Linear Temporal Logic

HH

+

il
TR

SE A B

E *Hk

TR

&=

4 /)H)V)D

TR

S35

)

http://lcs.ios.ac.cn/~zwh/



U Py

7 ~ _
R4 1T N
TN — B
f 7Y Rl AR r
N Y
<%7i [?&E)
A ™S
AR || R ARSI

EE



U Py

SR LRV FEIZ A
A%
17N e
it IR T 1%
N /
<%7i J5R @)
AN
AR || BT

EE



Example

x=1,t=0

y::O | | t==1

Initial States

sO

t0
x=0
y=0



T,

(5)
$2,10,0,1,1> 51,t1,1,1,0

(9)
$3,10,0,0,1> s2,t1,1,1,0
12

~s3,t1,1,0,0

33,12,1,0,0

is3,t3fo,o,oi
& ©




Computations




Examples of Properties

e Safety
* |nevitability

* Response

* Immediate Response

* Priority

* First Come — First Served
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Examples of Properties

* Safety: G (!(a=s2Ab=t2))

* |nevitability F (a=s2vb=t2)

* Response G (a=s1 =2 F (a=s2))

 Imm. Response G (a=sl 2> X (a=s2))

* Priority G (a=s1Abl=t1Abl!=t2 = (a=s2 R b!=t2))

o FCFS G (a=s1lab!=t1abl=t2 > (b!=t2 U a=s2))



Syntax of PLTL

Let AP be a set of proposition symbols.

Definition
Let p range over AP.
The set @ of PLTL formulas is defined as follows.

== o OAD | ODVD | —D |
XO|GO|FO | DRO | DPUD

Sometimes, X,G,F are written as O, [ ], 0.



Examples of Properties

e Safety: G (!(a=s2Ab=t2))

* Inevitability F (a=s2vb=t2)

* Response G (a=s1 =2 F (a=s2))

* Imm. Response G (a=sl =2 X (a=s2))

* Priority G (a=s1lAbl=t1Ab!=t2 = (a=s2 R b!=t2))

« FCFS G (a=s1Abl=t1ab!=t2 ° (b!=t2 U a=s2))



Proposition Symbols

Let AP be the set of proposition symbols
{p0,p1,...,p13} with the following meaning:

po = (x =0) pr=(x=1)
p2 = (y =0) ps = (y=1)
ps=(t=0) ps=(t=1)
Po+i = (a = ;) pro+i = (b =1;)

i €{0,1,2,3)



Examples of Properties

e Safety: G (—(p8apl2))

* Inevitability F(p8 v pl2)

* Response G (p7 =2 F p8)

* Imm. Response G (p7 =2 X p8)

* Priority G (p7A—=plla—pl2 = (p8 R —pl2))

* FCFS G (p7A—=plin—pl2 =2 (—pl12 U p8))



Semantics



Linear Structures

A linear structure is a triple M=<S,{,L>
— S : A finite set of states

— (e S“ :Asequence of states
— L: S =2 2#”is a labeling function



Definition: M |=dor T |=¢

JN UN USN AN AN AN AN AN NN Y

= ¢ is defined as follows:

=p,
= _,q),
= bV,
= AV,
=X ¢,
=F ¢,
=G ¢,
= ¢Uy,
= ORy,

if p e APand p € L({,)

if ¢ = ¢
if¢[=¢dorl|=vy
if{|=pand T |=vy
ifct |=¢

if 3i>0,C |= o

if Vi=0, T |= o

if 3i>0, ¢ |=y and VO<j<i, T |= ¢
if Vi>0, (VO<j<i, ¥ |£d) > T |=y



Satisfiability and Validity



Satisfiability and Validity

Definition
A formula ¢ is satisfiable,
if there is a linear structure M such that M |= ¢.

Definition
A formula ¢ is valid,
if for every linear structure M, we have M |= ¢.



Satisfiability and Validity Checking

The complexities of PLTL satisfiability and
validity checking are PSPACE-complete.



Equivalences

Definition
A formula ¢ is equivalent to a formula v, if
for every model M, (M |[= ¢ iff M |= ).



Dual Operators

XCI)E —|X—|d)
GCI)E _IF_Id)
¢ Ry =—(=¢ Uy



Recursion

Go= PAXG D
Fbo= dvXFo
dPRy=yA(dVvX (PR y))
dUy=yv(dAX(dUy))



Definable Operators

Let p,e AP be given.
Let 1 denote (p, A —p,)

Go=1Ro

dPRy=y U (dry)v Gy

T50



Example: Proofs of Some Equivalences

XCI)E —|X—|d)
dRy=y U (dAy)Vv Gy

These equivalences can be proved by applying
the semantics.

#Fx1(1) »



Example 1: X o =-—-X—@




Example2: o Ry =(y U(d A vy))vG vy
* Tl=(y U(d Ay))vG vy

SHERI>0, T |= v B,
fFAEI20, T |= day HIMER<, T |= y

* (|=¢pRvy

IERI20, HX A<, T )£ b, MT |=y



Example2: o Ry =(y U(d A vy))vG vy
* Tl=(y U(d Ay))vG vy

SHERI>0, T |= v B,
FAEI20, T |= b HIMER<I, T |= vy

\ > 4

* (|=¢pRvy

IERI20, HX A<, T )£ b, MT |=y



Example2: o Ry =(y U(d A vy))vG vy
* Tl=(y U(d Ay))vG vy

SHERI>0, T |= v B,
FAEI20, T |= b HIMER<I, T |= vy

* (|=¢pRvy

IERI20, HX A<, T )£ b, MT |=y



Example2: o Ry =(y U(d A vy))vG vy
* Tl=(y U(d Ay))vG vy

SHERI>0, T |= v B,
F1Ei>0, T |=d HAEE<, T |= v

1 \ \j ¢, v

* {|=bRy —O&  —0 —0 0 —0—,

IERI20, HX A<, T )£ b, MT |=y



Example2: o Ry =(y U(d A vy))vG vy
* Tl=(y U(d Ay))vG vy

SHERI>0, T |= v B,
F1Ei>0, T |=d HAEE<, T |= v

€

* (|=¢pRvy

IERI20, HX A<, T )£ b, MT |=y



Example2: o Ry =(y U(d A vy))vG vy
* Tl=(y U(d Ay))vG vy

SHERI>0, T |= v B,
FAEI20, T |= b HIMER<I, T |= vy

° Z | d) R \|] —/’t ’t t @ @—.

IERI20, HX A<, T )£ b, MT |=y



Example 3: UEBH(p R q = G q) AN AkoL

o FJiEAP={p,q} FHIFEEIM=(S,{,L)

5={s0,s1}
( =s0(s1)®
LsO)=tp.ah Ls1)=} vy ¢ ¢
- @ @
sO sl sl

* M|=pRqgH M}eGqg
* M]#2pRg=>Gaq
o« FFHEATE (PR > G aq)HEEAY




Minimal Complete Set of Temporal Operators

EE



Minimal Complete Set

X,F,.G,R,U

F is expressible by U
G is expressible by R
R is expressible by U

Then {X,U} is a complete set.

{X,U} is also a minimal complete set.



Examples for Orthogonality of X and U

e @ @ -® —
e PlLe @ @ ——
e -® {pllg -® .
e o o Pg o .




Orthogonality of X and U

{} {p} {p}
SR & \’5*5
M|=(=p Up) not (M" |= (—p U p))

Proof by induction on length of formulas.

Propositional formulas, —, A, v, X

{} {} {} {} {} {}
\»‘ A AR K ‘ > _f-p‘\>. oooooo .
{} {} {p {} {}
\p. N EEEE) . =$ _/-P.\p’ oooooo 2

n>1 0 n> kK+1 K



Orthogonality of X and U

oo oo

M |= X—p not (M |= X—p)

U: —Y,—0 —\Y,—0
Prop. formulas W0 Y0

—/, A\, V |\ |\

P U v sO S1 S2 sO



Expressivity



Expressivity of Subsets of PLTL



Expressivity of Subsets of PLTL




Expressivity

PLTL = star free regular m-languages



Dual Operators and the Negation Normal Form (NNF)



NNF

Definition
A formula is in NNF, if the negation symbol is

only applied to atomic formulas.

Every formula is equivalent to a formula in NNF.



PLTL Proof System



Proof System for L(U,F,G,X)

* Axioms for temporal logics formulas
* Proof rules for temporal formulas
* Propositional proof system



Axioms for Temporal Logics Formulas

G-p & -Fp
G(p—2>q)=>(Gp—>Gq)
Gp—>p

Gp—=>Xp

Gp—2>XGp
G(p—=>Xp)=>(p—>Gp)
X-p<&—> - Xp
X(p—=>9)=>(Xp—>Xq)
pUg<=>(aqVv(pAX(pUq))
10. pUg—>Fq

O 0 N O U BE W



Proof Rule (Generalization, G)



Propositional proof system

* Axioms: all tautologies are axioms

* Proof Rule (MP):



Proof System

The proof system is sound and complete.

B1Fx1(2) »



Examples of Using Proof Rules



Example 1: (pAGXp) = Gp

1. p AS1

2. GXP AS2

3. Xp = (p =2 Xp) AX

4. G(Xp = (p = Xp)) 3+G

5. GXp = G(p = Xp) 4+A2+MP
6. G(p = Xp) 5+AS2+MP
7. p—=>Gp 6+A6+MP
3. Gp /+AS1+MP



Example 2: (Xp = Xqg) = X(p = q)

o B~ W N B

. —p=>(p—>0q) AX

. G(—p =2 (p 2 q)) G

. X(=p=>(p~> 9)) A4 + MP
. X=p > X(p = q) A8 + MP

- q))) AX

. —=Xp 2>X(p = 9)) A7+4+5+MP



Example 2: (Xp = Xqg) = X(p = q)

1. g>(p—~>q) AX

2. G(g =2 (p—>q)) G

3. X(a=>(p~>q)) A4 + MP

4. Xg - X(p = q) A8 + MP

5. (=Xp 2>X(p = q))> ((Xg = X(p = q))=2((Xp—=Xa)
- X(p 2 q))) AX

6. ((Xp=2Xq) = X(p = q)) p6+4+5+MP



Applications of PLTL



PLTL as a Specification Language

System Models: Labeled Kripke Structures (K)
System Specifications: Formulas of PLTL (o)



PLTL as a Specification Language

K=<§,R,I,L>.
K,t|= ¢, if<S,t,L>|=¢.

K|= ¢, if K,t |= ¢ for every computation .

#1Fx1(3) »
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(17x

H2%5 [8AT NJT IRIPIRAS (r/g, a/—a):

r A —a: gr

rA a: gr2,yr,rr
g A —a: rg
g A a: rg2

GirAn—a—=2((rr—a)U(raa))) A
G(rra—=2([rra)U(gA—a))) A

G(g/\—laé((g/\—la)U((r/\—.a)v(g/\a))))/\b’{ }u=1
Gigra=2((grna)U(ra—a))) A

G(—=(rAag)) A

b,{u},u=1

F A —ad



(17x

H2%5 [8AT NJT IRIPIRAS (r/g, a/—a):

r A —a: gr

rA a: gr2,yr,rr
g A —a: rg
g A a: rg2

GirAn—a—=2((rr—a)U(raa))) A
G(rra—=2([rra)U(gA—a))) A

G(—=(rAag)) A

25 S [B) FLAST

F A —ad



PLTL as a Specification Language

System Models: Labeled Kripke Structures (K)
System Specifications: Formulas of PLTL (o)

Verification of correctness:

Solving the model checking problem: K |= ¢



PLTL as a Specification Language

Let ¢ be a propositional formula.

K|=Gp -- @isasafety property

K|[=Fp -- @isan inevitability property

K }2£G—¢ -- ¢isareachability property

K |z Fo -- (p is an aviodability property



Model Checking

Definition

Given a model K and a formula ¢.

The model checking problem is the problem of
checking whether K |= ¢ holds.

The complexity of model checking is
PSPACE-complete.



(1) Fixpoint Representation of PLTL

Given S, L.
Given C €S®

SGL> =0

loll={C | <SCL>|=0¢}



Fixpoint Representation of PLTL
Given M=<S,R,l,L>
M|=¢

[IM]] < [le]]



Fixpoint Representation of PLTL

* Preliminaries

* Representation of PLTL Formulas



Preliminaries

* Preliminaries

* Representation of PLTL Formulas



Sets

{7 (partial order, H . 1%, JEXTHR)
5S4 7 (complete partial order, &4 _ 5})
sea iy (T s/ a)
TCENE

2& £ 7 (linear order, total order)
K 3L 7 (well-founded order)
K & (well-order)




FELE (I 1) PR AN
S PR BT
al,a2,.. ek

flaluwa2uvu..)="f(al) uf(a2) U ..

AB R f(x)=x



AR

fla) =a, f(a) =f(f(a))

(5841 7+ 3 /N TG ) b 1) 3% 8 bR B B /N ANB) A
uf = {fL) | keN}
Wk BH:

(1) puf EAB) S
(2) uf eim/MABI 5




AR

ut =
= U
{f(L) | k
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}

ZZipsE

f(uf
) =f
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AR

Knaster—Tarski @
SEA g bR B R B T/ DA B K AN B

uf =N{a|f(a)ca}

vf =uU{al|acf(a)}



AR

uf =n{al|fla)ca}

\\\\\

A=n{a|f(a)ca}

A ca  foreveryasuch that f(a) c a L(\B) - g
f(A) < f(a) FUHEHY -
f(A)c a

f(A) c A

ff(A) = f(A) Nf(A) 2R a

A c f(A) N A =f(A)




vZ(2)=—nZ.—f(—2)

nz.f(2) = N{Z|f(2)cz}
uZ.—f(—Z) NZ | —f(—Z)c=Z}
uZ.—f(—Z) NZ | f(—Z)o—Z}
o —uZ.—f(—2) S\ MZ|f(—Z)>—Z}
* —pZ.—f(=2z) US\Z|f(—2)=>—-Z}
* —pZ.—f(—=2Z) N—=Z|f(—=Z) 22}
¢ —uZ.—f(—2) U{Z|f(Z2)2Z} = vZ.f(Z)




Representation of PLTL Formulas

[[p]] ={n | S, pel(m,) }
[[o Ayl =I[le]] N I[w]]
[lovvyll =llellv [yl

[=o 11 =S*\[[e]]



Minimal Complete Set

X,F,.G,R,U
R is expressible by U
G is expressible by R

F is expressible by U

Then {X,U} is a complete set.



Formulas

[[X o]] ={n | neS®, nte [[o]] }

[[pUwy]] =7



Recursive Equations

dUy=yvVv(dAX(dUy))
dRy=yA(dVvX(DRy))

Let next(Y) denote {n| neS®, nle Y}
Then [[X($ U y)]] = next([[¢ U y]])

[[p U yll =[lyll v ([[$ ]]n next([[$ U y]]))



Recursive Equations

dUwy=yvVvi(pAaXUy))
f(Z) =y v (& A X(Z))
f: pow(S®)—2> pow(S®)

Then ¢ U vy is a fixpoint of f.



Fixpoint

f(Z)=y v (b A X(2))
f is monotonic;

pow(S?) is a complete lattice.

f has a least and a greatest fixpoint

nZ.f(2), uf
vZ.f(Z), vf



Fixpoint

fis continuous
uf = {f{L) | keN}

We prove: [[¢ U y]] = uf

Then we have:
dUy = pnz.f(2) = pZ.(y v (¢ A X(2))



UEBH dUwy = pnz.f(2) = pZ.(wv(dbax(2))

ik B}

.e.
0o
oo

Y
@ -——

M 774F ... € y Hr..... € ¢ fori=0,...,k-1

82






H
LA

HZ)=(yv(PAX(Z))
T, ..... € fM*1(false)

84



H
LA

HZ)=(yv(PAX(Z))
T, ..... € fM*1(false)

PRI H G2
4 e dUy
M e pZ.(wv(daX(Z))

85




Representation of PLTL Formulas

[p]] ={n | teS®, pelL(ny) }
[X ¢]] ={n | neS®, nte [[o]] }

PUY = pZ.(y v (¢ A X(Z)))

dRy = VZ.(y A (D Vv X(Z)))
Fy =puZ.(y v X(Z))
Gy =VvZ.(y A X(2))




(1) vTL

EEEEEEEE



Syntax of vTL

Let AP be a set of proposition symbols.
Definition

Let p range over AP.
The set ® of vTL formulas is defined as follows.

D==p |Z| DAD | DVD | - | X D | pZ.® | vZ.®

Variables are in the scope of even number of neg.



Semantics

e: VAR =2 pow(S®)

[plle ={n | teS*, pel(ny) }
[Z]]e = e(Z)

X ¢]]e ={n | neS®, n'e [[p]le }

(o Awyl]le = [[plle N [[wy]] e

[ v yl]le = [[plle U [[y]]e

[—o ]le =S\ [[o]]e

[uZ.d]]e ={ Y S® | [[lle(z/Y) <Y}
[vZ.¢]]e =u{YCS? | Y [[P]le(Z/Y) }




Closed Formulas

Formulas without free variables.

The semantics of such a formula does not depend

on the initial assighment e.

[[e]l =  [lo]le forany e



Example

s0s1s2s3s4s5....
VZ.(pAXXZ)

p is true at all even places



Satisfiability

The complexity is PSPACE-complete.



Applications of vTL



vTL as a Specification Language

System Models: Kripke Structures (K)
System Specifications: Closed Formulas of vTL (o)

K|=¢

[[K]] < [[o]]



Model Checking

Definition

Given a model K and a formula ¢.

The model checking problem is the problem of
checking whether K |= ¢ holds.

The complexity is PSPACE-complete.



(IV) Summary

PLTL
BRI A > R EER S VL

PLTL: FEAR. EW
VITL: VB, RIAGETI
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