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(y1,y2):=(y1+1,y2+2)

(y1,y2,y3):=(0,1,1); goto S1

if (y3<=x) goto S2 else goto END
: (yl,y2):=(yl+1,y2+2); goto S3
(y3):=(y3+y2) . (y3):=(y3+y2); goto S1




(17x

y1=0; y2=1; y3=1;

while (y3<=x) do e A A
yl=y1l+1;
y2=y2+2; e BURK R
y3=y3+y2;

od;

e
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 Weakest liberal preconditions
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 Partial Correctness
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(1) Correctness (While-Programs)

*B=(F,P)
3y
*l=(D,l,)
oy

*|: Term =2 (X—2>D)
|: WFF 2 (£ {0,1})

S:a program



Correctness (1)

Partial Correctness

DEF
|= {p}S{V}

ff

(@)(c) > ((S,0) 27 (6,0') > I( ¥ )(c"))



Correctness (2)

Termination

DEF
|=, [¢] S [true]

ff

(@)(c) > ((S,0) 27 (,0'))



Correctness (3)

Total Correctness

DEF
|=|[(P]S[117]

ff

(@)(c) 2 ((S,0) 27 (,0')) AI(¥)(0))



Correctness

Total Correctness = Partial Correctness + Termination

Proposition:

=, [@]S[V]
Nii
|= {o}S{Vv}and [=,[p] S [true]



(1) Assertions

* Preconditions/postconditions
 Weakest liberal preconditions
 Weakest preconditions

e Strongest postconditions



Assertions (Pre-Post-Conditions, PC)

|=  {o} T {b}, iff
l(p)(0) 2 Vo' (((T;e,0) 2% (,0°)) 2 I(P)(0”))

= 19"} TP’}



Assertions (Pre-Post-Conditions, TC)

= [@] T [W], iff
(@)(0) = 3o".(((T;e,0) 2% (,0)) A l(U)(0"))

|=, (@] T [Y]



Weakest Liberal Pre-Condition (DEF)

DEF ¢ = wlip(T,{):
(9)(0) &> Vo' (((T;e,0) 27 (e,0')) =2 1()(0’))

Theorem
e=wlp(T, ), iff
|={e} T{} and, if [={@’} T {Y} then (¢’ ¢)

Theorem
={o} T{}iff @ 2 wip(T, )




WLP (Proof )

¢ = wlp(T,):
(p)(0) <> Vo'.(((T;e,0) 2* (g,07)) =2 1(P)(c”))

o=wlp(T,) =2
|={p} T{Y}and, if |={¢’} T {Y} then (¢’ o)

a. l(p)(o) =2 Vo'.(((T;e,0) 2* (g,07) = I(Y)(d'))
b. Vo.(l(¢")(o)2>Va'.(((T;e,0) 2* (g,0')) =2 1(P)(c”)))
=~ Vo (I{¢’)(o) 21(p)(o))



WLP (Proof <)

¢ = wlp(T,):
(p)(0) <> Vo'.(((T;e,0) 2* (g,07)) =2 1(P)(c”))

e=wlp(T,U) €
|={p} T{Y}and, if |={¢’} T {Y} then (¢’ ¢)

a. 1(9)(0) 2 Va'.(((Te,0) 2% (g,0)) 2 [(d)(0'))
b. Let I(9’)(0) =V&".(((T;e,0) D* (€,6')) > [(P)(c”))):
Vo (Va'.(((Te,0) 2% (g,07)) 2 1(b)(0")))21(9)(0))



Weakest Pre-Condition (DEF)

DEF ¢ = wp(T,):
(@)(0) <> 3o’.(((T;¢,0) 2* (¢,0°)) A l(P)(0”))

Theorem
o=wp(T, ), iff
=[] T[d] and, if |=[¢’] T [Y] then (¢’ o)

Theorem

=[¢] T[] iff ¢ 2 wp(T, )




WP (Proof =)

¢ =wp(T,Y):
I(p)(0) <> 35’.(((T;e,0) 2* (£,0")) A l{P)(c”))

e=wp(T,Y) =
|=[@] T[] and, if |= [¢@'] T [P] then (¢’ @)

a. l(p)(o) =2 Ic'.(((T;e,0) =* (g,0")) A () (0"))
b. Vo.(I(¢’)(0)2>3c".(((T:e,0) 2* (£,0") A I(P)(0”)))
=~ Vo (I{¢’)(o) 21(p)(o))



WLP (Proof <)

¢ =wp(T,P):
I(p)(0) <> 35’.(((T;e,0) 2* (£,0")) A l{P)(c”))

P=wp(T,P) €
|=[@] T[] and, if |= [¢'] T [P] then (¢’ @)

a. 1(9)(0) 2 35°.(((T;e,0) 2* (g,0°)) A l{b)(0'))
b. Let I(¢’)(0) = 35".(((T;e,0) D * (£,0") A l(P)(0”))):
Vo (35'.(((T;e,0) 2% (8,0')) A 1()(0")))21(9)(0))



Strongest Post-Condition (DEF)

DEF = sp(T, o):
(P)(0") <> Jo.(((T;e,0) 2* (¢,0°)) A l(@)(0))

Theorem
g =sp(T, o) iff
|={e} T{b}and, if |={p} T {Y’} then (Y=>Y’)

Theorem
= {p} T{Y}iff sp(T, )24




Strongest Post-Condition (Proof =)

P =sp(T, ¢):
(Y)(0’) <> Fo.(((T;e,0) 2* (£,0") A l{p)(0))

$ =sp(T, ) 2
|={p} T{y}and, if [={p} T {Y’} then (y>¢’)

a. l(g)(o”) 2 Va'.(((Te,0”) 2% (g,0)) 2 ()(0))
b. Vo”.(I{p)(c”)2Va'.(((Te,0”) 2* (g,0')) =2 (Y7)(0")))
2Va'.(3o.(((T;e,0) 2% (€,0')) A H@)(o)) = 1(P’)(0”))



Strongest Post-Condition (Proof <)

P =sp(T,

P):

(V)(0’) <> Fo.(((Te,0) 2* (¢,0°)) A lo)(0))

P =sp(T,

P) <

|={o} T{d}and, if [={p} T {{’} then (y=2¢)

a. l(p)(a”
b. Vo (I

) 2 Va'.(((Tie,0”) 2% (¢,0°)) =2 1(Y)(0'))
¢)(0”)2Va'(((Te,0”) 2% (,0))2 1(Y’)(0")))

2 (Ip)(o’) =2 1(Y’)(0"))

where I(t

)’)(0”) = Fo.(((T;e,0) 2* (g,0°)) A l(p)(0))



Example

{x=0Ay=0}
while (y<z) { x:=x+z; y:=y+1 };
19}
while (y>0) { x:=x-z; y:=y-1 }
{x=0Ay=0}

sp:
¢ = (y=zAx=z*2)
wp, wlp:

¢ = (x=y*z)



Computation of WLP

S:=€g| T ¢

To=x:=t| T;T | if (e) thenTelseTfi | while (e) do T od

Given Tand (.
How to compute
[T]U
such that

[Tl =wlip(T, ) ?




Computation of WLP (1)
{o} T{}iff @ 2 wip(T, )

{p}x:=e {P}iffo 2> 7

I(p)(0) =2 ((x:=e;¢,0) 27 (g,0")) 2 I( ¥ )(0")) iff
(¢)(0) = 1(b(e/x))(o)

{p} x:=e {Y}iff @ 2 b(e/x)

[x:=e]y = (e/x)



Computation of WLP (2)

» [TLT2] ¢ =[T1][T2] ¢



Computation of WLP (3)

[if (b) then TO else T1 fi] ¥

(b= [TOJY)A(=b=2 [T1]Y)



Computation of WLP (4)

e [while (b)doTOod] V="



Analysis 1 (Fixpoint)
[while (b) do TO od]="
[if (b) then TO;T else x:=x fi] Y =

(b=> [TO;TIY)A(=b> Y) =
(b= [TO] [TTY)A(=b=2 W)

b= (b2 [TO]d)A(—=b2 Y) not dir. computable



Analysis 2 (Invariant)

¢’ =2 (b2 [TO]P')A(=b—=2 )
->
|={®d’} while (b) do TO od {{}

[while (b) do TO od] ¥ o :

(1) ¢ = (b= [TO]d)A(=b> W)
(2) If ¢’ > (b> [TOId')A(=b> ), then ¢’ > ¢

(Assume that such a ¢ is expressible)



Computation of WLP

LEMMA
wip(T, ¥) = [T]U

COROLLARY
|= {0} T{W}iff @2 [T]Y



Example 1

T: vli=y1+1; y2=y2+2; y3=y3+y2;

Q: y1*yl<=x A y2=2*y1+1 Ay3 =(y1+1)*(y1+1)
wlp(T, @) =

Tl =

y1l=y1+1; y2=y2+2] @(y3/(y3+y2)) =

y1=y1+1] o(y3/(y3+y2))(y2/(y2+2)) =
¢(y3/(y3+y2))(y2/(y2+2))(y1/(y1+1) =
(y1+1)*(y1+1)<=x A y2=2*y1+1 Ay3 =(y1+1)*(y1+1)

EE



Example 2

T: yl=yl+l; y2=y2+2; y3=y3+y2;
Q: y1*yl<=x A y2=2*y1+1 Ay3 =(y1+1)*(y1+1)

| = {(y3<=x) A 0} T {0}

iff

(y3<=x) A ¢ =2 wlp(T,)

iff

(Y3<=x) A @ 2 [T] @

iff

(y3<=x)AQ =2 (y1+1)*(y1+1)<=xAy2=2*y1+1 Ay3 =(y1+1)*(y1+1)
iff

true



(I11) Verification Techniques

e Partial Correctness
 Total Correctness



(11l.a) Proof Rules (PC, Hoare Logic)

{op} T {U}

1= {o} T {U}
iff

()(0) 2 (((T;e,0) 2% (g,0')) 2 1(Y)(0))



Composition of Programs (1)

|=,{$} while (b) do TO od {y}

bA@=2> [TO]p

—bro > = ¢ =2 [while (b) do TO od ]y

d=2 ¢ = ¢ =2 [while (b) do TO od ]y



Composition of Programs (2)

|=, {bA@} TO{ ¥} |=, {—brp}T1{V}

|= {o}if (b)then TO else T1 fi { ¥ }

bAp =2 [TO] ¥

b > [T1] ¥ < @2 (b2 [TOJW)A(=b=2> [T1]W)

< @2 [if(b)then TOelse T1fi] ¥



Composition of Programs (3)

|=,{p} TO {0’} = {@’} T1{V}

|= , {p} TO;T1{ ¥}

¢ =2 [TO] ¢’

S 0 = ¢ [TO][T1] ¥
¢

= @ =2 [TO;T1]



Assignments (4)

¢ =2 [x:=t]P



Consequence (5)



Integer Square Root (PC)

{x>=0}
y1=0;
y2=1;
y3=1;

while (y3<=x) do
yl=y1+1;
y2=y2+2;
y3=y3+y2;
od;
{yl*yl<=x A x<(y1+1)*(y1+1) }



a1x.pptx

Integer Square Root (PC)

{x>=0}
y1=0;
y2=1;
y3=1;

while (y3<=x) do
yl=y1+1;
y2=y2+2;
y3=y3+y2;
od;
{yl*yl<=x A x<(y1+1)*(y1+1) }



Integer Square Root

T:
T0; T1
T0:
y1=0;
y2=1;
y3=1;
T1:

while (y3<=x) do
T11
od;

T11:

yl=y1l+1;
y2=y2+2;
y3=y3+y2;



Integer Square Root

{ x>=0 }
T0;
while (y3<=x) do
T11;
od;
{yl*yl<=x A x<(y1+1)*(y1+1) }

{x>=0}TO{0<=x Ay1=0 A y2=1 A y3 =1}
{y3<=xA@ } T11 {y1*yl<=x A y2=2%y1+1 A y3 =(y1+1)*(y1+1) }

{o } while (y3<=x) do T11; od {— (y3<=x) AQ}



Integer Square Root

{ x>=0 }
T0;
{0<=x Ay1=0 Ay2=1 Ay3 =1}
9}
while (y3<=x) do
T11;
od;
{= (y3<=x) Ao}
{yl*yl<=x A x<(y1+1)*(y1+1) }

{x>=0}TO{0<=x Ay1=0 A y2=1 A y3 =1}
{y3<=xA@ } T11 {y1*yl<=x A y2=2%y1+1 A y3 =(y1+1)*(y1+1) }

{o } while (y3<=x) do T11; od {— (y3<=x) AQ}



Proof of { x>=0}TO {0<=x Ay1=0 Ay2=1 Ay3 =1}

(1) {x>=0} yl1=0 {0<=xAy1=0}
(2) {0<=xAy1=0} y2=1 {0<=xAyl=0Avy2=1}
(3) {O<=xAy1=0Avy2=1} vy3=1 {0<=xAy1l=0Avy2=1Avy3=1}

(4) {x>=0} y1=0;y2=1 {0<=x A y1=0 A y2=1}
(5) {x>=0} y1=0;y2=1;y3=1  {0<=x A y1=0 A y2=1 Ay3 =1}

{x>=0}TO {0<=xAy1=0 Ay2=1 Ay3 =1}



Proof of {y3<=xA@ } T11 { y1*yl<=x A y2=2*y1+1 A y3 =(y1+1)*(y1+1) }

y3<=xAQ =2 (y1+1)*(yl+1)<=x A y2=2*y1+1 A y3 =(y1+1)*(y1+1)

{ (y1+1)*(y1+1)<=x A y2=2%y1+1 A y3 =(y1+1)*(y1+1) }

yl=y1l+1;
{y1*yl<=x A y2+2=2*y1+1 A y3 =(y1)*(y1) }
y2=y2+2;
{y1*yl<=x A y2=2%y1+1 Ay3 =(y1)*(y1) }
y3=y3+y2;

{yl*yl<=x A y2=2%y1+1 A y3 =(y1+1)*(y1+1) }

{y3<=xA@ } T11 {y1*yl<=x A y2=2%y1+1 A y3 =(y1+1)*(y1+1) }



Integer Square Root

{x>=0}

y1=0; {0<=xAy1=0}

y2=1; {0<=xAy1=0 Ay2=1}

y3=1; {0<=xAy1=0 Ay2=1 Ay3 =1}
{9}

while (y3<=x) do {(y3<=x) A@}

{(y1+41)*(y1+1)<=x A y2=2*y1+1 A y3 =(y1+1)*(y1+1) }
vl=y1+1; {yl*yl<=x Ay2+2=2%*y1+1 Ay3 =(y1)*(y1)}
y2=y2+2; {yl*yl<=x Ay2=2*y1+1 Ay3 =(y1)*(y1)}
y3=y3+y2; {y1*yl<=x Ay2=2%y1+1 A y3 =(y1+1)*(y1+1) }

od;
{— (y3<=x) Ao}
{yl*yl<=x A x<(y1+1)*(y1+1) }



Summary

Problem:
{ x>=0}
y1=0; y2=1; y3=1,
while (y3<=x) do
vl=y1+1; y2=y2+2; y3=y3+y2;
od;
{yl*yl<=x A x<(y1+1)*(y1+1) }

Let TO be v1=0; y2=1; y3=1;

Let T11 be vl=y1+1; y2=y2+2; y3=y3+y2;
Let T1 be while (y3<=x) do T11 od;

Let T be TO; T1

Need to prove: {x>=0} T {yl*yl<=x A x<(y1+1)*(y1+1) }



Let @ be y1*yl<=x A y2=2*y1+1 A y3 =(y1+1)*(y1l+1)

We have: {¢(1/y3)(1/y2)(0/y1)} TO {¢}
Since we have x>=0 =2 ¢(1/y3)(1/y2)(0/y1),

we have {x>=0} TO { ¢}

We have: { o((y3+y2)/y3)((y2+2)/y2)((y1+1)/y1) } T11 { ¢}
Since we have

(y3<=x) A@ =2 o((y3+y2)/y3)((y2+2)/y2)((y1+1)/y1)
we have { (y3<=x) A@ } T11 { @}

Therefore we have {¢@ } T1 {—(y3<=x) AQ }
Therefore we have {x>=0} T { —(y3<=x) AQ }

Since —(y3<=x) AQ =2 y1*yl<=x A x<(y1+1)*(y1+1)
we have {x>=0} T {yl*yl<=x A x<(y1+1)*(y1+1) }



Reasoning with wip()

{x>=0}
yl=y1l+1;
W y2=y2+2;

y3=y3+y2;
{0}

od;
B i xctyteiion

(y3<=x)A @ =2 wlip(T1, ¢)
—(y3<=x)A @ =2 y1*yl<=x A x<(y1+1)*(y1+1)
(x>=0) =2 wlp(TO,q)




Integer Square Root (PC)

{x>=0}
y1=0;
y2=1;
y3=1;

while (y3<=x) do

yl=y1+1;

y2=y2+2;

y3=y3+y2; {y1*yl<=x A y2=2%y1+1 A y3 =(y1+1)*(y1+1) }
od;
{yl*yl<=x A x<(y1+1)*(y1+1) }

:LELI‘)
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Example

{x=c} ﬁ Pre-Condition

v1:=0; y2:=1; y3:=1;

while (y3<=x) {
vl:=(y1+1); y2 := (y2+2);
y3:=(y2+y3);
{ Xx=cA y1*yl<=xAy3=(y1+1)*(y1+1)A

y2=2"y1+1} — Invariant

}

{yl*yl<=c A c<=(y1+1)*(y1+1)} <Post-Condition




Program in XYZ/SE

{x=c}
%PROC WI(%INP/X:INT;%IOP/y1:INT)==
%LOC [y2,y3:INT]
%STM [
LB=START => $0y1=0 /A $0y2=1 \ $0y3=1 /\ $OLB=I12;
*[ LB=I2 N (le(y3,x)) => ($OLB=I3 | $OLB=END);
LB=I3 =>$0yl=+(y1,1) N $Oy2 = +(y2,2) \ $OLB=I4;
LB=I4 =>$0y3=+(y2,y3) A\ $OLB=I2;
{ x=c Nle(*(y1,y1),x) \y3=*(+(y1,1),+(y1,1)) N\ y2=+(*(2,y1),1) }
1]
{le(*(yl.yl),c) Nlt(c,*(+(y1,1),+(y1,1))) }




XYZ/VERI-II:

e User-Interface and Functionalities





















Verification Conditions

Y3 <=X A X=C A Y1*y1l<=Xx A y3=(y1l+1)*(yl+1l) A y2=2*yl+1
2> X=C A (y1+1)*(yl+1l)<=x A
(y2+2)+y3=((y1l+1)+1)*((y1+1)+1) A y2+2=2*(y1+1)+1

—Y3<=X A X=C A Y1*yl<=X A y3=(y1+1)*(y1+1) A y2=2*y1+1
-2 y1*yl<=c A c<(y1l+1)*(y1l+1)

X=C
> x=C A 0%0<=X A 1=(0+1)*(0+1) A 1=2%0+1




Veritication Conditions for wl;

Tel*=C+0y1 10 ,+Cy1 100, c0, el (vl ,v1d,c0
=7
+C2 40T ¥ 0wl 200 0=+01 202 40w 1200

Tel* 0yl ,yw1),C0
=3
TT€c, *C+0w1 10, +0w1 12030, el *C+wl 10, +0w1 120,

T
=3
T=+{1 ,%*C2,000

TeC*C+Cw1 12, +0y1 120, ch, Tel*Cwl w13 ,C0
=3
+ 02,01 R0y L2000, 200y 1D, + 0wl 100 =20+01 ,+0y1, 10l

3T
=3
1el*Co, 03 ,Co

=3
T=*C+01,00,+01,037

Simpl ity Cancel]




Simplified Verification Conditions

(y1+1)*(yl+1l)<=c, yl*yl<=c - 2+(1+yl*2) = 1+2*(y1l+1)

yl*yl<=c = ¢ < (yl+1)*(y1l+l), (y1+1)*(yl+l)<=c

T = 1=1+2*0

(y1+1)*(yl+1) <=c, yl*yl<=c
2 (2+(1+y1*2))+(y1+1)*(y1+1)=(1+(y1+1))*(1+(y1+1))

T =2 0*0<=c

T - 1=(1+0)*(1+0)










Simplified Verification Conditions

(y1+1)*(yl+1l)<=c, yl*yl<=c - 2+(1+yl*2) = 1+2*(y1l+1)

yl*yl<=c = ¢ < (yl+1)*(y1l+l), (y1+1)*(yl+l)<=c

T = 1=1+2*0

(y1+1)*(yl+1) <=c, yl*yl<=c
2 (2+(1+y1*2))+(y1+1)*(y1+1)=(1+(y1+1))*(1+(y1+1))

T - 1=(1+0)*(1+0)




(111.b) Proof Rules (TC)

Extended Hoare Logic:

(o] T[]

1= [o] T [W],
iff

(¢)(0) 2 30".(((T;e,0) =2* (¢,0°)) A l()(c”))



Composition of Programs (1)

w, W, t:
=, dAbDW(t/x) =, [pAbAt=V] TO [pAt<v]
|- @lwhie(b)doTood Lbad]

¢ o B = ... dA—bDy

|=, [©] while (b) do TO od [y]



Composition of Programs (2)

|=, [bA@] TO[ ¥ ] |=, [-bAQ]T1 [ V]

|=,[o] if (b)thenTOelse T1fi[ V]



Composition of Programs (3)

|=,[e] TO [¢’] =, [@'] TL[ )]

=, [e] TO;TL[ V]



Assignments (4)



Consequence (5)



a1x.pptx

Integer Square Root (TC)

[ x>=0]
y1=0;
y2=1;
y3=1;

while (y3<=x) do
yl=y1+1;
y2=y2+2;
y3=y3+y2;
od;
[ y1*yl<=x A x<(y1+1)*(y1+1) ]



Integer Square Root

T:
T0; T1
T0:
y1=0;
y2=1;
y3=1;
T1:

while (y3<=x) do
T11
od;

T11:

yl=y1l+1;
y2=y2+2;
y3=y3+y2;



Integer Square Root

[x>=0 ]
T0;
while (y3<=x) do
T11;
od;
[ y1*yl<=x A x<(y1+1)*(y1+1) ]

[ x>=0]TO [ O0<=x A y1=0 A y2=1 Ay3 =1]
[y3<=xAQA?=v ] T11 [ y1*yl<=x A y2=2*y1+1 A y3 =(y1+1)*(y1+1) A?<V]

[] while (y3<=x) do T11; od [— (y3<=x) AQ]



Integer Square Root

W: NAT
w: x>=0
t =x+1-y3

y3<=xA@ 2> (x+1-y3>=0) and
[y3<=xAQAt=v ] T11 [ y1*yl<=x A y2=2%y1+1 A y3 =(y1+1)*(y1+1) At<v]

[] while (y3<=x) do T11; od [— (y3<=x) AQ]



Summary

Problem:
[ x>=0 ]
y1=0; y2=1; y3=1,
while (y3<=x) do
vl=y1+1; y2=y2+2; y3=y3+y2;
od;
[ y1*yl<=x A x<(y1+1)*(y1+1) ]

Let TO be v1=0; y2=1; y3=1;

Let T11 be vl=y1+1; y2=y2+2; y3=y3+y2;
Let T1 be while (y3<=x) do T11 od;

Let T be TO; T1

Need to prove: [x>=0] T [yl*yl<=x A x<(y1+1)*(y1+1) ]



Let @ be y1*yl<=x A y2=2*y1+1 A y3 =(y1+1)*(y1l+1)

We have: [ ¢(1/y3)(1/y2)(0/y1)] TO [¢]
Since we have x>=0 =2 ¢(1/y3)(1/y2)(0/y1),
we have [x>=0] TO [ ]

Let W be NAT, and w be x>=0
Let t be x+1-y3. We have y3<=xA@ =2 (x+1-y3>=0)

Since y3<=XAQAt=vV 2>
(eAt<v) ((y3+y2)/y3)((y2+2)/y2)((y1+1)/y1)
we have y3<=XAQAt=V | T11 [pAt<V]
Therefore [¢@] T1 [ —(y3<=x) AQ ]
Therefore [x>=0] T [ —(y3<=x) AQ ]
Therefore [x>=0] T [yl*yl<=x A x<(y1+1)*(y1+1) ]




(IV) Hoare Logic (Floyd-Hoare Logic)
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Hoare Logic

Let SP be the set of programs specified as follows.

SP := X:=t |
P1;P2
if (b) {P1}else{P2}|
while (b) { P1 }

The set of Hoare logic formulas:

* If P € SP and ¢,y €QFF, then {@}P{y}is a Hoare
logic formula (Hoare Triple).



Interpretation

I({p}P{w})o = true, if
I(p)o implies ((P;€,0)=2*(g,0”) implies I(y)c’)

|= {o}P{w} if
for all e, I({p}P{y})o = true

|= {Q}P{y}if
for alll, |= {@}P{y}



Logical Consequence

Let W be a set of formulas.

W [={o}P{y} if
for every |,
if |[=, W, then we have |= {p}P{y}.



Example (1)

{x>5} x:=2%*x {x>20}

Let | be given as usual.
1({x>5} x:=2*x {x>20})c = true iff o(x)<5vo(x)>10



Example (2)

{true} while (x#10) { x:=x+1 } {x=10}
Let | be given as usual.

I({true} while (x#10) { x:=x+1 } {x=10})c = true
for all o.

|= {o}P{y}



Example (3)

{true} x:=y+1 {x>vy}
Let | be given as usual. Then |= {@}P{y}

Let W = {y+1>y}.
I({true} x:=y+1 {x>y})(o) = true
< (y+1>y)(o) = true < | is a model of W

W | = {o}P{y}



On Hoare Logic

Hoare logic is a first order logic:

|= 19} Py} < th(l) |= 10} P {y}



Hoare Logic (1)

e Axiom:
{wix/t]} x:=t {y}



Hoare Logic (2)

* Sequential Composition

{y0} P1 {y1} {w1} P2 {y2}

{y0} P1;P2 {y2}



Hoare Logic (3)

* Conditional Composition

bAG} P1 {y} {—bAQ} P2 {y}

{p}if (b) {P1} else {P2} {y}



Hoare Logic (4)

* Loop Composition

{bAy} P {y}

{w} while (b) {P} {wA—b}



Hoare Logic (5)

* Consequence



Soundness

* The proof system is sound:

|- {o} P {y} =2 |= {0} P {vy}

by structural induction.



Lemma

I(y[x/t])o = I(y)o[x/I(t)o]

| =, {wx/t]} x:=t {y}



Lemma

l(p)o=2(((P1;e,0)2>*(e,0")) 2I(v’)o’) and
(y’')o’2(((P2;¢,0")2*(g,6”)) 21(y)c”)

->

I(p)o=2(((P1;P2;¢,0)2>*(P2;¢,6”)) 2l(y)c”)

|=,{o} P1{y’} and |= {y’} P2 {y}
>

|=, {p} P1;P2 {y}



Lemma

|= {bA@} P1{y} and |= {=bAe} P2 {y}
>

|=, {o}if (b) { P1 }else { P2 } {y}



Lemma

|=, {opAb} P1 {0}
>
|=, {¢} while (b) {P1} {pA—b]}



Lemma

=, 0’20, |5 {e}P{ytand [= y=2
>

|= 19"} Py}



Relative Completeness

* The proof system is relatively complete.

1=, {o} P {y} =2 |- {0} P{y}

* Relative to the expressive power of the
underlying first order logic and the completeness
of the underlying proof system



Example

{x=0Ay=0}
while (y<z) { x:=x+z; y:=y+1 };
while (y>0) { x:=x-z; y:=y-1 }
{x=0Ay=0}



Proof

1=, {0} P {y} =2 |- {0} P{y}

by structural induction.



Lemma

|= {0} x:=t {y} 2 |= 02>y[x/t]

wlp(x:=t, y) = y[x/t]



Lemma

|=, {9} P1;P2 {wy}, and I(y’) is WLP of P2 and I(y)
->

|=, {o} P1{y’} and |={y’} P2 {y}



Lemma

|=, {p}if (b) {P1}else {P2}{y}
->

| = {bA@} P1{y} and |= {—bAg} P2 {y}



Lemma

|=, {¢} while (b) {P1} {wy}
>

|= {o} if (b) { P1; while (b) {P1} } else {x:=x} {w}

|=, {¢} while (b) {P1} {y}, and
I(y’) is the WLP of “while (b) {P1}’ and I(y)

->
|=, 02V, |= {y'Ab} P1 {y’}, and|= y'A—=b=> y



Examples



Example 1

{x>0Ax=n}

y:=1; { x>0Ay*x!=nl!}

while (x>0) { {x-1>20Ay*x*(x-1)!=n!}
V:=y¥X; { x-1>20Ay*(x-1)!=n!}
X:=x-1 { x>0Ay*x!=nl!}

}

{y=nl}



Example 2

{x>0Ay=>0Ax=any=Db}
while (=(x=y)) {
if (x>y) { x:=x-vy }
else { y:=y—x }
}
{x=gcd(a,b)}

{ gcd(x,y)=gcd(a,b) }



Extended Hoare Logic

The set of extended Hoare logic formulas:

* If PeSP and @,y €QFF(V), then [@]P[y] is an
extended Hoare logic formula.



Interpretation

I([p]P[w])o = true, if
I(p)o implies ((P;€,0)=2*(e,0’) and I(y)o’)

= [@]P[y] if
for all e, I([@]P[w])o = true

|= [@]P[y] if
foralll, |= [@]P[y]



Logical Consequence

Let W be a set of formulas.

W | = [o]Ply] if
for every | such t
we have |= [¢]P

nat, | =W,

vl



On Extended Hoare Logic

Extended Hoare logic is not a first order logic.



Example 1

y:=1,

while (x>0) {
Y:=yEX;
X:=x-1



Extended Hoare Logic (1)

e Axiom:
[wix/t]]x:=t[y]



Extended Hoare Logic (2)

* Sequential Composition

[w0] P1 [y1] [w1] P2 [y2]

[wO] P1;P2 [y2]



Extended Hoare Logic (3)

* Conditional Composition

[@] if (b) {P1} else {P2} [y]



Extended Hoare Logic (4)

* Loop Composition

bAy=2wW([x/t] [bAyAt=v] P [WwAt<v]

[w] while (b) {P} [wA—Db]

where <P, and w characterizes a well-founded set.



Extended Hoare Logic (5)

* Consequence



Examples



Example 1

[X>0AX=n]

y:=1,

while (x>0) { { t=(x); w=(x=0) }
y:=y*X;
X:=Xx-1
{ x>0Ay*x!=nl!}

}

[y=n!]



Example 2

[Xx>0Ay>0Ax=aAy=Db]

while (=(x=y)) { { t=(x+y); w=(x=0) }
if (x>y) { x:=x-vy }
else { y:=y—x }
{ x>0Ay>0A gcd(x,y)=gcd(a,b) }

}

[x=gcd(a,b)]



Verification Condition Generation

veg(o,T,P):
DO={}; p=vc(d,T,¥); ® = DU{p}; return ©

ve(o,T,x:=e, ) = vc(¢,T,P(e/x))

vc(o,T;if (b) then TO else T1 fi, ) =
ve(o,T,ve(b,TO, ) Ave(—b,T1,0))

vc(,T;while (b) do TO {p} od, ) = vc(o, T, )
UPDATE: ®@ = ®U{vc(bA@,TO,p),—bArp2 P}

ve(d,e,d) = 2P



Integer Square Root (PC)

{x>=0}
y1=0; y2=1; y3=1;
while (y3<=x) do
yl=y1l+1;
y2=y2+2;
y3=y3+y2; {y1*yl<=x Ay2=2%y1+1 A y3 =(y1+1)*(y1+1) }
od;
{yl*yl<=x A x<(y1+1)*(y1+1) }

Let TO be y1=0; y2=1; y3=1;
Let T11 be yl=y1+1; y2=y2+2; y3=y3+y2;
Let T1 be while (y3<=x) do T11 {¢} od;

Let T be TO; T1



Integer Square Root (PC)

ve(x>=0,T,y1*yl<=x A x<(y1+1)*(y1l+1)) =
ve(x>=0,TO,y1*yl<=x A y2=2*y1+1 A y3 =(y1+1)*(y1+1)) =
ve(x>=0,€,0<=x A 1=2*0+1 A1 =(0+1)*(0+1)) =

x>=0 2 0<=x A 1=2*%0+1 A1 =(0+1)*(0+1))



Integer Square Root (PC)

ve(y3<=x A @, T11, @) =
ve(y3<=x A @, €, ((y3+y2)/y3)((y2+2)/y2)((yl+1)/yl) ) =
y3<=x A ¢ =2 o((y3+y2)/y3)((y2+2)/y2)((y1+1)/y1)

—y3<=X A @ 2 y1*yl<=x A x<(y1+1)*(y1+1)

ve(x>=0,T,yl1*yl<=x A x<(y1+1)*(yl+1)) =
ve(x>=0,TO,y1*yl<=x A y2=2%y1+1 A y3 =(y1+1)*(y1l+l)) =
vc(x>=0,€,0<=x A 1=2*0+1 A1 =(0+1)*(0+1)) =

x>=0 =2 0<=x A 1=2*0+1 A1 =(0+1)*(0+1))



Verification Condition Generation (TC)

veg(o,TU):
O={}; p=vc(¢,T,P); ® = DU{p}; return O

ve(o,T;x:=e,) = vc(o,T,p(e/x))

ve(o,T;if (b) then TO else T1 fi,)
ve(o,T,ve(b,TO,Pp)Ave(—b,T1,))

vc(,T;while (b) do {t,w} TO {¢} od, ) = vc(d, T, o)
UPDATE:

O = U {vc(bApAt=v,TO,pAL<V),—bAQ2> P, bre>wW(x/t)}

ve(d,e, ) =024



Integer Square Root (TC)

{x>=0}
y1=0; y2=1; y3=1;
while (y3<=x) do {x+1-y3,x>=0}
yl=y1l+1;
y2=y2+2;
y3=y3+y2; {y1*yl<=x Ay2=2%y1+1 A y3 =(y1+1)*(y1+1) }
od;
{yl*yl<=x A x<(y1+1)*(y1+1) }

Let TO be y1=0; y2=1; y3=1;
Let T11 be yl=y1+1; y2=y2+2; y3=y3+y2;
Let T1 be while (y3<=x) do {x+1-y3,x>=0} T11 {¢} od;

Let T be TO; T1



Integer Square Root (TC)

ve(x>=0,T,y1*yl<=x A x<(y1+1)*(y1+1)) =
ve(x>=0,T0,y1*yl<=x A y2=2*y1+1 A y3 =(y1+1)*(y1+1)) =
vc(x>=0,€,0<=x A 1=2*0+1 A1 =(0+1)*(0+1)) =

x>=0 2 0<=x A 1=2*%0+1 A1 =(0+1)*(0+1))



Integer Square Root (TC)

ve(y3<=x A @ A x+1-y3=v, T11, ¢ A x+1-y3<v) = ... =
y3<=X A @ A X+1-y3=v
20((y3+y2)/y3)((y2+2)/y2)((y1+1)/y1) Ax+1-(y3+y2+2)<v

y3<=XA @ =2 x+1-y3>=0
—y3<=X A @ 2 y1*yl<=x A x<(y1+1)*(y1+1)

ve(x>=0,T,yl1*yl<=x A x<(y1+1)*(yl+1)) =
ve(x>=0,TO,y1*yl<=x A y2=2%y1+1 A y3 =(y1+1)*(y1l+l)) =
vc(x>=0,€,0<=x A 1=2*0+1 A1 =(0+1)*(0+1)) =

x>=0 =2 0<=x A 1=2*0+1 A1 =(0+1)*(0+1))



(V) Summary

* Correctness/Properties

* Assertions (Basic Theories)

Verification Techniques

* Hoare Logic
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25 >]1

3

B —

({i,g. k. L,z y,a,0},{0,1,2,3, ..., +, — x}, {<,=,>})

20 RE | N BAE SRR b ) 1B AR

b b

WL FER AT .
If (x>y) then x:=x-y; 1.=I-K; J:=J-1; else y:=y-x; ki=k-I; [:=I-J;
T B 55 B0 AR BT 5 wip(T, (x=i*a+j*b)),

FHIEW|=, { y=ka+ib A(x=i*a+j*b) } T { x=ia+j*b}.




25 >]2

wB={ijklxyab} {0,1,2,3, ... +, — }{<, = >}
X ATHERT :

i:=1; j:=0; k:=0; l:=1;
while =(x = y) do

if ¥ >y then x:=z-y: 1:=1-k; j:=J-|:
else y:=y-u; k:=k-i; [:=l-j;
od

%1 A B AEHEWERME, EFXT 4R

Fr{r=aAy=0ANa>0Ab>0} T{x=gcd(a,D)Nx =1%a+ j b}
Frlr=aNy=bANa>0ANb>0]| T [x=gcdla,b) Nx =1i*xa+ j*D




