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�9SN

• ����Ü6��ó;

• ����Ü6��{;

• ����Ü6��Â;

• ����Ü6XÚK+BF�únXÚ;

• ����Ü6XÚK+BF���5.



����Ü6��ó

����Ü6�óL¹ke�ÎÒ:

• ~þÎÒ: c0, c1, ...;
• ¢cÎÒ: p0, p1, ...;
• CþÎÒ: x0, x1, ...;
• Ü6é(cÚþcÎÒ: ¬,→,∀;
• ��c: �;
• 9ÏÎÒ: (, ).



����Ü6��{

�½ÂXe:

t ::= c |x .

úª½ÂXe:

ϕ ::= p(t1, ..., tn)|¬ϕ1|ϕ1 → ϕ2|∀xϕ1(x)|�ϕ1,

Ù¥p´��n�¢cÎÒ, t1, ..., tn´�.



����Ü6��Â: �.

�.M´��o�|(W ,R,U, I ), Ù¥
• W´���U­.�8Ü;
• R ⊆ W 2´��'X;
• U´Ø�;
• I´��)º¦�éu?¿�~þÎÒc , kI (c ,w) ∈ U; ¿�é
u?¿�n�¢cÎÒp, I (p,w) ⊆ Un.

·��Ä�´~Ø��Â. §�Ø�Ø��U­.�Cz
Cz.
Ø���U­.�Cz
Cz��Â·�¡��CØ��Â.

D�v´X�U�¼ê, Ù¥X´¤k�Cþ�8Ü.



�3)ºÚD�e±9�U­.¥éA���

�t´���, �t I ,v ,w´t3)ºIÚD�ve,3�U­.w¥¤é
AuU¥���, K

t I ,v ,w =

{
I (c ,w) if t = c
v(x) if t = x



úª3�.¥�ýb�

�½���.MÚ��D�v , éu?¿��U­.wk

M, v ,w |= ϕ

iff


(t I ,v ,w

1 , ..., t I ,v ,w
n ) ∈ I (p,w) if ϕ = p(t1, ..., tn)

M, v ,w 6|= ϕ1 if ϕ = ¬ϕ1

M, v ,w |= ϕ1 ⇒ M, v ,w |= ϕ2 if ϕ = ϕ1 → ϕ2

Aa ∈ U(M, v(x/a),w |= ϕ1) if ϕ = ∀xϕ1(x)
Aw ′((w ,w ′) ∈ R ⇒ M, v ,w ′ |= ϕ1) if ϕ = �ϕ1

Ù¥v(x/a)½ÂXe, éu?¿�Cþy

v(x/a)(y) =

{
v(y) if y 6= x
a otherwise.



úª3�., µeÚµea¥�k�5

��úªϕ3���.M¥´k��, P�M |= ϕ, ��=
�ϕ3M�¤k��U­.¥±93¤k�D�veÑ�ý.

��úªϕ3��µeF¥´k��, P�F |= ϕ, ��=�ϕ3Ä
udµe�¤k�.¥Ñ´k��.

�½��µeaC, ��úªϕ3C¥´k����=�ϕ3C�z
�µe¥´k��.



Ü6íØ

�½��úª8ÜΓÚ��úªϕ, ϕ¡�´Γ�CÜ6íØ,P�

Γ |=C ϕ,

XJéu?¿�µeF ∈ C , F |= Γ%ºF |= ϕ.

·�Ì�ùãKXÚ, Ïd·�òΓ |=C ϕ{P�Γ |= ϕ.



����XÚK+BF�únXÚ
ún(�ª):

ϕ1 → (ϕ2 → ϕ1)
(ϕ1 → (ϕ2 → ϕ3)) → ((ϕ1 → ϕ2) → (ϕ1 → ϕ3))
(ϕ1 → ϕ2) → (¬ϕ2 → ¬ϕ1)
∀xϕ1(x) → ϕ1(t)
∀x(ϕ1(x) → ϕ2(x)) → (∀xϕ1(x) → ∀xϕ2(x))
�(ϕ1 → ϕ2) → (�ϕ1 → �ϕ2)
∀x�ϕ1 → �∀xϕ1

���^ún·�¡�n�úª(Barcan Formula, {¡�BF). 3
?Û��BFk��µe¥Ø�'u�U­.´4~�, Ï�·�
?Ø�´~Ø��Â, ¤±BF´k��. �BFØUdc¡�8^
úníÑ, Ïd·�rBF���^ún. �∀xϕ1 → ∀x�ϕ1·�

¡�_n�úª({¡�CBF). 3?Û��CBFk��µe¥Ø
�'u�U­.´4O�, §3~Ø��.¥´k��.
�CBF�dc¡�8^úníÑ, Ïd·�ØrCBF���^ú
n.



����XÚK+BF�únXÚ

í�5K:

MP
ϕ1, ϕ1 → ϕ2

ϕ2

UG
ϕ1

∀xϕ1

N
ϕ1

�ϕ1

3K+BF�únXÚ¥\\�A�ún·��±������X
ÚS+BF, Ù¥S�·K��XÚK, D, T, B, S4½S5.



����XÚK+BF�úny²Ú½n

úªS�ϕ1, ϕ2, ..., ϕn´��úny², XJéuz�i , �oϕi´

��ún, �oϕi´dc¡eZ�úªA^í�5K���.

úªϕ´K+BF�ún½n, P�` ϕ, XJ�3��K+BF�ún
y²ϕ1, ϕ2, ..., ϕn¦�ϕ = ϕn.



��nØ�úny²Ú½n

úªS�ϕ1, ϕ2, ..., ϕn´Γ���úny², XJéuz�i , �
oϕi´��ún, �oϕi ∈ Γ, �oϕi´dc¡eZ�úªA^í

�5K���.

�½nØΓ, úªϕ´Γ�ún½n, P�Γ ` ϕ, XJ�3Γ���
úny²ϕ1, ϕ2, ..., ϕn¦�ϕ = ϕn.



��Ü6�A�½n

�¡y²¥I�^�e¡�A���Ü6�½nLPC1–LPC3, §
��´XÚS+BF�½n, 3ùp·��ÑLPC1–LPC3�y².

LPC1 ∀xϕ↔ ϕ xØ3ϕ¥gdÑy
LPC2 ∀x(ϕ→ ψ) → (ϕ→ ∀xψ) xØ3ϕ¥gdÑy
LPC3 ∃y(ϕ(x/y) → ∀xϕ) yØ3∀xϕ¥gdÑy



K+BF��Ñ5K

dXÚK+BF�únXÚ·��±��e¡��Ñ5KDR:

ϕ→ ψ

�ϕ→ �ψ

y²
(1) ϕ→ ψ cJ

(2) �(ϕ→ ψ) (1) × N
(3) �(ϕ→ ψ) → (�ϕ→ �ψ) K
(4) �ϕ→ �ψ (2), (3)× MP



CBF3����XÚS+BF¥�y²

CBF �∀xϕ→ ∀x�ϕ

y²

(1) ∀xϕ→ ϕ ún

(2) �∀xϕ→ �ϕ (1)×DR
(3) ∀x(�∀xϕ→ �ϕ) (2)× UG
(4) ∀x(�∀xϕ→ �ϕ) →

(�∀xϕ→ ∀x�ϕ) LPC2
(5) �∀xϕ→ ∀x�ϕ (3)(4)×MP



�é

Ø¹gdCþ�úª·�¡��é(sentence).
·K1 b�M = (W ,R,U, I )´���., ?¿�w ∈ W , v1, v2´

ü�D�, ¿�ϕ´?¿�úª. XJv1, v23ϕ�¤kgdCþþ
D��Ó, KkM, v1,w |= ϕ��=�M, v2,w |= ϕ.
y² éúªϕ�(��8B. �
íØ2 b�M = (W ,R,U, I )´���., ¿�?¿�w ∈ W . é
u?¿��éϕ, XJ�3D�v , ¦�M, v ,w |= ϕ, Kéuz�
D�v , kM, v ,w |= ϕ.



����XÚK+BF���5½n

��5½n éu?¿��é8ÜΓÚ?¿��éϕ, X
JΓ ` ϕKΓ |= ϕ.



����XÚK+BF���5½n

��5½n éu?¿��é8ÜΓÚ?¿��éϕ, X
JΓ |= ϕKΓ ` ϕ.



����XÚK+BF���5y²�n�Ú½

�y{: b�Γ 0 ϕ. KΓ ∪ {¬ϕ}´�N�. y²�N©e¡n�
Ú½:
1. òΓ ∪ {¬ϕ}*Ð¤äk∀-5��4��N�é�8Üw0.
2. �E;.�.MÚD�v , ¦�éu?¿��U­.w ∈ W ,
w´äk∀-5��4��N��é8Ü, ±9?¿�úªψ,
M, v ,w |= ψ��=�ψ ∈ w .
3. dc¡üÚ��Γ 6|= ϕ, �cJΓ |= ϕgñ.



∀-5�

��Ü6��5y²��¦��Ü6�úª8Üäk�y5, Ó
�����Ü6�úª8Ü��k�y5, 3ùp·�½Â��
���Ü6�úª8Üäk∀-5�.

½Â ����úª�8ÜΛäk∀-5���=�éuz��¹�
�gdCþ�úªϕ(x), Ñ�3,�~þc¦�
ϕ(c) → ∀xϕ(x) ∈ Λ.



Ún1

b�Γ 0 ϕ. KΓ ∪ {¬ϕ}´�N�. ·��±�âe¡�Ú
n1ÚLindenbaum½nrΓ ∪ {¬ϕ}*Ð¤äk∀-5��4��N
8Üw0.

-

L+ = L ∪ {b0, b1, b2, ...},

Ù¥{b0, b1, b2, ...}´��#��ê�~þ�8Ü.

Ún1 XJΛ´Lþ����N�úª8Ü, K�3L+þ�,�ä

k∀-5���N�úª8Ü∆, ¦�Λ ⊆ ∆.

b�Ún1¤á, éN´y²XJ∆´��äk∀-5��úª8
Ü, K?¿�±∆�f8�úª8ÜÑäk∀-5�.



Ún1y²

y² ÄkqÞL+þ�¤käk/ª∀xϕ(x)��é:

∀x0ϕ0(x0),∀x1ϕ1(x1),∀x2ϕ2(x2), ...

,�8B½Âúª8ÜS�∆0,∆1,∆2, ...Xe:

∆0 = Λ,
∆n+1 = ∆n ∪ {ϕn(cn) → ∀xnϕn(xn)},

Ù¥cn´{b0, b1, ...}¥1��Ø3∆n½ϕn(xn)¥Ñy�~þ. Ï
�∆03L¥, �∆n�/¤�V\
n�úª, Ïd3L+¥�kÃ�

�~þvk�¦^, cn´�3�.



Ún1y²

∆0´�N�. ·�y²XJ∆n´�N�, K ∆n+1�´�N�.
b�∆n+1Ø´�N�, Kk

∆n ` ¬(ϕn(cn) → ∀xnϕn(xn)).

¤±k

∆n ` ϕn(cn)

�

∆n ` ¬∀xnϕn(xn).

qÏ�cnØ3∆n¥Ñy, ¤±k

∆n ` ∀yϕn(y).

∆n ` ∀yϕn(y) → ϕn(xn).



Ún1y²

∆n ` ϕn(xn).

∆n ` ∀xnϕn(xn).

ù¦�∆nØ�N.
-

∆ =
⋃
n≥0

∆n,

K∆´�N�, �äk∀-5�. Ï�éu?¿��¹k��gdC
þ�úªϕ(x), Ñ�3,�n¦�ϕ(x) = ϕn(xn), ¤±�3cn¦�

ϕn(cn) → ∀xnϕn(xn) ∈ ∆n+1, ¤±kϕn(cn) → ∀xnϕn(xn) ∈ ∆. �



;.�.

Λ´?¿�úª8Ü, ·�½Â

�−(Λ) = {ψ : �ψ ∈ Λ}.

�E;.�.M, ¦�éu?¿��U­.w ∈ WÚ?¿��
éψ, 3,�D�ve, kM, v ,w |= ψ��=�ψ ∈ w .

XÚK+BF�;.�.M´��o�|(W ,R,U, I ), Ù¥
• W´dL+¥¤k�äk∀-5��4��N�é8Ü�¤�8
Ü;
• éu?¿�w ,w ′ ∈ W , wRw ′��=�éu?¿��éϕ, X
J�ϕ ∈ w , Kϕ ∈ w ′, =�−(w) ⊆ w ′;
• U´dL+¥¤k�~þ�¤�8Ü;
• éu?¿�~þc , kI (c ,w) = c . 〈t1, ..., tn〉 ∈ I (p,w)��=�
p(t1, ..., tn) ∈ w .

·�-D�v�éuz�Cþx , v(x) = c , Ù¥c�?¿�~þ.



Ún2

éúª�(��8B�, �ψ = �ψ1��ψ1 /∈ w�, k¬�ψ1 ∈ w .
�
y²M, v ,w |= ¬�ψ1, ·�Ié�w�������U­
.w ′, ¦�M, v ,w ′ |= ¬ψ1. w ′de¡�Ún2(�Ù�35.

Ún2 XJΓ´�óL+¥���äk∀-5��4��N��é�
8Ü, ¿�γ´���é¦��γ /∈ Γ, K�3�óL+¥����

N��é�8Ü∆,¿�∆äk∀-5�¦� �−(Γ) ∪ {¬γ} ⊆ ∆.

b�Ún2¤á, �âLindenbaum½nò∆*Ð¤L+¥�4��

N��é�8ÜΓ′. éw,/: Γ′äk∀-5�. dR�½Â�ΓRΓ′.



Ún2y²

y² ÄkqÞL+¥�¤käk/ª∀xϕ(x)��é:

∀x0ϕ0(x0),∀x1ϕ1(x1),∀x2ϕ2(x2), ...

,�8B½Â�é8ÜS�∆0,∆1,∆2, ...Xe:

∆0 = {¬γ},
∆n+1 = ∆n ∪ {(ϕn(c) → ∀xnϕn(xn))},

Ù¥c´1��÷v(*)�~þ.

(*) �−(Γ) ∪∆n+1´�N�.



Ún2y²
·�I(�o´�3,�~þc÷v(*). Äk�−(Γ) ∪∆0´�N

�. b�§Ø´�N�, Kk

�−(Γ) ` γ.

¤±�3{ψ1, ..., ψk} ⊆ �−(Γ), ¦�

ψ1 ∧ · · · ∧ ψk ` γ.

¤±k

` (ψ1 ∧ · · · ∧ ψk) → γ.

dDR5K��

` �(ψ1 ∧ · · · ∧ ψk) → �γ.

¤±

` (�ψ1 ∧ · · · ∧�ψk) → �γ.



Ún2y²

qΓ´4��, ¤±

(�ψ1 ∧ · · · ∧�ψk) → �γ ∈ Γ.

Ï�

�ψ1, ...,�ψk ∈ Γ,

¿�Γ´4��, ¤±

�ψ1 ∧ · · · ∧�ψk ∈ Γ.

¤±

�γ ∈ Γ,

��γ /∈ Γgñ.



Ún2y²
·��e5Iy²XJ�−(Γ) ∪∆n´�N�, Ko´�3,�~
þc÷v(*). b�Ø�3~þc¦��−(Γ) ∪∆n+1´�N�, Ké
uL+¥�z�~þcÑ¦��−(Γ) ∪∆n+1Ø´�N�, ¤±k

�−(Γ) ∪∆n ` ¬(ϕn(c) → ∀xnϕn(xn)).

¤±�3{�ψ1, ...,�ψk} ⊆ Γ±9{γ1, ..., γl} ⊆ ∆n¦�

ψ1 ∧ · · · ∧ ψk ∧ δn ` ¬(ϕn(c) → ∀xnϕn(xn)),

Ù¥δn = γ1 ∧ · · · ∧ γl .
¤±

` (ψ1 ∧ · · · ∧ ψk ∧ δn) → ¬(ϕn(c) → ∀xnϕn(xn)).

¤±

` (ψ1 ∧ · · · ∧ ψk) → (δn → ¬(ϕn(c) → ∀xnϕn(xn))).

d�Ñ5KDRÚ½nK3�,

` (�ψ1 ∧ · · · ∧�ψk) → �(δn → ¬(ϕn(c) → ∀xnϕn(xn))).



Ún2y²

qΓ´4��N�, ¿��ψ1, ...,�ψk ∈ Γ, Ïd
�(δn → ¬(ϕn(c) → ∀xnϕn(xn))) ∈ Γ. ùéz�~þcÑ¤á.
-y´Ø3ϕn(xn)Úδn¥Ñy�Cþ,�
Ä∀y�(δn → ¬(ϕn(y) → ∀xnϕn(xn))). Ï�Γäk∀-5�, ¤±�
3,�~þc ′¦�

�(δn → ¬(ϕn(c
′) → ∀xnϕn(xn))) →

∀y�(δn → ¬(ϕn(y) → ∀xnϕn(xn))) ∈ Γ.



Ún2y²

·�®²kéuz�c , �(δn → ¬(ϕn(c) → ∀xnϕn(xn))) ∈ Γ. ¤
±k

�(δn → ¬(ϕn(c
′) → ∀xnϕn(xn))) ∈ Γ.

Ïdk

∀y�(δn → ¬(ϕn(y) → ∀xnϕn(xn))) ∈ Γ.

qΓ´4��, dúnBF�

�∀y(δn → ¬(ϕn(y) → ∀xnϕn(xn))) ∈ Γ.



Ún2y²

Ï�yØ3δn¥Ñy, d½nLPC2�
` ∀y(δn → ¬(ϕn(y) → ∀xnϕn(xn))) →

(δn → ∀y¬(ϕn(y) → ∀xnϕn(xn))),

dDR�,
` �∀y(δn → ¬(ϕn(y) → ∀xnϕn(xn))) →

�(δn → ∀y¬(ϕn(y) → ∀xnϕn(xn))),

¤±k

�(δn → ∀y¬(ϕn(y) → ∀xnϕn(xn))) ∈ Γ.

q
` (δn → ∀y¬(ϕn(y) → ∀xnϕn(xn))) →

(¬∀y¬(ϕn(y) → ∀xnϕn(xn)) → ¬δn),
dDR�,
` �(δn → ∀y¬(ϕn(y) → ∀xnϕn(xn))) →

�(¬∀y¬(ϕn(y) → ∀xnϕn(xn)) → ¬δn).



Ún2y²

¤±

Γ ` �(¬∀y¬(ϕn(y) → ∀xnϕn(xn)) → ¬δn).

dKúnÚMP5K�,
Γ ` �¬∀y¬(ϕn(y) → ∀xnϕn(xn))

→ �¬δn
·�k½nLPC3, =

` ∃y(ϕn(y) → ∀xnϕn(xn)),

¤±

` �∃y(ϕn(y) → ∀xnϕn(xn)).

Ïdk

Γ ` �¬δn,

qΓ´4��, ¤±�¬δn ∈ Γ, ¤±¬δn ∈ �−(Γ), ��−(Γ)∪∆n´

�N�gñ.



Ún2y²

-

∆ = �−(Γ) ∪
⋃
n≥0

∆n.

Ï�éuz�n, �−(Γ) ∪∆n´�N�, ¤±∆´�N�. b
�∆Ø´�N�. K�3úªϕ, ¦�∆ ` ϕ¿�∆ ` ¬ϕ. l
�
3úª8Ü∆′ ⊆ ∆, ¦�∆′ ` ϕ¿�∆′ ` ¬ϕ. ¤±�½�3,
�n, ¦�∆′ = �−(Γ) ∪∆n, ¤±�−(Γ) ∪∆n´Ø�N�. d∆�
�E�: ∆äk∀-5�, ¿�k�−(Γ) ∪ {¬γ} ⊆ ∆. �



;.�.�wÍA:

½n3 éu?¿��U­.w ∈ WÚ?¿��éψ, 3D�ve,
kM, v ,w |= ψ��=�ψ ∈ w .



éψ�(�8B

y² éψ�(��8B.
�/1: ψ = p(t1, ..., tn). M, v ,w |= p(t1, ..., tn)��=

�〈t I ,v ,w
1 , ..., t I ,v ,w

n 〉 ∈ I (p,w), ��=�〈t1, ..., tn〉 ∈ I (p,w), ��
=� p(t1, ..., tn) ∈ w .
�/2: ψ = ¬ψ1. M, v ,w |= ¬ψ1��=�M, v ,w 6|= ψ1, ��=
�ψ1 /∈ w , ��=�¬ψ1 ∈ w .
�/3: ψ = ψ1 → ψ2. M, v ,w |= ψ1 → ψ2��=� M, v ,w 6|= ψ1

½M, v ,w |= ψ2, ��=� ψ1 /∈ w½ψ2 ∈ w , ��=
�ψ1 → ψ2 ∈ w .



éψ�(�8B

�/4: ψ = ∀xψ1(x).
�/4.1: b�∀xψ1(x) ∈ w . -v(x/c)´��D�, Ù
¥c ∈ U�c´?¿�~þ. dún∀xϕ1(x) → ϕ1(t)Úw�4�5
��ψ1(c) ∈ w . ÏdM, v ,w |= ψ1(c). ¤
±M, v(x/c),w |= ψ1(x). qc´?¿�Ø�¥���, ¤±
kM, v ,w |= ∀xψ1(x).
�/4.2: b�∀xψ1(x) /∈ w . Kk¬∀xψ1(x) ∈ w . qwäk∀-5
�, Ïd�3,�~þc¦�¬ψ1(c) ∈ w . ¤±ψ1(c) /∈ w ,
kM, v ,w 6|= ψ1(c). qdún∀xϕ1(x) → ϕ1(t)�k�5
�M, v ,w 6|= ∀xψ1(x).



éψ�(�8B

�/5: ψ = �ψ1.
�/5.1: b��ψ1 ∈ w . éu?¿�w ′, XJwRw ′, Kkψ1 ∈ w ′,
¤±kM, v ,w ′ |= ψ1. ùéz�w ′¦�wRw ′Ñ¤á. ¤±,
M, v ,w |= �ψ1.
�/5.2: b��ψ1 /∈ w . Kk¬�ψ1 ∈ w . �âÚn2�3,
�w ′ ∈ W¦�wRw ′�¬ψ1 ∈ w ′. ¤±kψ1 /∈ w ′. d8Bb�
�M, v ,w ′ 6|= ψ1. Ï�wRw ′, ¤±M, v ,w 6|= �ψ1. �



��5½ny²

dc¡üÚ��Γ 6|= ϕ, �cJΓ |= ϕgñ.

��5½n éu?¿��é8ÜΓÚ?¿��éϕ, X
JΓ |= ϕKΓ ` ϕ.

y² XJΓ 0 ϕ. KΓ ∪ {¬ϕ}´�N�. ·�rù�8Ü*Ð¤ä
k∀-5��4��N�é8Üw0. -M = (W ,R,U, I )´;.�
.. éu?¿��éψ ∈ Γ ∪ {¬ϕ}, kψ ∈ w0, d½
n3�M, v ,w0 |= ψ. ¤±kM, v ,w0 |= Γ¿�M, v ,w0 |= ¬ϕ. ¤
±M, v ,w0 6|= ϕ ÏdkΓ 6|= ϕ, �Γ |= ϕgñ. �


