ ⊆ S × S�Sþ���'X§K
∗
→L«→�D4g�4�"

8Ü�$��)�!¿!�§P�∩,∪, \§��Bå�§k���∗,+,−"

�S��8"8ÜA�Ö��8�A��S \ A§½P�¬A"

eY ⊆ S × S�X ⊆ S §̂ Y |XL«Y ∩ (X × X)"

eG = (V, E)´k�ã§�þe©'X§��Bå�§V�f8B½�L«º:8Ü�B�

�Ñfã(B, E|B)"

^e1, ..., ek©OO�ϕ¥�x1, ..., xkP�ϕ(e1/x1, ..., ek/xk)§½��ϕe1,...,ek
x1,...,xk"

§2.1 Kripke�.

½Â 2.1 ��Kripke�.´��n�|〈S ,R, I〉Ù¥S�G�8Ü§R ⊆ S × S�Sþ���[£

'X§I ⊆ S�Ð©G�8"

R ⊆ S × S´���§=∀s.∃s′.(s, s′) ∈ R"

·��¡Kripke�.�XÚ"

^s→s′L«�3ls�s′�[£§=(s, s′) ∈ R"

b½K = 〈S ,R, I〉��½�."

�UG�µ es→s′§K¡s′�s��UG�"G�s��UG��8Ü�{s′ | s→s′}§P�R(s)"

G�8ÜA��UG�8Ü�
⋃

s∈A R(s)§P�R(A)"

c°G�µ es→s′§K¡s�s′�c°G�"G�s�c°G��8Ü�{s′ | s′→s}§P�R−1(s)"

G�8ÜA�c°G�8Ü�
⋃

s∈A R−1(s)§P�R−1(A)"

��G�µ es
∗
→s′§K¡s′�s���G�"G�s���G��8Ü�{s′ | s

∗
→s′}§P�R∗(s)"

G�8ÜA���G�8Ü�
⋃

s∈A R∗(s)§P�R∗(A)"K���G�8Ü�R∗(I)§½P�Rh(K)"

��'Xµ eB¥ks���G�§K¡Bds��"eB¥kA���G�§K¡BdA��§P

�A
∗
→B"
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´»µ K�k¡´»´Sþ�÷vé?¿0 ≤ i ≤ n − 1Ñksi→si+1�k¡S�[si]n
i=0"K�Ã¡

´»´Sþ�÷vé?¿i ≥ 0Ñksi→si+1�Ã¡S�[si]i≥0"

O��1�µ K�O�S�({¡�O�)´Kþ�÷vs0 ∈ I�Ã¡´»[si]i≥0"K�O��8

Ü¡�K�1�§P�[[K]]"

G��÷v'Xµ ¡G�s÷vA§��=�s ∈ A"Ï
8ÜA¥�G�Ñ÷vA§�÷vA�G

�Ñ3A¥"¡8ÜB÷vA§��=�B¥�¤kG�Ñ÷vA§=B ⊆ A"��BQã§÷vA�

G�¡�AG�"e�^´»(½��O�)þ�¤kG�Ñ÷vA§K¡T´»(O�)�A´

»(O�)"e�^´»(½��O�)þk÷vA�G�§K¡T´»(O�)U��AG�"

§2.1.1 ��5�©Û

½Â 2.2 (��5�) G�8ÜA ⊆ S¡�K���5�§��=�[[K]]¥kU��AG��O

�"

·K 2.1 G�8ÜA ⊆ S´K���5���=�Rh(K) ∩ A , ∅"

�½Kripke�.K = 〈S ,R, I〉Ú8ÜA ⊆ S"A´Ä´K���5��ÏLé�.��G��

u�5�y"

��5�©Û1µ Äk0�ÄuG�H{���5�©Û�{"��B�{�O§·�½Â

8Üa.(��ö�"·�P�8�{}"�w�8Ü"̂ w.put(s)§w.get()§w.remove(s)©O�L

38Üw¥V\��s§l8Ü¥Ö���§l8Ü¥£Ø��s"�½Kripke�.K = 〈S ,R, I〉Ú

8ÜA ⊆ S"�z�G�sks.visitedù�á5§ÙÐ©�� f alse"�{1´ÄuG�H{�©

ÛA´Ä���5���{"

Algorithm 1 ReachabilityAnalysis
Input: K, A;

Output: true/ f alse;

1: w := I;

2: while (w , ∅) do
3: s := w.get(); if (s ∈ A) return true;

4: s.visited := true;

5: for each (s′ ∈ R(s)), if (s′.visited = f alse) w.put(s′);

6: w.remove(s);

7: end while
8: return f alse;

·K 2.2 G�8ÜA ⊆ S´K���5���=�ReachabilityAnalysis(K, A)�true"

��5�©Û2µ ±e´ÄuØÄ:O����5�©Û"Äk0�k¡8Ü���þ�ü

N¼ê�ØÄ:�{Xe"
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��Ú��ØÄ:�O�µ �X�k¡8Ü§(X,v) ����§ f�Xþ�üN¼ê"P�

���⊥§����>"�{2O� f�±��A�Ð©��ØÄ:"eA�⊥�§O����

� f���ØÄ:§eA�>�§O����� f���ØÄ:§=·�k f���ØÄ:µ f =

FN f p( f ,⊥)Ú f���ØÄ:ν f = FN f p( f ,>)"

Algorithm 2 FNfp

Input:¼ê fÚ��A;
Output:¼ê f±A�Ð©��ØÄ:;

1: X := A; Y := f (A);

2: while X , Y do
3: X := Y; Y := f (X);

4: end while
5: return X;

Äu��ØÄ:O����5�©Û��{µ �½Kripke�.K = 〈S ,R, I〉Ú8ÜA ⊆ S"

�S�k¡G�8Ü"K(2S ,⊆) ��� S��8� S����"½Â fK : 2S → 2SX

eµfK(A) = I ∪ R(A)"K fK�(2S ,⊆)þ�üN¼ê�±e·K¤á"

·K 2.3 Rh(K) = µ fK .

d·K2.3Ú·K2.1§��{3´ÄuØÄ:O��©ÛA´Ä���5���{"

Algorithm 3 ReachabilityAnalysisFP
Input: K, A;

Output: true/ f alse;

1: w := FN f p( fK , ∅);

2: return w ∩ A , ∅;

·K 2.4 G�8ÜA ⊆ S´K���5���=�ReachabilityAnalysisFP(K, A)�true"

§2.1.2 S�5�©Û

½Â 2.3 (S�5�) G�8ÜA ⊆ S¡�K�S�5�§��=�K�¤kO�Ñ´AO�"

·K 2.5 G�8ÜA ⊆ S´K�S�5���=�Rh(K) ⊆ A"

íØ 2.1 G�8ÜA ⊆ S´K�S�5�§��=�G�8Ü¬AØ´K���5�"

S�5�©Û�{µ �âíØ2.1�S�5����5�´éó5�"·��±é��5�

©Û�{�{ü?U±©ÛS�5�"

S�5�©Û�{1µ �{4´ÄuG�H{�©ÛA´Ä�S�5���{"

·K 2.6 G�8ÜA ⊆ S´K�S�5���=�S a f etyAnalysis(K, A)�true"
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Algorithm 4 SafetyAnalysis
Input: K, A;

Output: true/ f alse;

1: w := I;

2: while (w , ∅) do
3: s := w.get(); if (s < A) return f alse;

4: s.visited := true;

5: for each (s′ ∈ R(s)), if (s′.visited = f alse) w.put(s′);

6: w.remove(s);

7: end while
8: return true;

Algorithm 5 SafetyAnalysisFP
Input: K, A;

Output: true/ f alse;

1: w := FN f p( fK , ∅);

2: return w ∩ ¬A = ∅;

S�5�©Û�{2µ �{5´Äu��ØÄ:O��©ÛA´Ä�S�5���{"

·K 2.7 G�8ÜA ⊆ S´K�S�5���=�S a f etyAnalysisFP(K, A)�true"

duS�5����5�´éó5�§·�k±e(Ø"

íØ 2.2 S a f etyAnalysis(K, A)�true��=�ReachabilityAnalysis(K,¬A)� f alse"

S�5��ínµ eR(A) ⊆ A§K¡A�[£ØC"'uS�5�§·�kXeín5K"

�A′, A�G�8Ü"

I÷vA′

A′[£ØC

A′÷vA

A´S�5�

��5���5µ ±þín5K´�������"b½cJ¤á§dcü^·���R∗(I) ⊆

A′§qd1n^·���R∗(I) ⊆ A§¤±A´S�5�§Ï
ín5K´���"b½A´S�

�§�A′ = R∗(I)§·�Ò��ycJ^��¤á§dd�yA´S�5�§Ï
ín5K´�

��"

§2.1.3 �;�5�©Û

½Â 2.4 (�;�5�) G�8ÜA ⊆ S¡�K��;�5�§��=�[[K]]¥k¬AO�"

·K 2.8 G�8ÜA ⊆ S´K��;�5���=�∃B ⊆ S .((B ∩ I , ∅) ∧ (∀s ∈ B.(∃s′ ∈ B.(s →

s′))) ∧ (B ∩ A = ∅))"
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�;�5�©Û1µ �½Kripke�.K = 〈S ,R, I〉Ú8ÜA ⊆ S"A´Ä´K��;�5��Ï

Lé�.�rëÏã�©Û5�y§=�	�.´Ä�d¬Ak¡´»��d¬AG�|¤��

²�rëÏã"

rëÏ©ã�O�µ ��B�{�O§·�½ÂÒa.(��ö�"éuÒa.�Cþ§·�

P�Ò�[]"�w�Ò"̂ w.push(s)§w.top()§w.pop()©O�L3Òw�ÒºV\��s§lÒ¥Ö

�Òº��§lÒ¥£ØÒº��"�½��k�ãG = (V, E)"�z�º:vkv.indexÚv.lowlinkü

�á5§ÙÐ©��unde f ined"�{6´O�rëÏ©ã�Tarjan�{"�{�£�FNscc(G)´G�

rëÏ©ãº:8Ü�8Ü"

Algorithm 6 FNscc
Input: G = (V, E);
Output: G�rëÏ©ãº:8Ü�8Ü;

1: index := 0; S := []; scclist := {};

2: for each v ∈ V , if (v.index = unde f ined) strongconnect(v);

3: return scclist;

4: FUNCTION strongconnect(v)

5: v.index := v.lowlink := index; index := index + 1; S .push(v);

6: for each w ∈ E(v) do
7: if (w.index = unde f ined) then
8: strongconnect(w); v.lowlink := min(v.lowlink,w.lowlink);

9: else if (w ∈ S )

10: v.lowlink := min(v.lowlink,w.index);

11: end if
12: end for
13: if (v.lowlink = v.index) then
14: currentS CC := {};

15: while true do
16: w := S .top(); S .pop(); currentS CC.put(w); if (w = v) break;

17: end while
18: scclist.put(currentS CC);

19: end if

�;�5�©Û�{1µ b½nontrivial(G, e)�u�G�rëÏ©þe´Ä�²��¼ê"�

½K = 〈S ,R, I〉Ú8ÜA ⊆ S"½ÂK|X = 〈S ∩ X,R|X, I ∩ X〉"A´�;�5���=�3K|¬A¥

�3�^dÐ©G�Ñu�Ã¡´»"�{7´ÄurëÏ©þO��©ÛA´Ä��;�5

���{"

·K 2.9 G�8ÜA ⊆ S´K��;�5���=�AvoidabilityAnalysis(K, A)�true"

�;�5�©Û2µ ±e´ÄuØÄ:O���;�5�©Û"�½k�ãG = (S ,R)�A ⊆

S"�S��k¡8Ü"K(2S ,⊆)��� S�S� S����"½Â fG : 2S → 2SXeµfG(A) =
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Algorithm 7 AvoidabilityAnalysis
Input: K, A;

Output: true/ f alse;

1: K′ := (S ′,R′, I′) := K|¬A; G := (S ′,R′);

2: scclist := FNscc(G);

3: w := ∅; for (each e in scclist) if (nontrivial(G, e)) w := (w ∪ e);

4: return ReachbilityAnalysis(K′,w);

R−1(A)"K fG�(2S ,⊆)þ�üN¼ê�±e·K¤á"

·K 2.10 ν f�G¥¤kÃ¡´»å:G�|¤�8Ü"

�;�5�©Û�{2µ d·K2.10��{8´Äu��ØÄ:O��©ÛA´Ä��;�5

���{"

Algorithm 8 AvoidabilityAnalysisFP
Input: K, A;

Output: true/ f alse;

1: G := (¬A,R|¬A);

2: w := FN f p( fG,¬A);

3: return w ∩ I , ∅;

·K 2.11 G�8ÜA ⊆ S´K��;�5���=�AvoidabilityAnalysisFP(K, A)�true"

§2.1.4 7�5�©Û

½Â 2.5 (7�5�) G�8ÜA ⊆ S¡�K�7�5�§��=�K�¤kO�ÑU��AG

�"

·K 2.12 G�8ÜA ⊆ S´K�7�5���=�∀B ⊆ S .((B ∩ I , ∅) ∧ (∀s ∈ B.(∃s′ ∈ B.(s →

s′)))→ (B ∩ A , ∅))"

íØ 2.3 G�8ÜA ⊆ S´K�7�5�§��=�G�8ÜAØ´K��;�5�"

7�5�©Û�{µ �âíØ2.3�7�5���;�5�´���'X"·��±é�;

�5�©Û�{�{ü?U±©Û7�5�"�½K = 〈S ,R, I〉Ú8ÜA ⊆ S"�{9´Äur

ëÏ©þO��©ÛA´Ä�7�5���{"

·K 2.13 G�8ÜA ⊆ S´K�7�5���=�InevitabilityAnalysis(K, A)�true"

íØ 2.4 InevitabilityAnalysis(K, A)�true��=�AvoidabilityAnalysis(K, A)� f alse"
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Algorithm 9 InevitabilityAnalysis
Input: K, A;

Output: true/ f alse;

1: K′ := (S ′,R′, I′) := K|¬A; G := (S ′,R′);

2: scclist := FNscc(G);

3: w := ∅; for (each e in scclist) if (nontrivial(G, e)) w := (w ∪ e);

4: return not ReachbilityAnalysis(K′,w);

7�5��ínµ ·�kXeín5K"�X0, X1, ..., Xn, A�G�8Ü"

I÷vX0

∀i ∈ {0, ..., n − 1}§R(Xi \ A)÷vXi+1

Xn÷vA

A´7�5�

��5���5µ ±þín5K´����éuk¡G�XÚ´���"b½cJ¤á�

(ØØ¤á§@od(ØØ¤á§·�k�^dIG�Ñu�Ã¡¬A´»§ù^´»7,k

G�Ñy3?�Xi¥§�Xn÷vAgñ§¤±cJ¤áK(Ø¤á§Ï
ín5K´���"

b½A´7�5�§du��Äk¡G�XÚ§·��±b½G��ê�n§@o�X0 = I

ÚXi+1 = R(Xi \ A)§KXn��(ÄK�3�^Ã�Ì��¬A´»)§dd�yA´7�5�§Ï


ín5K´���"

§2.2 ú²Kripke�.

éuKripke�.
ó§��O�´±��Ð©G��å:�÷vG�[£'X�Ã¡G

�S�"�
�°(/£ã�.�O�§·�éO���½��±üØÜ©÷vG�=�'

X�Ã¡G�S�"I�üØ�Ü©¡�Øú²�Ã¡G�S�"���ù��J§·�3

(�¥\\#�¤©§��ú²O��^�"

½Â 2.6 ��ú²Kripke�.´��o�|〈S ,R, I, F〉Ù¥〈S ,R, I〉´��Kripke�.§F ⊆ 2S�

ú²5�å�k¡8Ü"

b½K = 〈S ,R, I, F〉��½�."

��G�µ IÒKripke�.K���G�=K′ = 〈S ,R, I〉���G�"

ú²´»µ ú²Kripke�.Kþ�´»=Kripke�.〈S ,R, I〉þ�´»"½Âin f (π)�Ã�õg

Ñy3´»π¥�G��8Ü"́ »π = [si]i≥0´ú²�§��=�é¤k f ∈ F§

in f (π) ∩ f , ∅

O��1�µ ú²Kripke�.Kþ�O�=Kripke�.〈S ,R, I〉þ�O�"��O�´ú²�§

��=�TO�´�^ú²´»"K�ú²O��8Ü¡�K�1�§P�[[K]]"
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ú²G�µ ��G�´ú²�§��=��3lTG�Ñu�ú²´»"

ú²G�8Üµ P{s | s→ s′, s′ ∈ X}�R−1(X)"

½ÂS F = νZ.
∧

f∈F µY.(( f ∩ R−1(Z)) ∪ R−1(Y))"

ò((X ∩ R−1(Z)) ∪ R−1(Y)) w¤´gCþ�Y�l2S�2S¼ê§·���ù�¼ê3��

�(2S ,⊆)þ´üN4O�§k��ØÄ:§Ï

∧

f∈F µY.(( f∩R−1(Z))∪R−1(Y))´û½Â"ò
∧

f∈F µY.(( f∩

R−1(Z)) ∪ R−1(Y))w¤´gCþ�Z�¼ê§·���ù�¼ê´üN4O�§k��ØÄ:§

Ï
S F´û½Â"

·K 2.14 G�s ∈ S´K�ú²G�§��=�s ∈ S F"

��ú²G�8Üµ PdA���ú²G�8Ü�RhF(A)"

·K 2.15 RhF(A) = Rh(A) ∩ S F"

K���ú²G�8Ü§P�RhF(A)§=dI���ú²G�8ÜRhF(I)"

íØ 2.5 RhF(K) = Rh(I) ∩ S F"

ú²rëÏ©þµ �Ä¡G�XÚ"�½K = 〈S ,R, I, F〉"k�ã(S ,R)�rëÏ©þ�¡

�K�rëÏ©þ"K�rëÏ©þe´ú²�§��=�e´�²���∀ f ∈ F.(e ∩ f , ∅)§Ù

¥e∩ fL« f¥���ÚrëÏ©þe¥�����8"�{10´u�e´Ä�ú²rëÏ©þ

��{"

Algorithm 10 Fairscc
Input: K, e;

Output: true/ f alse;

1: if (nontrivial(K, e) = f alse) return false;

2: for (each f in F) if (e ∩ f = ∅) return false; ;

3: return true;

·K 2.16 K�rëÏ©þe´ú²�§��=�Fairscc(K, e)�true"

ú²G��½µ 3ú²rëÏ©þu��{�Ä:þ§�±�Ou���G�´Ä�ú²

G�Ú��G�8¥´Äkú²G���{"�{11´u�A¥´Ä´Äkú²G���{"

·K 2.17 G�8A ⊆ S¥kú²G�§��=�ExistFairS tate(K, A)�true"

íØ 2.6 G�s ∈ S´K�ú²G�§��=�ExistFairS tate(K, {s})�true"
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Algorithm 11 ExistFairState
Input: K, A;

Output: true/ f alse;

1: G := (S ,R); scclist := FNscc(G);

2: w := ∅; for (each e in scclist) if ( f airscc(K, e)) w := w ∪ e;

3: K′ := (S ,R, A);

4: return ReachbilityAnalysis(K′,w);

§2.2.1 ú²��5�©Û

½Â 2.7 (ú²��5�) G�8ÜA ⊆ S¡�K�ú²��5�§��=�[[K]]¥kU��AG

��ú²O�"

·K 2.18 G�8ÜA ⊆ S´K�ú²��5���=�RhF(K) ∩ A , ∅"

íØ 2.7 G�8ÜA ⊆ S´K�ú²��5���=�Rh(K) ∩ A¥�3ú²G�"

��5©Û1µ �½ú²Kripke�.K = 〈S ,R, I, F〉Ú8ÜA ⊆ S"A´Ä´K�ú²��5�

�©Û�ÏLÄkw=
AG�´ú²G�§2(Ü��5©Û�{wù
ú²G�¥´Äk

d�.Ð©G����"�{12´�â�5���5©Û�{?U�ú²��5©Û�{"

Algorithm 12 FairReachabilityAnalysis
Input: K, A;

Output: true/ f alse;

1: w := I;

2: while (w , ∅) do
3: s := w.get(); if (s ∈ A) and (ExistFairState(K,{s})=true) return true;

4: s.visited := true;

5: for each (s′ ∈ R(s)), if (s′.visited = f alse) w.put(s′);

6: w.remove(s);

7: end while
8: return f alse;

·K 2.19 G�8ÜA ⊆ S´K�ú²��5���=�FairReachabilityAnalysisII(K, A)�true"

��5©Û2µ duFairReachabilityAnalysis()�{zg-���AG�Ñ�N^�gExistFairS tate()§

·��±�ÄÂ8ù
���AG�§,��g5/wÙ¥´Äkú²G�"�{13´�âù

�(ØÚ�5���5©Û�{?U�ú²��5©Û�{"

·K 2.20 G�8ÜA ⊆ S´K�ú²��5���=�FairReachabilityAnalysisII(K, A)�true"
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Algorithm 13 FairReachabilityAnalysisII
Input: K, A;

Output: true/ f alse;

1: w := I; u := ∅;

2: while (w , ∅) do
3: s := w.get(); if (s ∈ A) u.put(s);

4: s.visited := true;

5: for each (s′ ∈ R(s)), if (s′.visited = f alse) w.put(s′);

6: w.remove(s);

7: end while
8: return ExistFairS tate(K, u);

§2.2.2 ú²S�5�©Û

½Â 2.8 (ú²S�5�) G�8ÜA ⊆ S¡�K�ú²S�5�§��=�K�¤kú²O�

Ñ´AO�"

·K 2.21 G�8ÜA ⊆ S´K�ú²S�5�§��=�±e��¤á"

• G�8Ü¬AØ´K�ú²��5�¶

• RhF(K) ⊆ A¶

• FairReachabilityAnalysis(K,¬A)� f alse"

ú²S�5��ínµ �½K = 〈S ,R, I, F〉�F = { f1, ..., fk}"�X0, X1, ..., Xk, A�G�8"·�

k±e5K"

A ∪ X0´〈S ,R, I〉�S�5�⋃k
i=1 Xi´〈S ,R, X0〉�7�5�

∀i ∈ {1, ..., k}§¬ fi´〈S ,R, Xi〉�S�5�

A´K�ú²S�5�

��5µ b½cJ¤á"dcJ3�§éi = 1, ..., k§XiG�±9Xi���G�ÑØ´ú²G

�"duX0ØU;mX1, ..., Xk§Ï
X0G�Ø´ú²G�"duA ∪ X0 ´〈S ,R, I〉�S�5�§

Ï
¤kK�ú²O�Ñ´AO�§=A´K�ú²S�5�"du3±X0G�Ø´ú²G��

cJ^���¹e§¿Ø�½�y�3X1, ..., Xk¦�cJ2ÚcK3¤á§Ï
ín5KØäk

��5"

§2.2.3 ú²�;�5�©Û

½Â 2.9 (ú²��5�) G�8ÜA ⊆ S¡�K�ú²��5�§��=�[[K]]¥kú²¬AO

�"
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�Äk¡G�XÚ"^sccF(B)L«B ⊆ S�ú²rëÏã§=B´�²�rëÏ��∀ f ∈

F.(B ∩ f , ∅)"

·K 2.22 G�8ÜA ⊆ S´K�ú²��5���=�∃B ⊆ S .((B∩ I , ∅)∧∃B′ ⊆ B.(sccF(B′)∧

∀B′′ ⊆ (B \ B′).(∃s ∈ B′′.(B′′ , ∅ → ∃s′ ∈ (B \ B′′).(s→ s′)))) ∧ (B ∩ A = ∅))"

ú²�;�5©Û1µ �½ú²Kripke�.K = 〈S ,R, I, F〉Ú8ÜA ⊆ S"A´Ä´K�ú²�

�5©Ûaqu�k���5©Û§�´ò¤^���²�rëÏ©þ\r�ú²rëÏ©

þ=�"½Â{ f1, ..., fn}|Y = { f1 ∩ Y, ..., fn ∩ Y}Ú〈S ,R, I, F〉|X = 〈S ∩ X,R|X, I ∩ X, F|X〉"�{14´©

ÛA´Ä�ú²�;�5���{"

Algorithm 14 FairAvoidabilityAnalysis
Input: K, A;

Output: true/ f alse;

1: K′ := (S ′,R′, I′, F′) := K|¬A; G := (S ′,R′); K′′ := (S ′,R′, I′);

2: scclist := FNscc(G);

3: w := ∅; for (each e in scclist) if (Fairscc(K′, e)) w := (w ∪ e);

4: return ReachbilityAnalysis(K′′,w);

·K 2.23 G�8ÜA ⊆ S´K�ú²��5���=�FairAvoidabilityAnalysis(K, A)�true"

ú²�;�5©Û2µ duA´ú²��5���=�K|¬Akú²��G���=�K|¬A�

Ð©G�¥kú²��G�§¦^ExistFairS tate()§Kú²��5©Û�±�\{ü"

·K 2.24 G�8ÜA ⊆ S´K�ú²��5���=�ExistFairS tate(K|¬A, I \ A)�true"

§2.2.4 ú²7�5�©Û

½Â 2.10 (ú²7�5�) G�8ÜA ⊆ S¡�K�ú²7�5�§��=�K�¤kú²O�

ÑU��AG�"

·K 2.25 G�8ÜA ⊆ S´K�ú²7�5�§��=�±e��¤á"

• G�8ÜAØ´K�ú²�;�5�¶

• é¤k¹kK�Ð©G��S�f8B±e¤áµ

(∃B′ ⊆ B.(sccF(B′)∧∀B′′ ⊆ (B\B′).(B′′ , ∅ → ∃s ∈ B′′.(∃s′ ∈ (B\B′′).(s→ s′))))→ (B∩A , ∅));

• FairAvoidability(K, A)� f alse¶

• ExistFairS tate(K|¬A, I \ A)� f alse"
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ú²7�5��ínµ �½K = 〈S ,R, I, F〉�F = { f1, ..., fk}"�X0, X1, ..., Xk, A�G�8"·�

k±e5K"

A ∪ X0´〈S ,R, I〉�7�5�⋃k
i=1 Xi´〈S ,R, X0〉�7�5�

∀i ∈ {1, ..., k}§¬ fi´〈S ,R, Xi〉�S�5�

A´K�ú²7�5�

��5µ b½cJ¤á§@oX0G�Ø´ú²G�"duA∪ X0´〈S ,R, I〉�7�5�§Ï


¤kK�ú²O�Ñ7,��AG�§=A´K�ú²7�5�"

§2.2.5 �.��¯K

duéO�O\
��§k�U¦�¤kO�Ñ¤
�ú²�O�§ù�§�.�1�

Ò´���8"·��±u��.�1�´Ä��"ù�¯K�¡��.��¯K"�.K�

�P�K , ∅§��=�[[K]] , ∅"'u�.��¯K§·�k±e(Ø"

·K 2.26 �½K = 〈S ,R, I, F〉"K , ∅��=��3dI���ú²rëÏ©þ"

íØ 2.8 �½K = 〈S ,R, I, F〉"K , ∅��=�I¥�3ú²G�"

�.�5u��{1µ u��.´Ä����{¡��5u��{"�½K = 〈S ,R, I, F〉"�

{15´Äu±þ·K��5u��{"

Algorithm 15 EmpChecking
Input: K;

Output: true/ f alse;

1: G := (S ,R); scclist := FNscc(G);

2: w := ∅; for (each e in scclist) if ( f airscc(K, e)) w := w ∪ e;

3: K′ := (S ,R, I);

4: return not ReachbilityAnalysis(K′,w);

·K 2.27 K = ∅��=�EmpChecking(K)�true"

qduK , ∅��=�I¥�3ú²G�"·�d±e(Ø"

·K 2.28 K = ∅��=�ExistFairS tate(K, I)� f alse"

�.�5u��{2µ e|F| = 1§=F¥�k����§K·��±^��V�Ý`k�{O

��.´Ä��¯K"�½K = 〈S ,R, I, { f }〉"�{16´ù�����{"

·K 2.29 �½K = 〈S ,R, I, F〉�|F| = 1"K = ∅��=�EmpCheckingDDFS (K)�true"

§2.2.6 ��¯K�A^

��¯K´��Ä�¯K§�A^u)ûÙ§�¯K"
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Algorithm 16 EmpCheckingDDFS
Input: K;
Output: true/ f alse;

1: w:=[]; a:=b:={};

2: for each s ∈ I do
3: if (s < a) then
4: a.put(s);

5: w.push(s); if (empcheckingDFS1(s)=false) return false; w.pop();

6: end if
7: end for
8: return true;

9: FUNCTION empcheckingDFS1(v)

10: for each s ∈ R(v) do
11: if (s < a) then
12: a.put(s);

13: w.push(s); if (empcheckingDFS1(s)=false) return false; w.pop();

14: end if
15: end for
16: if (v in f) { b.put(s); if (empcheckingDFS2(s)=false) return false; }

17: return true;

18: FUNCTION empcheckingDFS2(v)

19: for each s ∈ R(v) do
20: if (s in w) return false;

21: if not (s in b) { b.put(s); if (empcheckingDFS2(s)=false) return false; };

22: end for
23: return true;

��5¯K ��5¯K�±=����¯K"�½Kripke�.K = 〈S ,R, I〉ÚA ⊆ S"½ÂK′ =

〈S ′,R′, I′, F〉Ù¥S ′,R′, I′, FXe"

S ′ = S ∪ {t}

R′ = R ∪ {(s, t) | s ∈ A} ∪ {(t, t)}

I′ = I

F = {{t}}

·K 2.30 G�8ÜA ⊆ S´K���5�§��=�K′��§��=�EmpCheckingDDFS (K′)� f alse"

�;�5¯K �;�5¯K�±=����¯K"�½Kripke�.K = 〈S ,R, I〉ÚA ⊆ S"½

ÂK′ = 〈S ′,R′, I′, F〉Ù¥S ′,R′, I′, FXe"

S ′ = S ∪ {t}

R′ = {(s, s′) | (s, s′) ∈ R, s < A} ∪ {(s, t) | s ∈ A} ∪ {(t, t)}

I′ = I

F = {S }
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·K 2.31 G�8ÜA ⊆ S´K��;�5�§��=�K′��§��=�EmpCheckingDDFS (K′)� f alse"

§2.2.7 rú²�fú²^�

·�éú²Kripke�.§�±OrÙú²^�"

rú²Kripke�.µ ^F ⊆ 2S × 2S���5K = 〈S ,R, I, F〉�ú²^�§¿òú²´»½ÂX

e"�^´»π = [si]i≥0´ú²�§��=�é¤k( f , g) ∈ F§

in f (π) ∩ f , ∅ → in f (π) ∩ g , ∅

Uìù��ú²´»�½Â§·�k��rú²Kripke�."

rú²�.�L�Uåµ rú²Kripke�.Or
�ú²Kripke�.�L�Uå"

• �½ú²Kripke�.K = 〈S ,R, I, {g1, ..., gk}〉"½ÂF′ = {(S , g1), ..., (S , gk)}"Krú²Kripke�

.K′ = 〈S ,R, I, F′〉�Kk�Ó�ú²O�8Ü"

• rú²Kripke�.é�ú²Kripke�.�Or�±^Xe~f�y"�K1 = 〈S ,R, I, F〉Ù

¥S ,R, I, F½ÂXe"N´�yvkú²Kripke�.U
k�rú²Kripke�.K1�Ó�

ú²O�8Ü"

S = {s0, s1, s2}

R = {(s0, s0), (s1, s1), (s2, s2), (s0, s1), (s0, s2), (s1, s0), (s2, s0)}

I = {s0}

F = {({s0}, {s1}), ({s0}, {s2})}

fú²Kripke�.µ fú²Kripke�.�/ª�rú²Kripke�.�Ó§=^F ⊆ 2S × 2S�

��5K = 〈S ,R, I, F〉�ú²^�"ØÓ�´éú²´»�½Â"3ùp§�^´»π = [si]i≥0

´ú²�§��=�é¤k( f , g) ∈ F§

in f (π) ⊆ f → in f (π) ∩ g , ∅

Uìù��ú²´»�½Â§·�k��fú²Kripke�."

fú²�.�L�Uåµ fú²Kripke�.3�
�¹e��ú²Kripke�.�'�kL�

��B5§���ú²Kripke�.�L�Uå�Ó"

• �½ú²Kripke�.K = 〈S ,R, I, {g1, ..., gk}〉"½ÂF′ = {(S , g1), ..., (S , gk)}"Kfú²Kripke�

.K′ = 〈S ,R, I, F′〉�Kk�Ó�ú²O�8Ü"

• �½fú²Kripke�.K = 〈S ,R, I, {( f1, g1), ..., ( fk, gk)}〉"½ÂF′ = {g1∪(S \ f1), ..., gk∪(S \ fk)}"

Kú²Kripke�.K′ = 〈S ,R, I, F′〉�Kk�Ó�ú²O�8Ü"
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§2.3 IÒKripke�.

Kripke�.éuXÚ�£ãLu{z§�¦^G�8L«5��"�
L�ÚO��{

B§�^·KL«5�"·��ò(�¥�G�Ú·KïáéX§¦�·�U��z�G�

þ=
·K´¤á�"

½Â 2.11 �½�f·K�k¡8ÜAP"��APþ�IÒKripke�.´��o�|〈S ,R, I, L〉

Ù¥〈S ,R, I〉�Kripke�.§L : S → 2AP�G�8Ü�AP��8�N�"

L(s)L«3sþ¤á�¤k�f·K|¤�8Ü§=�f·Kp3sþ¤á��=�p ∈ L(s)"

b½�f·K8ÜAPÚAPþ�IÒKripke�.K = 〈S ,R, I, L〉��½"

��G�µ IÒKripke�.K���G�=K′ = 〈S ,R, I〉���G�"

O��1�µ IÒKripke�.Kþ�´»=K′ = 〈S ,R, I〉þ�´»"K�O�=K′�O�§Ù

1�[[K]] = [[K′]]"

�.�óµ ò��O�þ�z�G�O�¤ù�G�¤I�·K8Ü§·�����·K

8Ü�Ã¡G"�O�éA�ù
Ã¡G�8Ü¡��.��ó§½ÂXe"�π = [πi]i≥0"½

ÂL(π) = [L(πi)]i≥0"8Ü{L(π) ⊆ (2AP)ω | π ∈ [[K]]}¡�K��ó§P�L(K)"

�L�5�µ �½2APþ�Ã¡G�8ÜA ⊆ (2AP)ω"¡A´IÒKripke�.�L����=

��3K¦�L(K) = A"

G��úªµ P�f·K8ÜAPþ¤k·Kúª�8Ü�LAP"·�^·KÜ6�úªL

«G��5�"G�s ∈ S÷vϕ ∈ LAPP�K, s |= ϕ§½ÂXe"

K, s |= p ep ∈ AP�p ∈ L(s)"

K, s |= ¬ψ eK, s 6|= ψ"

K, s |= ψ0 ∨ ψ1 eK, s |= ψ0½K, s |= ψ1"

K, s |= ψ0 ∧ ψ1 eK, s |= ψ0�K, s |= ψ1"

K, s |= ψ0 → ψ1 eK, s |= ψ0KK, s |= ψ1"

K, s |= ψ0 ↔ ψ1 eK, s |= ψ0��=�K, s |= ψ1"

½ÂK, X |= ϕ§��=�é¤ks ∈ XÑkK, s |= ϕ"

½Â 2.12 �m = {x1, ..., xk} ⊆ AP�{y1, ..., yl} = AP \ m"m |= ϕ��=�(ϕ1,...,1
x1,...,xk )

0,...,0
y1,...,yl���1"

��Bå�§3K��½�ØÚå· ��¹e§K, s |= ϕÚK, X |= ϕ½�©O��s |=

ϕÚX |= ϕ"

·K 2.32 s |= ϕ��=�L(s) |= ϕ"
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G�8Ü�úª�éAµ ½Â[[s]] = (
∧

p∈L(s) p) ∧ (
∧

p∈AP\L(s) ¬p)"½Â[[X]] =
∨

s∈X[[s]]"·�

k±e�A5�"

• X |= ϕ��=�[[X]]→ ϕ"

• eX ⊆ YK[[X]]→ [[Y]]"

• eL�ü�¼ê§K±e¤á"[[X]]→ [[Y]]KX ⊆ Y"

úª�G�8Ü�éAµ ½Â[[ϕ]] = {s | s |= ϕ}"[[ϕ]]=÷vϕ�G��8Ü"¡÷vϕ�G�

�ϕG�"e�^´»þ�¤kG�Ñ÷vϕ§K¡T´»�ϕ´»"e��O�þ�¤kG�

Ñ÷vϕ§K¡TO��ϕO�"·�k±e�A5�"

• ϕ→ ψ��=�[[ϕ]] ⊆ [[ψ]]"

• ϕ↔ [[([[ϕ]])]])"

• eL�ü�¼ê§KX = [[([[X]])]])"

�(55�µ ·��ò�5^G�8Ü½Â���5�!S�5�!��5�!7�5�­

#^úª½Â"

• ϕ´K = 〈S ,R, I, L〉���5�§��=�[[ϕ]]´K′ = 〈S ,R, I〉���5�§=Rh(I)∩[[ϕ]] , ∅§

=∃s ∈ Rh(I).(s |= ϕ)"

• ϕ´K = 〈S ,R, I, L〉�S�5�§��=�[[ϕ]]´K′ = 〈S ,R, I〉�S�5�§=Rh(I) ⊆ [[ϕ]]§

=Rh(I) |= ϕ"

• ϕ´K = 〈S ,R, I, L〉��;�5�§��=�[[ϕ]]´K′ = 〈S ,R, I〉���5�§=∃B ⊆ S .((B∩

Rh(I) , ∅) ∧ (∀s ∈ B.(∃s′ ∈ B.(s→ s′)) ∧ (∀s ∈ B.(s 6|= ϕ)))"

• ϕ´K = 〈S ,R, I, L〉�7�5�§��=�[[ϕ]]´K′ = 〈S ,R, I〉�7�5�§=∀B ⊆ S .((B ∩

Rh(I) , ∅) ∧ (∀s ∈ B.(∃s′ ∈ B.(s→ s′)))→ (∃s ∈ B.(s |= ϕ)))"

©Û�{µ IÒKripke�.3�5Kripke�.�þïá
G��·KÜ6úª�éX§�k

�VgÚ©Û�{�±²L�AUC�¦^"±e=?ØS�5��7�5��ín¯K"

S�5��ínµ ½ÂR(ϕ) = [[{s′ | s → s′, s |= ϕ}]]"eR(ϕ) → ϕ§K¡ϕ�[£ØC"'uS

�5�§·�kXeín5K"�ϕ′, ϕ�úª"

[[I]]→ ϕ′

R(ϕ′)→ ϕ′

ϕ′ → ϕ

ϕ´S�5�
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��5���5µ ±þín5K´����eL�ü�¼êKín5K´���"b½cJ

¤á§dcü^·���Rh(I) |= ϕ′§qd1n^·���Rh(I) |= ϕ§¤±ϕ´S�5�§Ï


ín5K´���"b½ϕ´S��§�ϕ′ = [[Rh(I)]]§dL�ü�¼ê�s |= ϕ′Ks ∈ Rh(I)§¤

±cJ^�¤á§dd�yϕ´S�5�§Ï
ín5K´���"

7�5��ínµ 'u7�5�§·�kXeín5K"�ψ0, ψ1, ..., ψn, ϕ�úª"

[[I]]→ ψ0

∀i ∈ {0, ..., n − 1}.(R(ψi ∧ ¬ϕ)→ ψi+1)

ψn → ϕ

ϕ´7�5�

��5���5µ ±þín5K´���éuk¡G�XÚeL´ü�¼êKín5K´

���"

§2.4 ú²IÒKripke�.

·��±(ÜIÒKripke�.Úú²Kripke�.�EIÒú²Kripke�.§ù�·��±

¦^úª£ã5�§��±éÜn�O���^�"·��±3ú²Kripke�.\IÒ��±

3IÒKripke�.\ú²^�"�!�ÀJ´3IÒKripke�.þ\ú²^�"

½Â 2.13 �½��k¡·K8ÜAP"��APþ�ú²IÒKripke�.´��Ê�|〈S ,R, I, L, F〉

Ù¥〈S ,R, I, L〉´��APþ�IÒKripke�.§F ⊆ LAP�ú²5�å�k¡8Ü"

O��1�µ ú²IÒKripke�.K = 〈S ,R, I, L, F〉�O�Ò´Kripke�.〈S ,R, I〉�O�§

�F = {φ1, ..., φk}"K�ú²O�Ò´ú²Kripke�.K′ = 〈S ,R, I, {[[φ1]], ..., [[φk]]}〉�ú²O�§

Ù1�[[K]] = [[K′]]"

�(55�9Ù©Û�{µ dúª�G�8Ü�éA'X§·��±�A/½Âú²I

ÒKripke�.�ú²S�Úú²7��5�§¿òIÒKripke�.Úú²Kripke�.�VgÚ

©Û�{²L�AUC�¦^"±e=?Ø�ó9�ó��¯K"

�.�óµ ò��O�þ�z�G�O�¤ù�G�¤I�·K8Ü§·�����·K

8Ü�Ã¡G"�ú²O�éA�ù
Ã¡G�8Ü¡��.��ó§½ÂXe"8Ü{L(π) ⊆

(2AP)ω | π ∈ [[K]]}¡�K��ó§P�L(K)"

�ó��¯Kµ �ó��¯K�=z¤�.��¯K"·�k±e(Ø"

·K 2.33 �½K = 〈S ,R, I, L, F〉�F = {φ1, ..., φk}"L(K) , ∅§��=�[[K]]��§��=�ú

²Kripke�.K′ = 〈S ,R, I, {[[φ1]], ..., [[φk]]}〉��§=EmpChecking(K′)� f alse"
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ú²S�5��ínµ �½K = 〈S ,R, I, L, F〉�F = {φ1, ..., φk}"�ψ0, ψ1, ..., ψk, ϕ�úª"·�

k±e5K"

ϕ ∨ ψ0´〈S ,R, I, L〉�S�5�∨k
i=1 ψi´〈S ,R, [[ψ0]], L〉�7�5�

∀i ∈ {1, ..., k}, ¬φi´〈S ,R, [[ψi]], L〉�S�5�

ϕ´K�ú²S�5�

��5µ b½cJ¤á"dcJ3�§éi = 1, ..., k§ψiG�±9Ù���G�ÑØ´ú²G

�"duψ0ØU;mψ1, ..., ψk§Ï
ψ0G�Ø´ú²G�"duϕ ∨ ψ0´〈S ,R, I, L〉�S�5�§

Ï
¤kK�ú²O�Ñ´ϕO�§=ϕ´K�ú²S�5�"du3±ψ0G�Ø´ú²G��

cJ^���¹e§¿Ø�½�y�3ψ1, ..., ψk¦�cJ2ÚcK3¤á§Ï
ín5KØäk

��5"

ú²7�5��ínµ �½K = 〈S ,R, I, L, F〉�F = {φ1, ..., φk}"�ψ0, ψ1, ..., ψk, ϕ�úª"·�

k±e5K"

ϕ ∨ ψ0´〈S ,R, I, L〉�7�5�∨k
i=1 ψi´〈S ,R, [[ψ0]], L〉�7�5�

∀i ∈ {1, ..., k}, ¬φi´〈S ,R, [[ψi]], L〉�S�5�

ϕ´K�ú²7�5�

��5µ b½cJ¤á§@oψ0G�Ø´ú²G�"duϕ∨ ψ0´〈S ,R, I, L〉�7�5�§Ï


¤kK�ú²O�Ñ7,��ϕG�§=ϕ´K�ú²7�5�"

§2.5 ~f

~ 2.1£1¤½ÂS ,R, IXe"

S = {s0, s1, s2, s3, s4, s5}

R = {(s0, s1), (s0, s3), (s1, s2), (s1, s4), (s2, s1), (s3, s4), (s4, s4), (s4, s5), (s5, s2), (s5, s4), (s5, s6), (s6, s5)}

I = {s0, s3}

KK1 = (S ,R, I)�Kripke�."

K1���G�8Ü�{s0, s1, s2, s3, s4}"

½ÂA1, A2Xe"
A1 = {s0, s1, s2, s3, s4}

A2 = {s0, s1, s2, s3, s4, s5}

KA1ÚA2´�.�S�5�"

�âS�5�©Û�{�S a f etyAnalysis(K1, A1)�true�S a f etyAnalysis(K1, A2)�true"

½ÂB1, B2Xe"
B1 = {s2, s4}

B2 = {s2, s4, s5}
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KB1ÚB2´�.�7�5�"

�â7�5�©Û�{�InevitabilityAnalysis(K1, B1)�true�InevitabilityAnalysis(K1, B2)�true"

£2¤½ÂF = {{s1, s4}, {s2, s5}}

KK2 = (S ,R, I, F)�ú²Kripke�."

K2���ú²G�8Ü�{s0, s1, s2}"

½ÂA3, B3Xe"
A3 = {s0, s1, s2}

B3 = {s2}

KA3´�.�ú²S�5��B3´�.�ú²7�5�"

�âú²S�5�©Û�{Úú²7�5�©Û�{�

FairS a f etyAnalysis(K2, A3)�true�FairInevitabilityAnalysis(K2, B3)�true"

£3¤�AP = {p, q, r}"½ÂL : S → 2APXe"

L(s0) = {p} L(s1) = {q} L(s2) = {p, q} L(s3) = {} L(s4) = {r}

qL(s5) = {p, r} L(s6) = {q, r}

KK3 = (S ,R, I, L)�APþ�IÒKripke�."

½Âϕ1, ϕ2, ψ1, ψ2Xe"

ϕ1 = (p ∧ ¬q ∧ ¬r) ∨ (q ∧ ¬r) ∨ (¬p ∧ ¬q)

ϕ2 = (¬p ∨ ¬r)

ψ1 = (p ∧ q ∧ ¬r) ∨ (¬p ∧ ¬q ∧ r)

ψ2 = (p ∧ q ∧ ¬r) ∨ (¬q ∧ r)

K±e¤á"

[[ϕ1]] = {s0, s1, s2, s3, s4} [[ϕ2]] = {s0, s1, s2, s3, s4, s5}

[[ψ1]] = {s2} [[ψ2]] = {s2, s4, s5}

�A/§ϕ1Úϕ2´�.�S�5��ψ1Úψ2´�.�7�5�"

(4)½ÂΦ = {φ1, φ2}Ù¥φ1, φ2½ÂXe"

φ1 = (¬p ∧ (q↔ ¬r))

φ2 = (p ∧ (q↔ ¬r))

KK3 = (S ,R, I, L,Φ)�APþ�IÒú²Kripke�."

½Âϕ3, ψ3Xe"

ϕ3 = (p ∨ q) ∧ ¬r

ψ3 = (p ∧ q) ∧ ¬r

·�k
[[φ1]] = {s1, s4} [[φ2]] = {s2, s5}

[[ϕ3]] = {s0, s1, s2} [[ψ3]] = {s2}

�A/§ϕ3´�.�ú²S�5��ψ3´�.�ú²7�5�"
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~ 2.2 �K1 = (S ,R, I)ÚA1, A2, B1, B2X~2.1¥¤½Â"

£1¤A1´K1�S�5��íny²Xe"

½ÂA′1 = A1"K±e¤á"

I÷vA′1
A′1´[£ØCþ

A′1÷vA1

Ï
�âín5K§A1´K1�S�5�"

A2´K1�S�5��íny²Xe"

½ÂA′2 = A1"K±e¤á"

I÷vA′2
A′2[£ØC

A′2÷vA2

Ï
�âín5K§A2´K1�S�5�"

5¿µduA2Ø´[£ØC§�ØU�A′2 = A2"

£2¤B1´K1�7�5��íny²Xe"

½ÂXiXe: X0 = {s0, s3}, X1 = {s1, s4}, X2 = {s2, s4}"

K±e¤á"

I÷vX0

∀i ∈ {0, 1}, R(Xi \ B1)÷vXi+1

X2÷vB1

Ï
�âín5K§B1´K1�7�5�"

aq/�±y²B2´K1�7�5�"

~ 2.3 �/,%©O�g,êþ��ØÚ{ê¼ê"�a, b, x, y, t�g,êþ�¼ê½ÂXe"

a(i) = i/24 b(i) = (i%24)/8

x(i) = (i%8)/4 y(i) = (i%4)/2

t(i) = i%2

½Ât1(k, j), ..., t8(k, j)Xe"

t1(k, j) = a(k) = 0 ∧ a( j) = 1 ∧ b( j) = b(k) ∧ x( j) = x(k) ∧ y( j) = 1 ∧ t( j) = 1

t2(k, j) = a(k) = 1 ∧ ¬(x(k) = 0 ∨ t(k) = 0) ∧ ( j = k)

t3(k, j) = a(k) = 1 ∧ (x(k) = 0 ∨ t(k) = 0) ∧ a( j) = 2 ∧ b( j) = b(k) ∧ ( j%8 = k%8)

t4(k, j) = a(k) = 2 ∧ a( j) = a(k) ∧ b( j) = b(k) ∧ x( j) = x(k) ∧ y( j) = 0 ∧ t( j) = t(k)

t5(k, j) = b(k) = 0 ∧ a( j) = a(k) ∧ b( j) = 1 ∧ x( j) = 1 ∧ y( j) = y( j) ∧ t( j) = 0

t6(k, j) = b(k) = 1 ∧ ¬(y(k) = 0 ∨ t(k) = 1) ∧ ( j = k)

t7(k, j) = b(k) = 1 ∧ (y(k) = 0 ∨ t(k) = 1) ∧ a( j) = a(k) ∧ b( j) = 2 ∧ ( j%8 = k%8)

t8(k, j) = b(k) = 2 ∧ a( j) = a(k) ∧ b( j) = b(k) ∧ x( j) = 0 ∧ y( j) = y(k) ∧ t( j) = t(k)
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£1¤½ÂS ,R, IXe"

S = {s0, s1, ..., s71}

R = {(sk, s j) | t1(k, j) ∨ · · · ∨ t8(k, j)}

I = {s0, s1}

KK1 = (S ,R, I)�Kripke�."

½ÂA1, B1Xe"
A1 = {si | a(i) , 2 ∨ b(i) , 2}

B1 = {si | a(i) = 2 ∨ b(i) = 2}

KA1�K1�S�5�§B1Ø´K1�7�5�"

�âS�5�©Û�{Ú7�5�©Û�{�

S a f etyAnalysis(K1, A1)�true�InevitabilityAnalysis(K1, B1)� f alse"

eT�.^±L«2�?§�p½�{�$1�.§K�.äk±þ¿Â�S�£p½¤

5�"

�R′ = R \ {(s, s) | s ∈ S }�K′1 = (S ,R′, I)"

KK′1�Kripke�.§A1�K′1�S�5��B1�K′1�7�5�"

�âS�5�©Û�{Ú7�5�©Û�{�

S a f etyAnalysis(K′1, A1)�true�InevitabilityAnalysis(K′1, B1)�true"

£2¤½ÂF�±e8Ü�8Ü"

{si | ¬(a(i) = 0)}

{si | ¬(a(i) = 1 ∧ (x(i) = 0 ∨ t(i) = 0))}

{si | ¬(a(i) = 2)}

{si | ¬(b(i) = 0)}

{si | ¬(b(i) = 1 ∧ (y(i) = 0 ∨ t(i) = 1))}

{si | ¬(b(i) = 2)}

½ÂK2 = (S ,R, I, F)"KA1�K2�ú²S�5��B1�K2�ú²7�5�"

�âú²S�5�©Û�{Úú²7�5�©Û�{�

FairS a f etyAnalysis(K2, A1)�true�FairInevitabilityAnalysis(K2, B1)�true"

eT�.^±L«2�?§�p½�{��kú²�å�$1�.§K�.äk±þ¿

Â�S�Ú7�5�"

£3¤�AP = {p1, p2, p3, p4, p5, p6}"½ÂL : S → 2APXe"

p1 ∈ L(si) iff a(i) = 0

p2 ∈ L(si) iff a(i) = 1

p3 ∈ L(si) iff a(i) = 2

p4 ∈ L(si) iff b(i) = 0

p5 ∈ L(si) iff b(i) = 1

p6 ∈ L(si) iff b(i) = 2
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KK3 = (S ,R, I, L)�APþ�IÒKripke�."

½Âϕ1, ψ1Xeµϕ1 = ¬(p3 ∧ p6), ψ1 = (p3 ∨ p6)"

Kϕ1´K3�S�5�§ψ1Ø´K3�7�5�"

½ÂK′3 = (S ,R, I, L)"Kϕ1´K′3�S�5��ψ1´K′3�7�5�"

£4¤�AP′ = AP ∪ {q1, q2, q3, q4, q5, q6}"½ÂL′ : S → 2APXe"

pi ∈ L′(si) iff pi ∈ L(si)

q1 ∈ L′(si) iff x(i) = 0

q2 ∈ L′(si) iff x(i) = 1

q3 ∈ L′(si) iff y(i) = 0

q4 ∈ L′(si) iff y(i) = 1

q5 ∈ L′(si) iff t(i) = 0

q6 ∈ L′(si) iff t(i) = 1

�Φ�±e8Ü"

{¬(p1),¬(p2 ∧ (q1 ∨ q5)),¬(p3),¬(p4),¬(p5 ∧ (q3 ∨ q6)),¬(p6)}

KK4 = (S ,R, I, L′,Φ)�AP′þ�ú²IÒKripke�.§ϕ1�K4�ú²S�£p½¤5�

�ψ1�K4�ú²7�£]
kÅ¬��¦^¤5�"

~ 2.4£1¤�K1 = (S ,R, I)ÚA1X~2.3¥¤½Â"A1´K1�S�5��íny²Xe"

½ÂA′1�Xe8Ü�¿8"

{si | (a(i) = 0 ∧ b(i) = 0 ∧ x(i) = 0 ∧ y(i) = 0}

{si | (a(i) = 0 ∧ b(i) = 1 ∧ x(i) = 1 ∧ y(i) = 0}

{si | (a(i) = 0 ∧ b(i) = 2 ∧ x(i) = 1 ∧ y(i) = 0}

{si | (a(i) = 1 ∧ b(i) = 0 ∧ x(i) = 0 ∧ y(i) = 1}

{si | (a(i) = 1 ∧ b(i) = 1 ∧ x(i) = 1 ∧ y(i) = 1}

{si | (a(i) = 1 ∧ b(i) = 2 ∧ x(i) = 1 ∧ y(i) = 1 ∧ t(i) = 1}

{si | (a(i) = 2 ∧ b(i) = 0 ∧ x(i) = 0 ∧ y(i) = 1}

{si | (a(i) = 2 ∧ b(i) = 1 ∧ x(i) = 1 ∧ y(i) = 1 ∧ t(i) = 0}

K±e¤á"

I÷vA′1
A′1´[£ØCþ

A′1÷vA1

Ï
�âín5K§A1´K1�S�5�"

£2¤�K′1 = (S ,R′, I)ÚB1X~2.3¥¤½Â"B1´K′1�7�5��íny²Xe"
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½ÂXi, j�Xe"

X0,1 = {si | (a(i) = 0 ∧ b(i) = 0 ∧ x(i) = 0 ∧ y(i) = 0 ∧ t(i) = 0}

X0,2 = {si | (a(i) = 0 ∧ b(i) = 0 ∧ x(i) = 0 ∧ y(i) = 0 ∧ t(i) = 1}

X1,1 = {si | (a(i) = 1 ∧ b(i) = 0 ∧ x(i) = 0 ∧ y(i) = 1 ∧ t(i) = 1}

X1,2 = {si | (a(i) = 0 ∧ b(i) = 1 ∧ x(i) = 1 ∧ y(i) = 0 ∧ t(i) = 0}

X2,1 = {si | (a(i) = 1 ∧ b(i) = 1 ∧ x(i) = 1 ∧ y(i) = 0 ∧ t(i) = 0}

X2,2 = {si | (a(i) = 1 ∧ b(i) = 1 ∧ x(i) = 1 ∧ y(i) = 1 ∧ t(i) = 1}

X3,1 = {si | (a(i) = 2 ∧ b(i) = 1 ∧ x(i) = 1 ∧ y(i) = 1 ∧ t(i) = 0}

X3,2 = {si | (a(i) = 1 ∧ b(i) = 2 ∧ x(i) = 1 ∧ y(i) = 1 ∧ t(i) = 1}

½ÂX0 = X0,1 ∪ X0,2, X1 = X1,1 ∪ X1,2,X2 = X2,1 ∪ X2,2 ∪ A2, X3 = X3,1 ∪ X3,2"K±e¤á"

I÷vX0

∀i ∈ {0, 1, 2}, R′(Xi \ A2)÷vXi+1

X3÷vB1

Ï
�âín5K§B1´K′1�7�5�"

§2.6 öS

1. �½Kripke�.K = 〈S ,R, I〉ÚA ⊆ S"�ä±e`{��(5µA´�;�5�§��=

�Kk�^dIÑu���A�²�rëÏ©þ��A´»"

2. �½Kripke�.K = 〈S ,R, I〉ÚB, A ⊆ S"(ÜS����Ú7�Vg§·��½ÂXÚ�

S���ÚS�7�5�XeµB�AS���5���=��3��B�O��TO�

¥1��BG�c�¤kG�Ñ´AG�¶B�AS�7�5���=�B7��3¤kO

�¥1��BG�c�¤kG�Ñ´AG�"�O�{©Ou�B´Ä�AS���5�

ÚB´Ä�AS�7�5�"

3. �½Kripke�.K = 〈S ,R, I〉ÚB, A ⊆ S"½Â(B, A)´»�÷v±e^��´»µ���

�BG�Ñy3T´»¥�Ó�½��kAG�Ñy"�OÄuØÄ:O���{±u

�K¥´Ä�3Ð©G��å:�(B, A)´»"

4. �½ú²Kripke�.K = 〈S ,R, I, F〉ÚA ⊆ S"ÏLé�.?1UE§̂ �.��¯K�{

u�A´Ä´K���5�"

5. �½ú²Kripke�.K = 〈S ,R, I, F〉ÚA ⊆ S"ÏLé�.?1UE§̂ �.��¯K�{

u�A´Ä´K��;�5�"

6. �S ,R,R′, I, AP′, L′, ϕ1, ψ1X~2.3¥¤½Â"KK = (S ,R, I, L′)ÚK′ = (S ,R′, I, L′)�AP′þ�

IÒKripke�."̂ ín�{y²ϕ1´K�S�5��ψ1´K′�7�5�"
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§3 Äu��Ü6�[£XÚ

�Ù0�Äu��Ü6�±CþD��A:��."ùa�.òG�©)�ØÓ�©þ§

G��[£ÄuCþ�­#D�"k
fa.��.½�¹��G�9��G��=£5K"

��Ü6µ �½~�Ú¼êÎÒ8ÜF§¢cÎÒ8ÜP"

B = (F, P)þ��Ü6úª8ÜP�WFFB"

Bþ���8ÜP�TB"

WFFB¥Ø�þc�úª8ÜP�QFFB"

B�)º(½
[£�.£ã¥~�ÎÒ!¼êÎÒÚ¢cÎÒ�¹Â"

�½B�)ºI"��D�σ÷vúªϕ��=�I(ϕ)(σ) = true§P�σ |=I ϕ"¤kD�Ñ÷

vúªϕ§P�|=I ϕ"

Cþ��3V¥���8ÜP�T(B,V)"

gdCþ��3V¥�úª�8ÜP�WFF(B,V)"

gdCþ��3V¥�QFFBúª�8ÜP�QFF(B,V)"

±eb½B = (F, P)±9B�)ºI = (D, I0)��½"

b½P¥�¹·K~þtrueÚ f alse"��Bå�§̂ ϕ = ∅L«|=I (ϕ↔ f alse)"

ØÄ:úªµ �g : WFFB → WFFB"½Âg0(ϕ) = ϕÚgi+1(ϕ) = gi(ϕ)"

e∀k ≥ 0.(gk( f alse)→ ψ)�∀ψ′.(∀k ≥ 0.(gk( f alse)→ ψ′)→ (ψ→ ψ′))§K¡ψ�g(Z)���Ø

Ä:úª§P�µZ.g(Z)"e∀k ≥ 0.(ψ → gk(true))�∀ψ′.(∀k ≥ 0.(ψ′ → gk(true)) → (ψ′ → ψ))§K

¡ψ�g(Z)���ØÄ:úª§P�νZ.g(Z)"

¡��ØÄ:úª�û½Â�§��=��3��äk¤ã�'5��úª"

eé?¿úªϕ, ψÑkϕ→ ψ%ºg(ϕ)→ g(ψ)§K¡¼êg�üN¼ê"

�Øã�B§±eb½·�¦^���Ü6äk¤I�L�Uå�üN¼ê�ØÄ:ú

ªÑ´û½Â�"

§3.1 ¥ª[£�.

¥ª[£�.(Guarded Command Transition Systems)´��Ü6�*¿"¥ª[£�.¤

£ã�[£'XÌ�kü���µ¥ªÚD�"Ød�	§¥ª[£�.�¹Ð©^��£

ã"3��Ü6�Ä:þ§O\±eÎÒ8Üµ

{−→, :=}

�½Cþ8ÜV"½Â(B,V)þ�[£Xe"

ϕ −→ (x1, x2, ..., xk) := (e1, e2, ..., ek)

Ù¥ϕ ∈ QFF(B,V)§{x1, ..., xk} ⊆ V��Ø�Ó§{e1, ..., ek} ⊆ T(B,V)"��[£L«�.���

�fÄ�"

½Â 3.1 ��(B,V)þ�¥ª[£�.´����|(T,Θ)Ù¥T�(B,V)þ[£�k¡8Ü§Θ ∈

QFF(B,V)�Ð©^�"

±eb½¥ª[£�.M = (T,Θ)��½"
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G��G��mµ Cþ�D�σ�L
O�L§¥Cþ3,����G�"Ïd¡σ�G�"

�.�G��m�V¥Cþ���|ÜΣ = {σ | σ(x) ∈ D, x ∈ V}"G��k�Ü©�ûuV¥

Cþ���"eV = {v1, ..., vn}§Kσ½�L«�n�|〈σ(v1), ..., σ(vn)〉"eσ |=I ϕ§K¡σ�ϕG

�"ϕG��8ÜP�[[ϕ]]"

��1[£µ �t´ϕ −→ (x1, x2, ..., xk) := (e1, e2, ..., ek)���[£"t 3G�σ��1��=

�σ |=I ϕ"

k£G�µ e3G�σvk��1[£§K¡σ�k£G�"

[£'Xµ ½Âσ
t
→σ′��=�t3G�σ��1�σ′ = σ[x1/I(e1)(σ)] · · · [xk/I(ek)(σ)]"�.�

[£'X→�Σ2���f8"σ
M
→σ′��=�±e�«�¹¤á"

3G�σ§�3��1[£t�σ
t
→σ′

3G�σ§Ø�3��1[£�σ′ = σ

σ
M
→σ′3ØÚå· �{��σ→σ′"

��G�µ PdϕG����G�8Ü�Rh(ϕ)"·�kRh(ϕ) = {σ′ |σ
∗
→σ′, σ |=I ϕ}"M���

G�8Ü=dΘG����G�8ÜRh(Θ) = {σ′ | σ
∗
→σ′, σ |=I Θ}"

´»µ Ã¡S�[σi]i≥0¡�M�´»§��=�[σi]i≥0´G�8Σþ���Ã¡S��é?

¿i ≥ 0Ñkσi→σi+1"

O��1�µ Ã¡S�[σi]i≥0¡�M�O�§��=�[σi]i≥0´M�´»�σ0 |=I Θ"M�O

��8Ü¡�M�1�§P�[[M]]"

§3.1.1 �(55�

½Â 3.2 (S�5�) ϕ´M�S�5�§��=�M�¤kO�Ñ´ϕO�"

½Â 3.3 (7�5�) ϕ´M�7�5�§��=�M�¤kO�ÑU��ϕG�"

�T = {pi → ei | i = 1, ..., k}"

P
∨k

i=1 pi�E(T )"PT ∪ {E(T )→ (x1) := (x1)}�T +"

½Â 3.4 �W�[£8Ü"�t�p −→ (x1, x2, ..., xk) := (e1, e2, ..., ek)"½Â[W]ψXe"

[{}]ψ = true

[{t}]ψ = p→ ψ(e1/x1, ..., en/xn)

[X ∪ Y]ψ = [X]ψ ∧ [Y]ψ

·K 3.1 ϕ ≡ [T +]ψ��=�∀σ.(I(ϕ)σ→ ∀σ′.((σ→σ′)→ I(ψ)σ′))"

½Â〈W〉ϕ = ¬[W]¬ϕ"

·K 3.2 ϕ´M�S�5�§��=�∀k ≥ 0.(Θ ∧ (〈T +〉)k¬ϕ = ∅)"

·K 3.3 ϕ´M�7�5���=�∀ψ.((ψ ∧ Θ , ∅) ∧ (ψ→ 〈T +〉ψ)→ (ψ ∧ ϕ , ∅))"
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§3.1.2 ¥ª[£�.�IÒKripke�.��d

�½(B,V)þ�¥ª[£�.M = (T,Θ)"�½AP = {p1, ..., pn}þ�IÒKripke�.K =

〈S ,R, I, L〉"

�BP ⊆ QFF(B,V)"

½ÂLBP�±BP¥�·K��f·K�Ù�úª"

�ζ : AP→ BP´��éA'X"

½Âζ−1(ϕ)�é¤kϕ¥Ñy�BP¥�úª^ζ'X¥éA�AP¥�·KO����(J"

½Â 3.5 M�K´ζO��d�§��=�é?¿M�O�[σi]i≥0�3K�O�[si]i≥0÷v∀i ≥

0.∀ψ ∈ BP.(σi |= ψ ↔ si |= ζ−1(ψ))�é?¿K�O�[si]i≥0�3M�O�[σi]i≥0÷v∀i ≥ 0.∀p ∈

AP.(si |= p↔ σi |= ζ(p))"

½Â 3.6 M�K´ζp�[�d�§��=��3é¡'Xα ⊆ Σ × S¦�±e¤á"

• é?¿Ð©G�σ ∈ Σ�3Ð©G�s ∈ S¦�(σ, s) ∈ α§��½,¶

• é?¿p ∈ AP§e(σ, s) ∈ αKsi |= p��=�σi |= ζ(p)¶

• é?¿(σ, s) ∈ α§e(σ→ σ′)K�3s′ ∈ S¦�(σ′, s′) ∈ α§��½,"

·K 3.4 eM�K�ζp�[�d§KM�K�ζO��d"

·K 3.5 �M�K´ζO��d�"�ϕ ∈ LBP"Kϕ´M�S�5���=�ζ−1(ϕ)´K�S�

5�¶ϕ´M�7�5���=�ζ−1(ϕ)´K�7�5�"

¥ª[£�.�IÒKripke�.��Eµ ·��±�E�¥ª[£�.�d�IÒKripke�

.§̂ IÒKripke�.5��©Û�{5©Û¥ª[£�.�5�"

�½(B,V)þ�¥ª[£�.M = (T,Θ)Ù¥V = {v1, ..., vn}"

½Â

S = Dn"

R = {(〈σ(v1), ...σ(vn)〉, 〈σ′(v1), ...σ′(vn)〉) | σ→σ′}"

I = {〈σ(v1), ...σ(vn)〉 | σ |=I Θ}"

�BP = {ψ1, ..., ψn} ⊆ QFF(B,V)"

½ÂAP = {p1, ..., pn}�½ÂL : S → 2APXeµpi ∈ L(〈σ(v1), ...σ(vn)〉)↔ σ |= ψi"

½Âζ : AP→ BPXeµζ(p1) = ψ1, ..., ζ(pn) = ψn"

½Â(M)km = 〈S ,R, I, L〉"

·K 3.6 M�(M)km´ζO��d�"

íØ 3.1 �ϕ ∈ LBP"Kϕ´M�S�5���=�ζ−1(ϕ)´(M)km�S�5�¶ϕ´M�7�5

���=�ζ−1(ϕ)´(M)km�7�5�"

36



§3.2 ú²¥ª[£�.

·��±3¥ª[£�.�Ä:þ��ú²O��^�§½Âú²¥ª[£�."

½Â 3.7 �½Cþ8ÜV"��(B,V)þ�ú²¥ª[£�.´��n�|(T,Θ,Φ)Ù¥(T,Θ)�(B,V)þ

�¥ª[£�.§Φ ⊆ QFF(B,V)�ú²^�§´��gdCþ3V¥�Ø�þc�úª�k¡

8Ü"

±eb½ú²¥ª[£�.M = (T,Θ,Φ)��½"

G��m�[£'Xµ M�G��m�Óu(T,Θ)�G��m"M�G�[£'X�Óu(T,Θ)�

G�[£'X"

ú²´»µ Ã¡S�[σi]i≥0¡�M�´»§��=�[σi]i≥0´(T,Θ)�´»"Ã¡S�[σi]i≥0¡

�M�ú²´»§��=�[σi]i≥0´M�´»�é¤kφ ∈ ΦÑkÃ�õ�i¦�σi |=I φ"

ú²O��1�µ Ã¡S�[σi]i≥0¡�M�O�§��=�[σi]i≥0´(T,Θ)�O�"Ã¡S

�[σi]i≥0¡�M�ú²O�§��=�[σi]i≥0´M �O��[σi]i≥0´M�ú²´»"M�ú²

O��8Ü¡�M�1�§P�[[M]]"

ú²G�µ ��G�´ú²G�§��=��3�^lTG�Ñu�ú²´»"½ÂΣF =

νZ.
∧

f∈F µY.(( f ∧ 〈T +〉(Z)) ∨ 〈T +〉(Y))"

·K 3.7 σ´ú²G���=�σ |=I ΣF"

§3.2.1 �(55�

½Â 3.8 (ú²S�5�) ϕ´M�ú²S�5�§��=�M�¤kú²O�Ñ´ϕO�"

½Â 3.9 (ú²7�5�) ϕ´M�ú²7�5�§��=�M�¤kú²O�ÑU��ϕG�"

·K 3.8 ϕ´M�ú²S�5�§��=�Θ ∧ µY.((¬ϕ ∧ ΣF) ∨ 〈T +〉(Y)) = ∅"

·K 3.9 ψ´K�ú²7�5���=�Θ∧νZ.(¬ϕ∧
∧

f∈F〈T +〉(µY.((Z∧ f )∨(¬ϕ∧〈T +〉(Y))))) = ∅"

§3.2.2 ú²¥ª[£�.�ú²IÒKripke�.��d

�½(B,V)þ�ú²¥ª[£�.M = (T,Θ,Φ)"�½AP = {p1, ..., pn}þ�ú²IÒKripke�

.K = 〈S ,R, I, L, F〉"

�BP ⊆ QFF(B,V)"

�ζ : AP→ BP´��éA'X"

½Â 3.10 M�K´ζO��d�§��=�é?¿M�ú²O�[σi]i≥0�3K�ú²O�[si]i≥0÷

v∀i ≥ 0.∀ψ ∈ BP.(σi |= ψ ↔ si |= ζ−1(ψ))���=�é?¿K�ú²O�[si]i≥0�3M�ú²O

�[σi]i≥0÷v∀i ≥ 0.∀p ∈ AP.(si |= p↔ σi |= ζ(p))"

·K 3.10 �M�K´ζO��d�"�ϕ ∈ LBP"Kϕ´M�ú²S�5���=�ζ−1(ϕ)´K�

ú²S�5�¶ϕ´M�ú²7�5���=�ζ−1(ϕ)´K�ú²7�5�"
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ú²¥ª[£�.�ú²IÒKripke�.��Eµ aqu¥ª[£�.§·��±�E�

ú²¥ª[£�.�d�ú²IÒKripke�.§̂ ú²IÒKripke�.5��©Û�{5©Û

ú²¥ª[£�.�5�"

�½(B,V)þ�¥ª[£�.M = (T,Θ,Φ)Ù¥V = {v1, ..., vn}"

�BP = {ψ1, ..., ψn} ⊆ QFF(B,V)�∀φ ∈ Φ.(φ ∈ LBP)"

〈S ,R, I〉�½ÂÓÙ3§3.1.2¥�½Â"

½ÂAP = {p1, ..., pn}�½ÂL : S → 2APXeµpi ∈ L(〈σ(v1), ..., σ(vn)〉)↔ σ |= ψi"

½Âζ : AP→ BPXeµζ(p1) = ψ1, ..., ζ(pn) = ψn"

½ÂF = {ζ−1(φ) | φ ∈ Φ}"

½Â(M) f km = 〈S ,R, I, L, F〉"

·K 3.11 M�(M) f km´ζO��d�"

íØ 3.2 �ϕ ∈ LBP"Kϕ´M�ú²S�5���=�ζ−1(ϕ)´(M) f km�ú²S�5�¶ϕ´M�

ú²7�5���=�ζ−1(ϕ)´(M) f km�ú²7�5�"

§3.3 ¢cúª[£�.

�!0��������lÑ[£�.§¡�¢cúª[£�.§�.¥vkwª�C

þD�§�OCþD��´^±£ãCþ�Cz'X�¢cúª"¢cúª[£�.´��

Ü6�*¿§L«���Ü6úª���|"�½Cþ8ÜV"½ÂV ′ = {v′ | v ∈ V}"

½Â 3.11 ��(B,V)þ�¢cúª[£�.´����|(ρ,Θ)Ù¥ρ ∈ QFF(B,V∪V ′)�[£'

X§́ ��gdCþ3V ∪V ′¥�Ø�þc�úª¶Θ ∈ QFF(B,V)�Ð©^�§́ ��gdCþ

3V¥�Ø�þc�úª"

±eb½¢cúª[£�.M = (ρ,Θ)��½"

G��G��m Cþ�D�σ�L
O�L§¥Cþ3,����G�"Ïd¡σ�G�"

�.�G��m�V¥Cþ���|ÜΣ = {σ | σ(x) ∈ D, x ∈ V}"G��k�Ü©�ûuV¥C

þ���"eV = {v1, ..., vn}§Kσ½�L«�n�|〈σ(v1), ..., σ(vn)〉"

��1[£µ [£ρ3G�σ��1§��=��3σ′¦�σ[v′1/σ
′(v1)] · · · [v′n/σ

′(vn)] |=I ρ"

[£'Xµ ½Âσ
ρ
→σ′��=�σ[v′1/σ

′(v1)] · · · [v′n/σ
′(vn)] |=I ρ"�.�[£'X→�Σ2�

��f8"σ
M
→σ′��=�σ

ρ
→σ′½ρ3G�σØ��1�σ′ = σ"σ

M
→σ′3ØÚå· �{�

�σ→σ′"

��G�µ PdϕG����G�8Ü�Rh(ϕ)"·�kRh(ϕ) = {σ′ |σ
∗
→σ′, σ |=I ϕ}"M���

G�8Ü=dΘG����G�8ÜRh(Θ) = {σ′ | σ
∗
→σ′, σ |=I Θ}"

´»µ Ã¡S�[σi]i≥0¡�M�´»§��=�[σi]i≥0´G�8Σþ���Ã¡S��é?

¿i ≥ 0Ñkσi→σi+1"
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O��1�µ Ã¡S�[σi]i≥0¡�M�O�§��=�[σi]i≥0´M�´»�σ0 |=I Θ"M�O

��8Ü¡�M�1�§P�[[M]]"

�(55� �(55��?Øaqu¥ª[£�.§ùpØ2�ã"

¥ª[£�.�¢cúª[£�.��d �½(B,V)þ�¥ª[£�.M = (T,Θ)"�V =

{v1, ..., vn}"�t�p −→ (x1, ..., xm) = (e1, ..., em)"½Âtr(t)Xe"

tr(t) = (p ∧
m∧

i=1

(x′i ↔ ei) ∧
∧

y∈V\{x1,...,xm}

(y′ ↔ y))

½Âρ = (
∨

t∈T tr(t))"KM′ = (ρ,Θ)�¢cúª[£�.�±e·K¤á"

·K 3.12 [[M′]] = [[M]]"

ú²¢cúª[£�. ú²O��?Øaqu¥ª[£�.§=·��±3¢cúª[£

�.�Ä:þ��ú²O��^�±½Âú²¢cúª[£�.§ùpØ2�ã"

§3.4 6§ã�.

6§ã�.(Flowchart Models)´��Ü6�*¿"6§ã�.Ì�kü«�é"�«´

D��é"�«´^��é"ù
�é¡��-"���-L«�.����fÄ�"3��

Ü6�Ä:þ§·�O\±eü�8Ü�ÎÒµ

9ÏÎÒ8H = {:=, :, goto, i f , else, f i}

IÒÎÒ8LB = {beg, end, l1, l2, ..., }

�½Cþ8ÜV"½Â(B,V)þ�6§ã�.�ü«�-Xe"

l1: (x1, ..., xk) := (e1, ..., ek) goto l2
l1: if (b) goto l2 else goto l3 fi

Ù¥l1, l2, l3 ∈ LB�l1 , end§{x1, ..., xk} ⊆ V��Ø�Ó§{e1, ..., ek} ⊆ T(B,V), b ∈ QFF(B,V)"k

Ò�>�IÒ¡��½ÂIÒ"kÒm>�éf¡�IÒ½Â"

½Â 3.12 ��(B,V)þ�6§ã�.M = TÙ¥T�÷v±e^���-8Ü"

IÒbeg7Lk½Â

IÒendØ�½Â

Ñy3IÒ½Â¥�Øend	�IÒ7Lk½Â

z�IÒ�õ�½Â�g

±eb½6§ã�.M = (T )��½"

G��G��mµ 6§ã�.�G�kü�Ü©µ=IÒÚCþG�"IÒ�±n)��

.���G�"CþG��m�V¥Cþ���|ÜΣ = {σ | σ(x) ∈ D, x ∈ V}"�.�G��m

�IÒÚV¥Cþ���|ÜLB × Σ"
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G�[£'Xµ �½�-t"(li, σi)
t
→(li+1, σi+1)��=�±e�«�¹¤á"

t�li: (x1, ..., xk) := (e1, ..., ek) goto li+1§

�σi+1 = σi[x1/I(e1)(σi)] · · · [xk/I(ek)(σi)]

t�li: (if (b) goto l′ else goto l′′ fi§

σi+1 = σi�σi |=I bKli+1 = l′§ÄKli+1 = l′′

�.�[£'X
M
→�(LB×Σ)2���f8"(li, σi)

M
→(li+1, σi+1)��=�±e�«�¹¤á"

�3�-t ∈ T¦�(li, σi)
t
→(li+1, σi+1)½

Ø�3½ÂIÒli��-�(li, σi) = (li+1, σi+1)"

(l, σ)
M
→(l′, σ′)3ØÚå· �{��(l, σ)→(l′, σ′)"6§ã�.�[£kXeA:"

·K 3.13 e(l, σ)→(l′, σ′)�(l, σ)→(l′′, σ′′)K(l′, σ′) = (l′′, σ′′)"

O�µ M���O�´G�8LB×Σþ���Ã¡S�[(li, σi)]i≥0÷vl0 = beg�é?¿i ≥ 0Ñ

k(li, σi)→(li+1, σi+1)"

��G�µ ±σ�å:�O�����G��8Ü�

{(l, σ′) | (beg, σ)
∗
→(l, σ′)}

M���G�8Ü�{(l, σ′) | (beg, σ)
∗
→(l, σ′), σ ∈ Σ}"

ª�G�µ M3Ð©CþG��σ�O�U
ª�§��=��3σ′¦�(beg, σ)
∗
→(end, σ′)"

e�3σ¦�(beg, σ)
∗
→(end, σ′)§K¡σ′�±σ�å:�O��ª�G�"

O�(J���5µ 6§ã�.�O�(Jk��5§LãXe"

íØ 3.3 �½6§ã�.MÚG�σ"e(beg, σ)
∗
→(end, σ′)�(beg, σ)

∗
→(end, σ′′)Kσ′ = σ′′"

�(55�µ �A ⊆ LB × Σ"

½Â 3.13 (S�5�) A´M�S�5�§��=�M�¤kO�Ñ´AO�"

½Â 3.14 (7�5�) A´M�7�5�§��=�M�¤kO�ÑU��AG�"

40



§3.4.1 �(5¯K

6§ã�.�Ä��(5¯K�)�.O��ª�5±9�.�ª�G�ÚÐ©G��

'X"M�c�^�´éM�Ð©G��CþG����^�"M���^�´éM�ª�G

��CþG����^�"c�^�Ú��^��±´¢c½úª"�ϕÚψ´¢c"

• XJ�.Ð©��CþG�÷v^�ϕ§�½ψ§XJO�ª�§KO�ª���CþG

�÷vψ"ù��¦¡��.éuc�^�ϕÚ��^�ψ�Ü©�(5"

• XJ�.Ð©��CþG�÷v^�ϕ§�½ψ§K�¦O�U
ª��O�ª���C

þG�÷vψ"ù��¦¡��.éuc�^�ϕÚ��^�ψ����(5"

���(5�)
�.�ª�5§=XJ�.Ð©��CþG�÷v^�ϕ§K�¦O�

U
ª�"

ª�5µ �ϕ´¢c"Méuc�^�ϕ�ª�5½ÂXe"

ª�5: ∀σ.(ϕ(σ)→ ∃σ′.((beg, σ)
∗
→(end, σ′)))

·K 3.14 Méuc�^�true´ª��§��=�{(end, σ) | σ ∈ Σ}´M�7�5�"

Ü©�(5µ �ϕÚψ´¢c"Méuc�^�ϕÚ��^�ψ�Ü©�(5½ÂXe"

Ü©�(5: ∀σ.(ϕ(σ)→ ∀σ′.(((beg, σ)
∗
→(end, σ′))→ ψ(σ′)))

·K 3.15 Méuc�^�trueÚ��^�ψ´Ü©�(�§��=�{(end, σ) |ψ(σ)}∪ {(l, σ) | l ,

end}´M�S�5�"

���(5µ �ϕÚψ´¢c"Méuc�^�ϕÚ��^�ψ����(5½ÂXe"

���(5: ∀σ.(ϕ(σ)→ ∃σ′.(((beg, σ)
∗
→(end, σ′)) ∧ ψ(σ′)))

·K 3.16 Méuc�^�ϕÚ��^�ψ´���(�§��=�Méuc�^�ϕÚ��^

�ψ´Ü©�(��Méuc�^�ϕ´ª��"

±úª�c�^�Ú��^���(5¯Kµ �A/�±?Ø±úª�c�^�Ú��^

���(5¯K"�ϕÚψ�úª"·��±rúªÏLI)º¤�¢c§Kkaq��(5¯

K�£ã"Méuc�^�ϕ�ª�5ÚMéuc�^�ϕÚ��^�ψ�Ü©�(5Ú���

(5½ÂXe"

ª�5: ∀σ.(I(ϕ)(σ)→ ∃σ′.((beg, σ)
∗
→(end, σ′)))

Ü©�(5: ∀σ.(I(ϕ)(σ)→ ∀σ′.(((beg, σ)
∗
→(end, σ′))→ I(ψ)(σ′)))

���(5: ∀σ.(I(ϕ)(σ)→ ∃σ′.(((beg, σ)
∗
→(end, σ′)) ∧ I(ψ)(σ′)))

Méuc�^�ϕÚ��^�ψ�Ü©�(5Ú���(5©OP�|=I {ϕ}M{ψ}Ú|=I [ϕ]M[ψ]"

d���(5�½Â�Méuc�^�ϕ�ª�5�|=I [ϕ]M[true]"
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�(5�S�5�Ú7�5��'X ±¢cϕ��.T�Ð©G�÷v�^�£c�äó¤

�duòT�Ð©G�8��3{(beg, σ) |ϕ(σ)}�S"3ù�É���.e§ª�5�±L��

7�5�(Inevitability)§={(end, σ) | σ ∈ Σ}´Ä7,��"Ü©�(5£±ψ���äó¤�±

L��S�5�(Safety)§=´Ä¤k��G�Ñ÷v{(end, σ) | ψ(σ)} ∪ {(L, σ) | L , end, σ ∈ Σ}"

§3.4.2 6§ã�.�¥ª[£�.��d

�½(B,V)þ�6§ã�.MÚB�)ºI = (D, I0)"

�(B′,V ′)´(B,V)�*¿"�½(B′,V ′)þ�¥ª[£�.M′ = (T ′,Θ)ÚB′�)ºI′ = (D, I′0)"

�½¼êζ : LB→ WFFB′"

½Â 3.15 M�M′´ζO��d�§��=�é?¿M�O�[(li, σi)]i≥0�3M′�O�[σ′i]i≥0÷

v∀i ≥ 0.((∀ϕ.(σi |=I ϕ↔ σ′i |=I′ ϕ))∧σ′i |=I′ ζ(li)�é?¿M′�O�[σ′i]i≥0�3M�O�[(li, σi)]i≥0÷

v∀i ≥ 0.((∀ϕ.(σi |=I ϕ↔ σ′i |=I′ ϕ)) ∧ σ′i |=I′ ζ(li))"

·K 3.17 �M�M′ = (T ′,Θ)´ζO��d�"�ϕ, ψ�úª"Méuc�^�ϕÚ��^�ψ´

Ü©�(���=�ζ(end) → ψ´M′′ = (T ′,Θ ∧ ϕ)�S�5�¶Méuc�^�ϕ´ª���

�=�ζ(end)´M′′ = (T ′,Θ ∧ ϕ)�7�5�"

6§ã�.�¥ª[£�.��Eµ �½(B,V)þ�6§ã�.M = (T )ÚB�)ºI = (D, I0)"

½ÂB′ = (F ∪ LB, P)ÚV ′ = V ∪ {pc}"

½ÂI′0�I0�*¿§Ù*¿Ü©òLB¥�ÎÒ)º�D¥ØÓ���"

�N�6§ã�.�-�f8"

^N�E¥ª[£�.�[£8Ü��{g1(N)§½ÂXe"

e N = {l : (x1, ..., xk) := (e1, ..., ek)} ∪ N1§

K g1(N) = {pc = l −→ (x1, ..., xk, pc) := (e1, ..., ek, l′)} ∪ g1(N1)¶

e N = {l : (i f (b) goto l′ else goto l′′ f i} ∪ N1§

K g1(N) = {pc = l ∧ b −→ (pc) := (l′), pc = l ∧ ¬e −→ (pc) := (l′′)} ∪ g1(N1)¶

e N = {}§

K g1(N) = {}"

½ÂM∗ = (g1(T ), pc = beg)"KM∗�¥ª[£�."

·K 3.18 ½Âζ(l)�(pc = l)"6§ã�.M = (T )�¥ª[£�.M∗ = (g1(T ), pc = beg)´ζO

��d�"

íØ 3.4 �ϕ, ψ�úª"Méuc�^�ϕÚ��^�ψ´Ü©�(���=�pc = end → ψ´

¥ª[£�.M′ = (g1(T ), pc = beg ∧ ϕ)�S�5�¶Méuc�^�ϕ´ª����=�pc =

end´¥ª[£�.M′�7�5�"
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§3.4.3 ¿u6§ã�.

�±^õ�6§ã�.|¤¿u6§ã�."¿u6§ã�.�O�±Ù�©þ��O

��/ª?1"¿u6§ã�.¦^��Cþp�K��©þ�O�"

½Â 3.16 ��(B,V)þ�¿u6§ã�.L«�M = (M1, ...,Mn)Ù¥M1, ...,Mn�6§ã�."

�M1, ...,MnÚM = (M1, ...,Mn)��½"

G��G��mµ ¿u6§ã�.�G�kü�Ü©µ=�©þ�IÒÚCþG�"�.

�G��m��©þ�IÒÚV¥Cþ���|ÜLBn × Σ"

G�[£'Xµ �.�[£'X
M
→�(LBn×Σ)2���f8"(l1, ..., l j, ..., ln, σ)

M
→(l1, ..., l′j, ..., ln, σ

′)�

�=�±e�«�¹¤á"

�3�-t ∈ M j¦�(l j, σ)
t
→(l′j, σ

′)½

éu¤k1 ≤ k ≤ n§Mk¥Ø�3½ÂIÒlk��-§�(l j, σ) = (l′j, σ
′)"

O�µ M���O�´G�8LBn×Σþ���Ã¡S�[(l1,i, ..., ln,i, σi)]i≥0÷v∀0 ≤ k ≤ n.(lk,0 =

beg)�é?¿i ≥ 0Ñk(l1,i, ..., ln,i, σi)→(l1,i+1, ..., ln,i+1, σi+1)"

��G�µ ±σ�å:�O�����G��8Ü�

{(l1, ..., ln, σ′) | (beg, ..., beg, σ)
∗
→(l1, ..., ln, σ′)}

M���G�8Ü�{(l1, ..., ln, , σ′) | (beg, ..., beg, σ)
∗
→(l1, ..., ln, , σ′), σ ∈ Σ}"

ª�G�µ e�3σ¦�(beg, ..., beg, σ)
∗
→(end, ..., end, σ′)§K¡σ′�±σ�å:�O����

ª�G�"duO��Ø(½5§kü«a.�ª�5§=�3å:�σ�O��ª�G�Ú

é¤kå:�σ�O�ÑU
ª�"

¿u6§ã�.�¥ª[£�.��d ¿u6§ã�.�¥ª[£�.�O��d�ü

�6§ã�.�¥ª[£�.�O��daq§Ù«O=3u¿u6§ã�IÒL«�n�

|
ü�6§ã�.�=k��IÒ§ëì½Â3.15"�½(B,V)þ�¿u6§ã�.M =

(M1, ...,Mn)ÚB�)ºI = (D, I0)"½ÂB′ = (F∪LB, P)ÚV ′ = V∪{pc1, .., pcn}"½ÂI′0�I0�*¿§

Ù*¿Ü©òLB¥�ÎÒ)º�D¥ØÓ���"©O�EMi£Ù¥0 ≤ i ≤ n¤�ζiO��d

�(B′,V∪{pci})þ�¥ª[£�.M′i = (T ′i ,Θi)"-M′ = (T ′1∪· · ·∪T ′n,Θ1∧· · ·∧Θn)�ζ = (ζ1, ..., ζn)"

KM′�M�ζO��d"
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§3.5 (�z§S�.

(�z§S�.(While-Programs)´��Ü6�*¿"(�z§S�.�Ì���kD�!

^SEÜ!̂ ��éÚÌ��é"3��Ü6�Ä:þ§·�O\±e8Ü�ÎÒµ

{:=, ; , i f , then, else, f i,while, do, od, ε}

½Â 3.17 �½Cþ8ÜV"��(B,V)þ�(�z§S�.´��iÎG§Ù8ÜL(B,V)
©
½Â

Xe"

S ::= ε | T ; ε

T ::= x := e |

T ; T |

if b then T else T fi |

while b do T od

Ù¥x ∈ V�Cþ§e ∈ T(B,V)��§b ∈ QFF(B,V)�úª"

�Ö��B§3ØÚåÜÂ��¹e§�.(��ε��ÑØ�"

G��G��mµ (�z§S�.�XÚG�kü�Ü©§=�.$1��{Ü©ÚCþ

G�"CþG��m�V¥Cþ���|ÜΣ = {σ | σ(x) ∈ D, x ∈ V}"XÚ�G��m��.

ÚV¥Cþ���|ÜL(B,V)
©
× Σ"

G�[£'Xµ XÚG��[£'X→�(L(B,V)
©
× Σ)2�f8"(S 0, σ0)→(S 1, σ1)��=�±

e��¤á"

S 0 ^� S 1 σ1

x := t; S S σ0[x/I(t)(σ0)]

if (b) then T else T ′ fi; S σ0 |=I b T ; S σ0

if (b) then T else T ′ fi; S σ0 6|=I b T ′; S σ0

while b do T od; S σ0 |=I b T; while (b) do T od; S σ0

while b do T od; S σ0 6|=I b S σ0

ε ε σ0

(�z§S�.�[£kXeA:"

·K 3.19 e(S , σ)→(S ′, σ′)�(S , σ)→(S ′′, σ′′)K(S ′, σ′) = (S ′′, σ′′)"

O�µ (�z§S�.M���O�´G�8L(B,V)
©
×Σþ���Ã¡S�[(S i, σi)]i≥0÷vS 0 =

M�é?¿i ≥ 0Ñk(S i, σi)→(S i+1, σi+1)"

��G�µ M3Ð©CþG��σ�����G��8Ü�{(M′, σ′) | (M, σ)
∗
→(M′, σ′)}"M3

���G�8Ü�{(M′, σ′) | (M, σ)
∗
→(M′, σ′), σ ∈ Σ}"
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ª�G�µ M3Ð©CþG��σ�O�U
ª�§��=��3σ′¦�(M, σ)
∗
→(ε, σ′)"e

�3σ¦�(M, σ)
∗
→(ε, σ′)§K¡σ′�M���ª�G�"

O�(J���5µ (�z§S�.�O�(Jk��5§LãXe"

íØ 3.5 �½(�z§S�.SÚG�σ"e(S , σ)
∗
→(ε, σ′)�(S , σ)

∗
→(ε, σ′′)Kσ′ = σ′′"

�(55�µ �A ⊆ L(B,V)
©
× Σ"

½Â 3.18 (S�5�) A´M�S�5�§��=�M�¤kO�Ñ´AO�"

½Â 3.19 (7�5�) A´M�7�5�§��=�M�¤kO�ÑU��AG�"

§3.5.1 �(5¯K

aqu6§ã�.§(�z§S�.�Ä��(5¯K�)�.O��ª�5±9�.

�ª�G�ÚÐ©G��'X"

ª�5µ �ϕ´¢c"Méuc�^�ϕ�ª�5½ÂXe"

ª�5: ∀σ.(ϕ(σ)→ ∃σ′.((M, σ)
∗
→(ε, σ′)))

·K 3.20 Méuc�^�true´ª��§��=�{(ε, σ) | σ ∈ Σ}´M�7�5�"

Ü©�(5µ �ϕÚψ´¢c"Méuc�^�ϕÚ��^�ψ�Ü©�(5½ÂXe"

Ü©�(5: ∀σ.(ϕ(σ)→ ∀σ′.(((M, σ)
∗
→(ε, σ′))→ ψ(σ′)))

·K 3.21 Méuc�^�trueÚ��^�ψ´Ü©�(�§��=�{(ε, σ) |ψ(σ)} ∪ {(T, σ) | T ,

ε}´M�S�5�"

���(5µ �ϕÚψ´¢c"Méuc�^�ϕÚ��^�ψ����(5½ÂXe"

���(5: ∀σ.(ϕ(σ)→ ∃σ′.(((M, σ)
∗
→(ε, σ′)) ∧ ψ(σ′)))

·K 3.22 Méuc�^�ϕÚ��^�ψ´���(�§��=�Méuc�^�ϕÚ��^

�ψ´Ü©�(��Méuc�^�ϕ´ª��"

±úª�c�^�Ú��^���(5¯Kµ �A/�±½Â±úª�c�^�Ú��^

���(5¯K"�ϕÚψ�úª"Méuc�^�ϕ�ª�5ÚMéuc�^�ϕÚ��^�ψ

�Ü©�(5Ú���(5½ÂXe"

ª�5: ∀σ.(I(ϕ)(σ)→ ∃σ′.((M, σ)
∗
→(ε, σ′)))

Ü©�(5: ∀σ.(I(ϕ)(σ)→ ∀σ′.(((M, σ)
∗
→(ε, σ′))→ I(ψ)(σ′)))

���(5: ∀σ.(I(ϕ)(σ)→ ∃σ′.(((M, σ)
∗
→(ε, σ′)) ∧ I(ψ)(σ′)))

Méuc�^�ϕÚ��^�ψ�Ü©�(5Ú���(5©OP�|=I {ϕ}M{ψ}Ú|=I [ϕ]M[ψ]"

d���(5��ÑMéuc�^�ϕ�ª�5�|=I [ϕ]M[true]"
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�(5�S�5�Ú7�5��'X ±¢cϕ��.S�Ð©G�÷v�^�£c�äó¤

�duòS�Ð©G���3{(S , σ) | ϕ(σ)}�S"3ù�É���.e§ª�5�±L��7

�5�(Inevitability)§={(ε, σ) | σ ∈ Σ}´Ä7,��"Ü©�(5£±ψ��ä�ó¤�±L�

�S�5�(Safety)§=´Ä¤k��G�Ñ÷v{(ε, σ) | ψ(σ)} ∪ {(S ′, σ) | S ′ , ε, σ ∈ Σ}"

§3.5.2 (�z§S�.�6§ã�.��d

�½(B,V)þ�(�z§S�.MÚ6§ã�.M′"

½Â 3.20 (�z§S�.M�6§ã�.M′´O��d�§��=��3��éA'Xζ :

LB→ L(B,V)
©
÷vζ(beg) = M�ζ(end) = ε¦�é?¿M�O�[(S i, σi)]i≥0�3M′�O�[(ζ−1(S i), σi)]i≥0�

é?¿M′�O�[(li, σi)]i≥0�3M�O�[(ζ(li), σi)]i≥0"

·K 3.23 �(�z§S�.M�6§ã�.M′´O��d�"�ϕ, ψ�úª"Méuc�^

�ϕÚ��^�ψ´Ü©�(���=�M′éuϕÚψ´Ü©�(�§Méuc�^�ϕ´ª�

���=�M′éuϕ´ª��"

(�z§S�.�6§ã�.��Eµ �½(B,V)þ�(�z§S�.MÚB�)ºI = (D, I0)"

éM¥�z��éT�\�IP����IÒlb(T )÷vlb(M) = beg�lb(ε) = end�Ó��

éeÑy3ØÓ/�KD�ØÓIÒ"P�þIÒ�M�Mlb"

·�^�IÒ�(�z§S�.Mlb�E6§ã�."�E�{g2(S )ÙÑ\S�Mlb�¡

ã§½ÂXe"

S g2(S )

l : ε {}

l : x:=t; S 1 {l : (x) := (t) goto lb(S 1)} ∪ g2(S 1)

l : if b then T1 else T2 fi; S 1 {l : if (b) goto lb(T1) else goto lb(T2) fi} ∪ g2(T1; S 1) ∪ g2(T2; S 1)

l : while b do T1 od; S 1 {l : if (b) goto lb(T1) else goto lb(S 1) fi} ∪ g2(T1; l : ε)

½ÂM∗ = g2(Mlb)"KM∗�6§ã�."

·K 3.24 (�z§S�.M�6§ã�.M∗ = g2(Mlb)´O��d�"

íØ 3.6 �ϕ, ψ�úª"Méuc�^�ϕÚ��^�ψ´Ü©�(���=�M∗ = g2(Mlb)é

uϕÚψ´Ü©�(�§Méuc�^�ϕ´ª����=�M∗éuϕ´ª��"

§3.6 ~f

~ 3.1 �B = (F, P)Ù¥F = {ncr,wait, cr, 0, 1}�P = {=}"�V = {a, b, x, y, t}"

£1¤½ÂM1 = (T,Θ)Xe"
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Θ = (a = ncr ∧ b = ncr ∧ x = 0 ∧ y = 0)"

T�±e[£�8Ü"

a = ncr −→ (a, y, t) := (wait, 1, 1)

a = wait ∧ ¬(x = 0 ∨ t = 0) −→ (a) := (wait)

a = wait ∧ (x = 0 ∨ t = 0) −→ (a) := (cr)

a = cr −→ (a, y) := (ncr, 0)

b = ncr −→ (b, x, t) := (wait, 1, 0)

b = wait ∧ ¬(y = 0 ∨ t = 1) −→ (b) := (wait)

b = wait ∧ (y = 0 ∨ t = 1) −→ (b) := (cr)

b = cr −→ (b, x) := (ncr, 0)

KM1�(B,V)þ�¥ª[£�."

½Âϕ1, ϕ2ÚB�)ºI = (D, I0)Xe"

ϕ1 = ¬(a = ncr ∧ b = ncr)"

ϕ2 = (a = ncr ∨ b = ncr)"

D = {0, 1, 2}"

I0½ÂXe"

I0(ncr) = I0(0) = 0

I0(wait) = I0(1) = 1

I0(cr) = 2

I0(=) = =

Kϕ1´M1�S�5�§ϕ2Ø´M1�7�5�§

eT�.^±L«2�?§�p½�{�$1�.§K�.äk±þ¿Â�S�5�"

òT¥�8�[£�âÙü��^S©O·¶�t1, ..., t8"

�M′1 = (T \ {t2, t6},Θ)"

KM′1�(B,V)þ�¥ª[£�.§ϕ1�M′1�S�5��ϕ2�M′1�7�5�"

�APÚK3 = (S ,R, I, L)X~2.3¤½Â"

�BP = {a = ncr, a = wait, a = cr, b = ncr, b = wait, b = cr}"

½Âζ : AP→ BPXe"
ζ(p1) = a = ncr

ζ(p2) = a = wait

ζ(p3) = a = cr

ζ(p4) = b = ncr

ζ(p5) = b = wait

ζ(p6) = b = cr

KM1�K3�ζp�[�d"

dd��ϕ1�M1�S�5���=�¬(p1∧ p4)�K3�S�5�§ϕ2�M1�7�5���

=�(p1 ∨ p4)�K3�7�5�"
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£2¤�Φ�±eúª�8Ü"

¬(a = ncr)

¬(a = wait ∧ (x = 0 ∨ t = 0))

¬(a = cr)

¬(b = ncr)

¬(b = wait ∧ (y = 0 ∨ t = 1))

¬(b = cr)

�M2 = (T,Θ,Φ)"

KM2�(B,V)þ�ú²¥ª[£�."

ϕ1�M2�ú²S�5��ϕ2�M2�ú²7�5�"

eT�.^±L«2�?§�p½�{��kú²�å�$1�.§K�.äk±þ¿

Â�S�Ú7�5�"

�AP′ÚK4 = (S ,R, I, L′,Φ)X~2.3¤½Â"

�BP′ = BP ∪ {x = 0, x = 1, y = 0, y = 1, t = 0, t = 1}"

½Âζ′ : AP′ → BP′�zeta�*¿�Ù*¿Ü©½ÂXe"

ζ(p7) = x = 0

ζ(p8) = x = 1

ζ(p9) = y = 0

ζ(p10) = y = 1

ζ(p11) = t = 0

ζ(p12) = t = 1

KM4¥�Φ�dM2¥�ΦA^(ζ′)−1N���§?
��M2�K4�ζ′O��d"

dd��ϕ1�M2�ú²S�5���=�¬(p1∧ p4)�K4�ú²S�5�§ϕ2�M2�ú²

7�5���=�(p1 ∨ p4)�K4�ú²7�5�"

~ 3.2 �B = (F, P)Ù¥F = {0, 1,+, f ib}�P = {<,≤}"�V = {y1, y2, z, r}"½ÂT�±e�-�8

Ü"
beg : (y1, y2, r) := (1, 1, 1); goto s1

s1 : i f (y2 ≤ z) goto s2 else goto end

s2 : (y1, y2) := (y2, y1 + y2); goto s3

s3 : (r) := (r + 1); goto s1

KM3 = T�(B,V)þ�6§ã�."

�B�)ºI = (D, I0)½ÂXe"

• D�g,ê8Ü"
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• I0½ÂXe"
I0(0) = 0

I0(1) = 1

I0(2) = 2

I0(+) = +

I0(>) = <

I0(≤) = ≤

I0( f ib) = f ib

Ù¥ f ib�ÜÅ@ê¼ê§½ÂXe f ib(1) = f ib(2) = 1§éi ≥ 2§f ib(i) = f ib(i−1)+ f ib(i−2)"

½Âϕ1Xe"

ϕ1 = f ib(r) ≤ z ∧ z < f ib(r + 1)

M3¤I÷v��(55��±z > 0�cäóϕ1��äó����(5"

T�.^±L«��3�ê\~{$�þO�÷v f ib(r) ≤ z����r£P�r = bi f (z)¤§

KT�.äkù�¿Âe����(5"

�B′ = (F ∪ {beg, s1, s2, s3, end}, P)ÚV ′ = V ∪ {pc}"

�I′0�I0�*¿§Ù*¿Ü©ò{beg, s1, s2, s3, end}¥�ÎÒ)º�D¥ØÓ���"

½Â¥ª[£�.M′3 = (T ′,Θ)Ù¥Θ�pc = beg�T ′�±e[£�(Ü"

pc = beg → (y1, y2, r, pc) := (1, 1, 1, s1)

pc = s1 ∧ (y2 ≤ z) → (pc) := (s2)

pc = s1 ∧ ¬(y2 ≤ z) → (pc) := (end)

pc = s2 → (y1, y2, pc) := (y2, y1 + y2, s3)

pc = s3 → (r, pc) := (r + 1, s1)

½Âζ(l)�(pc = l)"K�.M3�M′3�ζO��d"

dd��M3÷v±z > 0�cäóϕ1��äó����(5��=�(pc = end)→ ϕ1´M′3�

S�5��(pc = end)´M′3�7�5�"

½ÂM′′3 = (T ′,Θ′)Ù¥Θ′ = Θ ∧ z > 0"KM3÷v±z > 0�cäóϕ1��äó����(

5��=�(pc = end)→ ϕ1´M′′3�S�5��(pc = end)´M′′3�7�5�"

~ 3.3 �(B,V)X~3.2¤½Â"½ÂS�±eiÎG"

y1 := 1; y2 := 1; r := 1;

while (y2 ≤ z) do y0 := y1; y1 := y2; y2 := y0 + y1; r := r + 1 od;

ε

KM4 = S�(B,V ∪ {y0})þ�(�z§S�."

�B�)ºI = (D, I0)X~3.2¤½Â"

½Âϕ1Xe£Ó~3.2¥½Â¤"

ϕ1 = f ib(r) ≤ z ∧ z < f ib(r + 1)

M4¤I÷v��(55��±z > 0�cäóϕ1��äó����(5"
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T�.^±L«��3�ê\~{$�þO�r = bi f (z)�§S§KT�.äkù�¿Â

e����(5"

�M′4 = T�(B,V)þ�6§ã�.Ù¥T�±e�-�8Ü"

beg : (y1) := (1); goto s11

s11 : (y2) := (1); goto s12

s12 : (y3) := (1); goto s1

s1 : i f (y2 ≤ z) goto s21 else goto end

s21 : (y0) := (y1); goto s22

s22 : (y1) := (y2); goto s2

s2 : (y2) := (y0 + y1); goto s3

s3 : (r) := (r + 1); goto s1

K�.M4�M′4O��d��y�d�A�ζXe"

ζ(beg) = S

ζ(s11) = S 11 ≡ y2 := 1; S 12

ζ(s12) = S 12 ≡ r := 1; S 1

ζ(s1) = S 1 ≡ while (y2 ≤ z) do y0 := y1; y1 := y2; y2 := y0 + y1 od; S 4

ζ(s21) = S 21 ≡ y0 := y1; S 22

ζ(s22) = S 21 ≡ y1 := y2; S 2

ζ(s2) = S 2 ≡ y2 := y0 + y1; S 3

ζ(s3) = S 3 ≡ r := r + 1; S 12

ζ(end) = S 4 ≡ ε

dd��M4÷v±z > 0�cäóϕ1��äó����(5��=�M′4÷v±z > 0�c

äóϕ1��äó����(5"

§3.7 öS

1. �O3�?§�p½�Æ�(ú²)¥ª[£�.§̀ ²�.¥¤^���aÎÒ9Ù)º§

½ÂS�5�Ú7�5�¿©ÛÙ�(5"

2. �Oïá3g,ê\~{Ä:þO�ÜÅ@êê��6§ã�.Ú(�z§S�."©

O`²ùü��.¥¤^���aÎÒ9Ù)º¿½ÂÙ¤I�÷v��(55�"

3. �Oïá3g,ê\~{Ä:þO���ú�ê��6§ã�.Ú(�z§S�."©

O`²ùü��.¥¤^���aÎÒ9Ù)º¿½ÂÙ¤I�÷v��(55�"

4. ½Â�«ä��½Ün5�6§ã�.�IÒKripke�.�O��d'X§¿�Ñ�«

U
÷vcã�d'X�!d6§ã�.�EIÒKripke�.��{"

5. ½Â�«ä��½Ün5�(�z§S�.�IÒKripke�.�O��d'X§¿�Ñ

�«U
÷vcã�d'X�!d(�z§S�.�EIÒKripke�.��{"
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§4 Äu[£IÒ�[£XÚ

�Ù0�±IÒ�[£�A:��."ùa�.Ø
�Kripke�.aq�Ä���	§[

£kgC�IÒ§Bu£ã��O�´ÏL�o��[£½�oa.�[£?1�"

§4.1 IÒ[£XÚ

½Â 4.1 ��IÒ[£XÚ´��o�|〈Σ, S ,∆, I〉Ù¥Σ�IÒ�k¡8Ü§S�k¡G�8

Ü§∆ ⊆ S × Σ × S�IÒ[£'X§I ⊆ S�Ð©G�8"

±eb½IÒ[£XÚM = 〈Σ, S ,∆, I〉��½"

Ã¡iÎGµ ��Σþ�Ã¡iÎG´Σþ�Ã¡S�"Ã¡S�w = [ai]i≥1´Σþ�Ã¡i

ÎG��=�éu¤ki ≥ 1§ai ∈ Σ"

Ã¡iÎGþ�$1µ ^s
a
→s′ L«�3ls�s′�a[£§=(s, a, s′) ∈ ∆"�½��Σþ�

Ã¡iÎGw = [ai]i≥1"G�8Sþ�Ã¡S�π = [si]i≥0´wþ���$1§��=�é¤

ki ≥ 0ksi
ai+1
→ si+1"

$1µ G�8Sþ�Ã¡S�π´M���$1§��=��3Σþ�Ã¡iÎGw¦�π´wþ

���$1"

$1þ�Ã¡iÎGµ �½��Σþ�Ã¡iÎGw = [ai]i≥1"w´$1π = [si]i≥0þ�Ã¡i

ÎG§��=�é¤ki ≥ 0ksi
ai+1
→ si+1"

(½.��(½.XÚµ ·��±òIÒ[£XÚ©�(½.XÚÚ�(½.XÚ"(½

.XÚ�Ð©G��k���Ù[£'X÷v±e��µ

(s, a, s′), (s, a, s′′) ∈ ∆→ s′ = s′′

·K 4.1 �½��Ã¡iÎGw"é(½.XÚ§eπÚπ′´wþ�$1§Kπ = π′"

VIÒ[£XÚµ �IÒKripke(�aq§·��±3IÒ[£XÚ�G�þV\�
&

E§�EVIÒ[£XÚ"�AP��½·K8Ü"

½Â 4.2 ��APþ�VIÒ[£XÚ´��Ê�|〈Σ, S ,∆, I, L〉 Ù¥〈Σ, S ,∆, I〉�IÒ[£X

Ú§L : S → 2AP�G�IÒ¼ê"

§4.2 Ã¡iÎGþ�gÄÅ

éuIÒ[£XÚ
ó§$1Ò´÷v[£'X�å:�Ð©G��Ã¡S�"�
O

\L�Uå§�°(/£ã��XÚ§·��±é$1���±üØ�
Ü©ù��Ã¡G

�S�"

½Â 4.3 ��B
..
uchigÄÅ´��Ê�|〈Σ, S ,∆, I, F〉Ù¥〈Σ, S ,∆, I〉´��IÒ[£XÚ§F ⊆

S�G�8"
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��É$1µ B
..
uchi gÄÅB = 〈Σ, S ,∆, I, F〉 þ�$1Ò´IÒ[£XÚ〈Σ, S ,∆, I〉þ�$

1"Bþ�$1π = [si]i≥0´��É���=�

in f (π) ∩ F , ∅

��ÉiÎG�gÄÅ�óµ ��Ã¡iÎGw = [ai]i≥1 ´��É���=��3wþ��

�É$1"B���ÉiÎG�8Ü�B��ó§P�L(B)"

�ó��¯Kµ gÄÅB��ó��§=L(B) = ∅§P�B ≡ ∅"

·K 4.2 �½B
..
uchi gÄÅB = 〈Σ, S ,∆, I, F〉"-R = {(s, s′) | (s, a, s′) ∈ ∆}"B ≡ ∅��=�ú

²Kripke�.K = 〈S ,R, I, {F}〉����=�EmpChecking(K)�true��=�EmpCheckingDDFS (K)�true"

gÄÅ�$�µ gÄÅ�$��)�!¿ÚÖ"A′´AÚB��gÄÅ§P�A =′ A ∩ B§

�c=�L(A′) = L(A) ∩ L(B)"A′´AÚB�¿gÄÅ§P�A′ = A ∪ B§�c=�L(A′) =

L(A) ∪ L(B)"A′´A�ÖgÄÅ§P�A′ = ¬A§�c=�L(A′) = Σω \ L(A)"

½Â 4.4 B
..
uchigÄÅ´�µ4�§��=�é?¿B

..
uchigÄÅB1ÚB2§�3��B

..
uchigÄ

ÅB¦�L(B) = L(B1) ∩ L(B2)"

·K 4.3 B
..
uchigÄÅ´�µ4�"

±e´�«�E�gÄÅ��{"

�½ü�B
..
uchigÄÅB1 = 〈Σ, S 1,∆1, I1, F1〉, B2 = 〈Σ, S 2,∆2, I2, F2〉"

½ÂS = S 1 × S 2 × {0, 1, 2}�∆�±e8Ü�¿8"

{((s1, s2, i), a, ((s′1, s
′
2, i)) | (s1, a, s′1) ∈ ∆1, (s2, a, s′2) ∈ ∆2, i ∈ {0, 1}}

{((s1, s2, i), a, ((s′1, s
′
2, i + 1)) | (s1, a, s′1) ∈ ∆1, (s2, a, s′2) ∈ ∆2, i ∈ {0, 1}, si+1 ∈ Fi+1}

{((s1, s2, 2), a, ((s′1, s
′
2, 0)) | (s1, a, s′1) ∈ ∆1, (s2, a, s′2) ∈ ∆2}

½ÂB1 ∩ B2 = 〈Σ, S ,∆, I1 × I2 × {0}, S 1 × S 2 × {2}〉"KL(B1 ∩ B2) = L(B1) ∩ L(B2)"

½Â 4.5 B
..
uchigÄÅ´¿µ4�§��=�é?¿B

..
uchigÄÅB1ÚB2§�3��B

..
uchigÄ

ÅB¦�L(B) = L(B1) ∪ L(B2)"

·K 4.4 B
..
uchigÄÅ´¿µ4�"

±e´�«�E¿gÄÅ��{"

�½ü�B
..
uchigÄÅB1 = 〈Σ, S 1,∆1, I1, F1〉, B2 = 〈Σ, S 2,∆2, I2, F2〉�S 1 ∩ S 2 = ∅"

½ÂB1 ∪ B2 = 〈Σ, S 1 ∪ S 2,∆1 ∪ ∆2, I1 ∪ I2, F1 ∪ F2〉"KL(B1 ∪ B2) = L(B1) ∪ L(B2)"

½Â 4.6 B
..
uchigÄÅ´Öµ4�§��=�é?¿B

..
uchigÄÅB§�3��B

..
uchigÄÅB′¦

�L(B′) = Σω \ L(B)"

·K 4.5 B
..
uchigÄÅ´Öµ4�"
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±e´�«�EÖgÄÅ��{"

�½B
..
uchigÄÅB = 〈Σ, S ,∆, I, F〉"·�òα ∈ Σ∗�âp, q ∈ S§U±e^�?1©aµ�

ë�p, q��²L��FG��¶�ë�p, q�ØU²LFG��¶ØUë�p, q�"Pn�G�

�ê8"a.�oêØ�L3n2
"Pù
a.�t1, ..., tm"

dRamsey½n£�1�Ù¤��§?¿Ã¡G���ti(t j)ω�/ª"

Ï
Σω =
⋃
{ti(t j)ω | 1 ≤ i, j ≤ m}"

d©a��E�§ti(t j)ω ⊆ L(B)½ti(t j)ω ⊆ Σω \ L(B)"

Ï
Σω \ L(B) =
⋃
{ti(t j)ω | 1 ≤ i, j ≤ m, ti(t j)ω * L(B)}"

dzati´��k¡iþ�gÄÅ��ó�§ti(t j)ω´��B
..
uchigÄÅ��ó"

½ÂAi, j¦�Ù�ó�ti(t j)ω"

½ÂB′ =
⋃
{Ai, j | 1 ≤ i, j ≤ m, Ai, j ∩ B ≡ ∅}"KB′´B

..
uchigÄÅB�ÖgÄÅ"

�ó�¹¯Kµ gÄÅA��ó´Ä�¹ugÄÅB��ó§=L(A) ⊆ L(B)´Ä¤á§�Ï

LgÄÅ��ÚÖ$�=�¤�ó��¯K"L(A) ⊆ L(B)��=�L(A)∩ (Σω \L(B)) = ∅��

=�A ∩ ¬B ≡ ∅"

k¡iÎGgÄÅ�B
..
uchigÄÅ�'Xµ k¡iÎGgÄÅ�/ª�B

..
uchigÄÅ�Ó"

�A = 〈Σ, S ,∆, I, F〉�k¡iÎGgÄÅ"��iÎGw = w1 · · ·wn ∈ Σ∗´A�É���=��

3r0 ∈ I§rn ∈ F§r1, ..., rn−1 ∈ S �é¤k0 ≤ i ≤ n − 1§(ri,wi+1, ri+1) ∈ ∆"A���ÉiÎG�8

Ü�A��ó"

§4.2.1 gÄÅ���É$1^����

·��±�âØÓ�I���ØÓ���É$1�^�"ù
^��Ì�a.k±eA

«"

�B
..
uchigÄÅµ

½Â 4.7 ���B
..
uchigÄÅ´��Ê�|〈Σ, S ,∆, I, F〉Ù¥〈Σ, S ,∆, I〉´��IÒ[£XÚ§F ⊆

2S�G�8�8Ü"

�B
..
uchi gÄÅB = 〈Σ, S ,∆, I, F〉 þ�$1Ò´IÒ[£XÚ〈Σ, S ,∆, I〉�$1"Bþ�$

1π = [si]i≥0´��É���=�∀ f ∈ F.(in f (π) ∩ f , ∅).

·K 4.6 �½B
..
uchigÄÅB = 〈Σ, S ,∆, I, F〉"½Â�B

..
uchigÄÅB = 〈Σ, S ,∆, I, {F}〉"KL(B′) =

L(B)"

StreettgÄÅµ

½Â 4.8 ��StreettgÄÅ´��Ê�|〈Σ, S ,∆, I, F〉Ù¥〈Σ, S ,∆, I〉´��IÒ[£XÚ§F ⊆

2S × 2S�G�8Üé�8Ü"

StreettgÄÅB = 〈Σ, S ,∆, I, F〉 þ�$1Ò´IÒ[£XÚ〈Σ, S ,∆, I〉�$1"Bþ�$

1π = [si]i≥0´��É���=�é¤k( f , g) ∈ F§in f (π) ∩ f , ∅ → in f (π) ∩ g , ∅.
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·K 4.7 �½�B
..
uchi gÄÅB = 〈Σ, S ,∆, I, F〉"½ÂStreettgÄÅB′ = 〈Σ, S ,∆, I, F′〉Ù¥F′ =

{(S , f ) | f ∈ F}"KL(B′) = L(B)"

ParitygÄÅµ

½Â 4.9 ��ParitygÄÅ´��Ê�|〈Σ, S ,∆, I, F〉Ù¥〈Σ, S ,∆, I〉´��IÒ[£XÚ§F :

S → N(Ù¥N�g,ê8Ü)�`k?¼ê"

ParitygÄÅB = 〈Σ, S ,∆, I, F〉þ�$1Ò´IÒ[£XÚ〈Σ, S ,∆, I〉�$1"Bþ�$1π =

[si]i≥0´��É���=�±e8Ü�����óêµ{F(s) | s ∈ in f (π)}.

·K 4.8 �½B
..
uchigÄÅB = 〈Σ, S ,∆, I, F〉"½ÂParitygÄÅB′ = 〈Σ, S ,∆, I, F′〉Ù¥F′½ÂX

eµes ∈ FK f (s) = 0ÄK f (s) = 1"KL(B′) = L(B)"

RabingÄÅµ

½Â 4.10 ��RabingÄÅ´��Ê�|〈Σ, S ,∆, I, F〉Ù¥〈Σ, S ,∆, I〉´��IÒ[£XÚ§F ⊆

2S × 2S�G�8Üé�8Ü"

RabingÄÅB = 〈Σ, S ,∆, I, F〉þ�$1Ò´IÒ[£XÚ〈Σ, S ,∆, I〉�$1"Bþ�$1π =

[si]i≥0´��É���=��3( f , g) ∈ F§in f (π) ∩ f , ∅ ∧ in f (π) ∩ g = ∅.

·K 4.9 �½ParitygÄÅB = 〈Σ, S ,∆, I, F〉"�F(s)�����2n"P{s | f (s) = k}� fk"½

ÂRabingÄÅB′ = 〈Σ, S ,∆, I, F′〉Ù¥F′ = {( f2i,∪
i−1
j=0( f2 j+1) | i = 0, ..., n}"KL(B′) = L(B)"

MullergÄÅµ

½Â 4.11 ��MullergÄÅ´��Ê�|〈Σ, S ,∆, I, F〉Ù¥〈Σ, S ,∆, I〉´��IÒ[£XÚ§F ⊆

2S�G�8�8Ü"

Muller gÄÅB = 〈Σ, S ,∆, I, F〉 þ�$1Ò´IÒ[£XÚ〈Σ, S ,∆, I〉�$1"Bþ�$

1π = [si]i≥0´��É���=�in f (π) ∈ F.

·K 4.10 �½StreettgÄÅB = 〈Σ, S ,∆, I, F〉"½ÂMuller gÄÅB′ = 〈Σ, S ,∆, I, F′〉Ù¥F′ =

∩( f ,g)∈F({Y | Y ∩ f = ∅ ∨ Y ∩ g , ∅)"KL(B′) = L(B)"

·K 4.11 �½RabingÄÅB = 〈Σ, S ,∆, I, F〉"½ÂMuller gÄÅB′ = 〈Σ, S ,∆, I, F′〉Ù¥F′ =

∪( f ,g)∈F({Y | Y ∩ f , ∅,Y ∩ g = ∅)"KL(B′) = L(B)"

·K 4.12 �½MullergÄÅB = 〈Σ, S ,∆, I, {F0, ..., Fn}〉"½ÂS ′ = S ∪
⋃n

i=0{i} ×Fi ×2Fi�∆′�∆�

±e8Ü�¿8"

{(s, a, (i, s′, ∅)) | (s, a, s′) ∈ ∆, s′ ∈ Fi, 0 ≤ i ≤ n}

{((i, s,R), a, (i, s′,R ∪ {s})) | (s, a, s′) ∈ ∆,R , Fi, s, s′ ∈ Fi, 0 ≤ i ≤ n}

{((i, s, Fi), a, (i, s′, ∅)) | (s, a, s′) ∈ ∆, s, s′ ∈ Fi, 0 ≤ i ≤ n}

½ÂB
..
uchigÄÅB′ = 〈Σ, S ′,∆′, I,

⋃n
i=0{i} × Fi × {Fi}}〉"KL(B′) = L(B)"
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gÄÅL�Uå��dµ ��gÄÅ�du,��gÄÅ��=�Ù¤½Â��ó´�Ó

�"üagÄÅ�L�Uå�Ó§��=�?¿�agÄÅ���¢~Ñk���d�,�

agÄÅ���¢~"

·K 4.13 B
..
uchigÄÅ!�B

..
uchigÄÅ!MullergÄÅ!StreettgÄÅ!RabingÄÅÚParityg

ÄÅ�L�Uå´�Ó�"

§4.2.2 (½.gÄÅ��(½.gÄÅ

gÄÅ¡�(½.gÄÅ��=�ÙIÒ[£XÚ´(½."ØÉ(½.^����g

ÄÅ½¡��(½.gÄÅ"

·K 4.14 (½.B
..
uchigÄÅØ´Öµ4�"

·K 4.15 (½.MullergÄÅ!(½.StreettgÄÅ!(½.RabingÄÅÚ(½.ParitygÄ

Å´Öµ4��ÙL�Uå��(½.MullergÄÅ�Ó"

§4.2.3 gÄÅ�Kripke�.

½Â 4.12 �½�B
..
uchi gÄÅB = 〈Σ, S ,∆, I, F〉Úú²IÒKripke�.K"B�K´�d�§P

�B ≡ K§��=�L(B) = L(K)§½é?¿[wi]i≥0 ∈ L(B)�3[w′i]i≥0 ∈ L(K)¦�é¤ki ≥ 0Ñ

k{wi} = w′i ∩ Σ�é?¿[w′i]i≥0 ∈ L(K)�3[wi]i≥0 ∈ L(B)¦�é¤ki ≥ 0Ñk{wi} = w′i ∩ Σ"

éugÄÅ·��±�E���d�ú²IÒKripke�."��½,"

ú²IÒKripke�.��B
..
uchigÄÅ��Eµ �½APþ�ú²IÒKripke�.K = 〈S ,R, I, L, F〉"

·��E���d��B
..
uchigÄÅXe"

½ÂΣ = 2AP"

½Â∆ = {(s, a, s′) | (s, s′) ∈ R, a = L(s)}"

½Â�B
..
uchigÄÅBM = 〈Σ, S ,∆, I, {[[ϕ]] | ϕ ∈ F}〉"KL(B) = L(K)"

IÒKripke�.��B
..
uchigÄÅ��Eµ IÒKripke�.K = 〈S ,R, I, L〉�±w¤´AÏ�

ú²IÒKripke�.K′ = 〈S ,R, I, L, {}〉"�±^±þ�{�E���d��B
..
uchigÄÅ"

�B
..
uchi gÄÅ�ú²IÒKripke�.��Eµ �½�B

..
uchi gÄÅB = 〈Σ, S ,∆, I, F〉�F =

{ f1, ..., fn}"·��E���d�ú²IÒKripke�.Xe"

½ÂAP = Σ ∪ {p1, ..., pn}"

½ÂS ′ = ∆"

½ÂR′ = {((s, a, s′), (s′, b, s′′)) | (s, a, s′), (s′, b, s′′) ∈ S ′}"

½ÂI′ = {(s, a, s′) | (s, a, s′) ∈ S ′, s ∈ I}

½ÂL((s, a, s′)) = {a} ∪ {pi | s ∈ fi, i = 1, ..., n}"

½ÂF′ = {p1, ..., pn}"

½ÂAPþ�ú²IÒKripke�.K = 〈S ′,R′, I′, L, F′〉"

½Âζ(X)Xeµe�3���a¦�X ∩ Σ = {a}Kζ(X) = a§ÄKζ(X) = ∅"
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½Âζ([wi]i≥0) = [ζ(wi)]i≥0"

½Âζ(W) = {ζ(w) | w ∈ W}"

Kζ(L(K)) = L(B)"

·K 4.16 �½�B
..
uchigÄÅB = 〈Σ, S ,∆, I, F〉"-R = {(s, s′) | (s, a, s′) ∈ ∆}"B ≡ ∅��=�ú

²Kripke�.K = 〈S ,R, I, F〉����=�EmpChecking(K)�true"

§4.3 �m[£XÚ��mgÄÅ

é�
XÚ§·�Ø
'XXÚ���G�	§�U�'%3��G�±Y��m�á

½ü�G��m��mCz"�
U
£ã[£Ä��m�m�á���§·�I�3�.

¥\\�¨�Vg"

�¨úªµ �m���d�mCþþ�úªL«"�X��¨Cþ�8Ü§Q��m~þ(k

nê)�8Ü"�¨úª�8ÜΦ(X)d±e�{�Ñ"

φ ::= x ≤ c | c ≤ x | ¬φ | φ ∧ φ

Ù¥x ∈ X��¨Cþ§c ∈ Q��m~þ"���¨D�v´��X�R≥0(�K¢ê)�

¼ê"^v + tL«é¤kx ∈ X÷vv′(x) = v(x) + t��¨D�v′¶^t · vL«é¤kx ∈ X÷

vv′(x) = t · v(x)��¨D�v′¶̂ [Y → t]vL«é¤kx ∈ X \ Y÷vv′(x) = v(x)Úé¤kx ∈ Y÷

vv′(x) = t��¨D�v′"

½Â 4.13 ���m[£XÚ´��Ê�|〈Σ, S , X,∆, I〉Ù¥Σ�i1L§S�k¡G�8Ü§X�

�¨Cþ8Ü§∆ ⊆ S × Σ × 2X × Φ(X) × S �[£'X§I ∈ S��.Ð©G��8Ü"

�½�m[£XÚM = 〈Σ, S , X,∆, I〉"

G��mµ �.G�düÜ©|¤§�Ü©´G�s ∈ S§,�Ü©��mCþ�G�§¡�

�¨D�"PV = X → R��¨D��8Ü"M�G��m�S × V"

�m[£�Ä�[£µ �t��m~þ"½Â(s, v)
t
→(s, v′)��=�v′ = v + t"�σ ∈ Σ"½

Â(s, v)
σ
→(s′, v′)��=��3(s, σ, λ, ϕ, s′) ∈ ∆¦�v |= ϕ�v′ = [λ→ 0]vi"

[£'Xµ ½Â(s, v)
(σ,t)
→ (s′, v′)��=��3v′′¦�(s, v)

t
→(s, v′′)�(s, v′′)

σ
→(s, v′)"M�[£'

X→´(S × V)2�f8"(s, v)→(s′, v′)��=��3(σ, t)¦�(s, v)
(σ,t)
→ (s′, v′)"

�miÎGþµ ���miÎG�Σ × Rþ�Ã¡S�"��Bå�§�miÎG�L«

�(ζ, τ) = ([ζi]i≥1, [τi]i≥1) ∈ Σω × RωÙ¥τ÷vé¤ki, τi+1 > τi �é?¿t ∈ R�3i, τi > t"��

Bï¹§k
�.òτi+1 > τi��¦fz�τi+1 ≥ τi"
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�miÎGþ�$1µ �(ζ, τ) = [(ζi, τi)]i≥1 ∈ (Σ × R)ω��miÎG"½Âτ0 = 0"�m[£

XÚ〈Σ, S , X,∆, I〉3(ζ, τ)þ���$1´G�8S × Vþ���Ã¡S�[(si, vi)]i≥0÷v

s0 ∈ I,

v0 = [X → 0]v0,

é¤ki ≥ 0§(si, vi)
(ζi+1,τi+1−τi)
→ (si+1, vi+1)"

$1µ S × Vþ���Ã¡S�r´�m[£XÚ〈Σ, S , X,∆, I〉���$1��=��3��

�miÎG(ζ, τ)¦�r´�m[£XÚ3(ζ, τ)þ���$1"

��G�µ �½�m[£XÚM = 〈Σ, S , X,∆, I〉"��G�(s, v)����=��3��$

1rÚr¥��Ú[£(s, v′)
(σ,t)
→ (s′, v′′)±9t′ ≥ 0¦�(s, v′)

t′
→(s, v)�(s, v)

(σ,t−t′)
→ (s′, v′′)"ùpØ�Ä

����7,?\Ø�3÷v[£^���aG���¹"

��5¯KÚS�5¯Kµ ��5¯K´��½���.Ú��G�8Ü§�ä�.´Ä

k��G�÷v�½�G�8Ü"S�5¯K´��½���.Ú��G�8Ü§�ä�.

�¤k��G�´ÄÑ÷v�½�G�8Ü"¦+�m[£XÚ���G�8ÜÏ~´Ã¡

�§�m[£XÚ�G���5¯K´��½�"

½Â 4.14 ���mB
..
uchigÄÅ´��8�|〈Σ, S , X,∆, I, F〉Ù¥〈Σ, S , X,∆, I〉�¤���m[

£XÚ§F ⊆ S�gÄÅ��ÉG�8"

��É$1µ �mB
..
uchi gÄÅB = 〈Σ, S , X,∆, I, F〉"���miÎG(σ, τ)þ�B�$1r =

(s, v)´��É�§��=�in f (r)∩ F , ∅§Ù¥in f (r)�LÃ�õgÑy3$1r¥�G��8

Ü"

��É�miÎG�gÄÅ�óµ ���miÎG(σ, τ)´��É���=��3(σ, τ)��

�É$1"B���É�miÎG�8Ü�B��ó§P�L(B)"�mgÄÅ´¿Ú�µ4�§

�Ø´Öµ4�"

§4.4 ·¤[£XÚ

·¤[£XÚ´�m[£XÚ��«*¿"�X = {x1, ..., xn}�¢êCþ�8Ü"z�¢

êCþÑ´�m�¼ê"�½x ∈ X"P
·
x�x��¼ê"P

·

X = {
·

x1, ...,
·

xn}"PΦ(X)�Xþ¢c�

8Ü"P](X) : X ↪→ (Rn → R)� ¼ê�8Ü"

½Â 4.15 ��·¤[£XÚ(�¡�·¤gÄÅ)´��8�|〈Σ, S , X,∆, I, f low〉Ù¥Σ�i1

L§S�k¡G�8Ü§X�¢êCþ8Ü§∆ ⊆ S ×Σ×](X)×Φ(X)×S �[£'X§I ∈ S ×(2R)n�

�.Ð©G��8Ü§f low : S → Φ(X ∪
·

X)�z�G�Iþ��CþCz��å^�"

�½·¤[£XÚ〈Σ, S , X,∆, I, f low〉"

G��mµ �.G�düÜ©|¤§�Ü©´G�s ∈ S§,�Ü©�Cþ�G�§¡�D

�"PV = X → R�D��8Ü"M�G��m�S × V"
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�m[£�Ä�[£µ �δ ∈ R≥0��m~þ"½Â(s, v)
δ
→(s, v′)��=��3����¼

ê f : [0, δ]→ RnÚÙ���ê
.

f : (0, δ)→ Rn÷v f (0) = v, f (δ) = v′�

∀ζ ∈ (0, δ). f low(s)( f (ζ)/X,
.

f (ζ)/
.
X) = true.

�σ ∈ Σ"½Â(s, v)
σ
→(s′, v′)��=��3(s, σ, λ, ϕ, s′) ∈ ∆�{z1, ..., zk} = dom(λ)¦�v |= ϕ

�v′ = v[z1/λ(z1)(v)] · · · [zk/λ(zk)(v)]"

[£'Xµ ½Â(s, v)
(σ,t)
→ (s′, v′)��=��3v′′¦�(s, v)

t
→(s, v′′)�(s, v′′)

σ
→(s, v′)"M�[£'

X→´(S × V)2�f8"(s, v)→(s′, v′)��=��3(σ, t)¦�(s, v)
(σ,t)
→ (s′, v′)"

�miÎGþ�$1µ �(ζ, τ) = [(ζi, τi)]i≥1 ∈ (Σ × R)ω��miÎG"½Âτ0 = 0"�m[£

XÚ〈Σ, S , X,∆, I〉3(ζ, τ)þ���$1´G�8S × Vþ���Ã¡S�[(si, vi)]i≥0÷v

(s0, v0) ∈ I,

é¤ki ≥ 0§(si, vi)
(ζi+1,τi+1−τi)
→ (si+1, vi+1)"

$1µ S × Vþ���Ã¡S�r´·¤[£XÚ〈Σ, S , X,∆, I, f low〉��$1��=��3�

��miÎG(ζ, τ)¦�r´·¤[£XÚ3(ζ, τ)þ���$1"

��G�µ �½·¤[£XÚM = 〈Σ, S , X,∆, I, f low〉"��G�(s, v)����=��3��

$1rÚr¥��Ú[£(s, v′)
(σ,t)
→ (s′, v′′)±9t′ ≥ 0¦�(s, v′)

t′
→(s, v)�(s, v)

(σ,t−t′)
→ (s′, v′′)"

��5¯KÚS�5¯Kµ ��5¯K´��½���.Ú��G�8Ü§�ä�.´Ä

k��G�÷v�½�G�8Ü"S�5¯K´��½���.Ú��G�8Ü§�ä�.

�¤k��G�´ÄÑ÷v�½�G�8Ü"

§4.5 Petri��.

Petri��.�Ä���k¥¤![£!ë�¥¤Ú[£�k�>"d¥¤?\[£�>�

±w¤´Ñ\^�§d[£?\¥¤�>�±w¤´[£�ÑÑ"

½Â 4.16 ��Petri��.´��o�|〈P,T, F,m0〉Ù¥P�¥¤�k¡8Ü§T�[£�k¡

8Ü§F ⊆ (P × T ) ∪ (T × P)�>�8Ü§m0 : P → N�¥¤8Ü�g,ê8Ü�¼ê§L«Ð

©G�"

�½M = 〈P,T, F,m0〉"

ét ∈ T§½Â◦p(t) = {p ∈ P | (p, t) ∈ F}Úp◦(t) = {p ∈ P | (t, p) ∈ F}"
◦p(t)Úp◦(t)©O�t�Ñ\¥¤ÚÑÑ¥¤�8Ü"d◦p()Úp◦()�­�F"

G��mµ �.G�´¤k¥¤�G��|Ü§L«�é¥¤?1D����¼ê"�.

�G��m�V = P→ N"

��1[£µ [£t ∈ T3G�m´��1�§��=�∀p ∈◦ p(t).(m(p) ≥ 1)"
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k£G�µ e3G�mvk��1[£§K¡m�k£G�"

[£'X(���Â)µ ½Âα0(p, t) = 1��=�p ∈ ◦p(t)"½Âα1(p, t) = 1��=�p ∈ p◦(t)"

½Âm
t
→m′��=�[£t ∈ T3G�m��1�

∀p ∈ P.(m′(p) = m(p) − α0(p, t) + α1(p, t)).

M�[£'X→´V2�f8"m→m′��=��3��1[£t¦�m
t
→m′½Ø�3��1

[£�m = m′"

$1µ G��mVþ���Ã¡S�[mi]i≥0´M���$1§��=�é¤kikmi→mi+1"

��G�µ �½M = 〈P,T, F,m0〉"��G�m´�����=�m0
∗
→m"M���G�8Ü

�{m | m0
∗
→m}"

��5¯Kµ G����5¯K´��½���.Ú��G�§�äù�G�´Ä��"¦

+Petri��.���G�8ÜÏ~´Ã¡�§Petri��.�G���5¯K´��½�"

¹55�µ [£�¹5´�[£´Ä��1½ö±�u´ÄU�1Ã�õg"�â�1g

ê�«O�½ÂL1¹5([£k�U�1)ÚL2¹5([£k�U�1?¿õg)�5�"

k¡G��.µ Petri��.〈P,T,W,m0〉´k.�§��=�éÙ¤k��G�mk∀p ∈ P.(m(p) ≤

k)"1.Petri�¡�S�Petri�"

\�Petri��.µ ��Bï¹§·��±éPetri��.�>O\�­§ïá\�Petri��."

½Â 4.17 ��\�Petri��.´��o�|〈P,T,W,m0〉Ù¥P§TÚm0Óu±þPetri��.§W :

(P × T ) ∪ (T × P)→ N�äk�­�>�8Ü"

�½M = 〈P,T,W,m0〉"M�G��mÓu±þPetri��."[£t ∈ T3G�m´��1�§

��=�∀p ∈◦ p(t).(m(p) ≥ W(p, t))"m
t
→m′��=�[£t ∈ T3G�m��1�

∀p ∈ P.(m′(p) = m(p) −W(p, t) + W(t, p)).

M�[£'X→§$18ÜÚ��G�8Ü�½ÂaquÊÏPetri��."\�Petri��

.¿ØO\L�Uå"é\�Petri��.·��±�E���(�±N��Ó�G�S��)Ê

ÏPetri��."

·K 4.17 z��\�Petri��.Ñ�±=�¤�����ÊÏPetri��."
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Nþ���Petri��.µ ·��±éPetri��.�¥¤?1Nþ��§ïáNþ���Petri�

�."

½Â 4.18 ��Nþ���Petri��.´��Ê�|〈P,T, F,K,m0〉Ù¥〈P,T, F,m0〉�ÊÏPetri�

�.§K : P→ N�Nþ��¼ê"

�½M = 〈P,T, F,K,m0〉"M�G��mÓu±þPetri��."[£t ∈ T3G�m´��1

�§��=�∀p ∈◦ p(t).(m(p) ≥ 1)�∀p ∈ p◦(t).(m(p) − α0(p, t) + α1(p, t) ≤ K(p)). m
t
→m′��=�

[£t ∈ T3G�m��1�

∀p ∈ P.(m′(p) = m(p) − α0(p, t) + α1(p, t)).

M�[£'X→§$18ÜÚ��G�8Ü�½ÂaquÊÏPetri��."

·K 4.18 z��Nþ���Petri��.Ñ�±=�¤�����ÊÏPetri��."

§4.6 Ï&XÚ

Ï&XÚ^5L�õ�?§ÏLÏ���&E?1��ÚO��L§"z�?§SÜk

G�ÚG�[£"G�[£��Ï�±´SÜ¯�½Ñ\ÑÑ"

§4.6.1 Ï�

½Â 4.19 �½��a.〈Λ, n〉Ù¥Λ�i1L§n�g,ê§L«Ï�Nþ"��a.�〈Λ, n〉�

Ï�m§P�m ∈ 〈Λ, n〉§´�����
⋃n

i=0{〈x1, ..., xi〉 | xi ∈ Λ}�Cþ"

Ï�G�P1Ï���½D�§P�σ"em ∈ 〈Λ, n〉§Kσ(m) ∈
⋃n

i=0{〈x1, ..., xi〉 | xi ∈ Λ}"Ï

�G��m�Ï�G��8Ü§P�Σ"

¯�µ em ∈ 〈Λ, n〉§K�m�'�¯�8Üα(m)½Â�α(m) = {m?s | s ∈ Λ} ∪ {m!s | s ∈ Λ}"

�C = {m1, ...,mn}�Ï�8Ü"K�C�'�¯�8Ü�α(C) = α(m1) ∪ · · · ∪ α(mn)"�Ï�Ã'

�SÜ¯�P�{ε}"

��1¯�µ éux = 〈x1, ..., xn〉§½Â|x| = n, x ` s = 〈x1, ..., xn, s〉, HEAD(x) = x1, T AIL(x) =

〈x2, ..., xn〉"�½��Ï�G�σÚ��Ï�m ∈ 〈Λ, n〉"e±e��¤áKa ∈ α(m)∪{ε}��1"

a = ε

a = m!s�|σ(m)| < n

a = m?s�|σ(m)| > 0�s = HEAD(σ(m))

�½σ ∈ Σ,m ∈ 〈Λ, n〉,a ∈ α(m)"̂ σ
a
→σ′L«a3σ��1�±e¤á"

ea = ε§ Kσ′ = σ

ea = m!s§ Kσ′ = σ[m/σ(m) ` s]

ea = m?s§ Kσ′ = σ[m/T AIL(σ(m))]
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§4.6.2 Ï&ü�

½Â 4.20 ��Ï&ü�´��o�|〈Q,C,∆, q0〉Ù¥Q�G��k¡8Ü§C�Ï��k¡

8Ü§∆ ⊆ Q × (α(C) ∪ {ε}) × Q�IÒ�[£'X, q0 ∈ Q�Ð©G�"

XÚG�µ �½��Ï&ü�〈Q,C,∆, q0〉§XÚG�düÜ©|¤(s, σ)Ù¥s ∈ Q���G

�, σ ∈ Σ�Ï�G�"

[£'Xµ [£(q, a, q′)3(s, σ) ��1§��=�q = s�a3σ��1"XÚG��[£'

X→�(Q×Σ)2�f8"(q, σ)→(q′, σ′)��=��33G�(q, σ)���1[£(q, a, q′)¦�σ
a
→σ′½

Ø�3��1[£�(q′, σ′) = (q, σ)"

$1µ ��$1´Q × Σþ���Ã¡S�[(si, σi)]i≥0 ÷vs0 = q0, ∀m ∈ C.(σ0(m) = 〈〉)�é

?¿i ≥ 0, (si, σi)→(si+1, σi+1)"Ï&ü�P�$18ÜP�[[P]]"

§4.6.3 Ï&XÚ

��Bï¹§Ï~^�|Ï&ü��ïÏ&XÚ�."

½Â 4.21 ��Ï&XÚ{P1, ..., Pn}´dÏ&ü�P1 = 〈Q1,C1,∆1, q10〉, ..., Pn = 〈Qn,Cn,∆n, qn0〉|

¤�8Ü§Ù¥Q1, ...,Qn�üüØ���8Ü"

XÚG�µ ½ÂQ1 ⊗ · · · ⊗ Qn = {{q1, ..., qn} | q1 ∈ Q1, ..., qn ∈ Qn}"Ï&XÚ�XÚG��8Ü

�(Q1 ⊗ · · · ⊗ Qn) × Σ"

��1[£µ ��[£(q, a, q′) ∈ ∆1 ∪ · · · ∪ ∆n3G�(Q, σ)��1��=�q ∈ Q�a3σ��

1"

[£'Xµ �½a ∈ α(C)∪{ε}"(z, σ)
a
→(z′, σ′)��=��33G�(z, σ)���1[£(q, a, q′) ∈

∆1 ∪ · · · ∪ ∆n¦�z′ = (z \ {q})∪ {q′}�σ
a
→σ′"XÚG��[£'X→�((Q1 ⊗ · · · ⊗ Qn) × Σ)2�f

8"(z, σ)→(z′, σ′)��=��33G�(z, σ)���1[£(q, a, q′)¦�(z, σ)
a
→(z′, σ′)½Ø�3�

�1[£�(z′, σ′) = (z, σ)"

$1µ �C1∪· · ·∪Cn = {m1, ...,mk}"��$1´(Q1⊗ · · ·⊗Qn)×Σþ���Ã¡S�[(zi, σi)]i≥0

÷vz0 = {q0, ..., qn}, σ0(m1) = · · · = σ0(mk) = 〈〉�é?¿i ≥ 0, (zi, σi)→(zi+1, σi+1)"Ï&XÚM�

$18ÜP�[[M]]"

Ï&XÚ�Ï&ü� dõ�Ï&ü��ï�Ï&XÚ¿Ø'Ï&ü�äk�r�L�Uå"

�½Ï&XÚ§·��±�E1��d�Ï&ü�"

½Âg(a)Xe"

eaØ´��8Ü§Kg(a) = {a}"ea = {a1, ..., a j}§Kg(a) = g(a1) ∪ · · · ∪ g(a j)"

½Âg(a, b) = g(a) ∪ g(b)"

½Â||a||Xe"
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eaØ´��8Ü§K||a|| = 1"ea = {a1, ..., a j}§K||a|| = ||a1|| + · · · + ||a j||"

½Â|x|�8Üx����ê"

�½��8ÜQ"e∀q ∈ Q.(|g(q)| = ||q||)§K¡Q�Ø�Ø 8Ü"

�½ü�Ï&ü�P1 = 〈Q1,C1,∆1, q10〉, P2 = 〈Q2,C2,∆2, q20〉�Q1ÚQ2Ø���Q1 ⊗ Q2�

Ø�Ø 8Ü"

½ÂQ = {g(q1, q2) | q1 ∈ Q1, q2 ∈ Q2}"

½Â∆ = {(g(q1, q2), a, g(q′1, q2)) | (q1, a, q′1) ∈ ∆1} ∪ {(g(q1, q2), a, g(q1, q′2)) | (q2, a, q′2) ∈ ∆2}"

½ÂP1ÚP2�¿uXÚXe"

P1||P2 = 〈Q,C1 ∪C2,∆, g(q10, q20)〉.

d±þ½ÂN´wÑ¿u�f÷v(ÜÇÚ��Ç"

·K 4.19 �½Ï&XÚM = {P1, ..., Pn}�Ù¥Q1, ...,Qn�üüØ���üü�⊗ö�(J�Ø

�Ø 8Ü"½ÂÏ&ü�P = P1|| · · · ||Pn"K[[P]] = [[M]]"

§4.6.4 Ï&ü��¥ª[£�.��d

�Ä�«'uÏ&ü�$1¥Q�S���d'X"

�½Ï&ü�P = 〈Q,C,∆, q0〉"

�½B = (F, P)ÚV�Q ⊆ FÚpc ∈ V"

�½(B,V)þ�¥ª[£�.M = (T,Θ)ÚB�)ºI = (D, I0)"

�½ζ : Q→ D�ü�¼ê"

½Â 4.22 P�M´ζO��d�§��=�é?¿P�O�[(si, σi)]i≥0�3M�O�[σ′i]i≥0÷v∀i ≥

0.(σ′i |=I pc = si)�é?¿M�O�[σ′i]i≥0�3P�O�[(ζ−1(σ′(pc)), σi)]i≥0"

Ï&ü��¥ª[£�.��Eµ �½Ï&ü�P = 〈Q,C,∆, q0〉"�C = {m1, ...,mk}�mi�a

.�〈Λi, ni〉"

½ÂB = (F, P)Ù¥F = Λ1 ∪ · · · ∪ Λk ∪ Q ∪ {0, 1,+,−}�P = {>,=, <}"

½ÂV = {vi, j | i ∈ {1, ..., k}, j ∈ {0, ..., ni − 1}} ∪ {pc}"

·��E(B,V)þ�¥ª[£�.(T,Θ)Xe"

éz�(q, a, q′)�EXe[£¿òÙ\\[£8ÜT"

(1)ea = ε§K�E[£

pc = q −→ (pc) := (q′).

(2)ea = mi!s§K�E[£

pc = q ∧ leni < ni −→ (vi,leni , leni, pc) := (s, leni + 1, q′).

(3)ea = mi?s§K�E[£

pc = q ∧ leni > 0 ∧ xi,0 = s −→ (vi,0, ..., vi,leni−1, leni, pc) := (vi,1, ..., vi,leni , leni − 1, q′).

½ÂΘ = (pc = q0 ∧
∧k

i=1(leni = 0 ∧
∧ni−1

j=1 vi, j = 0))"
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½Â(P)gm = (T,Θ)"K(P)gm´(B,V)þ�¥ª[£�."

�½B�)ºI = (D, I0)Ù¥D = N�g,ê8Ü§I0ò{0, 1,+,−})º�g,êþ�~ê9

�A$�§òΛ1 ∪ · · · ∪ Λk ∪ Q¥���)º�g,êþ�ØÓ~ê§ò{>,=, <}¥�ÎÒ)º

�g,êþ��A'X"

·K 4.20 �ζ : Q→ D�½Â�ζ(q) = I0(q)"K(P)gm�P´ζO��d�"

§4.7 ~f

~ 4.1£1¤½ÂΣ, S ,∆, IXe"

Σ = {1, 5, lc, tq, qc, qq}"

S = {s0, ..., s6}"

∆ = {

(s0, 1, s1), (s0, 5, s3), (s1, 1, s2), (s1, 5, s3), (s1, tq, s6),

(s2, tq, s6), (s2, lc, s4), (s3, tq, s6), (s3, lc, s5), (s4, qc, s0), (s5, qc, s6), (s6, qq, s0)

}"

I = {s0}

KM1 = (Σ, S ,∆, I)�IÒ[£XÚ"

eT�.^±L«��gÄÈÀÅ�6§�O§Kêi�±n)�Ý\�aê§lcÚtq©

OL«ÀJÔ¬Úòa§qcÚqq©OL«�Ô¬Ú�a"

�A = {s0s1s6, s0s1s2s6, s0s1s2s4, s0s1s3s5s6, s0s1s3s6, s0s3s5s6, s0s3s6}"

KM1�$18Ü�Aω"

�B = {1.tq.qq, 1.1.tq.qq, 1.1.lc.qc, 1.5.lc.qc.qq, 1.5.tq.qq, 5.lc.qc.qq, 5.tq.qq}"

KM1��ó�Bω"

£2¤�AP = {q0, q1, q2, q3}"½ÂL : S → 2APXe"

L(s0) = {q0}, L(s1) = {q0, q1}, L(s2) = {q1}, L(s3) = {q1}, L(s4) = {q3}, L(s5) = {q3}, L(s6) = {q2}"

KM2 = (Σ, S ,∆, I, L)�VIÒ[£XÚ"

G�IÒq0�^±I£��aG�§q1�òaG�§q2��{aG�§q3���G�§

~ 4.2£1¤�Σ = {a1, ..., a4, b1, ..., b4}"½Â∆0,∆1,∆2, S ,∆, IXe"

∆0 = {(s0, a, s0) | a ∈ Σ \ {a3, b3}} ∪ {(s0, a3, s1), (s0, b3, s2)}

∆1 = {(s1, a, s1) | a ∈ Σ \ {a3, b3, a4}} ∪ {(s1, a4, s0)}

∆2 = {(s2, b, s2) | b ∈ Σ \ {a3, b3, b4}} ∪ {(s2, b4, s0)}

S = {s0, s1, s2}

∆ = ∆0 ∪ ∆1 ∪ ∆2

I = {s0}

KM1 = (Σ, S ,∆, I)�IÒ[£XÚ"

½ÂX = {a1, a2, a4, b1, b2, b4},Y = {a1, a2, b1, b2, b4},Z = {a1, a2, a4, b1, b2}"

KM1��ó�L(M1) = (X|a3Y∗a4|b3Z∗b4)ω"

£2¤½ÂS ′,∆′, I′, F′Xe"
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S ′ = S ∪ {s3}"

∆′ = ∆ ∪ {(s3, a, s3) | a ∈ Σ} ∪ {(s1, a3, s3), (s1, a4, s3), (s2, a3, s3), (s2, a4, s3)}"

I′ = I0"

F′ = {s0, s1, s2}"

KM2 = (Σ, S ′,∆′, I′, F′)�B
..
uchigÄÅ§�L(M2) = L(M1)"

£3¤½ÂS ′′,∆′′, I′′, F′′Xe"

S ′′ = {s0, s1}

∆′′ = {(s0, a, s0) | a ∈ Σ} ∪ {(s1, a, s1) | a ∈ Σ} ∪ {(s0, a3, s1), (s0, b3, s1)}

I′′ = {s0}

F′′ = {s1}

KM3 = (Σ, S ′′,∆′′, I′′, F′′)�B
..
uchigÄÅ§�Ù�ó�L(M3) = Σ∗(a3|b3)Σω"

~ 4.3 �t1(k, j), ..., t8(k, j)ÚS , IX~2.3¤½Â"

£1¤�Σ = {a1, ..., a4, b1, ..., b4}"½Â∆�±e[£8Ü�¿8"

{(sk, a1, s j) | t1(k, j)} {(sk, a2, s j) | t2(k, j)}

{(sk, a3, s j) | t3(k, j)} {(sk, a4, s j) | t4(k, j)}

{(sk, b1, s j) | t5(k, j)} {(sk, b2, s j) | t6(k, j)}

{(sk, b3, s j) | t7(k, j)} {(sk, b4, s j) | t8(k, j)}

KM1 = (Σ, S ,∆, I)�IÒ[£XÚ"

�M2,M3X~4.2¤½Â"KkL(M1) ⊆ L(M2)ÚL(M1) * L(M3)"

eM1^±L«2�?§�p½�{��k[£I£�$1�.§M2^±L«�«Äu[

£L«�S�5�§M3^±L«�«Äu[£L«�7�5�§KM1äk±þ¿Â�S�5

�§Øäk±þ¿Â�7�5�"

£2¤�F�±eG�8�8Ü£X~2.3¤½Â¤"

{si | ¬(a(i) = 0)}

{si | ¬(a(i) = 1 ∧ (x(i) = 0 ∨ t(i) = 0))}

{si | ¬(a(i) = 2)}

{si | ¬(b(i) = 0)}

{si | ¬(b(i) = 1 ∧ (y(i) = 0 ∨ t(i) = 1))}

{si | ¬(b(i) = 2)}

KM′1 = (Σ, S ,∆, I, F)��B
..
uchigÄÅ�L(M′1) ⊆ L(M3)§=M′1äk±þ¿Â�7�5�"

~ 4.4£1¤½ÂΣ, S ,∆, I, FXe"

Σ = {a, b}

S = {s0, s1}

∆ = {(s0, a, s1), (s0, b, s0), (s1, a, s1), (s1, b, s0)}

I = {s0}

F = {s0}
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KB = (Σ, S ,∆, I)�(½.IÒ[£XÚ§B′ = (Σ, S ,∆, I, F)�(½.B
..
uchigÄÅ"

L(B′) = (a∗b)ω"

B′�Ö�óΣω \ L(B′)�{a, b}∗aω"dT�óØ´?Û(½.B
..
uchi gÄÅ��ó�(½

.B
..
uchigÄÅØ´Öµ4�"

£2¤½ÂΣ, S ,∆, I, FXe"

Σ = {a, b}

S = {s0, s1}

∆ = {(s0, a, s0), (s0, b, s0), (s0, a, s1), (s1, a, s1)}

I = {s0}

F = {s1}

KA = (Σ, S ,∆′, I)��(½.IÒ[£XÚ§A′ = (Σ, S ,∆′, I, F′)��(½.B
..
uchigÄÅ"

L(A′) = {a, b}∗aω = Σω \ L(B′)�B′�Ö�ó"

~ 4.5 �t1(k, j), ..., t8(k, j)ÚS , IX~2.3¤½Â"�Σ = {a1, ..., a4, b1, ..., b4}ÚX = {v, u}"½Â∆�

±e[£8Ü�¿8"
{(sk, a1, {v}, true, s j) | t1(k, j)}

{(sk, a2, {v}, v < 2, s j) | t2(k, j)}

{(sk, a3, {v}, v < 2, s j) | t3(k, j)}

{(sk, a4, {}, v < 8, s j) | t4(k, j)}

{(sk, b1, {u}, true, s j) | t5(k, j)}

{(sk, b2, {u}, u < 1, s j) | t6(k, j)}

{(sk, b3, {u}, u < 1, s j) | t7(k, j)}

{(sk, b4, {}, u < 5, s j) | t8(k, j)}

KM = (Σ, S , X,∆, I)��m[£XÚ"

½ÂA�±e8Ü�¿8"

{(si, [v, u]) | a(i) , 2 ∨ b(i) , 2}

{(si, [v, u]) | a(i) = 2 ∧ b(i) , 2, v < 8}

{(si, [v, u]) | a(i) , 2 ∧ b(i) = 2, u < 5}

K�.kS�5�A"

eT�.^±L«2�?§�p½�{��k[£I£Ú�m�å�$1�.§K�.

äk±þ¿Â�S�5�£]
�p½¦^�zg¦^]
�mÜ��½�å¤"

~ 4.6 ½ÂΣ, S , X,∆, IXe"

Σ = {a, b, c, d}"

X = {x, y}"

S = {s0, s1, s2, s3}"

∆ = { (s0, a, {x}, true, s1), (s1, b, {y}, true, s2), (s2, c, {}, x < 1, s3), (s3, d, {}, y > 2, s0) }"

I = {s0}"
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KM = 〈Σ, S , X,∆, I〉��m[£XÚ"

M�$18Üþ��miÎG8ÜXe"

{((abcd)ω, τ) | ∀ j.((τ4 j+3 < τ4 j+1 + 1) ∧ (τ4 j+4 > τ4 j+2 + 2))}

~ 4.7 ½ÂΣ, S , X,∆, I, FXe"

Σ = {a, b}"

S = {s0, s1, s2, s3}"

X = {x}"

∆ = {

(s0, a, {}, true, s1), (s0, a, {x}, true, s2),

(s1, b, {}, true, s0), (s2, b, {}, x < 2, s3), (s3, a, {x}, true, s2)

}"

I = {s0}"

F = {s2}"

KM = 〈Σ, S , X,∆, I, F〉��mgÄÅ"

M�$18Üþ��miÎG8Ü�{((ab)ω, τ)) | ∀ j.(τ j < τ j+1)}"

M��ó�{((ab)ω, τ) | ∃i.∀ j ≥ i.(τ2 j < τ2 j−1 + 2)}"

~ 4.8 ½ÂΣ, S , X,∆, I, FXe"

Σ = {a, b}"

S = {s0, s1, s2, s3}"

X = {x, y}"

∆ = { (s0, a, {x}, x = 1, s1), (s1, b, {y}, true, s2), (s2, a, {x}, x = 1, s3), (s3, b, {y}, y < 1, s2) }"

I = {s0}"

F = {s2}"

KM = 〈Σ, S , X,∆, I, F〉��mgÄÅ"

M�$1�8Üþ��miÎG8Ü�Ù�óXe"

{((ab)ω, τ) | ∀ j.((τ2 j−1 = j) ∧ (τ2 j − τ2 j−1 > τ2 j+2 − τ2 j+1))}

·�klim j→∞(τ j+2 − τ j) = 1"

~ 4.9 ½ÂΣ, S , X,∆, I, FXe"
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Σ = {a, b}"

S = {gr, gr2, yr, rr, rg, rg2}"

X = {u}"

∆ = {

(gr, a, {u}, true, gr2), (gr2, b, {u}, u = 5, yr),

(yr, b, {u}, u = 1, rr), (rr, b, {u}, u = 1, rg),

(rg, a, {u}, u < 6, rg2), (rg, b, {}, u = 6, gr), (rg2, b, {}, u = 6, gr)

}

I = {gr}"

F = {rg}"

KM = 〈Σ, S , X,∆, I, F〉��mgÄÅ"

eT�.^±L«�«1<L�^ùÉ�£1<��kùÉ�§ð�kùÉ��¤�6

§�O§KÐ©G�gr�n)�ð�É�(g)Ú1<ù�(r)§an)�1<UL�UÜ§bn)

��XÚSÜÄ�§êin)����m"

~ 4.10 ½Âλ0, λ1 : R→ RXeµλ0(x) = x + 1�λ1(x) = x − 1"½ÂΣ, S , X,∆, I, f lowXe"

Σ = {a, b}"

S = {s0, s1}"

X = {x}"

∆ = {(s0, a, λ0, x = 900, s1), (s1, b, λ1, x = 100, s0)}"

I = {(s0, [0])}"

f low(s0) = (
·
x = 2), f low(s1) = (

·
x = −1)"

KM = 〈Σ, S , X,∆, I, f low〉�·¤[£XÚ"

½ÂA = {(si, [x]) | x < 1000, i = 0 ∨ i = 1}"K�.kS�5�A"

eT�.^±L«�«Y�Nþ1000�Yþ���.§K�.äk±þ¿Â�S�5�

£Ø¬ÑyY÷ÄÑ¤"

~ 4.11 �〈Λ, n〉 = 〈{0, 1, 2, 3}, 2〉�Ï�a."½ÂQ1,M1,∆1,Q2,M2,∆2Xe"
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Q1 = {s0, s1, s2, s3}

M1 = {m1,m2 | m1,m2 ∈ 〈Λ, n〉}

∆1 = {

(s0,m1!1, s0), (s0,m1!2, s0), (s0,m2?0, s0), (s0,m2?1, s1),

(s0,m2?2, s2), (s0,m2?3, s3), (s1,m1!2, s1), (s1,m1!3, s1),

(s1,m2?0, s0), (s1,m2?1, s1), (s1,m2?2, s2), (s1,m2?3, s3),

(s2,m1!3, s2), (s2,m1!0, s2), (s2,m2?0, s0), (s2,m2?1, s1),

(s2,m2?2, s2), (s2,m2?3, s3), (s3,m1!0, s3), (s3,m1!1, s3),

(s3,m2?0, s0), (s3,m2?1, s1), (s3,m2?2, s2), (s3,m2?3, s3)

}"

Q2 = {t0, t1, t2, t3}

M2 = {m1,m2 | m1,m2 ∈ 〈Λ, n〉}

∆2 = {

(t0,m2!0, t0), (t0,m1?0, t0), (t0,m1?1, t1), (t0,m1?2, t0), (t0,m1?3, t0),

(t1,m2!1, t1), (t1,m1?0, t1), (t1,m1?1, t1), (t1,m1?2, t2), (t1,m1?3, t1),

(t2,m2!2, t2), (t2,m1?0, t2), (t2,m1?1, t2), (t2,m1?2, t2), (t2,m1?3, t3),

(t3,m2!3, t3), (t3,m1?0, t0), (t3,m1?1, t3), (t3,m1?2, t3), (t3,m1?3, t3)

}

KA = 〈Q1,M1,∆1, s0〉ÚB = 〈Q2,M2,∆2, t0〉�Ï&ü�"

Ï&XÚ{A, B}´dùü�Ï&ü�|¤��^±L«I��Ý�2��«{z�I��

Æ�Ï&XÚ�."A¤3�G�L«AòuxSÒ�G�eI\1½2�&E§B¤3�G�

L«BI��Â�&E�G�eI\1�&E"

~ 4.12 k�G�Cþ�Ï&ü�L«"b½k�G�Cþm����{0, 1, 2}"�EÏ&ü

�B = 〈Q,M,∆, q0〉Xe"

Q = {q0, q1, q2}

M = {mi,mo | mi,mo ∈ 〈{0, 1, 2, r}, 1〉}

∆ = {

(q0,mi?0, q0), (q0,mi?1, q1), (q0,mi?2, q2), (q0,mi?r, r0), (r0,mo!0, q0),

(q1,mi?0, q0), (q1,mi?1, q1), (q1,mi?2, q2), (q1,mi?r, r1), (r1,mo!1, q1),

(q2,mi?0, q0), (q2,mi?1, q1), (q2,mi?2, q2), (q2,mi?r, r2), (r2,mo!2, q2)

}

lG�q²Lm = iD��é£Ù¥i ∈ {0, 1, 2}�~þ¤=�G�q′�G�[£éAu(q,mi!i, q′)"

�,k�Cþa"aq/§a�^¦^�A�ai, aoÏ��Ï&ü�L«"

lG�q²La = mD��é=�G�q′�G�[£éAu±e[£�8Ü"

(q,mi!r, p1),

(p1,mo?0, p10), (p1,mo?1, p11), (p1,mo?2, p12),

(p10, ai!0, q′), (p11, ai!1, q′), (p12, ai!2, q′)
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lG�q�âa´Ä�m�^��é=�G�q′½q∗�G�[£éAu±e[£�8Ü"

(q, ai!r, p1), (p1,mi!r, p2),

(p2, ao?0, p20), (p2, ao?1, p21), (p2, ao?2, p22),

(p20,mo?0, q′), (p20,mo?1, q∗), (p20,mo?2, q∗),

(p21,mo?1, q′), (p21,mo?0, q∗), (p21,mo?2, q∗),

(p22,mo?2, q′), (p22,mo?0, q∗), (p22,mo?1, q∗)

~ 4.13 ½ÂP,T, F,m0Xe"

P = {u0, u1, u2, u3, v0, v1, v2, v3, uv}

T = {s0, s1, s2, s3, t0, t1, t2, t3}

Fd±e◦p()Úp◦()�½Â�E"
◦p(s0) = {u0}

◦p(s1) = {u1, uv} ◦p(s2) = {u2}
◦p(s3) = {u3}

◦p(t0) = {v0}
◦p(t1) = {v1, uv} ◦p(t2) = {v2}

◦p(t3) = {v3}

p◦(s0) = {u1} p◦(s1) = {u2} p◦(s2) = {u3, uv} p◦(s3) = {u1}

p◦(t0) = {v0} p◦(t1) = {v2} p◦(t2) = {v3, uv} p◦(t3) = {v1}

m0(p) = 1ep ∈ {u0, v0, uv}�m0(p) = 0ep < {u0, v0, uv}"

K〈P,T, F,m0〉�Petri��."

½ÂA�÷v±e5��m�8Üµm(u2) = m(v2) = 1"KAØ´�.���5�"

eT�.^±L«��]
��Úp½�Ä��.§Käk±þ¿Â�S�£p½¤5

�"

~ 4.14 ½ÂP,T, F,m0Xe"

P = {u0, u1, u2, v0, v1, v2}

T = {s0, s1, s2, t0, t1, t2}

Fd±e◦p()Úp◦()�½Â�E"
◦p(s0) = {u0}

◦p(s1) = {u1, v0}
◦p(s2) = {u2}

◦p(t0) = {v0}
◦p(t1) = {u0, v1}

◦p(t2) = {u2}

p◦(s0) = {u1} p◦(s1) = {u2} p◦(s2) = {u0, v0}

p◦(t0) = {u0} p◦(t1) = {v2} p◦(t2) = {u0, v0}

m0(p) = 1ep ∈ {u0, v0}�m0(p) = 0ep < {u0, v0}"

K〈P,T, F,m0〉�Petri��."

½ÂmXeµm(p) = 1ep ∈ {u1, v1}�m(p) = 0ep < {u1, v1}"Km����k£G�"

eT�.^±L«��p�Ü��Ä��.§K�3±þ¿Â�k£¯K"

§4.8 öS

1. �½�B
..
uchi gÄÅA = 〈Σ, S ,∆, I, F〉"�EB

..
uchi gÄÅB = 〈Σ, S ′,∆′, I′, F′〉¦�L(B) =

L(A).

2. ½Â�B
..
uchigÄÅ��$�Ú¿$�§=�½�B

..
uchigÄÅB1 = 〈Σ, S 1,∆1, I1, F1〉ÚB2 =

〈Σ, S 2,∆2, I2, F2〉§½Â�B
..
uchigÄÅB = B1 ∩ B2ÚB′ = B1 ∪ B2 ¦�L(B) = L(B1) ∩ L(B2)

ÚL(B′) = L(B1) ∪ L(B2)"
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3. ^�mgÄÅ£ã�Ï��Cz"�¦&Ò��±Ï5CzgS�É�ù§�����

Ý�1§É���ÝØ�u10§ù���ÝØ�u10§Cz±ÏÉ�ù�o�Ý�30"Á

U?�.¦�eÉùü���Ý�OØ�"K�Ý�OÅì~�"

4. �ko�)�öA!B!C!DÚ���¤öE"̂ ¥¤9ÙD�L«)�öÚ�¤ö§̂ [

£L«)�Ú�¤§̂ ¥¤9ÙD�L«�¬a.Úêþ"̂ Petri�£ã±eL§"AØ

Ê/)�"�a§BØÊ/)�"�b§C¦^aÚb)�"�c§D¦^aÚc)��¬d§EØÊ

/�¤�¬d"

5. ½Â�«Ï&ü��IÒKripke(��Ün��d'XÚ�«÷v¤½Â�d'X�d

Ï&ü��EIÒKripke(���{"
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§5 �5�SÜ6

3·KÜ6Ú��Ü6�Ä:þO\���f^±£ã�mk�gSk'�5���a

Ü6¡��SÜ6"�Ù0��5�SÜ6"

§5.1 ·K�5�SÜ6(PLTL)

�Äïá3·KÜ6þ��5�SÜ6§=·K�5�SÜ6§P�PLTL"�½���

f·K8ÜAP"̂ pL«AP¥�?¿·K"PLTLúª�8Üd±e�{�Ñ"

φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ | O φ |3 φ |2 φ | φ U φ | φ R φ

ÎÒO,3,2,U,R¡�PLTL��S�f"cn��S�f3ØÓ�|ÜÚA^�µe��

¤X, F,G"

�.µ APþ�PLTLúª3APþ�IÒKripke(�þ)º"

PLTLúª��Âµ �½M = 〈S ,R, I, L〉"G�s ∈ S÷vPLTLúªϕP�M, s |= ϕ��=�é

¤kså:�Ã¡´»πkM, π |= ϕ"̂ πk5L«πkm©�S�[πi]i≥k"M, π |= ϕ½ÂXe"

M, π |= p ep ∈ AP�p ∈ L(π0)

M, π |= ¬ϕ eM, π 6|= ϕ

M, π |= ϕ ∨ ψ eM, π |= ϕ½M, π |= ψ

M, π |= ϕ ∧ ψ eM, π |= ϕ�M, π |= ψ

M, π |= ϕ→ ψ eM, π |= ϕKM, π |= ψ

M, π |= ϕ↔ ψ eM, π |= ϕ→ ψ�M, π |= ψ→ ϕ

M, π |= Oϕ eM, π1 |= ϕ

M, π |= 2ψ e∀i ≥ 0,M, πi |= ψ

M, π |= 3ϕ e∃i ≥ 0,M, πi |= ϕ

M, π |= ϕUψ e∃i ≥ 0.(M, πi |= ψ�∀0 ≤ j < i,M, π j |= ϕ)

M, π |= ϕRψ e∀i ≥ 0.(M, πi |= ψ½∃0 ≤ j < i,M, π j |= ϕ)

½Â 5.1 M |= ϕ��=�é¤ks ∈ IkM, s |= ϕ"

�÷v5µ �ϕ�PLTLúª"ϕ´�÷v�§��=��3IÒKripke(�M¦�M |= ϕ"

­óªÚ�dµ �ϕÚψ�PLTLúª"ϕ´­óª§P�|= ϕ§��=�é?¿IÒKripke(

�MkM |= ϕ"ϕ�duψ§P�ϕ ≡ ψ§��=�|= ϕ↔ ψ"

�dúªµ ��Bå�§½Â> = (p0 ∨ ¬p0)Ú⊥ = (p0 ∧ ¬p0)Ù¥p0 ∈ AP��½·K"

�ϕÚψ�PLTLúª"·�k±e�d�úªé"
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1. Oϕ ≡ ¬(O¬ϕ)

2. 2ϕ ≡ ¬(3¬ϕ)

3. ϕRψ ≡ ¬(¬ϕU¬ψ)

4. 2ϕ ≡ (ϕ ∧ O(2ϕ))

5. 3ϕ ≡ (ϕ ∨ O(3ϕ))

6. ϕRψ ≡ (ψ ∧ (ϕ ∨ O(ϕRψ)))

7. ϕUψ ≡ (ψ ∨ (ϕ ∧ O(ϕUψ)))

8. 3ϕ ≡ (>Uϕ)

9. 2ϕ ≡ (⊥Rϕ)

10. ϕRψ ≡ (ψU(ϕ ∧ ψ) ∨Gψ)

��8µ ��·KÜ6é�ÎÚ�S�f�8ÜY¡�PLTL���8§��=�z�PLTLú

ªÑ�du��·KÜ6é�ÎÚ�S�fÑ3Y¥�PLTLúª"���S�f�8ÜY¡

�PLTL��S�f��8§��=�z�PLTLúªÑ�du���S�f3Y¥�PLTLú

ª"

4���8µ ��·KÜ6é�ÎÚ�S�f�8ÜY¡�PLTL�4���8§��=

�Y´PLTL���8�Y�ýf8ÑØ´PLTL���8"���S�f�8ÜY¡�PLTL�

�S�f4���8§��=�Y´PLTL��S�f��8�Y�ýf8ÑØ´PLTL��S

�f��8"

·K 5.1 {O,U}´PLTL��S�f4���8"

d±þ�d�úªa.§·���{O,U}´PLTL��S�f��8"�AP = {p}Úϕ =

(¬pU p)"·��±�Eü�S��IÒKripke(�MkÚM′k¦�Mk |= ϕÚM′k 6|= ϕ§�Ø�3?

Û�¦^�S�fO�úªäkÓ�5�§=(¬pU p)Ø�du?Û��=�¹OÚ·KÜ6é

�Î�PLTLúª§Ï
{O}Ø´PLTL��S�f��8"aq/§·��±y²{U}Ø´PLTL�

�S�f��8"

L�Uå�rf'Xµ ^LT L(Y)L«=^8ÜY¥��S�fÚ·KÜ6ë�Î�E�ú

ª�8Ü"̂ >L«L�Uå�3rf'X"KkXe(Ø"

• LT L({O,U}) > LT L({O, F}) > LT L({O})"

• LT L({O,U}) > LT L({U}) > LT L({F})"

• LT L({O, F}) > LT L({F})"

éu{O,U, F}�ØÓf8§L�Uå�rf'XeØUd±þ'Xí��Ñ§Kù
f8

�L�Uå�3pÖ'X"
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NNF�ªµ �¦^Ü6ë�Î∧,∨,¬�Ü6é�Î¬�Ñy3·Kc¡�úª¡�NNF�ª"

·K 5.2 z�PLTLúª�du��PLTL�NNF�ªúª"

éuz�PLTLúª§·�Äk�±òÙ=�¤�d��¦^{¬,∨,∧}¥·KÜ6é�Î

Ú{O,U}¥�S�f�úª",�¦^±e�d'XòÙ=�¤�S�f3{O,U,R}¥�NNF�

ªúª"

¬¬ϕ ≡ ϕ

¬(ϕ ∨ ψ) ≡ ¬ϕ ∧ ¬ψ

¬(ϕ ∧ ψ) ≡ ¬ϕ ∨ ¬ψ

¬(Oϕ) ≡ O(¬ϕ)

¬(ϕUψ) ≡ ¬ϕR¬ψ

¬(ϕRψ) ≡ ¬ϕU¬ψ

�÷v5�½¯Kµ �½PLTLúª´Ä�÷v�¯K¡�PLTL�÷v5¯K"PLTL�÷v

5¯K�E,5�PSPACE��"�#N�S�f2Ú3�PLTLúª�f8P�PLTL(F)"PLTL(F)�

÷v5¯K�E,5�NP��"

·K 5.3 �ϕ�PLT Lúª"½Â|ϕ|�ϕ¥Ñy�ÎÒ�ê"eϕ�÷v§K�3MÚπ = π0 · · · πi−1(πi · · · πk)ω

¦�M, π |= ϕ�k ≤ 2|ϕ|"

�.uÿ¯Kµ �½Krikpe�.´Ä÷vPLTLúª�¯K¡�PLTL�.uÿ¯K"PLTL�

.uÿ¯K�E,5�PSPACE��"

§5.1.1 PLTLúª�ín

±{O,U,2,3}�PLTLúª��S�f8"PLTL�ínXÚ�¹±enÜ©µ�Ü©�PLTLú

ª�'��SÜ6ún¶,�Ü©�·KÜ6ínXÚ¶1nÜ©��Sín5K"�ϕÚψ�PLTLú

ª"

�SÜ6únµ ·�k±eún"

3¬¬ϕ↔ 3ϕ

2(ϕ→ ψ)→ (2ϕ→ 2ψ)

2ϕ→ ϕ

2ϕ→ Oϕ

2ϕ→ O2ϕ

2(ϕ→ Oϕ)→ (ϕ→ 2ϕ)

O¬ϕ↔ ¬Oϕ

O(ϕ→ ψ)→ (Oϕ→ Oψ)

(ϕUψ)↔ (ψ ∨ (ϕ ∧ O(ϕUψ))

(ϕUψ)→ 3ψ

·KÜ6ínXÚµ

(AX)eϕ´·KÜ6�­óª�¢~§K` ϕ"

(MP)e` ϕ→ ψ�` ϕ§K` ψ"
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�Sín5Kµ

(G)e` ϕ§K` 2ϕ"

·K 5.4 PLTLínXÚ´������"

§5.1.2 PLTL�.�Â

�½k¡G�IÒKripke(�M = 〈S ,R, I, L〉"¡�Ýk + 1�´»�k´»"k´»[πi]k
i=0¡

�(k, `)���=�R(πk, π`)"

½Â 5.2 �ϕ�PLTLúª"M, s |=E ϕ��=��3så:�Ã¡´»π¦�M, π |= ϕ"

·K 5.5 �ϕ�PLTLúª"M, s |=E ϕ��=��3��så:�(k, `)�¦�±e¤áµ

M, π0 · · · π`−1(π` · · · πk)ω |= ϕ�k ≤ |M| · 2|ϕ|"

½Â 5.3 �ϕ�PLTLúª"M |=E ϕ��=��3s ∈ I¦�M, s |= ϕ"

íØ 5.1 �ϕ�PLTLúª"M 6|= ϕ��=�M |=E ¬ϕ"

±e�Ä=^O,2,U�S�f�NNF�ª�PLTLúª"

�π�k´»"̂ Ux,y(π, ϕ, ψ, i, n)L«±eúª£^u±e��Ú���Â¥|= j
x,y�½Â¤"

Ux,y(π, ϕ, ψ, i, n) =

n∨
j=i

((M, π |= j
x,y ψ) ∧

j−1∧
m=i

(M, π |=m
x,y ϕ))

����Âµ ½ÂM, π |=a,k ϕ�M, π |=0
a,k ϕ��ö�½ÂXe"

M, π |=i
a,k p ep ∈ AP�p ∈ L(πi)

M, π |=i
a,k ¬p eM, π 6|=i

a,k p

M, π |=i
a,k ϕ ∧ ψ eM, π |=i

a,k ϕ�M, π |=i
a,k ψ

M, π |=i
a,k ϕ ∨ ψ eM, π |=i

a,k ϕ½M, π |=i
a,k ψ

M, π |=i
a,k Oϕ ei < k�M, π |=i+1

a,k ϕ

M, π |=i
a,k 2ϕ e f alse

M, π |=i
a,k ϕUψ eUa,k(π, ϕ, ψ, i, k)

·K 5.6 M, π |=a,k ϕ��=�é?¿π′ ∈ π · (S )ω§M, π′ |= ϕ"

���Âµ �0 ≤ ` ≤ k"½ÂM, π |=`,k ϕ�M, π |=0
`,k ϕ��ö�½ÂXe"

M, π |=i
`,k p ep ∈ AP�p ∈ L(πi)

M, π |=i
`,k ¬p eM, π 6|=i

`,k p

M, π |=i
`,k ϕ ∧ ψ eM, π |=i

`,k ϕ�M, π |=i
`,k ψ

M, π |=i
`,k ϕ ∨ ψ eM, π |=i

`,k ϕ½M, π |=i
`,k ψ

M, π |=i
`,k Oϕ ei < k�M, π |=i+1

`,k ϕ½i = k�M, π |=`
`,k ϕ

M, π |=i
`,k 2ϕ e

∧k
j=min(i,`)(M, π |= j

`,k ϕ)

M, π |=i
`,k ϕUψ eU`,k(π, ϕ, ψ, i, k) ∨

∧k
j=i(M, π |= j

`,k ϕ) ∧ U`,k(π, ϕ, ψ, `, i − 1)

·K 5.7 M, π |=`,k ϕÙ¥0 ≤ ` ≤ k§��=�M, π0 · · · π`−1(π` · · · πk)ω |= ϕ"
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�.�Âµ

½Â 5.4 M, π |=k ϕ��=�M, π |=a,k ϕ½
∨k
`=0(R(πk, π`) ∧ (M, π |=`,k ϕ))"

^M, s |=E,k ϕL«�3så:�k´»π¦�M, π |=k ϕ"

·K 5.8 é¤kk ≥ 0§eM, s |=E,k ϕ§KM, s |=E,k+1 ϕ"

�(5���5µ

·K 5.9 M, s |=E ϕ��=��3k ≥ 0¦�M, s |=E,k ϕ"

^M |=E,k ϕL«�3Ð©G��å:�k´»π¦�M, π |=k ϕ"

íØ 5.2 M |=E ϕ��=��3k ≥ 0¦�M |=E,k ϕ"

íØ 5.3 M 6|= ϕ��=��3k ≥ 0¦�M |=E,k ¬ϕ"

��K�µ ½Â(M, ϕ)���K��÷v±e^��k"

M 6|=E,k ¬ϕ§Ké¤ki ≥ 0, M 6|=E,k+i ¬ϕ"

P(M, ϕ)�����K��lct(M, ϕ)"

é?ÛMÚϕ§����K�lct(M, ϕ)�3�Ø�L|M| · 2|ϕ|"Ó�·�k±e(Ø"

íØ 5.4 ek ≥ lct(M, ϕ)�M 6|=E,k ¬ϕ§KM |= ϕ"

íØ 5.5 eM |= ϕ§Klct(M, ϕ) = 0"

5µ eØ�Ä���ÂÜ©§±þnØ���·KÓ�¤á§�é�½(M, ϕ)§Ù����

K��UØÓ"

§5.1.3 PLTLúª�B
..
uchigÄÅL«

PL(π) = [L(πi)]i≥0"

2APþ�iÎGξ ∈ (2AP)ω÷vϕ��=��3M = 〈S ,R, I, L〉ÚM�O�π¦�L(π) = ξ�M, π |=

ϕ"

P[[ϕ]] ⊆ (2AP)ω�÷vϕ�iÎG�8Ü"

·K 5.10 é?¿PLTLúªϕ§�3��B
..
uchigÄÅA = 〈2AP, S ,∆, I, F〉¦�L(A) = [[ϕ]]"

duB
..
uchigÄÅ�ÏL�B

..
uchigÄÅ�=���§±e´���E�ó�du[[ϕ]]�

�B
..
uchigÄÅBϕ = 〈2AP, S ,∆, I, F〉��{"

1.Äk�EG�x = ({ϕ}, {}, {})§Pa(x) = {ε}"òÙ\\G�8S"

2.é?¿x = (b, c, d) ∈ Sµ

eb = ∅§�EG�y = (d, {}, {})"ey ∈ S§K?Ua(y) = a(y) ∪ {x}§ey < S§Pa(y) = {x}§¿

òy\\G�8S"

eb = b0 ∪ {ϕ}§·�©±eA«�¹µ
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• eϕ = ϕ0Uϕ1§�EG�(b0 ∪ {ϕ0}, c ∪ {ϕ}, d ∪ {ϕ})Ú(b0 ∪ {ϕ1}, c ∪ {ϕ}, d)"

• eϕ = ϕ0Rϕ1§�EG�(b0 ∪ {ϕ1}, c ∪ {ϕ}, d ∪ {ϕ})Ú(b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d)"

• eϕ = ϕ0 ∨ ϕ1§�EG�(b0 ∪ {ϕ0}, c ∪ {ϕ}, d)Ú(b0 ∪ {ϕ1}, c ∪ {ϕ}, d)"

• eϕ = ϕ0 ∧ ϕ1§�EG�(b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d)"

• eϕ = Oϕ0§�EG�(b0, c ∪ {ϕ}, d ∪ {ϕ0})"

• eϕ = p½ϕ = ¬p§�p ∈ AP§�EG�(b0, c ∪ {ϕ}, d)"

^#�E�G�O��G�x"

£a¤z{µéz�#�E�G�y = (b, c, d)§ec¥·K�8Ü´Ø�÷v�§KlS¥

íØy¶ec ∩ b , ∅£2Âþù§eϕ ∈ b�c%¹ϕ§K�@�ϕ ∈ c ∩ b¤§Klb¥íØú�Ü

©c ∩ b"

£b¤u�´Ä­E�Eµéz�#�E�G�y§ey ∈ S£ey′ ∈ S�y′�y�÷v�úª

´�d�§K½�@�y = y′ ∈ S¤�a(y) , ∅§K?Ua(y) = a(y) ∪ a(x);ey ∈ S�a(y) = ∅§Ké

¤k��½m�O�y�G�y′ ∈ S§?Ua(y′) = a(y′) ∪ a(x);,�ò¤ka(z)¥Ñyx�/�^

#�E�G�O�¶ey < S§Pa(y) = a(x)§¿òy\\G�8S"

£c¤�¤O�µ?Ua(x) = ∅L«x®�#�E�G�¤O�£¿P¹x�ù
G��'X

�^¤¶�£1�Ú��vk#\\G�8�G�"

3. é?¿x = (b, c, d) ∈ S§ey ∈ a(x)�y = (b′, c′, d′) ∈ S§�E[£(y, σ, x)§¿òÙ\\[

£8Ü∆§Ù¥σ ∈ 2AP÷v∀p ∈ AP.({p,¬p} * σ ∪ c′) ∧ (p ∈ c′ → p ∈ σ)"

4.é?¿x = (b, c, d) ∈ S§eε ∈ a(x)§Kòx\\Ð©G�8ÜI"

5. éz�úªϕ§eϕ = ϕ0Uϕ1§�E fϕ = {(b, c, d) ∈ S | ϕ ∈ c→ ϕ1 ∈ c}§¿òÙ\\�ÉG

�88ÜF"

·K 5.11 �½PLTLúªϕ"�a�ϕ¥Ñy�UÚR��ê"½ÂBϕ = 〈2AP, S ,∆, I, F〉Ù¥S ,∆, I, F�

�E�{Xþ"KL(Bϕ) = [[ϕ]]�|S | ≤ 2|ϕ|−a"

íØ 5.6 �½PLTLúªϕ"ϕ�÷v��=�L(Bϕ)��"

§5.2 PLTLúª�ØÄ:L«��5µü�(νTL)

�5(�µ �½�f·K8ÜAP"���5(��n�|〈S , ζ, L〉§Ù¥S�G�8Ü§ζ =

[ζi]i≥0 ∈ S ω�S�Ã¡S�§L : S → 2AP�IÒ¼ê"

½Â 5.5 �½�5(�〈S , ζ, L〉ÚPLTLúªϕ"e�3IÒKripke�.M = 〈S ,R, I, L〉¦�ζ´M�

O��M, ζ |= ϕ§K¡〈S , ζ, L〉 |= ϕ"

òN�f8{i | 〈S , ζ i, L〉 |= ϕ}P�[[ϕ]]"½Â¼êo : 2N → 2NXeµ

o(A) = {i ∈ N | i + 1 ∈ A}

·�k±e�ªµ
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[[p]] = {i | p ∈ L(ζi)}

[[¬ϕ]] = N \ [[ϕ]]

[[ϕ ∨ ψ]] = [[ϕ]] ∪ [[ψ]]

[[Oϕ]] = o([[ϕ]])

[[ϕUψ]] = [[ψ]] ∪ ([[ϕ]] ∩ [[O(ϕUψ)]]

d±þ�ª�[[ϕUψ]]´τ(Z) = [[ψ]] ∪ ([[ϕ]] ∩ o(Z))�ØÄ:"�âτ�½Â�τk��Ú�

�ØÄ:"�âPLTL�Â�[[ϕUψ]]´τ���ØÄ:§=

[[ϕUψ]] = µZ.([[ψ]] ∪ ([[ϕ]] ∩ o(Z))

aq/§Ù§�S�f��±^ØÄ:�x"��BÖ�§·���òϕ, ψw¤N�f8§
�S�fÚÜ6é�Îw¤´2Nþ�¼ê"

3ϕ = µZ.(ϕ ∨ OZ)

2ϕ = νZ.(ϕ ∧ OZ)

ϕUψ = µZ.(ψ ∨ (ϕ ∧ OZ))

ϕRψ = νZ.(ψ ∧ (ϕ ∨ OZ))

·K 5.12 �½�5(�〈S , ζ, L〉ÚPLTLúªϕ"〈S , ζ, L〉 |= ϕ��=�0 ∈ [[ϕ]]"

§5.2.1 �5µü�µ

d±þ?Ø�PLTLúª�±^�S�fOÚØÄ:L«"3ù«L«¥§·KCþ�Ñ

y3O, µ, ν��"òù��å�K§·��±����L�Uå�r�Ü6"¡�νTL"�½�

��f·K8ÜAP§��Cþ8ÜV"̂ pL«AP¥?¿·K§XL«V¥?¿Cþ"νTLúª

�8Üd±e�{�Ñ"

φ ::= p | X | ¬φ | φ ∧ φ | φ ∨ φ | Oφ | µX.φ | νX.φ

Ù¥µX.φÚνX.φ�φ¥ØÉ4�X7L3óê�¬ÎÒ��^���e"

νTLúª3�5(�þ��Â)ºµ �½�5(�〈S , ζ, L〉ÚνTLúªϕ"�e : V → 2N�Cþ

�Nf8�D�"νTLúª��ÂXeµ

[[p]]e = {i ∈ N | p ∈ L(ζi)}

[[X]]e = e(X)

[[¬φ]]e = N \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[Oφ]]e = {i ∈ N | i + 1 ∈ [[φ]]e}

[[µX.φ]]e = ∩{M ⊆ N | [[φ]]e[X/M] ⊆ M}

[[νX.φ]]e = ∪{M ⊆ N | M ⊆ [[φ]]e[X/M]}

½Â 5.6 �½�5(�〈S , ζ, L〉ÚνTLúªϕ"〈S , ζ, L〉 |= ϕ��=�0 ∈ [[ϕ]]"
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�÷v5µ �ϕ�νTLúª"ϕ´�÷v�§��=��3〈S , ζ, L〉¦�〈S , ζ, L〉 |= ϕ"

­óªÚ�dµ �ϕ�νTLúª"ϕ´­óª§P�|= ϕ§��=�é?¿〈S , ζ, L〉k〈S , ζ, L〉 |=

ϕ"ϕ�duψ§P�ϕ ≡ ψ§��=�|= (ϕ ∧ ψ) ∨ (¬ϕ ∧ ¬ψ)"

���f�éó'X�NNF�ªµ �¦^Ü6ë�Î∧,∨,¬�Ü6ë�Î¬�Ñy3·Kc

¡�úª¡�NNF�ª"z�νTLúª�du��νTL�NNF�ª"��νTL�NNF�ª�A^

±eéó'X�E"

¬(Op) ≡ O¬p

¬µX.φ ≡ νX.¬φ(¬X/X)

L�Uåµ νTLúªνX.(p ∧ OO(X))ØU^PLTLúªL«"

·K 5.13 νTL�L�UåruPLTL"

�÷v5�½¯Kµ �½νTLúª´Ä�÷v�¯K¡�νTL�÷v5¯K"νTL�÷v5

¯K�E,5�EXPTIME��"

½Â 5.7 �½IÒKripke�.M = 〈S ,R, I, L〉"M÷vνTLúªϕ§P�M |= ϕ§��=�é¤

kζ ∈ [[M]]k〈S , ζ, L〉 |= ϕ"

�.uÿ¯Kµ �½IÒKripke�.´Ä÷vνTLúª�¯K¡�νTL�.uÿ¯K"νTL�

.uÿ¯K�E,5�PSPACE��"

§5.2.2 PLTLúª�νTLúª�=�µ

PLTLúª�±w¤´νTL���fa§�^±e5KòPLTLúª=��νTLúª"

T (p) = p

T (¬ϕ) = ¬T (ϕ)

T (ϕ ∨ ψ) = T (ϕ) ∨ T (ψ)

T (Oϕ) = OT (ϕ)

T (ϕUψ) = µY.(T (ψ) ∨ (T (ϕ) ∧ OY))

·K 5.14 �½�5(�〈S , ζ, L〉ÚPLTLúªϕ"〈S , ζ, L〉 |= ϕ��=�〈S , ζ, L〉 |= T (ϕ)"

§5.2.3 ú²IÒKripke(�þ�LTL�Â

ÎÒ8ÜAPþ�LTLúª�3APþ�ú²IÒKripke(�þ)º"�½ú²IÒKripke(

�M = 〈S ,R, I, L, F〉�F = { f1, .., fk}"

�Â �M′ = 〈S ,R, I, L〉�M�Kú²�å�IÒKripke(�"M÷vLTLúªϕ��=�é¤

kM�ú²O�π§M′, π |= ϕ"·�k±e(Ø"

·K 5.15 M |= ϕ��=�M′ |= (
∧k

i=1 23 fi)→ ϕ"
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§5.3 ���5�SÜ6

���5�SÜ6^��Ü65£ãG�5�§äkL�Uår�`:"�½B = (F, P)þ

���Ü6"̂ pL«WFFB¥�?¿úª"Bþ����5�SÜ6úª�8ÜLTLd±e�

{�Ñ"

φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ | O φ |3 φ |2 φ | φ U φ | φ R φ

�½B�)ºI"�CþD��8Ü�Σ"

�.µ LTLúª��.M�Σω�f8"

�Âµ �ζ = ζ0ζ1ζ2 · · · ∈ Σω"ζ÷vϕ§P�ζ |= ϕ§½ÂXe"

ζ |= p ep ∈ WFFB�ζ0 |=I p

ζ |= ¬ϕ eζ 6|= ϕ

ζ |= ϕ ∨ ψ eζ |= ϕ½ζ |= ψ

ζ |= ϕ ∧ ψ eζ |= ϕ�ζ |= ψ

ζ |= ϕ→ ψ eζ |= ϕKζ |= ψ

ζ |= ϕ↔ ψ eζ |= ϕ→ ψ�ζ |= ψ→ ϕ

ζ |= Oϕ eζ1 |= ϕ

ζ |= 2ψ e∀i ≥ 0, ζ i |= ψ

ζ |= 3ϕ e∃i ≥ 0, ζ i |= ϕ

ζ |= ϕUψ e∃i ≥ 0.(ζ i |= ψ�∀0 ≤ j < i, ζ j |= ϕ)

ζ |= ϕRψ e∀i ≥ 0.(ζ i |= ψ½∃0 ≤ j < i, ζ j |= ϕ)

½Â 5.8 M |= ϕ§��=�é¤kζ ∈ MÑkζ |= ϕ"

�÷v5µ �ϕ�LTLúª"ϕ´�÷v�§��=��3M¦�ζ |= ϕ"

­óªÚ�dµ �ϕÚψ�LTLúª"ϕ´­óª§P�|= ϕ§��=�é?¿MkM |= ϕ"ϕ�

duψ§P�ϕ ≡ ψ§��=�|= ϕ↔ ψ"

��8µ ���5�SÜ6¥�S�f�p�m��L�5Ú·K�5�SÜ6aq"·

�k±e(Ø"

·K 5.16 {O,U}´LTL��S�f4���8"

ín5Kµ ^ϕ ⇒ ψL«2(ϕ → ψ)"�w, u ∈ QFFB���¢cúª(PÙCþ�x)�v�P¥

��¢cÎÒ"�W = {σ(x) | I(w)(σ) = true}�U = {σ(x) | I(w∧ u)(σ) = true}"e(W, I0(v))�Uf

Ä8Ü§K¡(w, u,v)½Â��fÄ8Ü"e(W, I0(v))�ûÄ8Ü§K¡(w,v)½Â�ûÄ8Ü"
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�e ∈ TB��§v�vk3úª¥ÑyL�Cþ§v�P¥��¢cÎÒ§w, u ∈ QFFB��

�¢cúª�(w, u,v)½Â�fÄ8Ü"�âLTLúª��Â§·�k±eín5K"

ϕ⇒ ψ

ϕ⇒ ϕ0Uψ

ϕ⇒ O(ψ)

ϕ⇒ O(ϕ0Uψ)

φ2 ⇒ ψ2

φ2 ∧ ¬ψ1 ⇒ O(ψ2Uφ2)

φ1 ⇒ ψ0 ∧ we
x

φ1 ∧ ¬ψ2 ⇒ ¬ue
x

φ1 ∧ e = v ⇒ O(φ1U(φ2 ∨ (φ1 ∧ e < v)))

ϕ ⇒ (φ1 ∨ φ2)

ϕ ⇒ ψ0U(ψ1Rψ2)

d±þín5K§��ÑXe5K^u/ª�ψ1Rψ2Úψ1Uψ2�úª�ín£Ù¥(w,v)½

Â�ûÄ8Ü¤"

φ2 ⇒ ψ2

φ2 ∧ ¬ψ1 ⇒ O(ψ2Uφ2)

ϕ ⇒ φ2

ϕ ⇒ ψ1Rψ2

φ1 ⇒ ψ0 ∧ we
x

φ1 ∧ e = v ⇒ O(φ1U(ψ1 ∨ (φ1 ∧ e < v)))

ϕ ⇒ (φ1 ∨ ψ1)

ϕ ⇒ ψ0Uψ1

ÏL?�Úz{��±eín5K(m>�5K�d�>5K��)"

ϕ⇒ ψ′

ψ′ ∧ ¬ϕ0 ⇒ Oψ′

ψ′ ⇒ ψ

ϕ⇒ ϕ0Rψ

ϕ⇒ ψ′

ψ′ ⇒ Oψ′

ψ′ ⇒ ψ

ϕ⇒ 2ψ

ϕ⇒ (ψ ∨ φ)

φ⇒ ϕ0 ∧ we
x

φ ∧ e = v⇒ O(ψ ∨ (φ ∧ e < v))

ϕ⇒ ϕ0Uψ

ϕ⇒ (ψ ∨ φ)

φ⇒ we
x

φ ∧ e = v⇒ O(ψ ∨ (φ ∧ e < v))

ϕ⇒ 3ψ
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5µ Äu¢cÜ6�[£�.Ï~éAu÷v�½�å�Σω�f8"'X·��±é�

.MV\±e�å"

eζ, ζ′ ∈ M�ζi = ζ′j§ Kζ0 · · · ζiζ
′
j+1ζ

′
j+2 · · · ∈ M

eζ ∈ M�ζi = ζ j�i < j§ Kζ0 · · · ζi−1(ζi · · · ζ j−1)ω ∈ M

eζ ∈ M�ζi = ζi+1§ Kζ = ζ0 · · · ζi−1(ζi)ω

§5.4 ~f

~ 5.1£1¤̂ �Ây²Op ≡ ¬O¬p"

yµ�½?¿IÒKripke�.M"�ζ�M�?¿O�"·�kXe�d'X"

ζ |= Op ⇔

ζ1 |= p ⇔

ζ1 6|= ¬p ⇔

ζ 6|= O¬p ⇔

ζ |= ¬O¬p

Ï
Op ≡ ¬O¬p"

£2¤̂ �Ây²pRq ≡ (qU(p ∧ q)) ∨2q"

yµ�½?¿IÒKripke�.M"�ζ�M�?¿O�"

£a¤l��m�%¹"

b�ζ |= pRq"

é?¿i ≥ 0§eé¤k j < iÑkζ j 6|= p§Kζ i |= q"

eé¤k j ≥ 0Ñkζ j 6|= p§@oé¤ki ≥ 0kζ i |= q§Ï
ζ |= 2q¤á"

ÄK�3��� j¦�ζ j |= p§@oé¤ki ≤ jkζ i |= q§Ï
ζ |= qU(p ∧ q)¤á"

£b¤lm���%¹"

b�ζ |= (qU(p ∧ q)) ∨2q"

eζ |= 2q§@oé¤ki ≥ 0kζ i |= q§Ï
ζ |= pRq¤á"

ÄKζ |= (qU(p ∧ q))¤á§�3��� j¦�ζ j |= p ∧ q�é¤ki < jkζ i |= q§Ï
ζ |=

(qU(p ∧ q))¤á"

£3¤̂ �Ây²pRq→ 2qØ¤á"

yµ�EAP = {p, q}þ��.M = (S ,R, I, L)Ù¥S = {s0, s1},R = {(s0, s1), (s1, s1)}, I =

{s0}, L(s0) = {p, q}, L(s1) = {}"

·�kM |= pRq�M 6|= 2q"Ï
�3Ø÷vpRq→ 2q��."

~ 5.2£1¤O�fØU^=^U�fÚ·KÜ6ë�ÎL«"

yµ½ÂM = 〈S ,R, I, L〉Ù¥S = {s0, s1, s2}§R = {(s0, s1), (s1, s2), (s2, s0)}§I = {s0}§L(s0) =

L(s1) = {}�L(s2) = {p}"

½ÂM′ = 〈S ,R, I′, L〉Ù¥I = {s1}"

·�kM 6|= Op�M′ |= Op"

�ϕ�=^U�fÚ·KÜ6ë�Î�E�úª"

eϕ��Ý�1"KM |= ϕ��=�M′ |= ϕ"
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b�éϕ0, ϕ1kM |= ϕ0��=�M′ |= ϕ0�M |= ϕ1��=�M′ |= ϕ1"

�ϕ´^ϕ0, ϕ1Ú·KÜ6ë�Î�E�úª§K´�M |= ϕ��=�M′ |= ϕ"

�ϕ = ϕ0Uϕ1"

�ζ = s0s1s2(s0s1s2)ω"

©±en«�¹?Ø"

• ζ0 |= ϕ1"

db��ζ1 |= ϕ1"Ï
·�kζ0 |= ϕ�ζ1 |= ϕ"

• ζ0 |= ¬ϕ1�ζ0 |= ϕ0"

·�kζ0 |= ϕ��=�ζ1 |= ϕ"

• ζ0 |= ¬ϕ1�ζ0 |= ¬ϕ0"

db��ζ1 |= ¬ϕ1�ζ1 |= ¬ϕ0"Ï
·�kζ0 |= ¬ϕ�ζ1 |= ¬ϕ"

Ï
M |= ϕ��=�M′ |= ϕ"

d8B{�é?¿�Ý�=^U�fÚ·KÜ6ë�Î�úªϕ§·�kM |= ϕ��=

�M′ |= ϕ"

Ï
OpØ�du?Ûù����úª"

£2¤U�fØU^=^O�fÚ·KÜ6ë�ÎL«"

yµ½ÂMk = 〈S k,R, I, L〉ÚM′k = 〈S k,R, I, L′〉Xe"

S k = {s0, s1, ..., sk}

R = {(s0, s1), (s1, s2), ..., (sk−1, sk), (sk, sk)}

I = {s0}

L(s0) = · · · = L(sk−1) = L(sk) = {}

L′(s0) = · · · = L′(sk−1) = {}

L′(sk) = {p}

·�kMk 6|= (¬p)U p�M′ |= (¬p)U p"

�ϕ�=^O�fÚ·KÜ6ë�Î�E�úª"

eϕ¥O��ê�1"Ké¤kk ≥ 1kMk |= ϕ��=�M′k |= ϕ"

b�éϕ0, ϕ1ké¤kk ≥ mkMk |= ϕ0��=�M′k |= ϕ0�Mk |= ϕ1��=�M′k |= ϕ1"

�ϕ´^ϕ0, ϕ1Ú·KÜ6ë�Î�E�úª§K´�é¤kk ≥ mkMk |= ϕ��=�M′k |=

ϕ"

�ϕ = Oϕ0"K´�é¤kk ≥ m + 1kMk |= ϕ��=�M′k |= ϕ"

d8B{�é=^m�OÚ?¿õ�·KÜ6ë�Î�úªϕ§·�kMm+1 |= ϕ��=

�M′m+1 |= ϕ"

Ï
(¬p)U pØ�du?Ûù����^k��OÚ?¿õ�·KÜ6ë�Î�E�úª"

~ 5.3£1¤̂ ínXÚy²p ∧2Op→ 2p"
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yµ̂ AiL«1i^�SÜ6ún"{üå�^a, b, c©O�L2Op,2(p→ Op), p→ 2p"·

�y²p ∧2Op→ 2pXe"

1 Op→ (p→ Op) AX

2 2(Op→ (p→ Op)) 1,G

3 2Op→ 2(p→ Op) 2, A2,MP

4 (a→ b)→ ((b→ c)→ (a→ c)) AX

5 (b→ c)→ (a→ c) 4, 3,MP

6 2Op→ (p→ 2p) 5, A6,MP

7 (2Op→ (p→ 2p))→ (p ∧2Op→ 2p) AX

8 p ∧2Op→ 2p 7, 6,MP

eòpÚOp��cJ^�§K2p�y²Xe"

1 p −

2 2Op −

3 Op→ (p→ Op) AX

4 2(Op→ (p→ Op)) 3,G

5 2Op→ 2(p→ Op) 4, A2,MP

6 2(p→ Op) 5, 2,MP

7 p→ 2p 6, A6,MP

8 2p 7, 1,MP

£2¤̂ ínXÚy²(Op→ Oq)→ O(p→ q)"

yµ^e, f©O�L(Op→ Oq),O(p→ q)"·�y²e→ fXe"

1 ¬p→ (p→ q) AX

2 2(¬p→ (p→ q)) G

3 O(¬p→ (p→ q)) A4,MP

4 O¬p→ f A8,MP

5 (¬Op↔ O¬p)→ ((O¬p→ f )→ (¬Op→ f )) AX

6 ¬Op→ O(p→ q)) A7, 4, 5,MP

7 q→ (p→ q) AX

8 2(q→ (p→ q)) G

9 O(q→ (p→ q)) A4,MP

10 Oq→ f A8,MP

11 (¬Op→ f )→ (Oq→ f )→ (e→ f ) AX

12 (e→ f ) 6, 10, 11,MP
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~ 5.4 �r, g, a�·K§ϕ�±eúª�Ü�"

2(r ∧ ¬a→ ((r ∧ ¬a)U(r ∧ a)))

2(r ∧ a→ ((r ∧ a)U(g ∧ ¬a)))

2(g ∧ ¬a)→ ((g ∧ ¬a)U((r ∧ ¬a) ∨ (g ∧ a)))

2(g ∧ a)→ ((g ∧ a)U(r ∧ ¬a)))

2(¬(r ∧ g))

r ∧ ¬a

er, gL«L�^�ùÉ��G�§aL«1<ULL�ÉÚUÜ£­EUØ�)�J¤�

G�§¬aL«1<�UL�ÉÚUÜ�G�"Kúªϕ�L«±e£ãµ

• Ð©G��ù��1<�UL�ÉÚUÜ"

• 1<U
ÉÚUÜ���ã�mù�C�É�§�3ùã�mSv{2UÉÚUÜ£½

ö`­EUØ�)�J¤"

• ù�C�É���§�k�/­EUL�ÉÚUÜ�g±�±É�"

• eù�C�É���vk1<UL�ÉÚUÜ§K�ã�m��É�C�ù�!�£Ð

©G�"

• eù�C�É���k1<UL�ÉÚUÜ§KUY�±É��3ùã�mSv{2U

ÉÚUÜ"

• eù�C�É����k1<ULL�ÉÚUÜ§KL�ã�m��É�C�ù�!�

£Ð©G�"

• ù�ÚÉ�ØUÓ�Ñy"

~ 5.5£1¤�APÚK3 = (S ,R, I, L)X~2.3¥¤½Â"̂ �.�Ây²K3 6|= 3(p3 ∨ p6)"

yµ}Áé�kÚlÐ©G�Ñu�k´»π¦�K3, π |=k 2¬(p3 ∨ p6)¤á"

£a¤k = 0�kXe�Ý�1�Ð©G�Ñu�k´»µs0 Ús1"ù
´»þØ÷v¤I^

�"

£b¤k = 1�kXeÐ©G�Ñu�k´»µs0s12, s1s12, s0s27, s1s27,"ù
´»þØ÷v¤

I^�"

£c¤u�k = 2�¤kÐ©G�Ñu�k´»§Ù¥π = s0s27s38´(2, 1)�´»�K3, π |=k

2¬(p3 ∨ p6)¤á"Ï
K3 6|= 3(p3 ∨ p6)"

£d¤d±þ©Û�(K3,3(p3 ∨ p6))�����K��k = 2§=^�.�ÂU
y²K3 6|=

3(p3 ∨ p6)���k"

£2¤�APÚS ,R′, I, LX~2.3¥¤½Â"-K′3 = (S ,R′, I, L)"̂ �.�Ây²K1 |= 3(p3∨p6)"

yµ}ÁÏékÚlÐ©G�Ñu�k´»π¦�M, π |=k 2¬(p3 ∨ p6)¤á"

d�.�ÂnØ�K′3 |= 3(p3 ∨ p6)���K�Ø�L|M| · 24"

3kl"���K����Ø�3Ð©G�Ñu�k´»π¦�K′3, π |=k 2¬(p3 ∨ p6)¤á§

Ï
K′3 |= 3(p3 ∨ p6)¤á"
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~ 5.6£1¤òPLTLúªGpz��d�gÄÅ��EXe"

£a¤òGp�¤⊥Rp§·�kÐ©!:n0 = ({⊥Rp}, {}, {})�a(n0) = {ε}"

£b¤üzXe"

label n a(n) eq

1 {⊥Rp}, {}, {} {ε} 11,12

11 {⊥, p}, {⊥Rp}, {} {ε} 11’

12 {p}, {⊥Rp}, {⊥Rp} {ε} 12’

11’ {}, {⊥, p,⊥Rp}, {} {ε} 0

12’ {}, {p,⊥Rp}, {⊥Rp} {ε}

2 {⊥Rp}, {}, {} {12′} 1

m©�·�k!:1§,�=z�11Ú12§,�ùü�!:©O=z�11′Ú12′"!:11′d

uØ�÷v�íØ£�m����0L«íØ¤§12′�)�U2§2�Óu1"

£c¤�K�¤=z��{�!:¿�Ü¿�Ó�!:§���e�!:�IÒ�12′"

£d¤·�kS = {12′}§I = {12′}"duØ�3�	��S�f�U�fúª§F = {}"dg

ÄÅ��E�{�Σ�{p}��8"∆ = {(12′, {p}, 12′)}"

d±þ�E�(Σ, S ,∆, I, F)´�duGp��B
..
uchigÄÅ"

£2¤òPLTLúªqUrz��d�gÄÅ��EXe"

£a¤·�kÐ©!:n0 = ({qUr}, {}, {})�a(n0) = {ε}"

£b¤üzXe"

label n a(n) eq

1 {qUr}, {}, {} {ε} 11,12

11 {r}, {qUr}, {} {ε} 11’

12 {q}, {qUr}, {qUr} {ε} 12’

11’ {}, {qUr, r}, {} {ε}

12’ {}, {qUr, q}, {qUr} {ε}

2 {}, {}, {} {ε, 11′}

3 {qUr}, {}, {} {ε, 12′} 1

4 {}, {}, {} {ε, 2} 2

m©�·�k!:1§,�=z�11Ú12§,�ùü�!:©O=z�11′Ú12′"d11′�

)�U2§d12′�)�U3"d2�)�U4"3Ú4©O�Óu2Ú1"

£c¤�K�¤=z�!:¿�Ü¿�Ó�!:§���e�!:�IÒ�11′, 12′, 2"

£d¤·�kS = {11′, 12′, 2}§I = {11′, 12′}§F = {{11′, 2}}"dgÄÅ��E�{�Σ�{q, r}�

�8"̂ aL«{q, r}�f8"∆�±e8Ü�¿8"

{(11′, a, 2) | a |= r}

{(12′, a, 31′) | a |= q}

{(2, a, 2) | a ⊆ {q, r}}
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d±þ�E�(Σ, S ,∆, I, F)´�duqUr��B
..
uchigÄÅ"

£3¤òPLTLúªpU(qUr)z��d�gÄÅ��EXe"

£a¤·�kÐ©!:n0 = ({pU(qUr)}, {}, {})�a(n0) = {ε}"

£b¤üzXe"

label n a(n) eq

1 {pU(qUr)}, {}, {} {ε} 11,12

11 {qUr}, {pU(qUr)}, {} {ε} 111,112

12 {p}, {pU(qUr)}, {pU(qUr)} {ε} 12’

111 {r}, {pU(qUr), qUr}, {} {ε} 111’

112 {q}, {pU(qUr), qUr}, {, qUr)} {ε} 112’

111’ {}, {pU(qUr), qUr, r}, {} {ε}

112’ {}, {pU(qUr), qUr, q}, {qUr)} {ε}

12’ {}, {pU(qUr), p}, {pU(qUr)} {ε}

2 {}, {}, {} {ε, 111′}

3 {qUr}, {}, {} {ε, 112′} 31,32

4 {pU(qUr)}, {}, {} {ε, 12′} 1

31 {r}, {qUr}, {} {ε, 112′} 31’

32 {q}, {qUr}, {qUr} {ε, 112′} 32’

31’ {}, {qUr, r}, {} {ε, 112′}

32’ {}, {qUr, q}, {qUr} {ε, 112′}

5 {}, {}, {} {ε, 111′, 2} 2

6 {}, {}, {} {ε, 112′, 31′} 2

7 {qUr}, {}, {} {ε, 112′, 32′} 3

£c¤�K�¤=z�!:¿�Ü¿�Ó�!:§���e�!:�IÒ�111′, 112′, 12′, 2, 31′, 32′"

£d¤·�k

S = {111′, 112′, 12′, 2, 31′, 32′}§

I = {111′, 112′, 12′}§

F = {{111′, 112′, 2, 31′, 32′}, {111′, 12′, 2, 31′}}"

dgÄÅ��E�{�Σ�{p, q, r}��8"̂ aL«{p, q, r}�f8"∆�±e8Ü�¿8"

{(111′, a, 2) | a |= r} {(112′, a, 31′) | a |= q}

{(112′, a, 32′) | a |= q} {(12′, a, 111′) | a |= p}

{(12′, a, 112′) | a |= p} {(12′, a, 12′) | a |= p}

{(2, a, 2) | a ⊆ {p, q, r}} {(31′, a, 2) | a |= r}

{(32′, a, 2) | a |= q} {(32′, a, 32′) | a |= q}

d±þ�E�(Σ, S ,∆, I, F)´�dupU(qUr)��B
..
uchigÄÅ"
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§5.5 öS

1. ^PLTL�Ây²2(p→ Op)→ (p→ 2p)¤á�)ºù�%¹'X�L5Ø¤á"

2. ^PLTLínXÚy²O(p ∨ q)↔ (Op ∨ Oq)"

3. ^PLTL�e&Ò�Cz�5�µ&Ò��gSÉ�ùCz§z�G�k��k��&Ò§

Ð©&Ò�ÉÚ§�Ú�Ê3��G�§ùÉÚ�±ëY3õ�G�þ¤á"

4. �APÚK′3 = (S ,R′, I, L)X~5.5¥¤½Â"�ϕ1 = (p1 ∨ p2)U p3Úϕ2 = (p1 ∨ p2)U(p3 ∨ p6)"

^�.�Ây²K′3 |= ϕ1Ø¤á�K′3 |= ϕ2¤á"

5. ©O�E�úª(p ∨ (qUr))Ú(Xp ∧ (qRr))�d�gÄÅ"
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§6 ©{�SÜ6

�Ù0��^±£ã§S�.5��©{�SÜ6"Ä��.¥���G�Ï~kõ�

�U��UG�Úõ^�UlTG�Ñu�´»"�5�SÜ6=L��5$1L§�5�"

L�ùa©{´»�5�KI�3Ü6¥V\´»þc"

§6.1 O�äÜ6CTL

�Äïá3·KÜ6þ�O�äÜ6§P�CTL"�½���f·K8ÜAP"̂ pL«AP¥

�?¿·K"PLTLúª�8Üd±e�{�Ñ"

φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ |

EX φ | EF φ | EG φ | E(φ U φ) | E(φ R φ) | AX φ | AF φ | AG φ | A(φ U φ) | A(φ R φ)

ÎÒEX, EF, EG, EU, ER, AX, AF, AG, AU, AR¡�CTL��S�f"

�.µ APþ�CTLúª3APþ�IÒKripke(�þ)º"

CTLúª��Âµ �½M = 〈S ,R, I, L〉"G�s ∈ S÷vCTLúªϕ§P�M, s |= ϕ§3M®(½

��¹½��s |= ϕ§½ÂXe"

s |= p ep ∈ AP�p ∈ L(s)

s |= ¬ϕ es 6|= ϕ

s |= ϕ ∨ ψ es |= ϕ½s |= ψ

s |= ϕ ∧ ψ es |= ϕ�s |= ψ

s |= ϕ→ ψ es |= ϕKs |= ψ

s |= ϕ↔ ψ es |= ϕ→ ψ�s |= ψ→ ϕ

s |= EXϕ e�3s��Uv¦�v |= ϕ

s |= EGψ e�3s�å:�Ã¡´»ζ¦�∀i ≥ 0, ζi |= ψ

s |= EFψ e�3s�å:�Ã¡´»ζ¦�∃i ≥ 0, ζi |= ψ

s |= E(ϕUψ) e�3s�å:�Ã¡´»ζ¦�∃i ≥ 0.(ζi |= ψ�∀0 ≤ j < i, ζ j |= ϕ)

s |= E(ϕRψ) e�3s�å:�Ã¡´»ζ¦�∀i ≥ 0.(ζi |= ψ½∃0 ≤ j < i, ζ j |= ϕ)

s |= AXϕ eé¤ks��Uvkv |= ϕ

s |= AGψ eé¤ks�å:�Ã¡´»ζk∀i ≥ 0, ζi |= ψ

s |= AFψ eé¤ks�å:�Ã¡´»ζk∃i ≥ 0, ζi |= ψ

s |= A(ϕUψ) eé¤ks�å:�Ã¡´»ζk∃i ≥ 0.(ζi |= ψ�∀0 ≤ j < i, ζ j |= ϕ)

s |= A(ϕRψ) eé¤ks�å:�Ã¡´»ζk∀i ≥ 0.(ζi |= ψ½∃0 ≤ j < i, ζ j |= ϕ)

½Â 6.1 M |= ϕ��=�é¤ks ∈ IkM, s |= ϕ"

�÷v5µ �ϕ�CTLúª"ϕ´�÷v�§��=��3IÒKripke(�M¦�M |= ϕ"

­óªÚ�dµ �ϕÚψ�CTLúª"ϕ´­óª§P�|= ϕ§��=�éIÒKripke(�MkM |=

ϕ"ϕ�duψ§P�ϕ ≡ ψ§��=�|= ϕ↔ ψ"
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�dúªµ �ϕÚψ�CTLúª"·�k±e�d�úªé"

AXϕ ≡ ¬EX¬ϕ

AGϕ ≡ ¬EF¬ϕ

AFϕ ≡ ¬EG¬ϕ

A(ϕRψ) ≡ ¬E(¬ϕU¬ψ)

A(ϕUψ) ≡ ¬E(¬ϕR¬ψ)

E(ϕUψ) ≡ ψ ∨ (ϕ ∧ EXE(ψU(ϕ ∧ ψ)))

E(ϕRψ) ≡ ψ ∧ (ϕ ∨ EXE(ψU(ϕ ∧ ψ)))

EFϕ ≡ E(>Uϕ)

EGϕ ≡ E(¬>Rϕ)

E(ϕRψ) ≡ E(ψU(ϕ ∧ ψ)) ∨ EGψ

·K 6.1 {EX, EG, EU}´CTL��S�f4���8"

NNF�ªµ �¦^Ü6ë�Î∧,∨,¬�Ü6é�Î¬�Ñy3·Kc¡�úª¡�NNF�ª"

·K 6.2 z�CTLúª�du��CTL�NNF�ª"

éz�CTLúª§·��±òÙ=�¤�d��¦^{∧,∨,¬}¥�·KÜ6é�ÎÚ{EX, EG, EU}¥

��S�f�úª§,�2UY¦^±þJ���d'XÚ±e�·KÜ6é�Î�'��

d'XòÙ=�¤�S�f3{EX, ER, EU, AX, AR, AU}¥�NNF�ªúª"

¬¬ϕ ≡ ϕ

¬(ϕ ∨ ψ) ≡ ¬ϕ ∧ ¬ψ

¬(ϕ ∧ ψ) ≡ ¬ϕ ∨ ¬ψ

�÷v5�½¯Kµ �½CTLúª´Ä�÷v�¯K¡�CTL�÷v5¯K"CTL�÷v5

¯K�E,5�EXPTIME��"

�.uÿ¯Kµ �½�.´Ä÷vCTLúª�¯K¡�CTL�.uÿ¯K"CTL�.uÿ¯

K�E,5�P��"

§6.1.1 CTLúª�ín

±{EX, EU, EG, EF, AX, AU, AG, AF}�CTLúª��S�f8"CTL�ínXÚ�¹±en

Ü©µ�Ü©�CTLª�'��SÜ6ún¶,�Ü©�·KÜ6�ínXÚ¶1nÜ©��

Sín5K"�p, q, r�CTLúª"

�SÜ6únµ
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EF p↔ E(>U p)

AGp↔ ¬EF¬p

AF p↔ A(>U p)

EGp↔ ¬AF¬p

EX(p ∨ q)↔ EXp ∨ EXq

AXp↔ ¬EX¬p

E(pUq)↔ (q ∨ (p ∧ EXE(pUq))

A(pUq)↔ (q ∨ (p ∧ AXA(pUq))

EX> ∧ AX>

AG(r → (¬q ∧ EXr))→ (r → ¬A(pUq))

AG(r → (¬q ∧ EXr))→ (r → ¬AFq)

AG(r → (¬q ∧ (p→ AXr)))→ (r → ¬E(pUq))

AG(r → (¬q ∧ AXr))→ (r → ¬EFq)

AG(p→ q)→ (EXp→ EXq)

·KÜ6ínXÚµ

£AX¤ep´·KÜ6�­óª�¢~§Kp´ún"

£MP¤e` p→ q�` p§K` q"

�Sín5Kµ

£G¤e` p§K` AGp"

·K 6.3 CTLínXÚ´������"

§6.1.2 CTL�.�Â

�½k¡G�IÒKripke(�M = 〈S ,R, I, L〉"

¡�Ýk + 1�´»�k´»"Pk´»�8Ü�Pk"

±e�Ä=^AX, AR, AU, EX, ER, EU�S�f�NNF�ª�CTLúª"

^π ∈ Pk(s)L«π´±s�å:�k´»"

^γ(π)L«π¥k­EÑy�G�§½ÂXe"

γ(π) =

k−1∨
i=0

k∨
j=i+1

πi = π j

^γ0(M, π, k, ϕ)L«±eúª£^u½Â6.2¥�.�Â|=k�½Â¤"

k∧
i=0

(M, πi 6|=k ϕ)→ γ(π)

½Â 6.2 �ϕ�CTLúª"�.�ÂM, s |=k ϕ½ÂXe"

M, s |=k p ep ∈ AP�p ∈ L(s)

M, s |=k ¬p eM, s 6|=k p

M, s |=k ϕ ∨ ψ eM, s |=k ϕ½M, s |=k ψ

M, s |=k ϕ ∧ ψ eM, s |=k ϕ�M, s |=k ψ

M, s |=k AXϕ ek ≥ 1�∀π ∈ Pk(s)§M, π1 |=k ϕ

M, s |=k A(ϕUψ) e∀π ∈ Pk(s)§∃i ≤ k,M, πi |=k ψ�∀ j < i,M, π j |=k ϕ

M, s |=k A(ϕRψ) e∀π ∈ Pk(s)§(∀i ≤ k.(∀ j < i.(M, π j 6|=k ϕ)→ (M, πi |=k ψ)))�γ0(M, π, k, ϕ)

M, s |=k EXϕ ek ≥ 1�∃π ∈ Pk(s)§M, π1 |=k ϕ

M, s |=k E(ϕUψ) e∃π ∈ Pk(s)§∃i ≤ k,M, πi |=k ψ�∀ j < i,M, π j |=k ϕ

M, s |=k E(ϕRψ) e∃π ∈ Pk(s)§(∀i ≤ k.(∀ j < i.(M, π j 6|=k ϕ)→ (M, πi |=k ψ)))�γ0(M, π, k, ϕ)
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·K 6.4 é¤kk ≥ 0§eM, s |=k ϕ§KM, s |=k+1 ϕ"

�(5���5µ

·K 6.5 M, s |= ϕ��=��3k ≥ 0¦�M, s |=k ϕ"

^M |=k ϕL«é¤kÐ©G�skM, s |=k ϕ"

íØ 6.1 M |= ϕ��=��3k ≥ 0¦�M |=k ϕ"

íØ 6.2 M 6|= ϕ��=��3k ≥ 0Ús ∈ I¦�M, s |=k ¬ϕ"

§6.2 CTLúª�ØÄ:L«���µü�

�½��APþ�Kripke(�M = 〈S ,R, I, L〉"

�½���CTLúªp"S�f8{s ∈ S | M, s |= p}P�[[p]]"½Â¼êex : 2S → 2SXeµ

ex(A) = {s ∈ S | ∃s′ ∈ S .((s, s′) ∈ R ∧ s′ ∈ A)}

·�k±e�ªµ

[[p]] = {s | p ∈ L(s)}

[[¬p]] = S \ [[p]]

[[p ∨ q]] = [[p]] ∪ [[q]]

[[EXp]] = ex([[p]])

[[EGp]] = [[p]] ∩ ex([[EGp]])

[[E(pUq)]] = [[q]] ∪ ([[p]] ∩ ex([[E(pUq)]])

d±þ�ª�[[EGp]]Ú[[E(pUq)]]©O´τ1(Z) = [[p]]∩ex(Z)Úτ2(Z) = [[q]]∪([[p]]∩ex(Z))�

ØÄ:"�âτ1Úτ2�½Â�τ1Úτ2k��Ú��ØÄ:"�âCTL�Â�[[EGp]]´τ1���

ØÄ:§[[E(pUq)]]´τ2���ØÄ:§=

[[EGp]] = νZ.([[p]] ∩ ex(Z))

[[E(pUq)]] = µZ.([[q]] ∪ ([[p]] ∩ ex(Z)))

aq/§Ù§���f��±^ØÄ:�x"

½Âax(A) = {s ∈ S | ∀s′ ∈ S .((s, s′) ∈ R→ s′ ∈ A)}"K[[AXp]] = ax([[p]])"

��BÖ�§·���òp, qw¤S�f8§�S�fÚ·KÜ6é�Îw¤´2Sþ�¼

ê"

AF p = µZ.(p ∨ AXZ)

AGp = νZ.(p ∧ AXZ)

A(pUq) = µZ.(q ∨ (p ∧ AXZ))

A(pRq) = νZ.(q ∧ (p ∨ AXZ))

EF p = µZ.(p ∨ EXZ)

EGp = νZ.(p ∧ EXZ)

E(pUq) = µZ.(q ∨ (p ∧ EXZ))

E(pRq) = νZ.(q ∧ (p ∨ EXZ))

·K 6.6 �½Kripke(�MÚCTLúªϕ"M, s |= ϕ��=�s ∈ [[ϕ]]"

íØ 6.3 �½IÒKripke(�MÚCTLúªϕ"M |= ϕ��=�I ∈ [[ϕ]]"
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§6.2.1 ��µü�

d'uCTL�?Ø·���CTLúª�±^�S�fAX,EX,·KCþÚØÄ:L«"3

ù«L«¥§·KCþ�±Ñy3AX, EX, µ, ν��"òù��å�K§·��±����L

�Uå�r�Ü6"¡���µü�½{¡�µü�"�½���f·K8ÜAP§��Cþ8

ÜV"̂ pL«AP¥?¿·K§XL«V¥?¿Cþ"�«{ü�µ-ü��úª�8Ü�d±e

�{�Ñ"

φ ::= p | X | ¬φ | φ ∧ φ | φ ∨ φ | 〈.〉φ | [.]φ | µX.φ | νX.φ

Ù¥µX.φÚνX.φ�φ¥ØÉ4�X7L3óê�¬ÎÒ��^���e"

�Ä��£ãµ écã{üµü��*¿§O\Ä��£ã§·��±���«U
£ãÄ

���S'X��SÜ6"�½���f·K8ÜAP§��Cþ8ÜV§Ú��Ä�8ÜA"

^pL«AP¥?¿·K§XL«V¥?¿Cþ§aL«A¥?¿Ä�"µü�úª�8Üd±e�

{�Ñ"

φ ::= p | X | ¬φ | φ ∧ φ | φ ∨ φ | 〈a〉φ | [a]φ | µX.φ | νX.φ

Ù¥µX.φÚνX.φ�φ¥ØÉ4�X7L3óê�¬ÎÒ��^���e"

µü�úª3VIÒ[£XÚþ��Â)ºµ �M = 〈Σ, S ,∆, I, L〉��f·K8APþ�VI

Ò[£XÚ§e : V → 2S�Cþ�Sf8�D�"µü�úª��ÂXeµ

[[p]]e = {s | p ∈ L(s)}

[[X]]e = e(X)

[[¬φ]]e = S \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[〈a〉φ]]e = {s | ∃s′.s
a
→s′ ∧ s′ ∈ [[φ]]e}

[[[a]φ]]e = {s | ∀s′.s
a
→s′ ⇒ s′ ∈ [[φ]]e}

[[µX.φ]]e = ∩{S ′ ⊆ S | [[φ]]e[X/S ′] ⊆ S ′}

[[νX.φ]]e = ∪{S ′ ⊆ S | S ′ ⊆ [[φ]]e[X/S ′]}

¤kCþÑ´É4Cþ�úª¡�4úª"4úª��ÂØÉe�K�"�M�VIÒ[

£XÚ§ϕ�4úª"ϕ3M¥��Â���[[ϕ]]"

½Â 6.3 M |= ϕ��=�I ⊆ [[ϕ]]"

�÷v5µ �ϕ�µü�úª"ϕ´�÷v�§��=��3M¦�M |= ϕ"

­óªÚ�dµ �ϕ�µü�úª"ϕ´­óª§P�|= ϕ§��=�é?¿MkM |= ϕ"ϕ�d

uψ§P�ϕ ≡ ψ§��=�|= (ϕ ∧ ψ) ∨ (¬ϕ ∧ ¬ψ)"
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���f�éó'X�NNF�ªµ Ü6ë�Î¬�Ñy3·Kc¡�úª¡�NNF�ª"z

�µü�úª�du��µü��NNF�ª"��µü��NNF�ª�A^±eéó'X�E"

[a]φ ≡ ¬〈a〉¬φ

µX.φ ≡ ¬νX.¬φ(¬X/X)

L�Uåµ µü�úªνX.(p ∧ [.][.](X))ØU^CTLúªL«"

·K 6.7 µü��L�UåruCTL"

�÷v5�½¯Kµ �½µü�úª´Ä�÷v�¯KE,5�EXPTIME��"

�.uÿ¯Kµ �½VIÒ[£XÚ´Ä÷vµü�úª�¯KE,5�NP ∩ coNP"

§6.2.2 CTLúª�µü�úª�=�

duCTLúªØV��Ä��£ã§�òCTL¤£ãXÚ¥�Ä�Ñ8�Ó�a"̂ :L

«Ä�§K�^±e5KòCTLúª=��µü�úª"

T (p) = p

T (¬ϕ) = ¬T (ϕ)

T (ϕ ∨ ψ) = T (ϕ) ∨ T (ψ)

T (EXϕ) = 〈.〉T (ϕ)

T (E(ϕUψ) = µY.(T (ψ) ∨ (T (ϕ) ∧ 〈.〉Y))

T (EGϕ) = νY.(T (ϕ) ∧ 〈.〉Y)

·K 6.8 �½APþ�IÒKripke�.M = 〈S ,R, I, L〉"½ÂVIÒ[£XÚM′ = 〈Σ, S ,∆, I, L〉Ù

¥Σ = {.}Ú∆ = {(s, a, s′) | (s, s′) ∈ R, a ∈ Σ}"�ϕ�CTLúª"M |= ϕ��=�M′ |= T (ϕ)"

§6.2.3 ú²IÒKripke(�e�CTL�Â

ÎÒ8ÜAPþ�CTLúª�3APþ�ú²IÒKripke(�þ)º"�½ú²IÒKripke(

�M = 〈S ,R, I, L, F〉�F = { f1, .., fk}"

�Â G�s ∈ S÷vCTLúªϕ§P�M, s |= ϕ§Ù�Â�CTLúª3IÒKripke(�þ)º�

)ºaq§=ò�3så:�Ã¡´»�¤�3så:�ú²´»§é¤kså:�Ã¡´»�

¤é¤kså:�ú²´»"

ØÄ:L« ��B«©§^EX f , EU f , EG fL«ú²IÒKripke(�þ�CTL5���A�

f§�,^EX, EU, EGL«�Kú²�å�IÒKripke(�þ�CTL5�"^ f airL«ú²G

�8Ü"òúªn)�G�8Ü"·�k±e�ª"

f air = νZ.(
∧k

i=1 EX(EF(Z ∧ fi)))

EX f p = EX(p ∧ f air)

E(pU f q) = E(pU(q ∧ f air))

EG f p = νZ.(p ∧
∧k

i=1 EX(E(pU(Z ∧ fi))))
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�ϕ��S�f3{EX f , EU f , EG f }¥�CTLúª"

·K 6.9 M |= ϕ��=�I ⊆ ϕ"

§6.3 O�äÜ6CTL*

duCTL¥£ã©{�¹Ú£ãG��c�'X��f¤éÑy§3�½§Ýþ��


CTL�L�Uå"·��±òÙ
m¦^"ù�Ü6P�CTL*"�½���f·K8ÜAP"

^pL«AP¥?¿·K"CTL*úª�8Üd±e�{�Ñ"

φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ | X φ | F φ |G φ | φ U φ | φ R φ | Aφ | Eφ

·��±òCTL*¥�úª©�G�úªÚ´»úª"

ep ∈ AP§ Kp´G�úª

eϕÚψ´G�úª§ K¬ϕ, ϕ ∨ ψ, ϕ ∧ ψ´G�úª

eϕ´´»úª§ KEϕÚAϕ´G�úª

eϕ´G�úª§ Kϕ´´»úª

eϕÚψ´´»úª§ K¬ϕ, ϕ ∨ ψ, ϕ ∧ ψ, Xϕ, Fϕ,Gϕ, ϕUψ, ϕRψ´´»úª

�.µ APþ�CTL*úª3APþ�IÒKripke(�þ)º"

CTL*�Âµ �M = 〈S ,R, I, L〉´APþ�Kripke(�"CTL*úª��ÂXeµ

M, s |= p ep ∈ AP�p ∈ L(s)

M, s |= ¬ϕ eM, s 6|= ϕ

M, s |= ϕ ∨ ψ eM, s |= ϕ½M, s |= ψ

M, s |= ϕ ∧ ψ eM, s |= ϕ�M, s |= ψ

M, s |= Aϕ eéu¤kM¥s�å:�´»πµM, π |= ϕ

M, s |= Eϕ e�3M¥s�å:�´»πµM, π |= ϕ

M, π |= p ep ∈ AP�M, π0 |= p

M, π |= Aϕ eM, π0 |= Aϕ

M, π |= Eϕ eM, π0 |= Eϕ

M, π |= ¬ϕ eM, π 6|= ϕ

M, π |= ϕ ∨ ψ eM, π |= ϕ½M, π |= ψ

M, π |= ϕ ∧ ψ eM, π |= ϕ�M, π |= ψ

M, π |= Xϕ eM, π1 |= ϕ

M, π |= Gψ e∀i ≥ 0,M, πi |= ψ

M, π |= Fϕ e∃i ≥ 0,M, πi |= ϕ

M, π |= ϕUψ e∃i ≥ 0,M, πi |= ψ�∀0 ≤ j < i,M, π j |= ϕ

M, π |= ϕRψ e∀i ≥ k,e∀0 ≤ j < i,M, π j 6|= ϕKM, πi |= ψ

½Â 6.4 �ϕ�CTL*G�úª§M�Kripke(�"M |= ϕ��=�é¤ks ∈ I§M, s |= ϕ"
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�÷vúªµ �ϕ�CTL*G�úª"ϕ´�÷v�§��=��3M¦�M |= ϕ"

­óªÚ�dµ �ϕ�CTL*G�úª"ϕ´­óª§P�|= ϕ§��=�é?¿MkM |= ϕ"ϕ�

duψ§P�ϕ ≡ ψ§��=�|= (ϕ ∧ ψ) ∨ (¬ϕ ∧ ¬ψ)"

L�Uåµ PLTLÚCTL´CTL*�f8"�PLTL!CTLÚCTL*Ñ3Kripke(�þ)º"�

�PLTLúªϕ�du��CTL*úªAϕ"ù�PLTLúªÒ�±w¤´G�úª"3ù��)

ºe§·��±'�PLTL!CTLÚCTL*�G�úª"·�k±e(Ø"

CTLúªAGEF pØU^PLTLL«"

PLTLúªF(p ∧ Xp)ØU^CTLL«"

CTL*úªE(GF p)ØU^CTLL«§ØU^PLTLL«"

·K 6.10 PLTLÚCTL�L�Uå�3pÖ'X�CTL*�L�UåruPLTLÚCTL�¿8"

�÷v5�½¯Kµ �½CTL*úª´Ä�÷v�¯KE,5�V�ê�m��"

�.uÿ¯Kµ �½IÒKripke�.´Ä÷vCTL*úª�¯KE,5�PSPACE��"

§6.4 ~f

~ 6.1 �AP = {p0, p1, p2, p3, p4, q0, q1, q2}"½ÂS ,R, I, LXe"
S = {s0, s1, s2, s3, s4, s5}"

R = {(s0, s1), (s0, s2), (s1, s3), (s1, s5), (s2, s5), (s2, s4), (s3, s4), (s3, s5), (s4, s5), (s5, s0)}"

I = {s0}"

L½ÂXe"

L(s0) = {p0, q0}

L(s1) = {p1, q0}

L(s2) = L(s3) = {p2, q0}

L(s4) = {p4, q1}

L(s5) = {p3, q2}

KK = (S ,R, I, L)�IÒKripke�."

£1¤éCTL5�ϕ0 = E(q0Uq2)ÚCTL5�ϕ1 = AG(q0 ∨ q2)§·�kXe(Ø"

K 6|=0 ϕ0 K 6|=0 ¬ϕ0

K 6|=1 ϕ0 K 6|=1 ¬ϕ0

K |=2 ϕ0 K 6|=2 ¬ϕ0

K 6|=0 ϕ1 K 6|=0 ¬ϕ1

K 6|=1 ϕ1 K 6|=1 ¬ϕ1

K 6|=2 ϕ1 K |=2 ¬ϕ1

Ï
�.÷vϕ0��±(½�.÷vE(q0Uq2)����.�k = 2§�.Ø÷vϕ1��±

(½�.Ø÷vAG(q0 ∨ q2)����.Ó��k = 2"

~ 6.2 �APÚK = (S ,R, I, L)X~6.1¥¤½Â"
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£1¤·�kE(q0Uq2) = µZ.(q2 ∨ (q0 ∧ EXZ))"�âØÄ:�{§[[E(q0Uq2)]]�O�L§X

e"
S 0 = f alse = {}

S 1 = q2 = {s5}

S 2 = {s5} ∪ ({s0, s1, s2, s3} ∩ {s1, s2, s3, s4} = {s1, s2, s3, s5}

S 3 = {s5} ∪ ({s0, s1, s2, s3} ∩ {s0, s1, s2, s3, s4} = {s0, s1, s2, s3, s5}

S 4 = {s5} ∪ ({s0, s1, s2, s3} ∩ {s0, s1, s2, s3, s4, s5} = S 3

Ï
[[E(q0Uq2)]] = {s0, s1, s2, s3, s5}"

£2¤·�kAG(q0 ∨ q2) = νZ.((q0 ∨ q2) ∧ AXZ))"�âØÄ:�{§[[AG(q0 ∨ q2)]]�O�L

§Xe"
S 0 = true = {s0, s1, s2, s3, s4, s5}

S 1 = q0 ∨ q2 = {s0, s1, s2, s3, s5}

S 2 = {s0, s1, s2, s3, s5} ∩ {s0, s1, s4, s5} = {s0, s1, s5}

S 3 = {s0, s1, s2, s3, s5} ∩ {s4, s5} = {s5}

S 4 = {s0, s1, s2, s3, s5} ∩ {s4} = {}

S 5 = {s0, s1, s2, s3, s5} ∩ {} = S 4

Ï
[[AG(q0 ∨ q2)]] = {}"

£3¤d±þO���.÷vE(q0Uq2)��.Ø÷vAG(q0 ∨ q2)"

~ 6.3 �APÚS ,R, I, LX~6.1¥¤½Â"�Σ = {1, 2, qc, qq}"½Â∆�±e8Ü�¿8"

{(s0, 1, s1), (s0, 2, s2)}

{(s1, 1, s3), (s1, 2, s5)}

{(s2, 1, s5), (s2, 2, s4)}

{(s3, 2, s4), (s3, 1, s5)}

{(s4, qq, s5), (s5, qc, s0)}

KK′ = (Σ, S ,∆, I, L)�VIÒ[£XÚ"

£1¤µZ.(q2 ∨ 〈1〉Z)�O�L§Xe"

S 0 = f alse = {}

S 1 = q2 ∨ 〈1〉{} = {s5}

S 2 = {s5} ∪ {s2, s3} = {s2, s3, s5}

S 3 = {s5} ∪ {s1, s2, s3} = {s1, s2, s3, s5}

S 4 = {s5} ∪ {s0, s1, s2, s3} = {s0, s1, s2, s3, s5}

S 5 = {s5} ∪ {s0, s1, s2, s3} = S 4

Ï
µZ.(q2 ∨ 〈1〉Z) = {s0, s1, s2, s3, s5}"
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£2¤νZ.(¬q2 ∧ [1]Z)�O�L§Xe"

S 0 = true = {s0, s1, s2, s3, s4, s5}

S 1 = ¬q2 ∧ [1]{s0, s1, s2, s3, s4, s5} = {s0, s1, s2, s3, s4}

S 2 = {s0, s1, s2, s3, s4} ∩ {s0, s1, s4, s5} = {s0, s1, s4}

S 3 = {s0, s1, s2, s3, s4} ∩ {s0, s4, s5} = {s0, s4}

S 4 = {s0, s1, s2, s3, s4} ∩ {s4, s5} = {s4}

S 5 = {s0, s1, s2, s3, s4} ∩ {s4, s5} = S 4

Ï
νZ.(¬q2 ∧ [1]Z) = {s4}"

dνÚµ�éó'X½��νZ.(¬q2 ∧ [1]Z) = ¬µZ.(q2 ∨ 〈1〉Z) = {s4}"

£3¤µZ.(¬q2 ∨ [1]Z)�O�L§Xe"

S 0 = f alse = {}

S 1 = q2 ∨ [1]{} = {s4, s5}

S 2 = {s5} ∪ {s2, s3, s4, s5} = {s2, s3, s4, s5}

S 3 = {s5} ∪ {s1, s2, s3, s4, s5} = {s1, s2, s3, s4, s5}

S 4 = {s5} ∪ {s0, s1, s2, s3, s4, s5} = {s0, s1, s2, s3, s4, s5}

S 5 = {s5} ∪ {s0, s1, s2, s3, s4, s5} = S 4

Ï
µZ.(¬q2 ∨ [1]Z) = {s0, s1, s2, s3, s4, s5}"

£4¤d±þO���.÷vµZ.(q2 ∨ 〈1〉Z)ÚµZ.(¬q2 ∨ [1]Z)��.Ø÷vνZ.(¬q2 ∧ [1]Z)"

~ 6.4£1¤CT LúªAGEF pØU^LT LúªL«"

yµ½ÂM = 〈S ,R, I, L〉Ù¥

S = {s0, s1}§

R = {(s0, s0), (s0, s1), (s1, s1)}§

I = {s0}§

L(s0) = {}, L(s1) = {p}"

½ÂM′ = 〈S ′,R′, I′, L′〉Ù¥S ′ = {s0}§R′ = {(s0, s0)}§I′ = {s0}§L′(s0) = {}"

·�kM |= AGEF p�M′ 6|= AGEF p"

�AGEF pU^LT LúªϕL«"KM |= ϕ�M′ 6|= ϕ"

�â�Â§duM′�O�´M�O����f8§·�kM |= ϕ%¹M′ |= ϕ§�M′ 6|= ϕg

ñ"

Ï
AGEF pØU^LT LúªL«"

£2¤LTLúªF(p ∧ Xp)ØU^CT LúªL«"

yµ½ÂM1,N1,Mi+,Ni+1Xe"
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M1 = 〈S 1,R1, I1, L1〉Ù¥

S 1 = {s2, s1, s0}§

R1 = {(s2, s1), (s1, s0), (s0, s0)}§

I1 = {s2}§

L1(s2) = L1(s1) = {p}�L1(s0) = {}"

N1 = 〈S ′1,R
′
1, I
′
1, L

′
1〉Ù¥

S ′1 = {s′2, s
′
1}§

R′1 = {(s′2, s
′
1), (s′1, s

′
1)}§

I′1 = {s′2}§

L′1(s′2) = {p}�L′1(s′1) = {}"

Mi+1 = 〈S i+1,Ri+1, Ii+1, Li+1〉Ù¥

S i+1 = S i ∪ S ′i ∪ {s2i+2, s2i+1}§

Ri+1 = Ri ∪ R′i ∪ {(s2i+2, si+1), (s2i+1, s2i), (s2i+2, s2i), (s2i+2, s′2i)}§

Ii+1 = {s2i+2}§

Li+1 = Li ∪ L′i ∪ {(s2i+2, {p}), (s2i+1, {})}"

Ni+1 = 〈S ′i+1,R
′
i+1, I

′
i+1, L

′
i+1〉Ù¥

S ′i+1 = S i ∪ S ′i ∪ {s
′
2i+2, s

′
2i+1}§

R′i+1 = Ri ∪ R′i ∪ {(s′2i+2, s
′
i+1), (s′2i+1, s

′
2i), (s′2i+2, s

′
2i), (s′2i+2, s2i)}§

I′i+1 = {s′2i+2}§

L′i+1 = Li ∪ L′i ∪ {(s′2i+2, {p}), (s′2i+1, {})}"

·�kMi+1 |= F(p ∧ Xp)�Ni+1 6|= F(p ∧ Xp)"

�ÄCTL�fEX, EG, EU"�ϕ�=^{EX, EG, EU}�fÚ·KÜ6ë�Î�E�CTLúª"

eϕ��Ý�i§Ké¤kk ≥ ikMk |= ϕ��=�Nk |= ϕ"

Ï
F(p ∧ Xp)ØU^CT LúªL«"

§6.5 öS

1. ©O^CTL�ÂÚínXÚy²AG(p→ AXp)→ (p→ AGp)"

2. �KX~6.1¥¤½Â"̂ �.�Â�yT�.´Ä÷vA(q0Uq1)ÚEG(q0 ∨ q1)¿?Ø��

��±(½�.´Ä÷v±þúª�."

3. �KX~6.1¥¤½Â"^ØÄ:�{O�[[A(q0Uq1)]]Ú[[EG(q0 ∨ q1)]]¿?Ø�.´Ä÷

vA(q0Uq1)ÚEG(q0 ∨ q1)"

4. �K′X~6.3¥¤½Â"̂ ØÄ:�{O�µZ.(q1 ∨ 〈1〉Z)ÚµZ.(q1 ∨ 〈2〉Z)¿?Ø�.´Ä÷

vµZ.(q1 ∨ 〈1〉Z)ÚµZ.(q1 ∨ 〈2〉Z)"

5. ?Ø÷vúªA((p∨ q)Ur), A((pUr)∨ (qUr))�A(pUr)∨ A(qUr)��.�A:!�Ñù
ú

ª�m�rf'X"
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§7 ÄuüÌín��y�{

�Ù0��yCþ[£�.´Ää��½5��üÌín�{(Deductive Reasoning)"�

Ù��.±��Ü6�Ä:"±eb½B = (F, P)±9B�)ºI = (D, I0)��½"

§7.1 ¥ª[£�.�ín

�!0�¥ª[£�.����5�SÜ65��ÄuüÌín��y�{"�½Cþ

8ÜV"�M = (T,Θ)��½�(B,V)þ�¥ª[£�."�B�)ºI��½"�!^ϕ, ψL«

��Ü6úª"

½Â 7.1 �θ����5�SÜ6úª"�.M÷vθ§P�M |=I θ§��=�M�1�÷vθ§

=[[M]] |= θ"

��Bå�§·�^ϕ⇒ ψL«M |=I 2(ϕ→ ψ)"

±e�Ä/Xϕ0 ⇒ (ϕ1Uϕ2)Úϕ0 ⇒ (ϕ1Rϕ2)����SÜ65���y"

·K 7.1 ϕ´M�S�5�§��=�M |=I 2ϕ"

·K 7.2 ϕ´M�7�5�§��=�M |=I 3ϕ"

äó��f°tcäóµ

½Â 7.2 �S�[£8Ü"½Âσ
S
→σ′��=��3t ∈ S¦�σ

t
→σ′"

½Â 7.3 �S�[£8Ü"½Â|=I {ϕ}S {ψ}��=�I(ϕ)(σ)→ ∀σ′.((σ
S
→σ′)→ I(ψ)(σ′))"

·K 7.3 �Z = X ∪ Y�[£8Ü"K|=I {ϕ}Z{ψ}��=�|=I {ϕ}X{ψ}�|=I {ϕ}Y{ψ}"

½Â 7.4 �S�[£8Ü"úªϕ¡�(S , ψ)��f°tcäó§P�ϕ = wlp(S , ψ)§��=�

I(ϕ)(σ)↔ ∀σ′.((σ
S
→σ′)→ I(ψ)(σ′))"

·K 7.4 �S�[£8Ü"ϕ = wlp(S , ψ)��=�|=I {ϕ}S {ψ}�e|=I {ϕ
′}S {ψ}Kϕ′ → ϕ"

·K 7.5 �S�[£8Ü"|=I {ϕ}S {ψ}��=�ϕ→ wlp(S , ψ)"

·K 7.6 �Z = X ∪ Y�[£8Ü"Kwlp(Z, ψ)↔ wlp(X, ψ) ∧ wlp(Y, ψ)

�f°tcäó�O�µ �S�[£8Ü"½Â[S ]ψXeµ

[{}]ψ = >

[{p −→ (x1, ..., xn) := (e1, ..., en)}]ψ = (p→ ψ[x1/e1] · · · [xn/en])

[S ]ψ =
∧

t∈S [{t}]ψ

·K 7.7 �S�[£8Ü"wlp(S , ψ) ≡ [S ]ψ"

íØ 7.1 �S�[£8Ü"|=I {ϕ}S {ψ}��=�ϕ→ [S ]ψ"

99



�S�fOµ

·K 7.8 ϕ⇒ Oψ��=�é¤k��G�σ§I(ϕ)(σ)→ ∀σ′.((σ
M
→σ′)→ I(ψ)(σ′))"

½Â 7.5 �S�[£8Ü§t ∈ S�p −→ (x1, ..., xn) := (e1, ..., en)"½ÂE(t) = p�E(S ) =
∨

t∈S E(t)"

½ÂT + = T ∪ {¬E(T ) −→ (x1) := (x1)}"

·K 7.9 ϕ⇒ Oψ��=�é¤k��G�σ§I(ϕ)(σ)→ ∀σ′.((σ
T +

→σ′)→ I(ψ)(σ′))"

·K 7.10 ϕ⇒ Oψ��=�ϕ⇒ wlp(T +, ψ)

íØ 7.2 ϕ⇒ Oψ��=�ϕ⇒ [T +]ψ"

·�k[T +]ψ = ([T ]ψ) ∧ (E(T ) ∨ ψ)"

íØ 7.3 ϕ⇒ Oψ��=�ϕ⇒ [T ]ψ�ϕ⇒ (E(T ) ∨ ψ)"

Ð©^�Θµ

·K 7.11 �θ����5�SÜ6úª"M |=I θ��=�M |=I Θ→ θ"

íØ 7.4 eΘ→ ϕ�ϕ⇒ 2ψ§Kψ´M�S�5�"

íØ 7.5 eΘ→ ϕ�ϕ⇒ 3ψ§Kψ´M�7�5�"

ín5Kµ nÜ±þSN§·�k±eín5K§�)[£5K§[£8Ü5K§e���

5K§íØ5K§Ð©G�5K"cü�5K�é[£Ú[£8Ü§�n�5K�é�½�

.M = (T,Θ)"

ϕ ∧ p→ ψ[x1/e1] · · · [xn/en]

ϕ→ [{p −→ (x1, ..., xn) := (e1, ..., en)}]ψ

ϕ→ [S 0]ψ ϕ→ [S 1]ψ

ϕ→ [S 0 ∪ S 1]ψ

ϕ→ (E(T ) ∨ ψ) ϕ→ [T ]ψ

ϕ⇒ Oψ

ϕ′ ⇒ ϕ ϕ⇒ Oψ ψ⇒ ψ′

ϕ′ ⇒ Oψ′
M |=I Θ→ θ

M |=I θ

�Ñ5Kµ �e ∈ TB��§v�P¥��¢cÎÒ§w ∈ QFFB���¢cúª(PÙCþ

�x)�W = ({σ(x) | I(w)(σ) = true}, I0(v)) �ûÄ8Ü§v�vk3úª¥ÑyL�Cþ"(

Ü���5�SÜ6�ín5KÚ±þ��.�'�ín5K§·�k±e5K"
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ϕ⇒ φ

(φ ∧ ¬ϕ0)→ [T ]φ

φ→ ψ

ϕ⇒ ϕ0Rψ

ϕ⇒ φ

φ→ [T ]φ

φ→ ψ

ϕ⇒ 2ψ

ϕ⇒ (ψ ∨ φ)

φ→ (ϕ0 ∧ we
x ∧ (E(T ) ∨ ψ))

(φ ∧ e = v)→ [T ](ψ ∨ (φ ∧ e < v))

ϕ⇒ ϕ0Uψ

ϕ⇒ (ψ ∨ φ)

φ→ (we
x ∧ (E(T ) ∨ ψ))

(φ ∧ e = v)→ [T ](ψ ∨ (φ ∧ e < v))

ϕ⇒ 3ψ

éuín5K�¦^§·�I��Eín5KcJ¥¦^�eÚw���"eB = (F, P)�

L�UåØ
§l¢SA^�Ä§�éB?1·�*ÐÚO\�A)º§±Bu½ÂeÚw�

��"

§7.2 6§ã�.�ín

éu6§ã�.§DÚ�5��)Ü©�(Ú���("ù
5��å�´�.$1ª

��§S�CþG�§±9�.$1´ÄU
ª�"�!0�6§ã�.�ù
�(5¯K

�ÄuüÌín��y�{"

�T��½�(B,V)þ�6§ã�."

½Â�.��Â¼ê�CþG��CþG�� ¼êMI(T ) : Σ ↪→ ΣXe"

MI(T )(σ) =
{ σ′ e(beg, σ)

∗
→(end, σ′)"

Ã½Â eØ�3σ′¦�(beg, σ)
∗
→(end, σ′)"

MI(T )(σ)k½Â½ö`�.T3Ð©CþG��σ��$1ª�P�MI(T )(σ) ↓"�pÚq´

ü�úª"

• Ü©�(5µ|=I {p}T {q}��=�∀σ.(I(p)(σ)→ (MI(T )(σ) ↓→ I(q)(MI(T )(σ))))¶

• ª�5µ|=I [p]T [true]��=�∀σ.(I(p)(σ)→ (MI(T )(σ) ↓))"

• ���(5µ|=I [p]T [q]��=�∀σ.(I(p)(σ)→ (MI(T )(σ) ↓ ∧I(q)(MI(T )(σ))))"

§7.2.1 ��y²

éuÜ©�(�¦
ó(�c�¢cÚ��¢c©O�ϕÚψ)§y²�.÷vÜ©�(�

�«g´´b��.�$1�

(beg, σ0), (l1, σ1), ..., (ln−1, σn−1), (end, σn)

,�y²eϕ(σ0)Kψ(σn)"

éuª�
ó(�c�¢c�ϕ)§�«y²g´´b��.�$1Øª�

(beg, σ0), (l1, σ1), ...,
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@oÒ¬k,�l ∈ LB3$1¥ÑyÃ�õg",�y²eϕ(σ0)¤áKl3,gÑy�§

�Ù¤éA�σØ÷v�U
£��1½Âl��-�^�"

���(5�±©¤Ü©�(Úª�ü�¡�y²"

XJ��y²���(5§@o�«g´´Äkb��.�$1�

(beg, σ0), (l1, σ1), ......

,�y²eϕ(σ0)¤áKÏLng(n�Ð©CþG�σ0�')G�Cz�§·�kln = end�ψ(σn) =

true"

§7.2.2 Äu´»�ín

±þ��y²g´´Äué�.$1L§�©Û"éu{ü�§S§Tg´´�1�"é

uE,��.§��­���K´ò����¯K©)¤��¯K"é6§ã�.
ó§·

��±ò�.�$1©¤ØÓ�¡ã§dù
¡ã��(5í����.��(5"�.¡

ã^IÒS��x"¡IÒS��´»"

½Â 7.6 �½�.T"IÒS�(l0, l1, ..., ln)´T�´»��=�n > 0�é¤k0 ≤ i < n§li+13li�

½Â¥Ñy"

�α = (l0, l1, ..., ln)��´»"́ »��Â½ÂXe"

MI(α)(σ0) =
{ σn e�3{σ1, ..., σn} ⊆ Σ

¦�(l0, σ0)→ (l1, σ1)→ · · · → (ln, σn)"

Ã½Â eØ�3ù��G�8"

MI(α)(σ)k½Â½ö`´»α3Ð©CþG��σ��$1�¤P�MI(α)(σ) ↓"

·K 7.12 el0 = beg�ln = endKα = (l0, l1, ..., ln)¡���´»"MI(T )(σ) = σ′��=��3�

�´»α¦�MI(α)(σ) = σ′"

^σ
α
→σ′L«MI(α)(σ) ↓ ∧σ′ = MI(α)(σ)"�α�´»§pÚq�úª"aqu�.�(5§·

�½Â´»�Ü©�(5"

½Â 7.7 α3I)ºeéupÚqÜ©�(§P�|=I {p}α{q}§e∀σ.(I(p)(σ)→ ((σ
α
→σ′)→ I(q)(σ′)))"

íØ 7.6 |=I {p}T {q}��=�é¤k��´»αk|=I {p}α{q}"

½Â 7.8 �α�´», pÚq´ü�úª"p¡�αÚq��f°tcäó§P�p = wlp(α, q)§��

=�I(p)(σ)↔ ((σ
α
→σ′)→ I(q)(σ′))"

·K 7.13 p ≡ wlp(α, q)��=�|=I {p}α{q}�e|=I {p′}α{q}Kp′ → p"

·K 7.14 |=I {p}α{q}��=�p→ wlp(α, q)"

�α = (l1, ..., lk), β = (l′1, ..., l
′
m)�´»"elk = l′1§K¡α�β��ë�´»§Pα ·β�dα�βë

�)¤�´»(l1, ..., lk−1, l′1, ..., l
′
m)"

·K 7.15 �γ = α · β�´»"e|=I {p}α{q}�|=I {q}β{r}§K|=I {p}γ{r}"

·K 7.16 �γ = α · β�´»"wlp(γ, q) ≡ wlp(α,wlp(β, q)).
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�f°tcäó�O�µ �α = (l0, ..., lk)�´»"½Â[α]qXe"

k = 1

T¥�3�-l0: (v1, ..., vn) := (e1, ..., en) goto l1
[α]q = q[v1/e1] · · · [vn/en].

T¥�3�-l0: if (b) goto l else goto l′ fi

[α]q =
{ b→ q el = l1;

¬b→ q el′ = l1"

k > 1 [α]q = [(l0, ..., lk−1)][(lk−1, lk)]q

·K 7.17 wlp(α, q) ≡ [α]q"

íØ 7.7 |=I {p}α{q}��=�p→ [α]q"

p→ [α]q¡�{p}α{q}��y^�§P�vc(p, α, q)"

Äu8Bäó�Ü©�(5y²µ

½Â 7.9 �T��.§C�IÒ8Ü"½ÂγT (C)Xeµ

(l0, ..., lk) ∈ γT (C)��=�(l0, ..., lk)´T�´»§l0, lk ∈ C�l1, ..., lk−1 < C"

·K 7.18 �C´IÒ8Ü, beg, end ∈ C, T�z�Ì���k��IÒ�¹uC�C¥�z�I

Òlk��éA�úªql"e∀α = (l0, ..., lk) ∈ γT (C), |=I ql0 → [α]qlk§K|= {qbeg}T {qend}"

ª�5�A:µ ª�5Ø´��5�"±e�.3���âPA (Peano Arithmetic)�IO�

.eé?¿Ñ\U
ª�§�3PA��IO�.¿Ø�½ª�"

beg: (x) := (0) goto test

test: if x = y then goto end else goto loop fi

loop: (x) := (x + 1) goto test

Äu¢c�ª�5y²µ

·K 7.19 �C´IÒ8Ü, beg ∈ C, T�z�Ì���k��IÒ�¹uC�C¥�z�IÒlk

��éA�úªql"(W,v)´�WFS"C′ ⊆ C´IÒ8Ü, T�z�Ì���k��IÒ�¹

uC′�C′¥�z�IÒlk��éA�¼êgl : Σ→ W"e±e^�¤áK|= [qbeg]T [true]"

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I ql0 → [α]qlk

(b) ∀α = (l0, ..., lk) ∈ γT (C), I(ql0 )(σ) ∧ (σ
α
→σ′)→ glk (σ

′) < ql0 (σ)

Äu¢cúª�ª�5y²µ

·K 7.20 �C´IÒ8Ü, beg ∈ C, T�z�Ì���k��IÒ�¹uC�C¥�z�IÒlk

��éA�úªql"(W ⊆ D, I0(v))´�ûÄ8Ü�v∈ P"w��õk��gdCþ�úª�W =

{σ(x) | I(w)(σ) = true}"C′ ⊆ C´IÒ8Ü, T�z�Ì���k��IÒ�¹uC′§C′¥�z�

IÒlk��éA��tl�|=I ql → w[x/tl]"e±e^�¤áK|= [qbeg]T [true]"

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I ql0 → [α]qlk

(b) ∀α = (l0, ..., lk) ∈ γT (C), |=I ql0 ∧ tl0 = v→ [α](tlk < v)
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ù��{�þã�{�'k�½�Û�5§=ûÄ8Ü�ÀJÉ�uW ⊆ D�¢cÎÒ

7L3P¥"ù��{�`:´ínL§{ü§Ø^���ÄG��SN"

§7.3 (�z§S�.�ín

6§ã�.���":´Ì��\�ÚÑ�Ø5�§ly²��Ýù§ín'�E,"l

�.(�5ù§�|Ü5��"(�z§S�.�±�Ñù
":"��BQã§½¡(�z

§S�.�(�z§S"�!0�(�z§S�.�Ü©�(5�ª�5��ÄuüÌín

��y�{"

�T��½�(B,V)þ�(�z§S"

½Â(�z§S��Â¼ê�CþG��CþG�� ¼êMI(T ) : Σ ↪→ ΣXe"

MI(T )(σ) =
{ σ′ e(T, σ)

∗
→(ε, σ′)"

Ã½Â eØ�3σ′¦�(T, σ)
∗
→(ε, σ′)"

MI(T )(σ)k½Â½ö`(�z§ST3Ð©CþG��σ��$1ª�P�MI(T )(σ) ↓"

�pÚq´ü�úª"

• Ü©�(5µ|=I {p}T {q}��=�∀σ.(I(p)(σ)→ (MI(T )(σ) ↓→ I(q)(MI(T )(σ))))¶

• ª�5µ|=I [p]T [true]��=�∀σ.(I(p)(σ)→ (MI(T )(σ) ↓))"

• ���(5µ|=I [p]T [q]��=�∀σ.(I(p)(σ)→ (MI(T )(σ) ↓ ∧I(q)(MI(T )(σ))))"

du(�z§S�±w¤´6§ã�.�AÏ/ª"6§ã�.�y²�{Ó�·^u

(�z§S",	§du(�z§Säk|Ü5§·��±�â�¡�ÂÚún�Ây²(

�z§S5�"

§7.3.1 �¡�Â

(�z§Säk|Ü5"'X�½(�z§ST1ÚT2§·��òÙ|Ü¤T1; T2§2��

�úªe§·��òÙ|Ü¤if e then T1 else T2 fi�"ù�§T1; T2��ÂÒ�±ïá3T1ÚT2�

�Âþ"'XMI(T1; T2)(σ) = MI(T2)MI(T1)(σ)"duMI(T1)(σ)Ø�½k½Â§Ïd±þ�{

Ø�½´û½Â�"�7Lù�¯K§·�éM�½Â�Ú��?1*¿"½ÂΣω = Σ ∪ {ω}"

*¿���Â�¼P�Mω
I"�½(�z§ST§Mω

I (T )´Σωþ�¼ê"

½Âite : Bool × Σω × Σω → ΣωXe

ite(true, σ, σ′) = σ

ite( f alse, σ, σ′) = σ′

½ÂΦe,h : [Σω → Σω]→ [Σω → Σω]Xe

Φe,h( f )(σ) =
{ ω eσ = ω

ite(I(e)(σ), f (h(σ)), σ) eσ , ω

½ÂΣωþ� S'X≤Xeµa ≤ b��=�a = ω"(Σω,≤)´�� S"½ÂMω
I (T ) : Σω →

ΣωXe"
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Mω
I (x := t)(σ) =

{ ω

MI(x := t)(σ) = σ[x/I(t)(σ)]

Mω
I (T1; T2) = Mω

I (T2)Mω
I (T1)

Mω
I (if (e) then T1 else T2 fi)(σ) =

{ ω

ite(I(e)(σ),Mω
I (T1)(σ),Mω

I (T2)(σ))

Mω
I (while e do T1 od) = µΦe,Mω

I (T1)

eσ = ω

eσ , ω

eσ = ω

eσ , ω

éu?¿(�z§ST§Mω
I (T )´û½Â�ëY�"Mω

I (T )�½ÂÚ�cMI(T )�½Â´

���§=·�kXe(Ø"

MI(T )(σ) =
{ Mω(T )(σ) eMω

I (T )(σ) , ω

Ã½Â eMω
I (T )(σ) = ω

�L5§·�k

Mω
I (T )(σ) =

{ ω eσ = ω"

ω eMI(T )(σ)Ã½Â

σ′ eMI(T )(σ) = σ′

Ü©�(5µ Ü©�(5��¦y²ϕ(σ) → (MI(T )(σ) ↓→ ψ(MI(T )(σ)))"XJU
��Ï

LO�rMI(T )L«¤��{ü¼ê§Ky²ÒN´
"Ï~duÜ©�(Ø�¦§S$1�

½ª�§·���O�÷vMω
I (T ) v h���Σþ�¼êh§,�y²ϕ(σ)→ ψ(h(σ))"

Ì��é�AÏ?nµ A^�¡�Â?1y²§(J�Ü©´Ì��é��Â"3y²¥

Ï~I�½Â��ØÄ:g5éAÌ��é��Â§±y²Ì��éÐ©��G�Ú(å�

�G��'X"·��±��½Â��y²Ì��éÐ©��G�Ú(å��G��'X�

�{"

�ϕ : Σ2 → Bool�¢c"�T=while e do T1 od"e±e·K¤á§K∀σ ∈ Σ,MI(T )(σ) ↓→

ϕ(σ,MI(T )(σ))"

∀σ ∈ Σ, I(¬e)(σ)→ ϕ(σ,σ)

∀σ,σ′ ∈ Σ, I(e)(σ) ∧ MI(T1)(σ) ↓ ∧ϕ(MI(T1)(σ), σ′)→ ϕ(σ,σ′)

ùp·��O�MI(T1)(σ)
;m
ØÄ:§ÏdA^T�{�{z�
Ì��é�(5

�y²"

ª�5µ (�z§ST�ª�5�±�â®�(�z§ST ′�ª�55y²"eMI(T ′)(σ)�

??k½Â�¼ê�MI(T )(σ) v MI(T ′)(σ)KMI(T )(σ)??k½Â"

§7.3.2 HoareÜ6

Ø
Äu�¡�Â�y²§·���±^Ü6��{5y²(�z§S�5�"HoareÜ

6Ò´ù�����±^5y²(�z§S5��XÚ"HoareÜ6�óïá3¢cÜ6Ú(

�z§S�Ä:þ"
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½Â 7.10 Hoareúª�½ÂXe"

H ::= {p}T {q}

Ù¥p, q ∈ WFFB´úª§T ∈ L(B,V)
©
´(�z§S"

Hoareúª��Â�¼§P�I§́ Ä�ÎÒ8B�)ºI�*Ð"Iòz�Hoareúª{p}T {q}N

����Σ→ Bool�¼ê"I({p}T {q}) : Σ→ Bool½ÂXe"

I({p}T {q})(σ) = true

��=�

I(p)(σ) = true ∧MI(T )(σ) ↓→ I(q)(MI(T )(σ)) = true.

��úª{p}T {q}3I�)ºe¤á§=é?¿σ§I({p}T {q})(σ) = true§P�|=I {p}T {q}"e

Ù3?¿)ºe¤á§P�|= {p}T {q}"eÙ3÷vW�)ºe¤á§P�W |= {p}T {q}"

�f°tcäóµ

½Â 7.11 �T�§S¡ã, pÚq´ü�úª"p¡�TÚq��f°tcäó§P�p = wlp(T, q)§

��=�I(p)(σ)↔ (MI(T )(σ) ↓→ I(q)(MI(T )(σ)))"

·K 7.21 p ≡ wlp(T, q)��=�|=I {p}T {q}�e|=I {p′}T {q}Kp′ → p"

·K 7.22 |=I {p}T {q}��=�p→ wlp(T, q)"

b½·�¦^�Ü6äkv
r�L�Uå�±e½Â¥�9�r�±^Ü6úªL�"

½Â 7.12 �T�§S¡ã, q´úª"½Â[T ]qXe"

T [T ]q

v := e q(v/e)

T1; T2 [T1][T2]q

if (b) then T1 else T2 fi (b→ [T1]q) ∧ (¬b→ [T2]q)

while (b) do T1 od r

Ù¥r÷vr → (b→ [T1]r) ∧ (¬b→ q)�eq′ → (b→ [T1]q′) ∧ (¬b→ q)Kq′ → r"

·K 7.23 wlp(T, q) ≡ [T ]q"

íØ 7.8 |=I {p}T {q}��=�p→ [T ]q"
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ín5Kµ �x ∈ V§t ∈ TB§�e ∈ QFFB§p, q, r, s ∈ WFFB�T,T1,T2 ∈ L
(B,V)
©
"·�k±eú

nÚín5K"

(1)D�únµ

{p[t/x]}x := t{p}

(2)|Ü5Kµ

{p}T1{r}, {r}T2{q}

{p}T1; T2{q}

(3)^�5Kµ

{p ∧ e}T1{q}, {p ∧ ¬e}T2{q}

{p}if e then T1 else T2 fi{q}

(4)Ì�5Kµ

{r ∧ e}T1{r}

{r}while e do T1 od{r ∧ ¬e}

(5)íØ5Kµ

p→ q, {q}T {r}, r → s

{p}T {s}

��Hoareúª{p}T {q}�d±þ5KÚún��§P�` {p}T {q}"

duí�¥I�^�p→ r�úª"·��I��@í�ù
úª��{"

�
;5u�(�z§S���'�5��ín§·�Ï~òù
¤á�ªf8u��

nØ§3ùnØ�e§·��±òù
�¤ún5w�"~^�nØ�)g,ênØPA�"

íny²µ (�z§S�íny²3§S�z��éc��þÜ·�äó§A^±þ5K

y²§S�z��ééuù
äóÑ´é�"k
äó´�±lI�y²�c�äóÏL{

üí����§k
´�gCÏL©Û§SV\�"

��5µ ínXÚ�����´í�Ñ�úª(¢´¤á�§=µeW ` {p}T {q}KW |=

{p}T {q}"�½I"Pth(I)�3I�)ºe¤á�¤kúª"·�I��y

eth(I) ` {p}T {q}K|=I {p}T {q}"

·�k±e5�"

|=I {qt
x}x := t{q}

|=I {p}T1{r}�|=I {r}T2{q}§K|=I {p}T1; T2{q}

|=I {p ∧ e}T1{q}�|=I {p ∧ ¬e}T2{q}§K|=I {p}if e then T1 else T2 fi{q}

|=I {p ∧ e}T1{p}§K|=I {p} while e do T1 od{p ∧ ¬e}

|=I {q}T {r}§|=I p→ q�|=I r → s§K|=I {p}T {q}
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ù
5�éAuc¡���únÚ4�ín5K§�y
ínXÚ���"

�é��5µ ½Âϕ�TÚψ��f°tcäóXeµ

ϕ(σ) = true��=�MI(T )(σ) ↓→ ψ(MI(T )(σ)) = true.

·�k±e5�"

|=I {p}x := t{q}§K|=I p→ qt
x

|=I {p}T1; T2{q}�I(r)�T2ÚI(q)��f°tcäó§K|=I {p}T1{r}�|=I {r}T2{q}

|=I {p}if e then T1 else T2 fi{q}§K|=I {p ∧ e}T1{q}�|=I {p ∧ ¬e}T2{q}

|=I {p} while e do T1 od{q}§K|=I {p} if (e) T1; while e do T1 od else x := x fi {q}

éu��5§·�I�äkv
rL�Uå�I"I�L�Uåv
r�¹ÂÒ´é?¿

�(�z§STÚúªq§�3úªr¦�I(r)�TÚI(q)��f°tcäó"3d�¹e§·�

¡¢cI(r)´�L��"

�½I�b½I�L�Uåv
r§éT�(�8B§·�k

|=I {p}T {q}Kth(I) ` {p}T {q}

=HoareÜ6ínXÚäk�é��5"

�Ñ5Kµ �
ín��B·��±¦^�Ñ5K"�Ñ5K�±w�´Ä�5K�|Ü

A^"e^®k�únÚ5K�±lúªs1, s2, ..., sní�Ñs§K�±�)±e�Ñ5K"

s1, s2, ..., sn

s

�x ∈ V§t ∈ TB§e ∈ QFFB§p, q, r, p0, ..., pn ∈ WFFB�T1, ...,Tn ∈ L
(B,V)
©
"±e´�
~^�

�Ñ5K"ù
5K�^±O��k�D�ún§|Ü5K§̂ �5KÚÌ�5K"

(1’)
p→ qt

x

{p}x := t{q}

(2’)
{p0}T1{p1}, {p1}T2{p2}, ..., {pn−1}Tn{pn}

{p0}T1; T2; ...; Tn{pn}

(3’)
p→ (p1 ∧ e) ∨ (p2 ∧ ¬e), {p1}T1{q}, {p2}T2{q}

{p}if e then T1 else T2 fi{q}

(4’)
p→ r, {r ∧ e}T1{r}, (r ∧ ¬e)→ q,

{p}while e do T1 od{q}
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Ì�5K�O�5Kµ Ì�5K¥�r¡�Ì�ØCª"A^HoareÜ6?1y²�J:3

uV\Ü·�Ì�ØCª"duù´J:§·��±�ÄlØÓý¡y²Ì��é��(5"

��O�Ì�5K��{�±´l�¡�Ây²Ì��é��{¥�Ñ"�¡�Ây²Ì

��é��{¥�¢cϕ(σ,σ′)Ò´�«ØCª"�T=while e do T1 od �T±σ�Ð©G�²

LmgT1��1�ª�"�σ′ = MI(T1)m(σ)"�Äϕ(σ,σ′)�c�G��m�'X§�µ

(1) eØ¤á�ϕ(MI(T1)m(σ),MI(T1)m(σ))¤á"

(2) e¤á�Kϕ(MI(T1)m−1(σ),MI(T1)m(σ))§ϕ(MI(T1)m−2(σ),MI(T1)m(σ))§��ϕ(σ,MI(T1)m(σ))¤

á"

·�^úªrL«ϕ(σ,σ′)"�½σ,σ′"rÚϕk±e'X"

ϕ(σ,σ′) = I(r)(σ[x′1/σ
′(x1)] · · · [x′n/σ

′(xn)])

�p, q, r ∈ WFFB, e ∈ QFF,T1 ∈ L
(B,V)
©
"K

¬e→ rx1,...,xn
x′1,...,x

′
n
, {¬r ∧ e}T1{¬r}, (p ∧ r)→ qx′1,...,x

′
n

x1,...,xn ,

{p}while e do T1 od{q}

5K¥p, q�^x, yù��Cþ§
r¥^x, y, x′, y′5L«Ì��ém©Ú(å��G��

'X"

§7.3.3 HoareÜ6�*Ð

HoareÜ6�y²(�z§S�Ü©�(§Øy²§S�ª�5Ú���("�
y²ª

�5Ú���(§I�éHoareÜ6?1*Ð"�½(B,V)"

½Â 7.13 *ÐHoareúª�½ÂXe"

H ::= [p]T [q]

Ù¥p, q ∈ WFFB´úª§T ∈ L(B,V)
©
´(�z§S"

*Ð�Hoareúª��Â�¼§P�I§́ Ä�ÎÒ8B�)ºI�*Ð"Iòz�*Ð�Hoareú

ª[p]T [q]N����Σ→ Bool�¼ê"I([p]T [q]) : Σ→ Bool½ÂXe"

I([p]T [q])(σ) = true

��=�

I(p)(σ) = true→MI(T )(σ) ↓ ∧I(q)(MI(T )(σ)) = true.

�fcäóµ

½Â 7.14 �T�§S¡ã, pÚq´ü�úª"p¡�TÚq��fcäó§P�p = wp(T, q)§�

�=�I(p)(σ)↔ (MI(T )(σ) ↓ ∧I(q)(MI(T )(σ)))"

·K 7.24 p ≡ wp(T, q)��=�|=I [p]T [q]�e|=I [p′]T [q]Kp′ → p"
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·K 7.25 |=I [p]T [q]��=�p→ wp(T, q)"

(�z§S�$1´Äª��ûuÌ��é"�
�yÌ��é�ª�§·�Ú\WFS8

Ü�A^"Äk·�7L�yU
^úª½ÂI��ûÄ8Ü"ù�§éBÚI = (D, I0)k±e

�¦

(1) B�¹����¢cÎÒ§P�≤"

(2) D�¹��f8W�(W, I0(≤))��ûÄ8Ü"

(3)�3w ∈ WFFB�w�¹Øõu��Cþ§P�x§¦�W = {σ(x) | I(w)(σ) = true}"

Ì�5K�
(p ∧ e)→ w[x/t], [p ∧ e ∧ t = y]T1[p ∧ t < y]

[p]while e do T1 od[p ∧ ¬e]

éuD�§|Ü§^��éÚíØ5K§�ìHoareÜ6ín5K�/ªr{p}T {q}O�

¤[p]T [q]=�"

§7.4 ~f

~ 7.1 �t1, t2©O�±e[£"

t1 : > −→ (x) := (x + 1)

t2 : y = 1 −→ (x) := (x + 2)

£1¤±e¤á"
|= {x > 1}{t1}{x > 2}

|= {y = 1→ x > 1}{t2}{x > 2}

|= {x > 1}{t1, t2}{x > 2}

£2¤±e¤á"
wlp({t1}, x > 2) = x > 1

wlp({t2}, x > 2) = y = 1→ x > 0

wlp({t1, t2}, x > 2) = x > 1

£3¤±e¤á"
[{t1}](x > 2) = x > 1

[{t2}](x > 2) = y = 1→ x > 0

[{t1, t2}](x > 2) = x > 1

~ 7.2 �B = (F, P)Ù¥F = {s0, s1, s2, t0, t1, t2, 0, 1}�P = {=}"�V = {a, b, x, y, t}"½Â(T,Θ)Xe"

• T�±e[£�8Ü"

a = s0 −→ (a, y, t) := (s1, 1, 1)

a = s1 ∧ (x = 0 ∨ t = 0) −→ (a) := (s2)

a = s2 −→ (a, y) := (s0, 0)

b = t0 −→ (b, x, t) := (t1, 1, 0)

b = t1 ∧ (y = 0 ∨ t = 1) −→ (b) := (t2)

b = t2 −→ (b, x) := (t0, 0)
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• �Θ�±eúª"

a = s0 ∧ b = t0 ∧ x = 0 ∧ y = 0

KM = (T,Θ)�(B,V)þ�¥ª[£�."

�B�)ºI = (D, I0)½ÂXe"

• D = {0, 1, 2, 3}"

• I0½ÂXe"
I0(0) = 0

I0(1) = 1

I0(si) = I0(ti) = i f or i ∈ {0, 1, 2}

I0(=) = =

^u1, ..., u6©O�LT�6^[£"Kwlp(T, b , t2)�O�Xe"

wlp(T, b , t2) =

[T ](b , t2) =

[{u1}](b , t2) ∧ · · · ∧ [{u6}](b , t2) =

(a = s0 → b , t2) ∧ (a = s1 ∧ (x = 0 ∨ t = 0)→ b , t2) ∧ (a = s2 → b , t2)∧

(b = t1 → t1 , t2) ∧ (b = t2 ∧ (y = 0 ∨ t = 1)→ t2 , t2) ∧ (b = t3 → t3 , t2) =

(a = s0 → b , t2) ∧ (a = s1 ∧ (x = 0 ∨ t = 0)→ b , t2) ∧ (a = s2 → b , t2)∧

(¬(b = t2 ∧ (y = 0 ∨ t = 1)))

�.÷v(b , t1 ∧ b , t2)⇒ O(b , t2)�y²Xe"

�âín5K
ϕ→ (E(T ) ∨ ψ)

ϕ→ [T ]ψ

ϕ⇒ Oψ

·�Iy²(b , t1 ∧ b , t2)⇒ (E(T ) ∨ b , t2))Ú(b , t1 ∧ b , t2)⇒ [T ](b , t2)"

1��^�w,¤á§dc¡[T ](b , t2)�O�(J´�1��^�½¤á§Ï
(b ,

t1 ∧ b , t2)⇒ O(b , t2)¤á"

~ 7.3 ½Â(B,V)þ�¥ª[£�.M = (T,Θ)Xe£aqu~3.2¥M′3¤"

T :

pc = s0 → (y1, y2, r, pc) := (1, 1, 1, s1)

pc = s1 ∧ (y2 ≤ z) → (pc) := (s2)

pc = s1 ∧ ¬(y2 ≤ z) → (pc) := (s4)

pc = s2 → (y1, y2, pc) := (y2, y1 + y2, s3)

pc = s3 → (r, pc) := (r + 1, s1)

Θ : (a = s0)

�B = (F, P)ÚV¥�ÎÒÚCþv±L�±þÑy��Úúª§I0�B¥ÎÒ3Ï~g,

êþ�)º�I0( f ib) = f ibÚI0(bi f ) = bi f÷vr = bi f (z) ≡ f ib(r) ≤ z ∧ z < f ib(r + 1)£�~3.2¥

�)º¤"

111



5�M |=I z > 0→ 2(a = s4 → r = bi f (z)�y²Xe"

eka = s0 ∧ z > 0 ⇒ 2(a = s4 → r = bi f (z))§KkM |=I a = s0 ∧ z > 0 → 2(a = s4 → r =

bi f (z))§,�dΘ5K��M |=I z > 0→ 2(a = s4 → r = bi f (z))"

±ey²a = s0 ∧ z > 0⇒ 2(a = s4 → r = bi f (z))"

�ϕ = (a = s0 ∧ z > 0), ψ = (a = s4 → r = bi f (z))"

[A^±eín5Ky²ϕ⇒ 2ψ"

ϕ⇒ φ

φ→ [T ]φ

φ→ ψ

ϕ⇒ 2ψ

·�I½Âφ¦�ín5K¥�n�cJ^�¤á"

½Âφ� (a = s0 ∧ φ0) ∨ (a = s1 ∧ φ1) ∨ (a = s2 ∧ φ2) ∨ (a = s3 ∧ φ3) ∨ (a = s4 ∧ φ4) Ù¥

φ0 ≡ (z > 0)

φ1 ≡ (r ≥ 1 ∧ y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ y1 ≤ z)

φ2 ≡ (r ≥ 1 ∧ y2 = f ib(r + 1) ∧ y1 + y2 = f ib(r + 2) ∧ y2 ≤ z)

φ3 ≡ (r ≥ 1 ∧ y1 = f ib(r + 1) ∧ y2 = f ib(r + 2) ∧ y1 ≤ z)

φ4 ≡ (r = bi f (z))

ín5K¥�1��Ú1n�^�w,¤á"ÏLO�[T ]φ�1��^�½¤á§Ï


¤Iy²�(Ø¤á"

£b¤5�M |=I (z > 0→ 3(a = s4))�y²Xe"

eka = s0 ∧ z > 0 ⇒ 3(a = s4)§KkM |=I (a = s0 ∧ z > 0 → 3(a = s4))§,�dΘ5K�

�M |=I (z > 0→ 3(a = s4))"

±ey²a = s0 ∧ z > 0⇒ 3(a = s4)"

�ϕ = (a = s0 ∧ z > 0), ψ = (a = s4)"

[A^±eín5Ky²ϕ⇒ 3ψ"

ϕ⇒ (ψ ∨ φ)

φ→ (we
x ∧ (E(T ) ∨ ψ))

(φ ∧ e = v)→ [T ](ψ ∨ (φ ∧ e < v))

ϕ⇒ 3ψ

éB = (F, P)?1*¿§O\¼êÎÒh§¢cÎÒv§�A*¿I0¦�v)º�Ï~g,ê

þ���'X�hkXe)º"

I(h(s0, z, y2)) = 3z + 1

I(h(s1, z, y2)) = 3(z + 1 − y2)

I(h(s2, z, y2)) = 3(z + 1 − y2) − 1

I(h(s3, z, y2)) = 3(z + 1 − y2) + 1

I(h(s4, z, y2)) = 0

112



·�I½Âe,w, φ¦�W = ({σ(x) | I(w)(σ) = true}, I0(v))�ûÄ8Ü�ín5K¥�n�

cJ^�¤á"

�φ0, .., φ4X£a¤¥¤½Â"½Âw, e, φXe"

w = true

e = h(a, z, y2)

φ =
∨3

i=0(pc = si ∧ φi)

dw�½Â�W = {0, 1, 2, ...}�ûÄ8Ü"

´�ín5K¥�1��^�Ú1��^�¤á"ÏLO�[T ](ψ ∨ (φ ∧ e < v))�1n�

^�½¤á§Ï
¤Iy²�(Ø¤á"

y²¥I�5¿�´g,ê¥�~{��ê¥�~{ÑkØÓ§=ea < bKa − b = 0§

Ï
3Øy3(z + 1 − (y1 + y2)) + 2 < 3(z + 1 − y2)�§Ø
`²y1 ≥ 1	§�I�²(`²d�

ky2 ≤ z�cJ^�"

£c¤�I�B¥ÎÒ3Ï~�êþ�)º"5�M |=I (z > 0→ 3(a = s4))�y²Xe"

d±þ£b¤¥�©Û�y²a = s0 ∧ z > 0⇒ 3(a = s4)=�"

�ϕ = (a = s0 ∧ z > 0), ψ = (a = s4)"

A^�ín5K�£b¤�Ó"y²��Ü©�E�£b¤¥��Eaq"éB = (F, P)?1

*¿§O\¼êÎÒh′§¢cÎÒv§�A*¿I0¦�v)º�Ï~�êþ���'X�h′kX

e)º"

I(h′(s0, z, y2)) = 3z + 1

I(h′(s1, z, y2)) = ey2 ≤ zK3(z + 1 − y2)ÄK0

I(h′(s2, z, y2)) = ey2 ≤ zK3(z + 1 − y2) − 1ÄK0

I(h′(s3, z, y2)) = ey2 ≤ zK3(z + 1 − y2) + 1ÄK1

I(h′(s4, z, y2)) = 0

·�I½Âe,w, φ¦�W = ({σ(x) | I(w)(σ) = true}, I0(v))�ûÄ8Ü�ín5K¥�n�

cJ^�¤á"

-φX£b¤¥¤½Â"½Â
w = x ≥ 0

e = h′(a, z, y2)

dw�½Â�W = {σ(x) | I(w)(σ) = true} = {0, 1, 2, ...}�ûÄ8Ü"

´�ín5K¥�1��^�Ú1��^�¤á"ÏLO�[T ](ψ ∨ (φ ∧ e < v))�1n�

^�½¤á§Ï
¤Iy²�(Ø¤á"

c¡h′�½Â½��¤Xe½Â"

I(h′(s0, z, y2)) = 3z + 4

I(h′(s1, z, y2)) = 3(z + 1 − y2 + y1)

I(h′(s2, z, y2)) = 3(z + 1 − y2 + y1) − 1

I(h′(s3, z, y2)) = 3(z + 1 − y2 + y1) + 1

I(h′(s4, z, y2)) = 0
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~ 7.4 ±e?ØÄu6§ã�.�Â�y²�{�A^~f"�B,V±9TÚIX~3.2¤½

Â"M = T�(B,V)þ�6§ã�."

£1¤y²|=I {z ≥ 0}T {r = bi f (z)}"

b��.�$1´»Xe"

(beg, σ0)(s1, σ1)(s2, σ2)(s3, σ3)(s1, σ4)(s2, σ5) · · · (s1, σn−1)(end, σn) · · ·

P´»þ�G��IÒS��l0, l1, ..., lnÙ¥ln = end"

$1´»þ�G�(lk, σk)÷v±e5�µ

elk = s1§K
σk(z) = σ0(z)∧

σk(r) ≥ 1∧

σk(y1) = f ib(σk(r))∧

σk(y2) = f ib(σk(r) + 1)∧

σk(y1) ≤ σk(z)

±e^8B{y²T5�"

(a)él ∈ {l0, l2, l3}§5�w,¤á"�â�Â§·�k

σ1(z) = σ0(z)∧

σ1(r) = 1∧

σ1(y1) = 1 = f ib(1)∧

σ1(y2) = 1 = f ib(1 + 1)∧

σ1(y1) = 1 ≤ σ0(z) = σ1(z)

Ï
5�él = l1¤á"

(b)±ey²ék ≥ 4§e5�é¤ki < k¤á§K5�éi = k¤á"

elk , s1§5�w,¤á"

±eb�lk = s1"

·�k
(s1, σk−3)→ (s2, σk−2)

(s2, σk−2)→ (s3, σk−1)

(s3, σk−1)→ (s1, σk)

�â�Â§·�k

σk = σk−1[r/I(r + 1)(σk−1)]

σk−1 = σk−2[y1/I(y2)(σk−2][y2/I(y1 + y2)(σk−2)]

σk−2 = σk−3 ∧ I(y2 ≤ z)(σk−3)

�âσk�σk−3�'X±95�3σk−3¤á§�±��

σk(z) = σ0(z) ∧ σk(r) ≥ 1 ∧ σk(y1) = f ib(σk(r)) ∧ σk(y2) = f ib(σk(r) + 1) ∧ σk(y1) ≤ σk(z)

(c)�â8B{§5�¤á"
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d�.�$1´»�§ln−1 = s1�

σn−1(z) = σ0(z) ∧ σn−1(r) ≥ 1 ∧ σn−1(y1) = f ib(σn−1(r)) ∧ σn−1(y2) = f ib(σn−1(r) + 1) ∧ σn−1(y1) ≤ σn−1(z)

du·�k(ln−1, σn−1)→ (ln, σn)§�â�Â�σn(y2) > σn(z)�

σn(z) = σ0(z) ∧ σn(y1) = f ib(σn(r)) ∧ σn(y2) = f ib(σn(r) + 1) ∧ σn(y1) ≤ σn(z)

Ï
k f ib(σn(r)) ≤ σn(z) ∧ σn(z) < f ib(σn(r) + 1)§=σn(r) = bi f (σn(z))"

£2¤y²|=I [z ≥ 0]T [true]"

b��.�$1Øª��$1´»Xe"

(beg, σ0)(s1, σ1)(s2, σ2)(s3, σ3)(s1, σ4)(s2, σ5)(s3, σ6)(s1, σ7) · · ·

PσkéA�IÒ�lk"

·�y²7,k��k¦�lk = s1�I(y2 ≤ z)(σk)Ø¤á§Ï
��.Øª�gñ"

$1´»þ�G�(lk, σk)÷v±e5�£^8B{�y¤µ

l3i+1 = s1�σ3i+1(z) = σ0(z) ∧ σ3i+1(y2) ≥ i

À�k = 3(σ0(z) + 1) + 1§Kσk(y2) = σ0(z) + 1�σk(z) = σ0(z)"Ï
I(y2 ≤ z)(σk) = σk(y2) ≤

σk(z)Ø¤á"

£3¤y²|=I [z > 0]T [r = bi f (x)]"

b��.�$1´»Xe"

(beg, σ0)(s1, σ1)(s2, σ2)(s3, σ3)(s1, σ4)(s2, σ5)(s3, σ6)(s1, σ7) · · ·

PσkéA�IÒ�lk"

$1´»þ�G�(lk, σk)÷v±e5�£^8B{�y¤µ

ek < bi f (z)§K(l0, σ0)
∗
→(l3k+1, σ3k+1)�±e¤á"

l3k+1 = s1

σ3k+1(z) = σ0(z)

σ3k+1(r) = k + 1

σ3k+1(y1) = f ib(k + 1)

σ3k+1(y2) = f ib(k + 2)

�k = bi f (σ0(z)) − 1"

Kσ3k+1(y2) = f ib(k + 2) > σ0(z) = σ3k+1(z)"

Ï


(l0, σ0)
∗
→(l3k+1, σ3k+1)→(end, σ3k+2)

�â�Â�σ3k+2(r) = σ3k+1(r) = k + 1 = bi f (σ0(z))"

~ 7.5 �B,V±9TÚIX~3.2¤½Â"M = T�(B,V)þ�6§ã�."
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£1¤(s1, s2, s3, s1)�(y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z)��f°tcäóO�Xe"

wlp((s1, s2, s3, s1), y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z) =

[s1, s2, s3, s1](y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r + 1) ≤ z) =

[s1, s2, s3](y1 = f ib(r + 1) ∧ y2 = f ib(r + 1 + 1) ∧ f ib(r + 1) ≤ z) =

[s1, s2](y2 = f ib(r + 1) ∧ y1 + y2 = f ib(r + 1 + 1) ∧ f ib(r + 1) ≤ z) =

(y2 ≤ z→ (y2 = f ib(r + 1) ∧ y1 + y2 = f ib(r + 2) ∧ f ib(r + 1) ≤ z))

£2¤|=I {y1 = f ib(r) ∧ y2 = f ib(r + 1)}(s1, s2, s3, s1){(y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z)}

�Äu�y^�O��y²Xe"

|=I {y1 = f ib(r) ∧ y2 = f ib(r + 1)}(s1, s2, s3, s1){(y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z)} iff

vc(y1 = f ib(r) ∧ y2 = f ib(r + 1), (s1, s2, s3, s1), (y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z)) iff

y1 = f ib(r) ∧ y2 = f ib(r + 1)→ (s1, s2, s3, s1)[(y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z))] iff

y1 = f ib(r) ∧ y2 = f ib(r + 1)→ (y2 ≤ z→ (y2 = f ib(r + 1) ∧ y1 + y2 = f ib(r + 2) ∧ f ib(r + 1) ≤ z)) iff

true

~ 7.6 �B,V±9TÚIX~3.2¤½Â"M = T�(B,V)þ�6§ã�."

£1¤A^Äu8Bäó�Ü©�(5y²�{y²|=I {z = c ∧ c > 0}T {r = bi f (c)}"

±e�Þy²�Ì�Ú½"

1. À�C = {beg, s1, end}"

2. À�qbeg, qend, qs1 .

qbeg z > 0

qend r = bi f (z)

qs1 (y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z) ∧ r ≥ 1

3. �Þ�'´»
(beg, s1)

(s1, s2, s3, s1)

(s1, s4, end)

4. y²�'�y^�
vc(qbeg, (beg, s1), qs1 )

vc(qs1 , (s1, s2, s3, s1), qs1 )

vc(qs1 , (s1, s4, end), qend)

£2¤A^Äu¢c�ª�5y²�{y²|=I [z > 0]T [true]"

±e�Þy²�Ì�Ú½"

1. À�C = {beg, s1}"

2. À�qbeg, qs1

qbeg true

qs1 (y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z) ∧ r ≥ 1
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3. �Þ�'´»
(beg, s1)

(s1, s2, s3, s1)

4. y²�'�y^�
vc(qbeg, (beg, s1), qs1 )

vc(qs1 , (s1, s2, s3, s1), qs1 )

5. À�C′ = {test}"

6. À�(W,v) = ({0, 1, 2, ...},≤)

7. À�gs1 : Σ→ W

gs1 (σ) = σ(z) + 1 − σ(y2)

8. �Þ�'´»(II)

(s1, s2, s3, s1)

9. y²�'�y^�(II)

I(qs1 )(σ) = true ∧ (σ
(s1,s2,s3,s1)
→ σ′)→ gs1 (σ′) < gs1 (σ)

£3¤A^Äuúª�ª�5y²�{y²|=I [z > 0]T [true]"

±e�Þy²�Ì�Ú½"

1. À�C = {beg, s1}"

2. À�qbeg, qs1

qbeg z > 0

qs1 (y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z) ∧ r ≥ 1

3. �Þ�'´»
(beg, s1)

(s1, s2, s3, s1)

4. y²�'�y^�
vc(qbeg, (beg, s1), qs1 )

vc(qs1 , (s1, s2, s3, s1), qs1 )

5. À�C′ = {s1}"

6. À�w = true¿y²W = ({σ(x) | I(w)(σ) = true},≤)�ûÄ8Ü"

7. À�ts1 = z + 1 − y2¿y²qs1 → w
ts1
x

8. �Þ�'´»(II)

(s1, s2, s3, s1)
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9. y²�'�y^�(II)

vc(qs1 ∧ ts1 = v, (s1, s2, s3, s1), ts1 < v)

£4¤eò�.�)ºU3�êþ§Ké£2¤�y²k±eK�"

éuy²¥17Ü©§��ygs1���3W¥§?Ugs1Xe"

gs1 (σ) =
{ σ(z) + 1 − σ(y2) eσ(y2) ≤ σ(z)

0 ÄK"

£5¤eò�.�)ºU3�êþ§Ké£3¤�y²k±eK�"

éuy²¥�16Ü©§À�w = (x ≥ 0)¿y²W = ({σ(x) | I(w)(σ) = true},≤)�ûÄ8Ü"

éuy²¥�17Ü©§À�ts1 = z + 1 − y2 + y1¿y²qs1 → w
ts1
x

~ 7.7 �(B,V)X~3.3¤½Â"½ÂS�±eiÎG"

y1 := 1; y2 := 1; r := 1;

while (y2 ≤ z) do y0 := y1; y1 := y2; y2 := y0 + y1; r := r + 1 od;

ε

�B�)ºI = (D, I0)X~3.2¤½Â"

½ÂϕXe"

ϕ = (y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z) ∧ r ≥ 1

PT0�y1 := 1; y2 := 1; r := 1§T1�y0 := y1; y1 := y2; y2 := y0 + y1; r := r + 1"

£1a¤T0�ϕ��f°tcäówlp(T0, ϕ)�O��z{Xeµ

wlp(T0, ϕ) =

[T0]ϕ =

[y1 := 1; y2 := 1; r := 1]ϕ =

[y1 := 1; y2 := 1]ϕ(r/1) =

[y1 := 1]ϕ(r/1)(y2/1) =

ϕ(r/1)(y2/1)(y1/1) =

(1 = f ib(1) ∧ 1 = f ib(1 + 1) ∧ f ib(1) ≤ z) ∧ 1 ≥ 1 =

1 ≤ z

£1b¤T1�ϕ��f°tcäówlp(T1, ϕ)�O�Xeµ

wlp(T1, ϕ) =

[T1]ϕ =

[y0 := y1; y1 := y2; y2 := y0 + y1]ϕ(r/(r + 1)) =

[y0 := y1; y1 := y2]ϕ(r/(r + 1))(y2/(y0 + y1)) =

[y0 := y1]ϕ(r/(r + 1))(y2/(y0 + y1))(y1/y2) =

ϕ(r/(r + 1))(y2/(y0 + y1))(y1/y2)(y0/y1) =

((y1 = f ib(r + 1) ∧ y2 = f ib(r + 2) ∧ f ib(r + 1) ≤ z) ∧ r + 1 ≥ 1)(y2/(y0 + y1))(y1/y2)(y0/y1) =

((y1 = f ib(r + 1) ∧ y0 + y1 = f ib(r + 2) ∧ f ib(r + 1) ≤ z) ∧ r + 1 ≥ 1)(y1/y2)(y0/y1) =

((y2 = f ib(r + 1) ∧ y0 + y2 = f ib(r + 2) ∧ f ib(r + 1) ≤ z) ∧ r + 1 ≥ 1)(y0/y1) =

((y2 = f ib(r + 1) ∧ y1 + y2 = f ib(r + 2) ∧ f ib(r + 1) ≤ z) ∧ r + 1 ≥ 1)
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£2a¤|=I {z > 0}T0{ϕ}�y²Xe"

|=I {z > 0}T0{ϕ} ⇔

|=I z > 0→ [T0]ϕ ⇔

|=I z > 0→ 1 ≤ z ⇔

true

£2b¤|=I {(y2 ≤ z) ∧ ϕ}T1{ϕ}�y²Xe"

|=I {(y2 ≤ z) ∧ ϕ}T1{ϕ} ⇔

|=I (y2 ≤ z) ∧ ϕ→ [T1]ϕ ⇔

|=I (y2 ≤ z) ∧ ϕ→ (y2 = f ib(r + 1) ∧ y1 + y2 = f ib(r + 2) ∧ f ib(r + 1) ≤ z) ∧ r + 1 ≥ 1 ⇔

true

~ 7.8 �(B,V)§S§IX~7.7¤½Â"|=I {z > 0}S {r = bi f (z)}�y²Xe"

�ϕ�Xeúª"

ϕ = (y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z) ∧ r ≥ 1

d~7.7�|=I {(y2 ≤ z) ∧ ϕ}T1{ϕ}"

dÌ�5K�|=I {ϕ}while (y2 ≤ z) do T1 od{¬(y2 ≤ z) ∧ ϕ}"

·�k¬(y2 ≤ z) ∧ ϕ→ r = bi f (x)"

díØ5K�|=I {ϕ}while (y2 ≤ z) do T1 od{r = bi f (z)}"

d~7.7�|=I {z > 0}T0{ϕ}"

d|Ü5K�|=I {z > 0}S {r = bi f (z)}"

~ 7.9 �(B,V)§S§IX~7.7¤½Â"

£1¤�I�B3g,êþ/)ºX~7.7¤½Â"|=I [z > 0]S [r = bi f (x)]�y²Xe"

�w, t, ϕXe"

w = (true)

t = (z + 1 − y2)

ϕ = (y1 = f ib(r) ∧ y2 = f ib(r + 1) ∧ f ib(r) ≤ z) ∧ r ≥ 1

dw�½Â�W = {σ(x) | I(w)(σ) = true} = {0, 1, 2, ...}�ûÄ8Ü"

·�k(y2 ≤ z) ∧ ϕ→ w(x/t)"

aqu7.7¥��'y²��|=I [ϕ ∧ (y2 ≤ z ∧ t = v]T1[ϕ ∧ t < v]"

dÌ�5K�|=I [ϕ]while (y2 ≤ z) do T1 od[¬(y2 ≤ z) ∧ ϕ]"

·�k¬(y2 ≤ z) ∧ ϕ→ r = bi f (x)"

díØ5K�|=I [ϕ]while (y2 ≤ z) do T1 od[r = bi f (x)]"

aqu7.7¥��'y²��|=I [z > 0]T0[ϕ]"

d|Ü5K�|=I [z > 0]S [r = bi f (x)]"

£2¤�I�B3�êþ�)º§Ù{��aqu7.7¥�½Â"

?Uw�x ≥ 0"KW = {σ(x) | I(w)(σ) = true} = {0, 1, 2, ...}�ûÄ8Ü"y²�Ù§Ü©a

q"
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§7.5 öS

1. �B = ({s0, s1, s2, s3, s4, 0, 1, 2, 3,+,−, ∗}, {<,=, >})ÚV = {a, n, x, y}"�½[£XÚ(T,Θ)§Ù

¥Θ�a = s0�T�±e[£"

a = s0 −→ (x, y, a) := (0, 0, s1)

a = s1 ∧ (x < n) −→ (a) := (s2)

a = s2 −→ (x, y, a) := (x + 1, y ∗ (x + 1), s1)

a = s1 ∧ ¬(x < n) −→ (a) := (s3)

a = s3 −→ (y, a) := (3 ∗ y, s4)

�½I�B3�êþ��~)º"

(1)O��f°tcäówlp(T, a = s4)=[T ](a = s4)"

(2)y²(T,Θ) |= (a = s3)→ O(a = s4)"

2. �(B,V), (T,Θ), IXöS1¤½Â"

(1)y²(T,Θ) |=I n ≥ 0→ 2(a = s4 → y = n ∗ n ∗ n − n);

(2)y²(T,Θ) |=I n ≥ 0→ 3(a = s4)"

3. �B = ({0, 1, 2, 3,+,−, ∗}), {<,=, >})ÚV = {n, x, y}"�½±e�.T"

beg : (x, y) := (0, 0) goto l1
l1 : i f (x < n) goto l2 else goto l3
l2 : (x, y) := (x + 1, y + x ∗ (x + 1)) goto l1
l3 (y) := (3 ∗ y) goto end

�½I�B3�êþ��~)º"

(1)A^�Ây²|= {(x ≤ n) ∧ 3 ∗ y = x ∗ x ∗ x − x}(l1, l3, end){y = n ∗ n ∗ n − n}"

(2)O�wlp((l1, l3, end), (y = n∗n∗n−n))¿A^�y^�y²£1¤�´»Ü©�(5"

4. �(B,V),T, IXöS3¤½Â"

(1)y²Téucäón ≥ 0Ú�äóy = n ∗ n ∗ n − nÜ©�("

(2)y²Téucäón ≥ 0U
ª�"

5. �B = ({1, 10, 100,+,−}), {<,=, >})ÚV = {x, y1, y2, z}"�½±e�.T"

beg : (y1, y2) := (x, 1) goto test1
test1 : i f (y1 > 100) goto test2 else goto update1

test2 : i f (y2 = 1) goto res else goto update2

update1 : (y1, y2) := (y1 + 11, y2 + 1) goto test1
update2 : (y1, y2) := (y1 − 10, y2 − 1) goto test1
res (z) := (y1 − 10) goto end
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�½I�B3g,êþ��~)º"

(1)y²Téucäóx ≤ 100Ú�äóz = 91Ü©�("

(2)y²Téucäóx ≥ 0U
ª�"

6. �B = ({0, 1, 2, 3,+,−, ∗}), {<,=, >})ÚV = {i, j, k, l, x, y, a, b}"�½±e§S¡ãT1"

i f (x > y)

then x := x − y; i := i − k; j := j − l;

else y := y − x; k := k − i; l := l − j;

f i

�½I�B3�êþ��~)º"

(1)O�wlp(T1, (x = i ∗ a + j ∗ b))¿z{"

(2)y²|=I {(y = k ∗ a + l ∗ b) ∧ (x = i ∗ a + j ∗ b)}T1{x = i ∗ a + j ∗ b}"

7. �(B,V), I,T1XöS6¤½Â"

�½±e§SSµ i := 1; j := 0; k := 0; l := 0; while ¬(x = y) do T1 od; ε

(1)y²|=I {x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0}S {x = gcd(a, b) ∧ x = i ∗ a + j ∗ b}"

(2)y²|=I [x = a ∧ y = b ∧ a > 0 ∧ b > 0]S [x = gcd(a, b) ∧ x = i ∗ a + j ∗ b]"
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§8 Äu�.uÿ��y�{

�.uÿ(Model Checking)�¹Â´u����.´Ä÷v�½�5�§AO´¦^O�

��{u����.´Ä÷v�½�5�"�.uÿ�{�©�naµÄuG��©Û§Ä

uÎÒ�.�©Û§Äu�SÜ6�.�Â�©Û"ÄuG��©Û´�aÄ��©Û�{§

ÏL�wG�9G��m�'X�½�½�5�´Ä¤á"ÄuÎÒ�.�©Û´òG�8

Ü^·KÜ6úª£Ù�úª¤L«§ÏLéúª�O�5�½�½�5�´Ä¤á"Äu�

SÜ6�.�Â�©ÛÌ�´(Ü�SÜ6úª��.�Â�ÎÒ�.§r�.uÿ¯K=

��·KÜ6úª��÷v5¯K"�.�(5u��Ì�g�´é�½5�§3�½.�

��e§Áãy²5���(�Ó�Áãy²5��Ø�(§Ï
eüö��k�½��Y§

K���.´Ä÷v5�"�.�.uÿ�Ì�g�´é�½5�§òÙ��§3�½.�

��e§Áãy²�.kÐ©G�÷v����5�§dd�Ñ�.Ø÷v�½5�"

§8.1 ÎÒ�.

�!ØãÎÒ�.§0�ÄuÎÒ�.�©Û�Ä:�£"

�V�·K8Ü"½ÂV ′ = {v′ | v ∈ V}"PBF(V)�·K8ÜVþ�Ù�úª�8Ü"Pϕ′�

òϕ¥z�Cþx^x′O���úª"

½Â 8.1 �½��·K8ÜAP"��APþ�ÎÒ�.´��o�|〈V, ρ,Θ,N〉 Ù¥V�·K

Cþ8Ü§ρ ∈ BF(V ∪ V ′)�V ∪ V ′þ�Ù�úª§Θ ∈ BF(V)�Vþ�Ù�úª§N : AP →

BF(V)�AP�Vþúª8ÜBF(V)�N�"

�V = {v1, ..., vn}"

Pv = (v1, ..., vn)"es = (a1, ..., an)§Kqa
vL«qa1,...,an

v1,...,vn"

Pqa
v = 1�s |= q"

XÚG�µ XÚG�d·KCþv1, ..., vnû½"��XÚG�§=v1, ..., vn���§̂ n�|(a1, ..., an)L

«"XÚG��8Ü�{0, 1}n"

XÚ�[£'XRρ�{((a1, ..., an), (a′1, ..., a
′
n)) | (a1, ..., an, a′1, ..., a

′
n) |= ρ}"

XÚ�Ð©G�8ÜIΘ�{(a1, ..., an) | (a1, ..., an) |= Θ}"

´»ÚO�µ ·�^s→s′L«�3ls�s′�[£§=(s, s′) ∈ Rρ"ÎÒ�.M = 〈V, ρ,Θ,N〉þ

��^´»´G�8{0, 1}nþ���÷vé?¿i ≥ 0 ksi→si+1 �Ã¡S�[si]i≥0"ÎÒ�

.Mþ��gO�´TÎÒ�.þ�1��G�÷vΘ��^´»"

ÎÒ�.�IÒKripke(�µ �½APþ�ÎÒ�.M = 〈V, ρ,Θ,N〉"

½ÂS = {0, 1}n"

½ÂR = {(s, s′) | ρs,s′
v,v′ = true}"

½ÂI = {s | Θs
v = true}"

½ÂL(s) = {p ∈ AP | s |= N(p)}"

K·�k�MéA�APþ�Kripke(�KM = 〈S ,R, I, L〉"

½Â 8.2 �ϕ�APþ�CTL½PLTLúª"M |= ϕ��=�KM |= ϕ"
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ÎÒ�.�AÏa.µ �M = 〈V, ρ,Θ,N〉�APþ�ÎÒ�."eAP = V�éép ∈ APkN(p) =

p§KM�{��〈V, ρ,Θ〉"

IÒKripke(��ÎÒ�.µ �½APþ�IÒKripke(�M = 〈S ,R, I, L〉"·��±òS?

Ò"eSk≤ 2n���§K�±^n�·Kv1, ..., vn5L«"S¥�1i���P�s(i − 1)"

� f0 : S → {0, 1}n�ü�¼ê"

� f0(s) = (a1, ..., an)"

P f0(s, 0) = {vi | ai = 0, i = 1, ..., n}Ú f0(s, 1) = {vi | ai = 1, i = 1, ..., n}"

½Â f1(s) =
∧

v∈ f0(s,1) v ∧
∧

v∈ f0(s,0) ¬v"

½ÂΘ =
∨

s∈I f1(s)"

½Â f2(s, s′) = f1(s) ∧ ( f1(s′))′"

½Âρ =
∨

(s,s′)∈R f2(s, s′)"

éz�p ∈ AP§½ÂN(p) =
∨

p∈L(s) f1(s)"

½ÂV = {v1, ..., vn}"

K·�k�M = 〈S ,R, I, L〉éA�ÎÒ�.(M)sm = 〈V, ρ,Θ,N〉"

·K 8.1 �M�APþ�IÒKripke�.M§ϕ�APþ�CTL½PLTLúª"M |= ϕ��=�(M)sm |=

ϕ"

c°G�8 �½IÒKripke�.K = 〈S ,R, I, L〉Ú�A�Äu f0�ÎÒ�.M = (V, ρ,Θ,N)"

�ϕ ∈ BF(V)�V = {x1, ..., xn}þ�Ù�úª"

^s |= ϕL« f0(s) |= ϕ"

es |= ϕK¡s�ϕG�"

^ϕ′L«ϕ
x′1,...,x

′
n

x1,...,xn"

½Â∃x.ϕ = (ϕ0
x ∨ ϕ

1
x)"½Â¼êex : BF(V)→ BF(V)Xeµ

ex(ϕ) = ∃x′1...x
′
n.(ρ(x1, ..., xn, x′1, ..., x

′
n) ∧ ϕ′)

Kex(ϕ)L«ϕG���Ac°G��8Ü"

·K 8.2 {s | s |= ex(ϕ)} = {s | s→ s′, s′ |= ϕ}"

�UG�8 �ψ ∈ BF(V ′)�V ′ = {x′1, ..., x
′
n}þ�Ù�úª"

^ψ#L«ψx1,...,xn
x′1,...,x

′
n
"

½Â¼êxe : BF(V)→ BF(V)Xeµ

xe(ϕ) = (∃x1...xn.(ρ(x1, ..., xn, x′1, ..., x
′
n) ∧ ϕ))#

Kxe(ϕ)L«ϕG���A�UG��8Ü"

·K 8.3 {s | s |= xe(ϕ)} = {s | s′ → s, s′ |= ϕ}"

½Â 8.3 �½��·K8ÜAP"��APþ�ú²ÎÒ�.´��Ê�|〈V, ρ,Θ,N, F〉Ù¥〈V, ρ,Θ,N〉�

ÎÒ�.§F�Vþ�úª�8Ü"
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�½M = 〈V, ρ,Θ,N, F〉"

XÚG�=´�.M′ = 〈V, ρ,Θ,N〉�G�"XÚ�´»ÚO�=´M′�´»ÚO�"

ú²´»Úú²O�µ Ã¡S�π = [si]i≥0´XÚ�ú²´»§��=�π´éz�� f ∈ Fk

Ã¡õsi÷v f�´»"Ã¡S�π = [si]i≥0´XÚ�O�§��=�s0÷vΘ�π´XÚ�ú²

´»"

ú²G�µ G�s´ú²�§��=�k�^å:´s�ú²´»"

·K 8.4 ½Â f air = νZ.
∧

f∈F µY.(( f ∧ ex(Z)) ∨ ex(Y))"s´ú²G���=�s÷v f air"

ú²ÎÒ�.��µ �M1 = 〈V1, ρ1,Θ1,N1, F1〉ÚM2 = 〈V2, ρ2,Θ2,N2, F2〉´APþ�ú²ÎÒ

�.�V1 ∩ V2 = ∅"

½Âρ = ρ1 ∧ ρ2 ∧
∧

p∈AP(N1(p)′ ↔ N2(p)′)"

½ÂΘ = Θ1 ∧ Θ2 ∧
∧

p∈AP(N1(p)↔ N2(p))"

éz�p ∈ AP§½ÂN(p) = N1(p) ∧ N2(p)"

KM1 ∩ M2 = 〈V1 ∪ V2, ρ,Θ,N, F1 ∪ F2〉´ú²ÎÒ�."

·K 8.5 eπ´M1�ú²O��π′´M2�ú²O��∀p ∈ AP.∀i ≥ 0.(πi |= p ↔ π′i |= p)§K�

3M1 ∩ M2�ú²O�π′′¦�∀p ∈ AP.∀i ≥ 0.(πi |= p↔ π′′i |= p)¶eπ´M1 ∩ M2�ú²O�§K

�3M1�ú²O�π′Ú�M2�ú²O�π′′ ¦�∀p ∈ AP.∀i ≥ 0.((πi |= p ↔ π′i |= p) ∧ (πi |= p ↔

π′′i |= p))"

ÎÒ�.�ú²ÎÒ�.��µ �M = 〈V, ρ,Θ,N〉�ÎÒ�."KM�±w¤´ú²ÎÒ�

.M′ = 〈V, ρ,Θ,N, {}〉"ÎÒ�.�ú²ÎÒ�.��K�±w¤´ú²ÎÒ�.���AÏ

�¹"

§8.2 CTL5���.uÿ

�!©n�!©O0�ÄuG��©Û§ÄuÎÒ�.�©Û±9Äu�SÜ6�.�

Â�©Û"

§8.2.1 CTL5��G�IÒ�{�ØÄ:�{

�Äd{∨,¬, EX, EG, EU}�¤�CTLÜ6é�ÎÚ�S�f���8"

G�IÒ�{ �½APþ�Kripke(�〈S ,R, I, L〉Ú��CTLúªϕ§TIÒ�{�Ì�g�´

ÅÚ*¿L¦�L(s)�¹z�3s÷v�ϕ�fúª"

��G�´Ä÷v�f·KdL�½"

b�z�G�´Ä÷vϕ�fúª®²O�L"éu��G�´Ä÷vϕ·�k±e�¹"

£1¤eϕ = p�p´·K§KÃIO�"

£2¤eϕ = ¬ϕ0§Kéz�s§eϕ0 < L(s)§Kòϕ\\L(s)"

£3¤eϕ = ϕ0 ∨ ϕ1§Kéz�s§eϕ0 ∈ L(s)½ϕ1 ∈ L(s)§Kòϕ0\\L(s)"
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£4¤eϕ = EXϕ0§Kéz�s§e�3t¦�R(s, t)�ϕ0 ∈ L(t)§Kòϕ\\L(s)"

£5¤eϕ = E(ϕ0Uϕ1)§K

£5a¤éz�s§eϕ1 ∈ L(s)§Kòϕ\\L(s)"

£5b¤éz�s§e�3t¦�R(s, t)�ϕ ∈ L(t)§�ϕ0 ∈ L(s)§Kòϕ\\L(s)"

£5c¤­E(5b)��LØåCz"

£6¤eϕ = EGϕ0§K

£6a¤O�S ′ = {s | ϕ0 ∈ L(s)}"

£6b¤O�〈S ,R〉��Ñfã〈S ′,R′〉��²�rëÏ©ã�º:8ÜS ′′§¿éz�s ∈ S ′′§

òϕ\\L(s)"

£6c¤éz�s ∈ S ′§e�3t¦�R(s, t)�ϕ ∈ L(t)§Kòϕ\\L(s)"

£6d¤­E(6c)��LØåCz"

,�·��±���â®²O�Ñ�L¦�XÚ�Ð©G�´Ä÷vϕ"

·K 8.6 M, s |= ϕ��=�ϕ ∈ L(s)"

íØ 8.1 M |= ϕ��=�ϕ ∈
⋂

s∈I L(s)"

ØÄ:�{ �½APþ�Kripke(�〈S ,R, I, L〉Ú��CTLúªϕ§TØÄ:�{�Ì�g�´

éz�ϕ�fúªÅ�O�=
G�÷vù
fúª§������=
G�÷vϕ"M÷

vϕ��=�I¥�G�Ñ÷vϕ"äN�{�§6.2!9íØ6.3"

§8.2.2 CTL5��ÎÒ�.uÿ

CTL5��ÎÒ�.uÿïá3CTL5��ØÄ:�{�þ§̂ Ù�úªL«G�8Ü§

ÏLéúª�O�5�½�½�5�´Ä¤á"�Äd{∨,¬, EX, EG, EU}�¤�CTLÜ6é�

ÎÚ�S�f���8"

úª�ØÄ:µ � f : BF(V) → BF(V)"½Â f 0(ϕ) = ϕÚ f i+1(ϕ) = f i(ϕ)"f (Z)���ØÄ:§

P�µZ. f (Z)§½Â� f k( f alse)§Ù¥k����÷v f i+1( f alse) ≡ f i( f alse)�i"f (Z)���ØÄ

:§P�νZ. f (Z)§½Â� f k(true)§Ù¥k����÷v f i+1(true) ≡ f i(true)�i"

CTLúª�ØÄ:µ �q´CTLúª"·�©6«�¹O�q¤á�G��8ÜéA�Ù�ú

ª"

(1) q = pi´�f·K§ K[[q]] = N(pi)

(2) q´¬q0§ K[[q]] = ¬[[q0]]

(3) q´q0 ∨ q1§ K[[q]] = [[q0]] ∨ [[q1]]

(4) q´EXq0§ K[[q]] = ex([[q0]])

(5) q´EGq0§ K[[q]] = νZ.([[q0]] ∧ ex(Z))

(6) q´E(q0Uq1)§ K[[q]] = µZ.([[q1]] ∨ ([[q0]] ∧ ex(Z)))

½Â 8.4 M |= ϕ��=�Θ→ [[ϕ]]"

íØ 8.2 �½IÒKripke�.MÚCTLúªϕ"�(M)sm = 〈V, ρ,Θ,N〉"M |= ϕ��=�Θ→ [[ϕ]]"
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p��Ù�úª�L«�$� �p�O�úª��½��$�±9u���úª´Ä�Ø

Ä:§Ï~^kS��ûüã£OBDD¤L«Ù�úª§¿3OBDDþ?1�'$�£�§8.5!¤"

§8.2.3 CTL5���.�(5u�

�½ÎÒ�.M = 〈V, ρ,Θ,N〉"�½CTLúªϕ"

�v = {v1, ..., vn}"K��G�Cþw���n�|(w1, ...,wn)"

�k ≥ 0"

^
→
uL«G�Cþ�Lu0, ..., uk"½ÂPk(

→
u)Xe"

Pk(
→
u) :=

k−1∧
j=0

T (u j, u j+1)

½Âγk(
→
u)Xe"

γk(
→
u) :=

k−1∨
x=0

k∨
y=x+1

ux = uy.

½Â 8.5 (CTLúª�=�) �k ≥ 0.�w�G�Cþ"½Â[[ϕ,w]]kXe"

[[p,w]]k,l = (N(p))w
v

[[¬p,w]]k,l = ¬(N(p))w
v

[[ϕ ∨ ψ,w]]k = [[ϕ,w]]k ∨ [[ψ,w]]k

[[ϕ ∧ ψ,w]]k = [[ϕ,w]]k ∧ [[ψ,w]]k

[[Aϕ,w]]k = ∀
→
u .(P(

→
u) ∧ w = u0 → [[ϕ,

→
u]]k)

[[Eϕ,w]]k = ∃
→
u .(P(

→
u) ∧ w = u0 ∧ [[ϕ,

→
u]]k)

[[Xϕ,
→
u]]k = k ≥ 1 ∧ [[ϕ, u1]]k

[[Fψ,
→
u]]k =

∨k
j=0[[ψ, u j]]k

[[Gψ,
→
u]]k =

∧k
j=0[[ψ, u j]]k ∧ γk(

→
u))

[[ϕUψ,
→
u]]k =

∨k
j=0([[ψ, u j]]k ∧

∧ j−1
t=0 [[ϕ, ut]]k)

[[ϕRψ,
→
u]]k =

∧k
j=0([[ψ, u j]]k ∨

∨ j−1
t=0 [[ϕ, ut]]k) ∧ (

∨k
t=0[[ϕ, ut]]k ∨ γk(

→
u))

½n 8.1 �½IÒKripke�.MÚCTLúªϕ"�(M)sm = 〈V, ρ,Θ,N}"M, s |=k ϕ��=� f1(s) →

[[ϕ, v]]k¤á.

íØ 8.3 �½IÒKripke�.MÚCTLúªϕ"�(M)sm = 〈V, ρ,Θ,N}"M |=k ϕ��=�Θ →

[[ϕ, v]]k¤á.

�.�(5u��{µ �½�.MÚúªϕ"�.�(5u��{CT Lbmc(M, ϕ)Xeµ

(1) k = 0¶

(2)eΘ→ [[ϕ, v]]k¤á§Kreturn true¶

(3)e∃
→
v .(Θ ∧ [[¬ϕ, v]]k)¤á§Kreturn false¶

(4) k = k + 1§£�(2)¶

5¿µùp�¬ϕ�L�Ù�d�NNF�ª�CTLúª"

íØ 8.4 M |= ϕ iff CT Lbmc(M, ϕ) = true"
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ACTL5� eNNF�ªúª¥vkEÑy§K¡ùa5��ACTL5�"éuùa5���

y§��â�.�Âò�y¯K=z�£Ø�þc�¤·KÜ6úª�÷v5¯K§±Jp�

y�Ç"

§8.3 PLTL5���.uÿ

�!Ó�©n�!©O0�ÄuG��©Û§ÄuÎÒ�.�©Û±9Äu�SÜ6�

.�Â�©Û"

§8.3.1 PLTL5��ÄugÄÅ�5uÿ��{

�½APþ�Kripke(�M = 〈S ,R, I, L〉Ú��PLTLúªϕ§T�{�Ì�g�´ò¬ϕ =

���d��B
..
uchigÄÅGB¬ϕ£ë�§5.1.3!¤§òM=���d��B

..
uchigÄÅGBM£ë

�§4.2.3!¤§�â·K4.16^�5uÿ�{u�GBM ∩GB¬ϕ´Ä��"

·K 8.7 �ϕ�PLTLúª"M |= ϕ��=�GBM ∩GB¬ϕ ≡ ∅"

��BÛÜ|¢£¡�Ä��.uÿ¤±Jp£Ì�´5�Ø÷v��¤�y�Ç§�

òPLTLúª¬ϕ��B
..
uchigÄÅ?�Ú=��B

..
uchigÄÅB¬ϕ§òM=���d�B

..
uchigÄ

ÅBM§�â·K4.2^DDFS�{u�BM ∩ B¬ϕ´Ä��"

§8.3.2 PLTL5��ÎÒ�.uÿ

dPLTLúª)¤ú²ÎÒ�.µ �½PLTLúªϕ"

�â§8.3.1!��E)¤S , I, F"

�â§8.2.2!��n½ÂV = {v1, ..., vn}±9 f0, f1, f2"

½ÂΘ =
∨

s∈I f1(s)"

½Âρ =
∨

s∈s′.a f2((s, s′))"

éz�p ∈ AP§½ÂN(p) =
∨

s.c|=p f1(s)"

½ÂF′ =
∨

s∈F f1(s)"

K(ϕ) f sm = 〈V, ρ,Θ,N, F′〉´��ú²ÎÒ�."

·K 8.8 �½IÒKripke(�MÚPLTLúªϕ"�(M)sm ∩ (¬ϕ) f sm = 〈V, ρ,Θ,N, F〉"KM |= ϕ��

=�Θ ∧ f airØ�÷v"

§8.3.3 PLTLúª��.�.uÿ

�½ÎÒ�.M = 〈V, ρ,Θ,N〉"�½PLTLúªϕ"

�v = {v1, ..., vn}"K��G�Cþw���n�|(w1, ...,wn)"

�k ≥ 0"

^s(i, k, l)L«e(k = i)KlÄKi + 1"

½Â 8.6 (PlTLúª�=�) �k ≥ 0. �w�G�Cþ"^[[ϕ, u−1]]k,lL«false"½Â[[ϕ,w]]k,lX

e§Ù¥g(u, a, b, ϕ, ψ)L«
∨b

j=a([[ψ, u j]]k,l ∧
∧ j−1

t=a [[ϕ, ut]]k,l)"
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[[p,w]]k,l = (N(p))w
v

[[¬p,w]]k,l = ¬(N(p))w
v

[[ϕ ∨ ψ,w]]k,l = [[ϕ,w]]k,l ∨ [[ψ,w]]k,l

[[ϕ ∧ ψ,w]]k,l = [[ϕ,w]]k,l ∧ [[ψ,w]]k,l

[[Xϕ, ui]]k,l = [[ϕ, us(i,k,l)]]k,l

[[Gϕ, ui]]k,l =
∧k

j=i[[ϕ, u j]]k,l ∧
∧i−1

j=min(i,l)[[ϕ, u j]]k,l

[[ϕUψ, ui]]k,l = g(u, i, k, ϕ, ψ) ∨ (
∧k

t=i[[ϕ, ut]]k,l ∧ g(u, l, i − 1, ϕ, ψ))

½Â 8.7 [[ϕ,
→
u]]k :=

∨k
l=−1(T (uk, ul) ∧ [[ϕ, u0]]k,l)

½n 8.2 �½IÒKripke�.MÚPLTLúªϕ"�(M)sm = 〈V, ρ,Θ,N}"M, s |=E
k ϕ��=�( f1(s))u0

v ∧

Pk(
→
u) ∧ [[ϕ,

→
u]]k�÷v.

íØ 8.5 �½IÒKripke�.MÚPLTLúªϕ"�½?¿k ≥ 0"£1¤eΘ
u0
v ∧ Pk(

→
u) ∧ [[¬ϕ,

→
u]]k�

÷v§KM 6|= ϕ¶£2¤eΘ
u0
v ∧ Pk(

→
u) ∧ [[¬ϕ,

→
u]]kØ�÷v�k ≥ lct((M)sm, ϕ)§KM |= ϕ"

�.�.uÿ�{µ �½IÒKripke�.MÚPLTLúªϕ"�(M)sm = 〈V, ρ,Θ,N〉"�½ëêb"

�.�.uÿ�{PLT Lbmc(M, ϕ, b)Xeµ

(1) k = 0

(2)eΘ
u0
v ∧ Pk(

→
u) ∧ [[¬ϕ,

→
u]]k�÷v§Kreturn false¶

(3)ek = b§Kreturn unknown

(4) k = k + 1§£�(2)

5¿µùp�¬ϕ�L�Ù�d�NNF�ª�PLTLúª"

íØ 8.6 �½?¿b"ePLT Lbmc(M, ϕ, b) = f alse§KM 6|= ϕ"

íØ 8.7 �½b ≥ lct((M)sm, ϕ)"ePLT Lbmc(M, ϕ, b) , f alse§KM |= ϕ"

§8.4 ú²IÒKripke(���.uÿ

þü!�ØãÌ�ïá3IÒKripke(��.þ§�!Øãïá3ú²IÒKripke(�

�.þ��.uÿ�{��
Ä�g�"�½ú²IÒKripke(�M = 〈S ,R, I, L, F〉�F =

{ f1, .., fk}"

CTL5� ú²IÒKripke(��CTL5��ÄuØÄ:�{�w«G��.uÿ§��â§6.2.3!

�O��{?1"ú²IÒKripke(��CTL5��ÎÒ�.uÿ§KÄkòML«�ú²Î

Ò�.M′ = 〈V, ρ,Θ,N,Φ〉"^[[ϕ]]L«÷vϕ�G��8Ü�Ù�úª"3§8.2.2!�Ä:þ§

·�k±e½Â"

f air = νZ.(
∧k

i=1[[EX(EF(Z ∧ φi))]])

[[EX f p]] = [[EX(p ∧ f air)]]

[[E(pU f q)]] = [[E(pU(q ∧ f air))]]

[[EG f p]] = νZ.([[p]] ∧
∧k

i=1[[EX(E(pU(Z ∧ φi)))]])

�ϕ��S�f3{EX f , EU f , EG f }¥�CTL5�"
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·K 8.9 M |= ϕ��=�Θ→ [[ϕ]]"

LTL5� ú²IÒKripke(��LTL5���.uÿ§��â§5.2.3!��{òÙ=z��K

ú²�å�IÒKripke(���.uÿ"éuÄugÄÅ�5uÿ��{§duE,úª=z

¤gÄÅ�E,Ý�p§½��Äòú²IÒKripke(�=���d��B
..
uchigÄÅGBM�

ò¬ϕ=���d��B
..
uchigÄÅGB¬ϕ"�â±e·K§̂ �5uÿ�{u�GBM ∩GB¬ϕ´

Ä��±�yM |= ϕ´Ä¤á"

·K 8.10 �ϕ�PLTLúª"M |= ϕ��=�GBM ∩GB¬ϕ ≡ ∅"

§8.5 �.uÿEâ

�!0��.uÿ�{¥Jp�.uÿ�Ç�Ü©EâÃã�`züÑ"

§8.5.1 ��ûüã

ÎÒ�.uÿ�{�Ä�g�´¦^·KÜ6úªL«G�8Ü"�.uÿ�O�L§

I�^�úª��½��$�"��ûüã´�«·KÜ6úª��ªL«�{�äk��

p���½�$�"

½Â 8.8 �½��Cþ8ÜV"��Vþ���ûüã(BDD)´��o�|

〈N, n0, E, L〉

Ù¥N�!:�8Ü¶n0�ã�Ð©:¶E : N → N × N �½Â!:Ñ>� ¼ê§eE(n) =

〈n′, n′′〉§K¡〈n, n′〉�n�0>§〈n, n′′〉�n�1>¶L : N → V ∪ {0, 1}�:�IÒ¼ê§÷vL(n) ∈

{0, 1}��=�E(N)vk½Â"

kS��ûüã(OBDD)

�½��VþCþ�üSx1, ..., xm§=x1 < x2 < · · · < xm"�½éÑ?¿Cþxéu~

þ0, 1Ñkx < 0�x < 1"����ûüã〈N, n0, E, L〉´kS�§��=�E(a) = 〈b, c〉KL(a) <

L(b)�L(a) < L(c)"

�½Vþ���úªϕ"Túª�±^��kS��ûüã〈N, n0, E, L〉L«§Ù�EXe"

1. N = {n0}, L(n0) = x1, L′(n0) = ϕ.

2.é?¿n ∈ N�E(n)ÿÃ½Â§

eL(n) = xi§K3N¥V\ü�#�:n′, n′′�-E(n) = 〈n′, n′′〉"

ei < m§K-L(n′) = L(n′′) = xi+1, L′(n′) = (L′(n))0
xi
, L′(n′′) = (L′(n))1

xi
"

ei = m§K-L(n′) = L′(n′) = (L′(n))0
xm
, L(n′′) = L′(n′′) = (L′(n))1

xm
"

eü�úª´�d�§K§��ù��E�kS��ûüã´Ó��"
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�{kS��ûüã(ROBDD)

±þ�E�OBDD�(�Ú����u��ý�L§kéõP{Ü©"��ûüãz{

�5KXeµ

uÚv´�!:§L(u) = L(v)§KÜ¿ùü�!:"

uÚvØ´�!:§E(u) = E(v)�L(u) = L(v)§KÜ¿ùü�!:"

uÚvØ´�!:§E(v) = 〈a, a〉§KíØv:§ò��v�>(½n0)��a"

òP{Ü©^±þ5Kz{��ØU2{z����ûüã¡��{kS��ûüã"

eü�úª´�d�§K§���{kS��ûüã´Ó��"^�{kS��ûüãL«

�úª��d5N´�½"e��úª�[ýª§KTúª�ROBDD��k���!:�ã

�T�!:���1"e��úª�[bª§KTúª�ROBDD��k���!:�ã�T

�!:���0"

CþüS

CþüSéROBDD���ké��K�§éu�
¯K§ØÓ�CþüS¤�)�ROBDD�

���«O´�ê�"

�ϕ =
∨n

i=1(x2i−1 ∧ x2i)"�½Cþ�üSx1, x3, ..., x2n−1, x2, x4, ..., x2n"Kϕ�ROBDD!:ê

�2n+1"�½Cþ�üSx1, x2, ..., x2n"Kϕ�ROBDD!:ê�2(n+1)"duÏé�ZüS´NPJ

�¯K"�^éuª��{O����Ð�CþüS"

kS��ûüãÚÙ�¼ê

��úª�±w¤´��Ù�¼ê§Ïd��kS��ûüãéAu��Ù�¼ê"

^F|NL«Fò½Â���3N�f¼ê"½Âπi(〈a0, a1〉) = ai"^Ei
xL«÷v±e5��

ÏL?UE���¼êE′µ
eL(π0(E(n))) , x�L(π1(E(n))) , x KE′(n) = E(n)

eL(π0(E(n))) = x Kπ0(E′(n)) = πi(E(π0(E(n))))

eL(π1(E(n))) = x Kπ1(E′(n)) = πi(E(π1(E(n))))
^ fOBDD(x1, ..., xn)L«�Ù�¼ê f (x1, ..., xn)éA�kS��ûüã"� fOBDD(x1, ..., xn) =

〈N, n0, E, L〉�x1 < · · · < xn"K

fOBDD(0, x2, ..., xn) = 〈N′, n′0, E
′, L′〉Ù¥

N′´dπ0(E(n0))���¤k!:�8Ü¶n′0 = π0(E(n0))¶E′ = E|N′¶L′ = L|N′"

fOBDD(x1, ..., xi−1, 0, xi+1, xn) = 〈N′, n0, E′, L′〉Ù¥

N′´dn0ÏLE0
xi
���¤k!:�8Ü¶E′ = E0

xi
|N′¶L′ = L|N′"

fOBDD(1, x2, ..., xn) = 〈N′, n′0, E
′, L′〉Ù¥

N′´dπ1(E(n0))���¤k!:�8Ü¶n′0 = π1(E(n0))¶E′ = E|N′¶L′ = L|N′"

fOBDD(x1, ..., xi−1, 1, xi+1, xn) = 〈N′, n0, E′, L′〉Ù¥

N′´dn0ÏLE1
xi
���¤k!:�8Ü¶E′ = E1

xi
|N′¶L′ = L|N′"

þc��

� f , b, c´OBDD"�n´OBDD�!:"̂ top( f )�L f�º:"̂ L( f )�LL(top( f ))"̂ f =

(n, b, c)L«top( f ) = n�E(n) = 〈top(b), top(c)〉"� f�OBDD�ÙþCþ�S�d�£�!:¤
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��£�!:¤"K f |x=0Ú f |x=1��{Xeµ

e f´�!:§K f |x=0 = f

eL( f ) = x� f = (n, s0, s1)§K f |x=0 = s0

eL( f ) , x� f = (n, s0, s1)§K f |x=0 = (n, s0|x=0, s1|x=0)

e f´�!:§K f |x=1 = f

eL( f ) = x� f = (n, s0, s1)§K f |x=1 = s1

eL( f ) , x� f = (n, s0, s1)§K f |x=1 = (n, s0|x=1, s1|x=1)

·�k∃y1...yn.∃x. f = ∃y1...yn.( f |x=0 ∨ f |x=1)"OBDDþ�½$�±9Ù¦$�½ÂXe"

OBDDþ�$�

es = (n, s′, s′′)�L(s) = x ∈ V§Kòs, s′, s′′ ©OL«�(¬x ∧ s′) ∨ (x ∧ s′′), s|x=0, s|x=1"

eL(s) = 0½L(s) = 1§K^0½1��L«T!:"

·KÜ6ë�Î�±w¤´OBDDþ�$�"�◦���$�Î§fÚg�OBDD�ÙþC

þ�S�d�£�!:¤��£�!:¤"K f ◦ g��{Xeµ

e fÚgÑ´�!:§K f ◦ g = L( f ) ◦ L(g)

eL( f ) = L(g) = xK f ◦ g = ((¬x ∧ ( f |x=0 ◦ g|x=0) ∨ (x ∧ ( f |x=1 ◦ g|x=1))

ex = L( f ) < L(g)K f ◦ g = ((¬x ∧ ( f |x=0 ◦ g) ∨ (x ∧ ( f |x=1 ◦ g))

eL( f ) > L(g) = yK f ◦ g = ((¬y ∧ ( f ◦ g|y=0) ∨ (y ∧ ( f ◦ g|y=1))

~^���$�k∧,∨,→,↔"��$�¬�Kþ�^→¢y§=¬p ⇔ (p → false)§ÙO

�(JÒ´ò�(:�0Ú1��p�"úªϕ0Úϕ1´Ä�d�±�âϕ0 ↔ ϕ1 �ROBDD´Ä

�15�ä"

þc���`züÑ

^x̄L«x1, ..., xn"Kex(ϕ) = ∃x′1...x
′
n.(R(x̄, x̄′) ∧ ϕx̄′

x̄ )"

O�ex(ϕ)�ROBDDI�?1þc��§́ ÎÒ�.uÿ¥O�þé��ö�"·�A^

�dC�§¦�Uò�3þc�^u���fúª"[£'XR(x̄, x̄′)�U´�|úª�Û�

½Ü�"±e©Oéùü«�¹?1©Û"

Û�'X

�R(x̄, x̄′) = R1(x̄, x̄′) ∨ · · · ∨ Rm(x̄, x̄′)"A^�ª∃x.(p(x) ∨ q(x)) = ∃x.p(x) ∨ ∃x.q(x))§3�


�¹e�±{zROBDD�O�"·�k

∃x′1...x
′
n.(R(x̄, x̄′) ∧ ϕx′1,...,x

′
n

x1,...,xn ) =

n∨
i=1

(∃x′1...x
′
n.(Ri(x̄, x̄′) ∧ ϕx̄′

x̄ ))

Ü�'X

�R(x̄, x̄′) = R1(x̄, x̄′) ∧ · · · ∧ Rm(x̄, x̄′)"

exØ3p(x)¥Ñy§·�k∃x.(p(x) ∧ q(x)) = p(x) ∧ ∃x.q(x))"A^T�ª3�
�¹e�

±{zROBDD�O�"��Bå�§̂ R0(x̄, x̄′)L«ϕ
x′1,...,x

′
n

x1,...,xn"K

∃x′1...x
′
n.(R(x̄, x̄′) ∧ ϕx′1,...,x

′
n

x1,...,xn ) = ∃x′1...x
′
n.(R0(x̄, x̄′) ∧ · · · ∧ Rm(x̄, x̄′))
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òx′1, ..., x
′
n©¤k�Ø��f8d1, ..., dk§òR0, ....,Rm©¤k�Ø����f8D1, ...,Dk"X

Jéu¤k1 ≤ i < j ≤ k§d j¥�CþØ3Di¥Ñy§K

∃x′1...x
′
n.(R0(x̄, x̄′) ∧ · · · ∧ Rm(x̄, x̄′) = ∃d1.(D1 ∧ ∃d2.(D2 ∧ · · · ∧ ∃dk.(Dk) · · ·))

Ù¥diL«di¥Cþ��Þ§DiL«Di¥úª�Ü�"éu�½�úª8Ü{R0, ...,Rm}ÚCþ

8Ü{x′1, ..., x
′
n}§·��±�âØÓ�IO5O�d1, ..., dkÚD1, ...,Dk"�Kþ·�ATk	�

�di��
Di���Ð"

§8.5.2 Ä��.uÿ

�½��Äu¢cÜ6�[£XÚ�.MÚ��PLTL5�ϕ"duO��Ç�¯K§�y

ù����¯KØ^k�EXÚ����Kripke(��."O�BM ∩ B¬ϕ´Ä����{�±

3B¬ϕ®²�3��¹e§>�EBM>O�BM ∩ B¬ϕ"��k|�Ï�´3�âXÚ�.�p

�£ã�E�cG���UG��§�±�äù
#�G�´Ä�B¬ϕk�ÓÜ©§,�û½

´ÄI�éù
G�?�Ú*Ð",	Ò´·����½BM ∩ B¬ϕ´Ä��§Ïdé��^

÷vBM ∩ B¬ϕ�$1Ò�òÑ§Ø7�½���¤��BM��E"


Ú�d ü^Ã¡´»πÚπ′´
Ú�d��c=��3ü^�êþ�Ã¡S�0 = i0 < i1 <

i2 < · · ·Ú0 = j0 < j1 < j2 < · · ·¦�é?¿k ≥ 0§

L(πik ) = L(πik+1) = · · · = L(πik+1−1) = L(π′jk ) = L(π′jk+1) = · · · = L(π′jk+1−1)

��úªϕ´
ÚØC��c=�é?¿
Ú�d�πÚπ′§

π |= ϕ⇔ π′ |= ϕ

ØÑyO�f�PLTLúª�8ÜP�PLT L(U)"T8Ü�úªÑ´
ÚØC�"

 S8� b���y�5��ϕ ∈ PLT L(U)�ϕ¥�·KCþ�8Ü�AP′"b�XÚ�$1

8Ü�¹π = s0...sisi+1si+2...Úπ′ = s0...sis′i+1si+2..."

XJL(si)∩ AP′ = L(si+1)∩ AP′�L(s′i+1)∩ AP′ = L(si+2)∩ AP′,Kπ |= ϕ��=�π′ |= ϕ"Ïd

éu�yXÚ´Ä÷vϕ§·��±Ø�Äπ′" S8��Ì�g�´�â�
�ä^�§3

Ä��.uÿ¥;�aqus′i+1ù��G��)¤±9éπ′�u�"

§8.6 ~f

~ 8.1 �½AP = {p, q}ÚIÒKripke�.K = 〈S ,R, I, L〉Ù¥S ,R, I, L½ÂXe"

S = {s0, s1, ..., s15}"

R={(s2, s10), (s10, s10)} ∪ {(si, si) | 0 ≤ i ≤ 15, i < {2, 10}}"

I = {s2}"

L(0) = · · · = L(3) = {p}¶L(4) = · · · = L(7) = {q}¶

L(8) = · · · = L(11) = {p, q}¶L(12) = · · · = L(15) = {}"
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�V = {v1, v2, v3, v4}"

½Â f0(s) = ( f0(s, 1), f0(s, 2), f0(s, 3), f0(s, 4))Ù¥ f0(si, k)���i�¤�?��1k £�p 

�11 ¤��§½ÂXe"

f0(si, 1) = i/8¶

f0(si, 2) = (i%8)/4¶

f0(si, 3) = (i%4)/2¶

f0(si, 4) = (i%2)¶

d±þ½Â�µ

(¬v1 ∧ ¬v2 ∧ v3 ∧ ¬v4)L«G�s2¶

(v1 ∧ ¬v2 ∧ v3 ∧ ¬v4)L«G�s10¶

(¬v2 ∧ v3 ∧ ¬v4)L«G�8Ü{s2, s10}¶

ρ0 = (v′1 ↔ v1) ∧ (v′2 ↔ v2) ∧ (v′3 ↔ v3) ∧ (v′4 ↔ v4)L«[£8Ü{(si, si) | 0 ≤ i ≤ 15}¶

ρ1 = (¬v2 ∧ v3 ∧ ¬v4 ∧ v′1 ∧ ¬v′2 ∧ v′3 ∧ ¬v4)L«[£8Ü{(s2, s10), (s10, s10)}"

�K�A�Äu f0�ÎÒ�.�M = 〈V, ρ,Θ,N〉Ù¥ρ,Θ,N½ÂXe"

ρ = (ρ1) ∨ (¬(¬v2 ∧ v3 ∧ ¬v4) ∧ ρ0)¶

Θ = (¬v1 ∧ ¬v2 ∧ v3 ∧ ¬v4)¶

N(p) = (¬v2)¶

N(q) = (¬v1 ∧ v2) ∨ (v1 ∧ ¬v2)¶

~ 8.2 �M = 〈V, ρ,Θ,N〉X~8.1¥¤½Â"�ϕ = (v1 ∧ ¬v2 ∧ v3 ∧ ¬v4)"

£1¤ex(ϕ)Úxe(ϕ)�O�Xe"

ex(ϕ) = ∃v′1v′2v′3v′4.(ρ ∧ ϕ
′) = (¬v2 ∧ v3 ∧ ¬v4)

xe(ϕ) = (∃v1v2v3v4.(ρ ∧ ϕ))# = (v1 ∧ ¬v2 ∧ v3 ∧ ¬v4)

£2¤�ä�.´Ä÷vAG(p ∨ q)�ÎÒ�.uÿL§Xe"

(a)·�k[[AG(p ∨ q)]] = [[¬E(true U ¬(p ∨ q))]] = ¬µZ.([[¬(p ∨ q)]] ∨ ex(Z))"

(b)P f (Z) = [[¬(p ∨ q)]] ∨ ex(Z))"·�k

Z0 ≡ f alse

f 1(Z0) ≡ [[¬(p ∨ q)]] = (v1 ∧ v2)

f 2(Z0) ≡ (v1 ∧ v2)

Ï
[[AG(p ∨ q)]] = ¬(v1 ∧ v2)"

(c)dΘ→ ¬(v1 ∧ v2)��.÷vAG(p ∨ q)"

§8.7 öS

1. �½AP = {p, q}ÚIÒKripke�.K = 〈S ,R, I, L〉Ù¥S ,R, I, L½ÂXe"

S = {s0, s1, s2, s3}"

R={(s0, s1), (s0, s2), (s1, s3), (s2, s0), (s2, s3), (s3, s1)}"

I = {s0, s2}"

L(s0) = {}¶L(s1) = {q}¶L(s2) = {p}¶L(s3) = {p, q}"
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òK=��ÎÒ�."

2. �½AP = {p, q}þ�ÎÒ�.M = 〈V, ρ,Θ,N〉Ù¥V, ρ,Θ,N½ÂXe"

V = {v1, v2}¶

ρ = (¬v1 ∧ ¬v2 ∧ (v′1 ↔ ¬v′2)) ∨ (¬v1 ∧ v2 ∧ (v′1 ∧ v′2))∨

(v1 ∧ ¬v2 ∧ (v′1 ↔ v′2)) ∨ (v1 ∧ v2 ∧ (¬v′1 ∧ v′2))¶

Θ = (¬v2)¶

N(p) = (v1)¶

N(q) = (v2)¶

£1¤O�v2�c°G�8úªex(v2)Ú�UG�8úªxe(v2)"

£2¤̂ ÎÒ�.uÿ�{O�[[EG(p ∨ q)]]¿`²�.´Ä÷vEG(p ∨ q)"

£3¤�ã^�.�(5u��{�ä�.´Ä÷vEG(p ∨ q)�O�L§"
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§9 ¢~©Û

�Ù0�¢~"Ì�¢~�p½�{!I��Æ��ê²���{"

§9.1 p½�{

�!�Äü�?§�p½�{"

p½�{�¥ª[£�.µ �½B = ({s0, s1, s2, s3, t0, t1, t2, t3, 0, 1}, {=})"�½I = (D, I0)Ù¥D =

{0, 1, 2, 3}�I0½ÂXeµ

I0(=) = =

I0(s0) = I0(t0) = I(0) = 0

I0(s1) = I0(t1) = I(1) = 1

I0(s2) = I0(t2) = 2

I0(s3) = I0(t3) = 3

�½V = {a, b, x, y, t}"

(B,V)þ�p½�{�¥ª[£�.½Â�M = 〈T,Θ〉Ù¥Θ�a = s0 ∧ b = t0 ∧ x = 0 ∧ y =

0�T�±e[£�8Üµ

a = s0 −→ (y, t, a) := (1, 1, s1)

a = s1 ∧ (x = 0 ∨ t = 0) −→ (a) := (s2)

a = s2 −→ (y, a) := (0, s3)

a = s3 −→ (y, t, a) := (1, 1, s1)

b = t0 −→ (x, t, b) := (1, 0, t1)

b = t1 ∧ (y = 0 ∨ t = 1) −→ (b) := (t2)

b = t2 −→ (x, b) := (0, t3)

b = t3 −→ (x, t, b) := (1, 0, t1)

T�.G�[£Ü©�«¿ã�ã2"a = siL«?§A?usiG�"s0, s1, s2, s3 ©On)

�?§A�Ð©G�§��G�§¦^]
G�§ÊÏG�"aq/§b = tiL«?§B?utiG

�"

^Ê�|(a, b, x, y, t)L«XÚG�"XÚoG�ê�4 ∗ 4 ∗ 2 ∗ 2 ∗ 2 = 128�"±e´XÚ�

��G�§Ù¥cü��Ð©G�"

(s0, t0, 0, 0, 0) (s0, t0, 0, 0, 1)

(s1, t0, 0, 1, 1) (s0, t1, 1, 0, 0)

(s2, t0, 0, 1, 1) (s1, t1, 1, 1, 0)

(s1, t1, 1, 1, 1) (s0, t2, 1, 0, 0)

(s3, t0, 0, 0, 1) (s2, t1, 1, 1, 0)

(s1, t2, 1, 1, 1) (s0, t3, 0, 0, 0)

(s3, t1, 1, 0, 0) (s1, t3, 0, 1, 1)

(s3, t2, 1, 0, 0) (s2, t3, 0, 1, 1)

(s3, t3, 0, 0, 0) (s3, t3, 0, 0, 1)
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ã 1 p½�{«¿ã

p½�{�5�µ ·��Ä±en�5�"

ϕ1 = 2(¬(a = s2 ∧ b = t2)"

ϕ2 = 2(a = s1 ∧ ¬(b = t1 ∨ b = t2)→ (a = s2 R b , t2))"

ϕ3 = 2(a = s1 → 3a = s2)"

ùn�PLTL5�½�^CTLL«Xe"

ϕ′1 = AG(¬(a = s2 ∧ b = t2))"

ϕ′2 = AG(a = s1 ∧ ¬(b = t1 ∨ b = t2)→ A(a = s2 R b , t2))"

ϕ′3 = AG(a = s1 → AFa = s2)"

§9.1.1 üÌín

£a¤M |=I ϕ1�y²Xe"

[A^§7.1!�y²(Ø/ª�ϕ⇒ 2ψ�Xeín5K"

ϕ⇒ φ

φ→ [T ]φ

φ→ ψ

ϕ⇒ 2ψ

Äky²M |=I 2(Θ→ ϕ1)Xe"

½Âϕ = Θ�ψ = (¬(a = s2 ∧ b = t2))"

½Âφ�±eúª�Û�"

(a = s0 ∨ a = s3) ∧ (b = t0 ∨ b = t3)

(a = s0 ∨ a = s3) ∧ (b = t1 ∨ b = t2) ∧ x = 1

(b = t0 ∨ b = t3) ∧ (a = s1 ∨ a = s2) ∧ y = 1

(a = s1 ∧ b = t1 ∧ x = 1 ∧ y = 1)

(a = s1 ∧ b = t2 ∧ x = 1 ∧ y = 1 ∧ t = 1)

(a = s2 ∧ b = t1 ∧ x = 1 ∧ y = 1 ∧ t = 0)
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Kkϕ⇒ φ�φ→ [T ]φ�φ⇒ ψ"

Ï
�ây²5K·�kϕ⇒ 2ψ§=M |=I 2(Θ→ ϕ1)"

Ï
M |=I Θ→ ϕ1"?
·�kM |=I ϕ1"

£b¤M |=I 2(a = s1 ∧ b , t1 ∧ b , t2 → (a = s2Rb , t2))�y²Xe"

�ϕ = (a = s1 ∧ b , t1 ∧ b , t2), ϕ0 = (a = s2), ψ = (b , t2)"

[A^±eín5Ky²ϕ⇒ ϕ0Rψ"

ϕ⇒ φ

(φ ∧ ¬ϕ0)→ [T ]φ

φ→ ψ

ϕ⇒ ϕ0Rψ

·�I½Âφ¦�ín5K¥�n�cJ^�¤á"

½Âφ�±eúª"

(a = s1 ∧ ((b , t1 ∧ b , t2) ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b , t2)

ín5K¥�1��Ú1n�^�w,¤á"aqu~7.2¥�O���[T ](b , t2)�O�

(J¿dd´�1��^�½¤á§Ï
¤Iy²�(Ø¤á"

£c¤M |=I |=I 2(a = s1 → 3(a = s2))�y²Xe"

£c1¤duy²¥I�^�M |=I 2(a = s1 → (a = s1 ∧ y = 1))§·�ky²ù�5�Xe"

ekΘ ⇒ 2(a = s1 → (a = s1 ∧ y = 1))§KkM |=I Θ → 2(a = s1 → (a = s1 ∧ y = 1))§,�

dΘ5K��M |=I 2(a = s1 → (a = s1 ∧ y = 1))¤á"

±ey²Θ⇒ 2(a = s1 → (a = s1 ∧ y = 1))"

�ϕ = Θ, ψ = (a = s1 → (a = s1 ∧ y = 1))"

[A £̂a¤¥^��ín5Ky²ϕ⇒ 2ψ"

·�I½Âφ¦�ín5K¥�n�cJ^�¤á"

½Âφ�±eúª"

(a = s1 → y = 1)

ín5K¥�1��Ú1n�^�w,¤á"ÏLO�[T ]φ�1��^�½¤á§Ï


Θ⇒ 2(a = s1 → (a = s1 ∧ y = 1))¤á"

£c2¤5�M |=I |=I 2(a = s1 → 3(a = s2))�y²Xe"

�ϕ = (a = s1), ψ = (a = s2)"

[A^±eín5Ky²ϕ⇒ 3ψ"

ϕ⇒ (ψ ∨ φ)

φ→ (we
x ∧ (E(T ) ∨ ψ))

(φ ∧ e = v)→ [T ](ψ ∨ (φ ∧ e < v))

ϕ⇒ 3ψ
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éB = (F, P)?1*¿§O\¼êÎÒh§¢cÎÒv§�A*¿I0¦�v)º�Ï~g,ê

þ���'X�hk)ºXe"

I(h(t0, 0)) = 1 I(h(t1, 0)) = 0 I(h(t2, 0)) = 2 I(h(t3, 0)) = 1

I(h(t0, 1)) = 1 I(h(t1, 1)) = 3 I(h(t2, 1)) = 2 I(h(t3, 1)) = 1

·�I½Âe,w, φ¦�W = ({σ(x) | I(w)(σ) = true}, I0(v))�ûÄ8Ü�ín5K¥�n�

cJ^�¤á"

½Â
e = h(b, t)

w = (0 v x v 3)

φ = (a = s1 ∧ y = 1)

´�W = {0, 1, 2, 3}�ûÄ8Ü"

d(c1)�ín5K¥�1��^�¤á"́ �1��^�¤á"ÏLO�[T ](ψ ∨ (φ ∧ e <

v))�1n�^�½¤á§Ï
¤Iy²�(Ø¤á"

§9.1.2 Äu�.uÿ�{��y

b½·��,�yϕ1Úϕ2ùü�5�"@o·�'%�·K�8Ü�{a = s1, a = s2, b =

t1, b = t2}"©O^p1, p2, q1, q2L«ù
·K"½ÂAP = {p1, p2, q1, q2}"

½Âa(i) = (i/32)§b(i) = (i/8)%4§x(i) = (i/4)%2§y(i) = (i/2)%2§t(i) = i%2"

½ÂM�IÒKripke�.(M)km = 〈S ,R, I, L}��©þXe"

S = {wi | 0 ≤ i ≤ 127}"

R = R1 ∪ · · · ∪ R8Ù¥R1, ...,R8½ÂXe"

R1 = {(wi,w j) | a(i) = 0, y( j) = 1, t( j) = 1, a( j) = 1}

R2 = {(wi,w j) | a(i) = 1, x(i) = 0 ∨ t(i) = 0, a( j) = 2}

R3 = {(wi,w j) | a(i) = 2, y( j) = 0, a( j) = 3}

R4 = {(wi,w j) | a(i) = 3, y( j) = 1, t( j) = 1, a( j) = 1}

R5 = {(wi,w j) | b(i) = 0, x( j) = 1, t( j) = 0, b( j) = 1}

R6 = {(wi,w j) | b(i) = 1, y(i) = 0 ∨ t(i) = 1, b( j) = 2}

R7 = {(wi,w j) | b(i) = 2, x( j) = 0, b( j) = 3}

R8 = {(wi,w j) | b(i) = 3, x( j) = 1, t( j) = 0, b( j) = 1}

I = {w0,w1}"

L½ÂXe"

é?¿i ∈ {0, ..., 127}§k ∈ {1, 2}§pk ∈ L(wi)��=�a(i) = k"

é?¿i ∈ {0, ..., 127}§k ∈ {1, 2}§qk ∈ L(wi)��=�b(i) = k"

·�k±e(Ø"
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M |=I ϕ1��=�(M)km |= 2(¬(p2 ∧ q2))

M |=I ϕ2��=�(M)km |= 2(p1 ∧ ¬(q1 ∨ q2)→ (p2 R ¬q2))

M |=I ϕ3��=�(M)km |= 2(p1 → 3p2)

M |=I ϕ
′
1��=�(M)km |= AG(¬(p2 ∧ q2))

M |=I ϕ
′
2��=�(M)km |= AG(p1 ∧ ¬(q1 ∨ q2)→ A(p2 R ¬q2))

M |=I ϕ
′
3��=�(M)km |= AG(p1 → AF p2)

�.uÿ�{L§Þ~µ duO���¡§=Þ�~§=^ØÄ:�{y²(M)km |= AG(¬(p2∧

q2))§=y²(M)km |= ¬EF(p2 ∧ q2)Xe"

• ·�kEF(p2 ∧ q2) = µZ.((p2 ∧ q2) ∨ EXZ)"

• ��BÖ�§a(i), b(i), x(i), y(i), t(i)©O�¤a, b, x, y, t"

½Â fi�±eL�¥1êIÒ�êii�G�8Ü"

IÒ G�8Ü `²

1 {wi | a = 2 ∧ b = 2}

11 {wi | a = 1 ∧ (x = 0 ∨ t = 0) ∧ b = 2}

12 {wi | a = 2 ∧ b = 1 ∧ (y = 0 ∨ t = 1)}

111 {wi | (a = 0 ∨ a = 3) ∧ x = 0 ∧ b = 2}

112 {wi | a = 1 ∧ (x = 0 ∨ t = 0) ∧ b = 1 ∧ (y = 0 ∨ t = 1)}

121 {wi | a = 1 ∧ (x = 0 ∨ t = 0) ∧ b = 1 ∧ (y = 0 ∨ t = 1) } �Óu112

122 {wi | a = 2 ∧ (b = 0 ∨ b = 3) ∧ y = 0}

1111 {wi | a = 2 ∧ x = 0 ∧ b = 2} �¹u1

1112 {wi | (a = 0 ∨ a = 3) ∧ x = 0 ∧ b = 1 ∧ (y = 0 ∨ t = 1)}

1121 {wi | (a = 0 ∨ a = 3) ∧ x = 0 ∧ b = 1 ∧ (y = 0 ∨ t = 1)} �Óu1112

1122 {wi | a = 1 ∧ (x = 0 ∨ t = 0) ∧ (b = 0 ∨ b = 3) ∧ y = 0} �Óu1221

1221 {wi | a = 1 ∧ (x = 0 ∨ t = 0) ∧ (b = 0 ∨ b = 3) ∧ y = 0}

1222 {wi | a = 2 ∧ b = 2 ∧ y = 0} �¹u1

11121 {wi | a = 2 ∧ x = 0 ∧ b = 1 ∧ (y = 0 ∨ t = 1)} �¹u12

11122 {}

12211 {}

12212 {wi | a = 1 ∧ (x = 0 ∨ t = 0) ∧ b = 2 ∧ y = 0} �¹u11

• ·�k(p2 ∧ q2) = {wi | a(i) = 2 ∧ b(i) = 2} = f1"

• �τ(Z) = (p2 ∧ q2) ∨ EXZ"KµZ.τ(Z)�O�Xe"

τ0( f alse) = f alse¶

τ1( f alse) = f1¶

τ2( f alse) = τ1( f alse) ∪ f11 ∪ f12¶

τ3( f alse) = τ2( f alse) ∪ f111 ∪ f112 ∪ f122¶
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τ4( f alse) = τ3( f alse) ∪ f1112 ∪ f1221¶

τ5( f alse) = τ4( f alse)¶

ÏdEF(p2 ∧ q2) = µZ.((p2 ∧ q2) ∨ EXZ) = µZ.τ(Z) = τ4( f alse)"

ÏdAG(¬(p2 ∧ q2)) = ¬EF(p2 ∧ q2) = S \ τ4( f alse)"

• dτ4( f alse)Ø¹k(M)km�Ð©G��I ⊆ AG(¬(p2 ∧ q2))§=(M)km |= AG(¬(p2 ∧ q2))"

Ïd·�dM |=I ϕ
′
1"

§9.1.3 Äu�.uÿóä�gÄ�y

�uÃó�y��¡§·��¦^�.uÿóä?1�y"

A^VERDSï��óVMLïáVERDS�y�.Xe"

/**********************************************************************/

VVM mutex01.vvm

VAR a: {s0,s1,s2,s3}; b: {t0,t1,t2,t3}; x: 0..1; y: 0..1; t: 0..1;

INIT a=s0; b=s0; x=0; y=0;

TRANS a=s0: (y,t,a):=(1,1,s1);

a=s1&(x=0|t=0): (a):=(s2);

a=s2: (y,a):=(0,s3);

a=s3: (y,t,a):=(1,1,s1);

b=t0: (x,t,b):=(1,0,t1);

b=t1&(y=0|t=1): (b):=(t2);

b=t2: (x,b):=(0,t3);

b=t3: (x,t,b):=(1,0,t1);

SPEC AG(!(a=s2&b=s2));

AG(!(a=s1&!(b=t1|b=t2))|A(a=s2 R b!=t2));

AG(!(a=s1)|AF(a=s2));

/**********************************************************************/

^VERDS�yϕ′1, ϕ
′
2, ϕ

′
3�(J`²ù
5�¤á"

§9.1.4 ú²�å�.��.uÿ

b½·���.O\ü^±e[£§P�T1"

a = s1 ∧ ¬(x = 0 ∨ t = 0) −→ (a) := (s1)

b = t1 ∧ ¬(y = 0 ∨ t = 1) −→ (b) := (t1)

ùü^[£L«�?§A3s1G��é^�(x = 0 ∨ t = 0)?1u��^�Ø÷v�£

�s1G�£�.¥ù«[£n)��/
Ú/r
�Ú¤§Ó�§?§B3t1G���±£�t1ù

�G�"P?U���.�M′ = 〈T ∪ T1,Θ〉"

@o?U���.÷vϕ1Úϕ2§Ø÷vϕ3"

A^VERDSï��óVMLïáVERDS�y�.¿�yϕ′1, ϕ
′
2, ϕ

′
3§�y(J`²cü�5

�¤áÚ���5�Ø¤á"
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ú²�åµ ±M′�Ñu:§·��¦e?§A��?3s0G�@oA7LU�¤�gG�[

£¶eA��?3s1G��^�(x = 0∨ t = 0)��¤á@oA7Lé^�?1u�¿�¤�gG

�[£¶eA��?3s2G�@oA7L�¤�gG�[£¶eA��?3s3G�@oA7L�

¤�gG�[£"�A�§B?§�´aq"ù��±L«�ú²�å8ÜΦ = {¬(a = s0),¬(a =

s1 ∧ (x = 0 ∨ t = 0)),¬(a = s2),¬(a = s3),¬(b = t0),¬(b = t1 ∧ (y = 0 ∨ t = 1)),¬(b = t2),¬(b = t3))}"

@où�ú²¥ª[£�.�M′′ = 〈T ∪ T1,Θ,Φ〉"

A^VERDSï��óVML��¬zï�õUïáVERDS�y�.Xe"

/**********************************************************************/

VVM mutex02.vvm

VAR x: 0..1; y: 0..1; t: 0..1;

INIT x=0; y=0;

PROC p0: m0(x,y,0); p1: m0(y,x,1);

SPEC AG(!(p0.a=s2&p1.a=s2));

AG(!(p0.a=s1&!(p1.a=s1|p1.a=s2)) | A(p0.a=s2 R p1.a!=s2));

AG(!(p0.a=s1) | AF(p0.a=s2));

MODULE m0(x0,y0,k)

VAR a: {s0,s1,s2,s3};

INIT a=s0;

TRANS a=s0: (y0,t,a):=(1,1-k,s1);

a=s1&(x0=0|t=k): (a):=(s2);

a=s1&!(x0=0|t=k): (a):=(s1);

a=s2: (y0,a):=(0,s3);

a=s3: (y0,t,a):=(1,1-k,s1);

FAIRNESS !(a=s0);

!(a=s1&(x0=0|t=k));

!(a=s2);

!(a=s3);

/**********************************************************************/

A^VERDS�yϕ′1, ϕ
′
2, ϕ

′
3§�y(J`²ù
5�3#�.e¤á§=M′′ |=I ϕ

′
1§M′′ |=I

ϕ′2ÚM′′ |=I ϕ
′
3"éuù
5�
ó§�¬½Â¥�1�^Ú1n^�å�y
ϕ′3��(5"

§9.2 I��Æ

�!�Ä����E,�:��Æ£I��Æ¤�ï���.uÿ"

�win�~þ£ëê¤§L«I��Ý"nbox = 2win�~þ§L«�Â�����ê"��

Bå�¦^�Ý�nbox�ê|L«��"^p0L«ux�§p1L«�Â�"Ï��'Cþ�

`²Xe"
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p1chanlen ����{0, 1, ...,win}§

L«Ï�p1chan£p1�Ö�¤S�k�&E�ê"

p1chanidx[] �Ý�win�ê|§����{0, 1, ..., nbox − 1}§

L«Ï�p1chan¥&E�SÒ"

p1chancont[] �Ý�win�ê|§����{0, 1}§L«Ï�p1chan¥&E�SN§

3�.¥=L«SN´Ä3uxL§¥Ñy�Ø§0L«�Ø"

p1channext ����{0, 1,win − 1}§

��Ï�p1chan�1��� "

p0chanlen ����{0, 1}§

L«Ï�p0chan£p0�Ö�¤S�k�&E�ê§0½1"

p0chanidx ����{0, 1, ..., nbox − 1}§

L«Ï�p0chan¥&E�SN£=���SÒ¤§

SÒ��L«p1®²��TSÒ�c�¤kSN"

ux���Â�Cþ�`²Xe"

p0s ����{s0, s1, s2}§L«p0¤?���G�"

x ����{0, 1, ...,win − 1}§L«p1���e��&E�SÒ"

k ����{0, 1, ...,win − 1}§(x + k)%win�p0�ux�SÒ"

p1s ����{r0, r1, ..., r4}§L«p1¤?���G�"

box[] �Ý�nbox�ê|§����{0, 1}§

box[i] = 1L«SÒ�i��E®Â�§��?�Ú?n"

y ����{0, 1, ..., nbox − 1}§L«p1®²��TSÒ�c�SN"

n ����{0, 1, ..., nbox − 1}§̂ ±���;p1���&E�SÒ"

c ����{0, 1}§̂ ±���;p1���&E�SN"

�½B = ({s0, s1, s2, r0, r1, r2, r3, r4, 0, 1, ...,win,+,−, ∗, /,%}, {>,≥,=, <,≤})"�½I = (D, I0)Ù

¥D = {0, 1, 2, ...}�I0éÜ©ÎÒ�½ÂXeµ

I0(=) = =

I0(r0) = I0(s0) = I(0) = 0

I0(r1) = I0(s1) = I(1) = 1

I0(r2) = I0(s2) = I(2) = 2

I0(r3) = 3

I0(r4) = 4

Ù{ÎÒaquù
ÎÒ3g,ê�þ�½Â"�½VXþ¤ã"

��Ö�B§̂ p1headÚp1last©O�LÏ�p1chan�1��kSN� �Ú����k

SN� �£eÏ�(¢kk�SN¤§½ÂXe"

p1head = (p1channext + (win − p1chanlen))%win

p1last = (p1channext + (win − 1))%win
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^p0put(p0s, i, c, a)L«p0 p1�Ï��\x, c§¿=\p0s = a�G�§½ÂXe"

(p0s, p1chanidx[p1channext], p1chancont[p1channext], p1channext, p1chanlen) :=

(a, (i + k)%nbox, c, p1channext + 1, p1chanlen + 1)

^p0get(p0s, x, k, a)L«p0lgC�Ï�ÖÑêâi¿­�k�0§¿=\p0s = a�G�§½

ÂXe"

(p0s, x, k, p1chanlen) := (a, p1chanidx, 0, 0)

^p1put(p1s, y, a)L«p1 p0�Ï��\y§¿=\p1s = a�G�§½ÂXe"

(p1s, p0chanidx, p1chanlen) := (a, i, 1)

^p1get(p1s, n, c, a)L«p1lgC�Ï�ÖÑêân, c§¿=\p1s = a�G�§½ÂXe"

(p1s, n, c, p1chanlen, p1chanidx[p1head], p1chancont[p1head]) :=

(a, p1chanidx[p1head], p1chancont[p1head], p1chanlen − 1, 0, 0)

^inrange(n)L«p1���êân�3A����k�êâ§½ÂXe"

(((n >= y) ∧ (n − y < win)) ∨ ((y > n) ∧ (y − n > win))

§9.2.1 ��Ï��I��Æ�¥ª[£�.µ

(B,V)þ�I��Æ�¥ª[£�.½Â�M = 〈T,Θ〉Ù¥Θ�p0s = s0Úp1s = r0�Ù{

CþÐ©��0§T�±e[£�8Üµ

p0s = s0 ∧ p1chanlen < win −→ p0put(p0s, (x + k)%nbox, 1, s1);

p0s = s1 ∧ p0chanlen = 1 −→ p0get(p0s, x, k, s0);

p0s = s1 ∧ p0chanlen = 0 −→ (p0s) := (s2);

p0s = s2 −→ (p0s, k) := (s0, (k + 1)%win);

p1s = r0 ∧ p1chanlen > 0 −→ p1get(p1s, n, c, r1);

p1s = r1 ∧ (c = 1 ∧ inrange(n)) −→ (p1s, box[n]) := (r2, 1);

p1s = r1 ∧ ¬(c = 1 ∧ inrange(n)) −→ (p1s) := (r0);

p1s = r2 ∧ (box[y] = 1) −→ (p1s, box[y], y) := (r3, 0, (y + 1)%nbox);

p1s = r2 ∧ ¬(box[y] = 1) −→ (p1s) := (r0);

p1s = r3 ∧ (box[y] = 1) −→ (p1s, box[y], y) := (r3, 0, (y + 1)%nbox);

p1s = r3 ∧ ¬(box[y] = 1) −→ (p1s) := (r4);

p1s = r4 ∧ p0chanlen = 0 −→ p1put(p1s, y, r0);

T�.G�[£Ü©�«¿ã�ã2"p0s = siL«?§p0?usiG�"aq/§p1s = riL

«?§p1?uriG�"

I��Æ�5�µ �Äwin�2��±en�5�"

ϕ1 = 2(¬(x = 3 ∧ y = 2)"

ϕ2 = 2(x = 3→ ((y = 1 ∨ y = 2) R box[1] = 0 ∧ box[2] = 0))"

ϕ3 = 2(x = 3→ 3(x = 0 ∨ x = 1))"
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ã 2 I��Æ«¿ã

ùn�PLTL5�½�^CTLL«Xe"

ϕ′1 = AG(¬(x = 3 ∧ y = 2)"

ϕ′2 = AG(x = 3→ A((y = 1 ∨ y = 2) R box[1] = 0 ∧ box[2] = 0))"

ϕ′3 = AG(x = 3→ AF(x = 0 ∨ x = 1))"

c¡�ï�b½
DÑL§&ESNØ¬Ñ�"@oùn�5�3�.eÑ¤á§=·

�k±e(Ø"

(T,Θ) |=I ϕ1 ∧ ϕ2 ∧ ϕ3)

Äu�.uÿóä�gÄ�y A^VERDSï��óVMLïáI��Æ�2�?§�VERDS�

y�.Xe"

/**********************************************************************/

VVM

DEFINE
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win=2

nbox=4

p1head=(p1channext+(win-p1chanlen))%win

p1last=(p1channext+(win-1))%win

inrange=(((n>=y)&(n-y<win))|((y>n)&(y-n>win)))

VAR

p1chanlen:0..2; //win=2;

p1chanidx[0..1]:0..3; //win-1=1; nbox-1=3;

p1chancont[0..1]:0..1; //win-1=1; constant=1;

p1channext:0..1; //win-1=1;

p0chanlen:0..1; //constant=1;

p0chanidx:0..3; //nbox-1=3;

INIT

p1chanlen=0;

for (i:[0..1]){p1chanidx[i]=0}; //win-1=1;

for (i:[0..1]){p1chancont[i]=0}; //win-1=1;

p1channext=0; p0chanlen=0; p0chanidx=0;

PROC

p0:p0m(); p1:p1m();

SPEC

AG(!(p0.x=3&p1.y=2));

AG(!(p0.x=3)|A((p1.y=0|p1.y=1)R(p1.box[1]=0&p1.box[2]=0)));

AG(!(p0.x=3)|AF(p0.x=0|p0.x=1));

MODULE p0m()

VAR

pc:{s0,s1,s2};

x:0..3; //nbox-1=3;

k:0..1; //win-1=1;

INIT

pc=s0; x=0; k=0;

TRANS

pc=s0&p1chanlen<win:

(pc,p1chanidx[p1channext],p1chancont[p1channext],p1channext,p1chanlen):=

(s1,(x+k)%nbox,1,(p1channext+1)%win,p1chanlen+1);

pc=s1&p0chanlen=1: (pc,p0chanlen,x,k):=(s0,0,p0chanidx,0);

pc=s1&p0chanlen=0: (pc):=(s2);

pc=s2: (pc,k):=(s0,(k+1)%win);

MODULE p1m()

VAR

pc:{r0,r1,r2,r3,r4};
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y:0..3; //nbox-1=3;

n:0..3; //nbox-1=3;

c:0..1; //constant=1;

box[0..3]:0..1; //nbox-1=3; constant=1;

INIT

pc=r0; y=0; n=0; c=0;

for (i:[0..3]){box[i]=0}; //nbox-1=3;

TRANS

pc=r0&p1chanlen>0:

(pc,n,c,p1chanlen,p1chanidx[p1head],p1chancont[p1head]):=

(r1,p1chanidx[p1head],p1chancont[p1head],p1chanlen-1,0,0);

pc=r1&(c=1&inrange): (pc,box[n]):=(r2,1);

pc=r1&!(c=1&inrange): (pc):=(r0);

pc=r2&(box[y]=1): (pc,box[y],y):=(r3,0,(y+1)%nbox);

pc=r2&!(box[y]=1): (pc):=(r0);

pc=r3&(box[y]=1): (pc,box[y],y):=(r3,0,(y+1)%nbox);

pc=r3&(!(box[y]=1)): (pc):=(r4);

pc=r4&p0chanlen=0: (pc,p0chanlen,p0chanidx):=(r0,1,y);

/**********************************************************************/

A^VERDS�yϕ′1, ϕ
′
2, ϕ

′
3�(J`²ù
5�¤á"

§9.2.2 Ø��Ï��I��Æ�¥ª[£�.µ

1eDÑL§&ESN�UÑ�§@o·�3p0�ï�¥\\±e[£§Ù¥0L«SN

Ñ�§p1Â���Ñù�SN"

p0s = s0 ∧ p1chanlen < win −→ p0put(p0s, (x + k)%nbox, 0, s1);

UìVERDS��{§Ò´3p0m�¬½Â�[£Ü©O\±e�ã"

pc=s0&p1chanlen<win:

(pc,p1chanidx[p1channext],p1chancont[p1channext],p1channext,p1chanlen):=

(s1,(x+k)%nbox,0,(p1channext+1)%win,p1chanlen+1);

3ù��.e§cü�5�¤á§
1n�5�Ø¤á"^tL«þ¡ù�[£§·�k

±e(Ø"

(T ∪ {t},Θ) 6|=I ϕ3

1n�5�Ø¤á��Ï´�.#N,�SN3DÑL§¥o´Ñ�"@o�±·�^

±eú²5�å`²XJp0ØÊ/DÑ�SÒx�'�SN§@ookØÑ���ÿ"

Φ = {¬(¬(p1chanlen > 0 ∧ p1chanidx[p1last] = x) ∨ p1chancont[p1last] = 0))}

UìVERDS��{§Ò´3p0m�¬½Â���O\±e�ã"
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FAIRNESS !(!(p1chanlen>0&p1chanidx[p1head]=x)|p1chancont[p1head]=0));

3ù�ú²5�å�^�e§�.÷v1n�5�§=

(T ∪ {t},Θ,Φ) |=I ϕ3

§9.2.3 I��Æ��r�.

duDÑ�õêâ�Ï�k�UE¤êâ�ý�¿ï§I��Æ�^å´òØ��Ï�

C¤��Ï�"lï�5ù§·��±O\Xeü�uxêâ��rÚ�Âêâ��r��

¬£b½win = 2¤"

MODULE q0m()

VAR

wbox[0..1]:0..3; //win-1=1; nbox-1=3;

cnt:0..2; //win=2;

INIT

for (i:[0..1]){wbox[i]=i}; //win-1=1;

cnt=win;

TRANS

cnt<2:(wbox[0],wbox[1],cnt):=(p0.x,(p0.x+1)%nbox,2); //win=2;

MODULE q1m()

VAR

idx:0..3; //nbox-1=3;

c:0..1;

INIT

idx=0; c=0;

TRANS

FALSE: TRUE;

�.¥I�òùü��rux���r�Â��¬¢~z"PÙ¢~�¶¡©O�q0Úq1"

�rux���r�Â�Cþ�`²Xe"

wbox[] �Ý�win�ê|§����{0, 1, ..., nbox − 1}§

L«�p0O����DÑ�SN£L«�SÒ¤"

cnt ����{0, ...,win}§L«k��wbox[]SN��ê"

idx ����{0, 1, ..., nbox − 1}§̂ ±L«���&E�SÒ"

c ����{0, 1}§̂ ±L«&E�SN§1L«kSN§0L«ÃSN"

�rux��CþcntL«�ux��E�ê§wbox[0],wbox[1]L«I�ux��E"Ð

©O���ÿéwbox[0],wbox[1]?1Ð©zD�¿Dcnt�win",�cnt��dp0?U�T�

~�ux¤õ��E�ê"ecnt < 2£win�2��¹¤§K�rux�­#éwbox[0],wbox[1]?

1�AN��òcntU¤2"éup0�[£§òp0�cü^[£�U¤Xe[£"
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pc=s0&p1chanlen<win&q0.cnt=win:

(pc,p1chanidx[p1channext],p1chancont[p1channext],p1channext,p1chanlen):=

(s1,q0.wbox[k],1,(p1channext+1)%win,p1chanlen+1);

pc=s1&p0chanlen=1:

(pc,p0chanlen,x,k,q0.cnt):=

(s0,0,p0chanidx,0,q0.cnt-(((nbox+p0chanidx)-x)%nbox));

�r�Â��CþidxL«Â��E�SÒ§c = 1L«SNk�"ùü�Cþ��dp1?

1D�"�r�Â���¬vk[£Ä�"éup1�[£§òp1�14Ú16ü^[£�U¤

Xe[£"

pc=r2&(box[y]=1): (pc,box[y],y,q1.idx,q1.c):=(r3,0,(y+1)%nbox,y,c);

pc=r3&(box[y]=1): (pc,box[y],y,q1.idx,q1.c):=(r3,0,(y+1)%nbox,y,c);

·�I��y�5���Â�U^S�Â��E§©¤Ê^5�§L«Xe"

A(q1.c=0 U (q1.c=1&q1.idx=0));

AG(!(q1.c=1&q1.idx=0)| A((q1.c=1&q1.idx=0) U (q1.c=1&q1.idx=1)));

AG(!(q1.c=1&q1.idx=1)| A((q1.c=1&q1.idx=1) U (q1.c=1&q1.idx=2)));

AG(!(q1.c=1&q1.idx=2)| A((q1.c=1&q1.idx=2) U (q1.c=1&q1.idx=3)));

AG(!(q1.c=1&q1.idx=3)| A((q1.c=1&q1.idx=3) U (q1.c=1&q1.idx=0)));

ùÊ^5�3��Ï��.e¤á§3Ø��Ï��.eØ¤á"�3Ø��Ï��.

e�±y²±e�f�
��A5�"

A((q1.c=1&q1.idx=0) R ((q1.c=1&q1.idx=0)|q1.c=0));

AG(!(q1.c=1&q1.idx=0)| A((q1.c=1&q1.idx=1) R (q1.c=1&(q1.idx=0|q1.idx=1))));

AG(!(q1.c=1&q1.idx=1)| A((q1.c=1&q1.idx=2) R (q1.c=1&(q1.idx=1|q1.idx=2))));

AG(!(q1.c=1&q1.idx=2)| A((q1.c=1&q1.idx=3) R (q1.c=1&(q1.idx=2|q1.idx=3))));

AG(!(q1.c=1&q1.idx=3)| A((q1.c=1&q1.idx=0) R (q1.c=1&(q1.idx=3|q1.idx=0))));

e\þc¡?Ø�ú²�å§3Ø��Ï��.e§cÊ^5�¤á"�Ê^�¤áK

�dcÊ^�¤á��"

éuq0�p0�m��EDÑÚp1�q1�m��EDÑ§�.¥^�´{ü��Cþ"e

zé?§?u��O�ÅSÜ§@o��Cþ´Ün�"ezé?§?uäk��Ï��Ø

ÓO�Å§@olï��Ý§K^Ï�£^õ���Cþ¢y§k²(��Ú��'�[£¤

'�Ün"l�.5��Ä§e^Ï�ï�§I�¦^�õCþÚ[£^ê§ØBugÄ�

y"

§9.3 �ê²���{

�!�Ä^\{$�¢y¦��ê��ê²����{"
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�ê²���{�¥ª[£�.µ �½B = ({s0, s1, s2, s3, s4, 0, 1, 2,+, ∗}, {=,≤})"�½I = (Nat, I0)�B3

g,êþ�Ï~)º�si)º�i"

�½V = {x, y1, y2, y3, pc}"

(B,V)þ��ê²���{�¥ª[£�.½Â�M = 〈T,Θ〉Ù¥Θ�a = s0�T�±e[

£�8Üµ

pc = s0 −→ (y1, y2, y3, pc) := (0, 1, 1, s1)

pc = s1 ∧ (y3 ≤ x) −→ (pc) := (s2)

pc = s1 ∧ ¬(y3 ≤ x) −→ (pc) := (s4)

pc = s2 −→ (y1, y2, pc) := (y1 + 1, y2 + 2, s3)

pc = s3 −→ (y3, pc) := (y3 + y2, s1)

T�.G�[£Ü©�ã/L«�ã3"pc = siL«�c�O� �?usiG�"

ã 3 �ê²���{

�ê²���{�5�µ ·��Ä±eü�5�"

ϕ1 = (x > 0→ 2(pc = s4 → y1 =
√

x))"

ϕ2 = (x > 0→ 3(pc = s4))"

Ù¥a =
√

bL«a2 ≤ b ∧ b < (a + 1)2"ùü�PLTL5�½�^CTLL«Xe"

ϕ′1 = (x > 0→ AG(pc = s4 → y1 =
√

x))"

ϕ′2 = (x > 0→ AF(pc = s4))"

§9.3.1 üÌín

£1¤M |=I ϕ1�y²Xe"

A^§7.1!�y²(Ø/ª�ϕ⇒ 2ψ�y²5K§M |=I ϕ1��â±eÚ½y²"

Äky²M |=I 2(Θ ∧ x > 0→ 2(pc = s4 → y1 =
√

x))Xe"

½Âϕ = (Θ ∧ x > 0)�ψ = (pc = s4 → y1 =
√

x)"
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½Âφ0, ..., φ4Xe"

φ0 = (x > 0)

φ1 = (y2
1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2)

φ2 = ((y1 + 1)2 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2)

φ3 = (y2
1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = y2

1)

φ4 = (y1 =
√

x)

½Âφ�
∨4

i=0(pc = si ∧ φi)"

Kkϕ⇒ φ�φ→ [T ]φ�φ⇒ ψ"

Ï
�ây²5K·�kϕ⇒ 2ψ§=M |=I 2(Θ ∧ x > 0→ 2ψ)"

Ï
M |=I Θ ∧ x > 0→ 2ψ"?
·�kM |=I ϕ1"

£2¤M |=I ϕ2�y²Xe"

A^§7.1!�(Ø/ª�ϕ⇒ 3ψ�y²5K§M |=I ϕ3��â±eÚ½y²"

Äky²M |=I 2((pc = s0 ∧ x > 0)→ 3(pc = s4))Xe"

*ÐB¦�B′ = (F ∪ { f }, P)"*ÐI0¦�±e¤á"

I( f (s0, x, y3)) = 3x + 1

I( f (si, x, y3)) = 3(x + 1 − y3) + 1 − i (i = 1, 2, 3)

I( f (s4, x, y3)) = 0

½Âϕ, ψ,w, e, φXe"
ϕ = (pc = s0 ∧ x > 0)

ψ = (pc = s4)

w = true

e = f (pc, x, y3)

φ =
∨3

i=0(pc = si ∧ φi)

´�W = ({σ(x) | I(w)(σ) = true}, I(≤)) = (Nat,≤)�ûÄ8Ü"

·�kϕ⇒ (ψ ∨ φ)§φ⇒ we
x ∧ (ψ ∨ E(T ))�φ ∧ e = v→ [T ](ψ ∨ (φ ∧ e < v))"

Ï
�ây²5K·�kϕ⇒ 3ψ§=M |=I 2((pc = s0 ∧ x > 0)→ 3(pc = s4))"

Ï
M |=I (pc = s0 ∧ x > 0)→ 3(pc = s4)"?
·�kM |=I ϕ2"

£3¤eBU3�êØ�þ)º§K3�yM |=I ϕ2�§����½ÂÚÀ�¬ÑkØÓ"Ä

k�?U f�½ÂXe"

I( f (s0, x, y2, y3)) = 3x + 4

I( f (si, x, y2, y3)) = 3(x + 1 + y2 − y3) + 1 − i (i = 1, 2)

I( f (s3, x, y2, y3)) = 3(x + 1 + y2 − y3) − 8

I( f (s4, x, y2, y3)) = 0

,��À�ϕ, ψ,w, e, φXe"

ϕ = (pc = s0 ∧ x > 0)

ψ = (pc = s4)

w = (x ≥ 0)

e = f (pc, x, y2, y3)

φ = (pc = s0 ∧ φ0)∧

(pc = s1 ∧ φ1 ∧ y2 ≥ 1)∧

(pc = s2 ∧ φ2 ∧ y2 ≥ 1)∧

(pc = s3 ∧ φ3 ∧ y2 ≥ 3)
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´�W = ({σ(x) | I(w)(σ) = true}, I(≤)) = (Nat,≤)�ûÄ8Ü"Ù{Ü©�y²aqg,ê

)ºe�y²"

§9.3.2 Äu�.uÿóä�gÄ�y

du�.uÿ�{Ì�´Äu¡¦|¢§·�I�éCþ�����?1��"

gÄ�yµ �Cþ������{0, 1, ..., 30}"A^VERDSï��óVMLïáVERDS�y�

.Xe"

/**********************************************************************/

VVM isqrt1.vvm

VAR pc:{s0,s1,s2,s3,s4}; x:0..30; y1:0..30; y2:0..30; y3:0..30;

INIT pc=s0; x<=30; y1=0; y2=0; y3=0;

TRANS pc=s0: (y1,y2,y3,pc):=(0,1,1,s1);

pc=s1&(y3<=x): (pc):=(s2);

pc=s1&!(y3<=x): (pc):=(s4);

pc=s2: (y1,y2,pc):=(y1+1,y2+2,s3);

pc=s3: (y3,pc):=(y3+y2,s1);

SPEC !(x>0) | AG(!(pc=s4) | (x>=y1*y1) & x<(y1+1)*(y1+1));

!(x>0) | AF(pc=s4);

/**********************************************************************/

A^VERDS�yϕ′1, ϕ
′
2�(J`²ù
5�£3Cþ����É���¹e¤¤á"

§9.3.3 �Øu���.uÿ¥��~)¤

b½·�3�.¥r^�y3 ≤ xØ��y3 < x"A^VERDSï��óVMLïá?U�VERDS�

y�.£=òü?y3 ≤ xU�y3 < x¤¿�yϕ′1, ϕ
′
2§Kk±e(Jµϕ

′
2¤á
ϕ′1Ø¤á"�y(

J`²ù��ØK�O�(J��(5§�ØK��.$1�ª�5"

�~)¤µ éc¡Ø¤á�5�VERDS�Jø�~§=Ø÷v5��y"�n���Xe

Ø÷vϕ′1�$1´»"

G� pc x y1 y2 y3

0 s0 1 0 0 0

1 s1 1 0 1 1

2 s4 1 0 1 1

ù^$1´»w«m©�x���1§��pc = s4�y1���0§
d��y1�A�1"Ï


�.Ø÷vx > 0→ AG((x >= y1 ∗ y1) ∧ x < (y1 + 1) ∗ (y1 + 1))"eU��yx > 5→ AG((x >=

y1∗y1)∧ x < (y1+1)∗(y1+1))§@o¦�5�Ø÷v����x���9"�.uÿóäVERDS¤

Jø��~´»Xe"
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G� pc x y1 y2 y3

0 s0 9 0 0 0

1 s1 9 0 1 1

2 s2 9 0 1 1

3 s3 9 1 3 1

4 s1 9 1 3 4

5 s2 9 1 3 4

6 s3 9 2 5 4

7 s1 9 2 5 9

8 s4 9 2 5 9

ù^$1´»w«m©�x���9§��pc = s4�y1���2§
d��y1�A�3"Ï


�.Ø÷vx > 5→ AG((x >= y1 ∗ y1) ∧ x < (y1 + 1) ∗ (y1 + 1))"

§9.4 �.¥A½G�Ú´»��é

A½G�µ A½G���é¯KÒ´¯´Ä�3���÷v�½5��G�"

��½5�L«�G�úªϕ§KT¯K�=z�u��.´Ä÷vAG(¬ϕ)"e¤u��

5�Ø÷v§KÏL�w�~�¼�÷vϕ�����G�§±9�.$1´No��ù�G

��"

�.uÿ�3é�G��m¥�éäkA½5����G�"A^�.uÿóäVERDS§

éu�
{ü��.Ú5�§|¢���G��m�±��1050�G�"

±I��Æ�~"·��±¯x = 1�y = 3�G�´Ä��"·��yAG¬(x = 1∧y = 3)´

Ä¤á"XJ¤áKØ��§XJØ¤áK��"§9.2.1!���Ï��.Ø÷vAG¬(x = 1∧y =

3)"�.uÿóäVERDS¤Jø��^��x = 1�y = 3�G��´»π�/ª�π0π1 · · · π19 · · ·§

Ù¥´»Ü©G�þ�Ü©Cþ��Xe"

G� p0.pc p1.pc p0.x p1.y

0 s0 r0 0 0

4 s1 r3 0 1

7 s0 r0 1 1

10 s1 r3 1 2

19 s1 r3 1 3

A½´»µ A½´»��é¯KÒ´¯´Ä�3O�´»÷v�½�5�"

e�½5�L«�3(ϕ)Ù¥ϕ�G�úª§KT¯K½�=z�u��.´Ä÷vAG(¬ϕ)"

e¤u��5�Ø÷v§KÏL�w�~�¼��^÷v3(ϕ)�´»"

e�½5�L«�2(ϕ)Ù¥ϕ�G�úª§KT¯K½�=z�u��.´Ä÷vAF(¬ϕ)"

e¤u��5�Ø÷v§KÏL�w�~�¼��^÷v2(ϕ)�´»"

Ï~�¹e§´»du�±?¿�§´»�m´Ã¡�§@oÙ¥�Uk��Ü©´»

÷v�½5�"�.uÿóä�±A^u|¢�VÇ�÷v�½5��´»"
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±I��Æ�~"·��±¯´Ä�3´»þ�oxØ´1�oyØ´3�O�"@o·�

�yAF(x = 1∧y = 3)´Ä¤á"XJ¤á§KØ�3ù��O�§XJØ¤áK�3"§9.2.1!

���Ï��.Ø÷vAF(x = 1∧ y = 3)"�.uÿóäVERDS¤Jø�Ã¡O�´»w«ù

^´»π�/ª�π0π1(π2 · · · π29)ω§Ù¥´»Ü©G�þ�Ü©Cþ��Xe"

G� p0.pc p1.pc p0.x p1.y p1.n

0 s0 r0 0 0 0

2 s1 r1 0 0 0

4 s1 r3 0 1 0

7 s0 r0 1 1 0

9 s1 r1 1 1 1

11 s1 r3 1 2 1

14 s0 r0 2 2 1

16 s1 r1 2 2 2

18 s1 r3 2 3 2

21 s0 r0 3 3 2

23 s1 r1 3 3 3

25 s1 r3 3 0 3

28 s0 r0 0 0 3

�.¥«©π28Úπ0�==´nÚc��"e3�.��E¥ÀJòn, c3¦^�­��0§@

oØ÷vF(x = 1 ∧ y = 3)�´»�/ª�(π′0π
′
1 · · · π

′
27)ω§Ù¥n, c��3Ü©�'��éAG

�π′i�πiþÑkØÓ"

§9.5 öS

1. �OÄu\~{$��n�k�{£Ñ\�nÚk)"A^ín�{y²T�{�(5"òC

þ����?1·���§̂ �.uÿóä�yÉ���{��(5"

2. �O3�?§��ÀÞ�{¿�E[£�."y²£½A^óä9Ïy²¤T�{÷vS

�5�£z��?§�oØ��(J�o���(�(J¤Ú7�5�£ÀÞ�{o¬

k(J�z��?§Ñ��(J¤"
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N¹ A ï��óVML

�N¹0�Äu¥ª[£�.�ï��óVML"

^VML���.¡�VVM�.§=VERDS�y�."

1. Atoms

An atom may be any sequence of characters starting with a character in

the set {a-z_} and followed by a possibly empty sequence of characters

belonging to the set {a-z0-9_}. A number is any sequence of digits. A digit

belongs to the set {0-9}.

All characters and case in a name are significant. Whitespace characters

are space (SPACE), tab (TAB) and newline (RET). Comments in verds language

is any string starting with two slashes (‘//’) and ending with a newline.

Any other tokens recognized by the parser are enclosed in quotes in the

syntax expressions below. Grammar productions enclosed in square brackets

(‘[]’) are optional.

2. Expressions

Expressions are constructed from variables, constants, and a collection

of operators, including temporal operators, Boolean connectives, and

integer arithmetic operators.

2.1. Numeric Expressions

Numeric expressions are expressions built only from current state

variables. The syntax of numeric expressions is as follows:

numeric_expr ::

symb_const ;; a symbolic constant

| numb_const ;; a numeric constant

| variable_id ;; a variable identifier

| "(" numeric_expr ")"

| numeric_expr "+" numeric_expr ;; integer addition

| numeric_expr "-" numeric_expr ;; integer subtraction

| numeric_expr "*" numeric_expr ;; integer multiplication

| numeric_expr "/" numeric_expr ;; integer division

| numeric_expr "%" numeric_expr ;; integer remainder
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symb_const :: atom

numb_const :: number

variable_id :: atom | atom"."atom | variable_id "[" numeric _expr "]"

A symbolic constant is represented by an atom, which are predefined ones,

including the atom "pid". Such constants are meant to be used in

particular sections of the declarations.

A numeric constant is represented by a number. A simple variable

identifier is either an atom representing a simple variable or such a

variable identifier preceded by a process identifier (represented by the

first atom in the construct atom"."atom) in order to refer a local variable

of a process. A simple variable identifier followed by a sequence of

indices represents an element of an array variable.

The order of parsing precedence for operators from high to low is:

*,/,%

+,-

Operators of equal precedence associate to the left. Parentheses may be

used to group expressions.

2.2. Logic Expressions

Logic expressions are expressions built from numeric expressions. Logic

expressions can be used to specify sets of states, e.g. the initial set

of states. The syntax of logic expressions is as follows:

logic_expr ::

"TRUE" ;; The boolean constant 1

| "FALSE" ;; The boolean constant 0

| logic_const ;; predefined constants

| "(" logic _expr ")"

| numeric_expr "=" numeric_expr ;; equality

| numeric_expr "!=" numeric_expr ;; inequality

| numeric_expr "<" numeric_expr ;; less than
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| numeric_expr ">" numeric_expr ;; greater than

| numeric_expr "<=" numeric_expr ;; less than or equal

| numeric_expr ">=" numeric_expr ;; greater than or equal

| logic_expr "&" logic_expr ;; logical and

| logic_expr "|" logic_expr ;; logical or

| "!" logic_expr ;; logical not

logic_const :: atom

A logical constant is represented by an atom, which are predefined ones,

including the atom "running". Such constants are meant to be used in

particular sections of the declarations.

The order of parsing precedence for operators from high to low is:

=,!=,<,>,<=,>=

!

&

|

Operators of equal precedence associate to the left. Parentheses may be

used to group expressions.

2.3. Temporal Logic Expressions

Temporal logic expressions are expressions built from logic expressions.

Logic expressions can be used to specify properties of the finite state

machine. The syntax of temporal logic expressions is as follows:

temporal_expr ::

logic_expr

| "AX" temporal_expr

| "AG" temporal_expr

| "AF" temporal_expr

| "A" "(" temporal_expr "R" temporal_expr ")"

| "A" "(" temporal_expr "U" temporal_expr ")"

| "EX" temporal_expr

| "EG" temporal_expr

| "EF" temporal_expr

| "E" "(" temporal_expr "R" temporal_expr ")"
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| "E" "(" temporal_expr "U" temporal_expr ")"

| temporal_expr "&" temporal_expr ;; logical and

| temporal_expr "|" temporal_expr ;; logical or

| "!" temporal_expr ;; logical not

3. Discrete Transition Systems

A discrete transition system consists three parts: the variables

representing the state of the system, the initial states, and the

transition relation. In addition, property specifications may be attached

to a discrete transition system, in order to check whether the discrete

transition system is correct with respect to the properties. The

transition relation may be divided into different modules.

3.1. State Variables

A state of the model is an assignment of values to a set of state variables.

These variables are declared by the notation:

var_declaration :: variable ":" type ";" ... variable ":" type ";"

variable :: atom | variable "[" number ".." number "]"

type :: number ".." number | "{" atom "," atom "," ... "," atom "}"

A variable is either a simple variable or an array variable. The type

associated with a variable declaration can be either a scalar or an

enumeration of a set of atoms.

Two enumeration types must either be identical or with disjoint sets of

elements.

A variable of type Boolean may be represented by a variable of type 0..1

such that x=1 means x for the Boolean variable x, x=0 means not x, and

negating the Boolean variable x may be implemented by the arithmetic

expression 1-x.

3.2. Initial Values of State Variables

Initial values of state variables are specified by a list of formulas
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constraining the state variables. As a special case, the initial values

of state variables may be specified as a list of formulas of the form x=c

where x is a variable identifier and c is a constant. The initial values

are declared by the notation:

init_declaration :: logic_expr ";" ... logic_expr ";"

3.3. Transition Relations

The transition relation of a process is implemented by a set of transition

relations. The transition relation is declared by the notation:

trans_declaration :: cond ":" assignment ";" ... cond ":" assignment ";"

cond :: logic_expr

assignment ::

"(" variable_id "," variable_id "," ... variable_id ")"

":="

"(" numeric_expr "," numeric_expr "," ... numeric_expr ")" ";"

3.4. Fairness Declarations

The transition relation may be augmented with fairness requirements that

impose restrictions on the valid execution paths. The specification is

declared by the notation:

fairness_declaration :: logic_expr ";" ... logic_expr ";"

The logical constant "running" is a special proposition that may be used

in a fairness declaration. The proposition is satisfied when the process

in which the fairness is declared is executed.

3.5. Specification Declarations

The specification of system and process properties is represented by a

temporal logic expression. The specification is declared by the notation:

spec_declaration :: temporal_expr ";" ... temporal_expr ";"
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3.6. Module Declarations

A module is an encapsulated collection of declarations. Once defined, a

module can be reused as many times as necessary. Modules can also be so

that each instance of a module can refer to different data values.

The syntax of a module declaration is as follows.

module ::

"MODULE" atom "(" [ par_list ] ")"

"VAR" [ var_declaration ]

"INIT" init_declaration

"TRANS" trans_declaration

[ "FAIRNESS" fairness_declaration ]

par_list :: atom | atom "[]" | par_list "," par_list

The atom immediately following the keyword "MODULE" is the name associated

with the module. The optional par_list in parentheses is the list of the

formal parameters of the module. The symbols "[]" indicates that the atom

preceding the symbols represents an array variable. Whenever these

parameters occur in expressions within the module, they are replaced by

the actual parameters which are supplied when the module is instantiated.

The symbolic constant "pid" is a special constant that may be used in

a module declaration. The constant is interpreted as the numerical

constant representing the id of the process (the first process has id=0),

which is an instance of the module.

3.7. Transition system declarations

A discrete transition system may have one or more processes that are

instances of one or more module declarations. The syntax of a discrete

transition system (called verds verification model) declaration is as

follows.

verds_verification_model ::

"VVM" [ atom ]

[ "DEFINE" definition_declaration ]

"VAR" [ var_declaration ]
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"INIT" init_declaration

"PROC" process_declaration

[ "FAIRNESS" fairness_declaration ]

[ "SPEC" spec_declaration ]

definition_declaration ::

string_latin_letters "=" string_visible_characters "\n"

...

string_latin_letters "=" string_visible_characters "\n"

process_declaration ::

atom ":" atom "(" [ par_list ] ")" ";"

...

atom ":" atom "(" [ par_list ] ")" ";"

The optional atom after the keyword VVM is the name of the discrete

transition system.

A list of definitions may be provided. A defined word (which is a string

of Latin letters) is an abbreviation of the defining string of visible

characters, and the end-line symbol indicates the end of the definition.

If a defining string is long, a backslash ’\’ may be used to ignore the

end-line character immediately after this backslash.

A process is an instance of a module. The first atom in the process

declaration is the name of the process (or the module instance), the second

atom is the name of a module and the atoms in the optional list are

parameters passed to the module.

The variables in the var_declaration section are global variables that

can be used in all modules.

The complete verification model consists of a verds_verification_model

declaration followed by a list of module declarations that are

referred to in the process declaration.

For simplicity, a single process discrete transition system may be

declared by the following syntax as well.

single_process_verds_verification_model ::
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"VVM" [ atom ]

"VAR" [ var_declaration ]

"INIT" init_declaration

"TRANS" trans_declaration

[ "FAIRNESS" fairness_declaration ]

[ "SPEC" spec_declaration ]

This declaration is similar to the previous declaration of a VVM with the

difference that the process declaration is replaced by a transition

declaration.
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