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§1.1 +2)&Y)�)jxL~�_`C(�*��O�0:C��r!�~��g 1� 0��� �<Y)��2[!CY)�a�Y)i�<Y)�? 4�*� -%9Uj℄r? 4 ¬�Z��Vr? 4 ∧��u�� ∨�;u�� →�x{�� ↔�D��D� n- r? 42^.*�
{0, 1}n � {0, 1} C|��9Uj ¬1 = 0 � ¬0 = 1 � g A,B,C D�℄��Y)�r�^A�
∧,∨, →,↔ C~���

A B A ∧B A ∨B A→ B A↔ B

0 0 0 0 1 1

0 1 0 1 1 0

1 0 0 1 0 0

1 1 1 1 1 1Y)�r)4s�l��l���gu`WL`� � S �? 4C���i S 	*Cl�L`|A� �	�Y)�r�s�l���i S 	*Cl�
 �
�~ ϕ � S 	C�r? 4�z ϕ �i S 	*Cl�
 ���~ f � S 	C n r (n ≥ 1) ? 4� ϕ1, ..., ϕn �i S 	*Cl��z f(ϕ1, ..., ϕn) �i S 	*Cl�� }<gC�lÆ�W�RmVr? 4�9U=qÆg	Æ�W�9UtL? 4ChB�^
M6~�? 4ChB�Æ�TgF|A� ¬,∧,∨,→,↔ �iw*Y)�r�*C��� {0, 1} C|�)4~�`��� v �~�|�� � Av 4
v `j A C��i S 	*Cl� ϕ y v AC�L`|A� �	�~ ϕ �Y)�r A �z
v(ϕ) = Av; �
�~ ϕ � S 	C�r? 4 c �z v(ϕ) = c; ���~ ϕ = f(ϕ1, ..., ϕn) �j	 f � S 	C n r (n ≥ 1) ? 4�z v(ϕ) = f(v(ϕ1), ..., v(ϕn)) �|w~�`� v ÆB v(ϕ) = 1 �z) v P� ϕ ��� v |= ϕ �|wj~�`� v �ÆB v |= ϕ �z) ϕ42P���℄z) ϕ 4e����2P����|wRmTi~�`� v �Oj v |= ϕ �z) ϕ 4e~���Y���|wRmTi~�`� v �Oj v(ϕ) = v(ψ) �z) ϕ n ψ O�D���� ϕ ⇔ ψ �
ϕ⇔ ψ >o$> ϕ↔ ψ �e~��R
~�`� v 	 A1, ..., An C`�4 a1, ..., an B�C`��� v[A1/a1, ..., An/an] ��
v′ = v[A1/a1, ..., An/an] � 9Uj

v′(A) =
{ ai if A = Ai, i ∈ {1, ..., n}

Av if A 6∈ {A1, ..., An}gl� ϕ1, ..., ϕn [�+�l� ϕ 	C�.Y)�r A1, ..., An B�Cl��� ϕϕ1,...,ϕn

A1,...,An

.9Uj
v(ϕϕ1,...,ϕn

A1,...,An

) = v[A1/v(ϕ1), ..., An/v(ϕn)](ϕ)



§1 D>EA 2� ϕ �i {0, 1,¬,∧,∨}	*Cl��� ϕ 	C ∧ n ∨ ���0 n 1 ��D�Cl� ϕ∗ �)4 ϕ CRf�� Rm~�`� v �jGXC~�`� v′ �9Uj v(ϕ) = ¬v′(ϕ∗) � � ϕn ϕ∗ �4Rf�� ψ n ψ∗ �4Rf��|w ϕ⇔ ψ �z ϕ∗ ⇔ ψ∗ �O�l�C�u�;u�℄w"P�VDL� �L���L�[hL�<�L�A[kL�Rfp>��
A ∧A = A

A ∧ (B ∧ C) = (A ∧B) ∧ C

A ∧B = B ∧A

A ∧ (B ∨ C) = A ∧B ∨A ∧ C

A ∧ (A ∨B) = A

¬(A ∧B) = ¬A ∨ ¬B

A ∨A = A

A ∨ (B ∨ C) = (A ∨B) ∨ C

A ∨B = B ∨A

A ∨ (B ∧ C) = A ∨B ∧A ∨ C

A ∨ (A ∧B) = A

¬(A ∨B) = ¬A ∧ ¬B� f � n r? 4� A1, ..., An ��.CY)�r�|wl� ϕ 	�.C0 A1, ..., An �1CCY)�r�o ϕ = f(A1, ..., An) �z) ϕ L` f � |w8yi S 	*Cl�L` f �z) f 2i S L`�� S �? 4���~Ti n r (n ≥ 1) ? 4O2i S L`�z) S 42w�� ~ SCz�~��O��2w��z) S 4ÆL2w�� {¬,∧,∨} �2w�� {¬,∧} �ÆL2w��� Γ 4l����|w~�`� v P� Γ 	CTil��z) v P� Γ � |wj~�`� v P� Γ �z) Γ �2P�C�℄z) Γ ��2P�C�� Γ 4l���� ϕ 4l��|wTiP�l��� Γ C~�`�OP� ϕ �z) ϕ �
Γ CO�0N��� Γ |= ϕ � Γ |= ϕ �*>�� Γ 6|= ϕ � ~ Γ = {ϕ1, ..., ϕn} �z� Γ |= ϕP� ϕ1, ..., ϕn |= ϕ �� ϕ1, ..., ϕn, ϕ, ψ4l��|= ϕ>o$> ϕ�e~��ϕ1 , ..., ϕn |= ϕ>o$> ϕ1∧· · ·∧ϕn →

ϕ �e~�� ϕ ⇔ ψ >o$> ϕ |= ψ o ψ |= ϕ � Γ ∪ {ϕ} |= ψ >o$> Γ |= ϕ → ψ �
Γ = {ϕ1, ..., ϕn} �2P�C>o$> ϕ1 ∧ · · · ∧ ϕn �2P�C� Γ ��2P�C>o$>TiO�l�O� Γ CO�0N�
§1.2 5�)&74O�2^R#/#CY)�^?��[q
4�74�/K℄��i�r5� 74O�	ÆgC^~j^A��� � 1 �i*�r��)�r�j:sSi�g x, y, z, u, v, w ��� � 2 �i*%r��)%r�g a, b, c ��� � 3 �|�^~�Ti^~Ojn�G?>C��� n ��)b^~4 n r|�^~�g f, g, h ��� � 4 �74^~�Ti^~Ojn�G?>C��� n ��)b^~4 n r74^~�g A,B,C ��� � 5 �D4^~ ∀� ∃ � � 6 �? 4^~ ¬,∧,∨,→,↔ � � 7 ��6~��k6~��I��N~��� F �%r�|�^~C���i F 	*CHL`|A� �	��r�i F 	*CH
�
� F 	C%r�i F 	*CH
 ���~ f � F 	C n r (n ≥ 1) |�^~� t1, ..., tn�i F 	*CH�z f(t1, ..., tn) �i F 	*CH�� G �74^~C���~ t1, ..., tn �i F 	*CH� A � P 	C n r74^~�z
A(t1, ..., tn) �i (F,G) 	*Cs�l��

B = (F,G) �Cl������ LB �L`|A� �	�i (F,G) 	*Cs�l�� LBCl�
 � 2 �~ f � {¬,∧,∨,→,↔} 	C n r (n ≥ 1) ? 4� ϕ1, ..., ϕn � LB Cl��



§1 D>EA 3z f(ϕ1, ..., ϕn) � LB Cl�
 � 3 �~ ϕ � LB Cl�� x ��r�z ∀xϕ � ∃xϕ � LBCl��℄i!� I iCi [�*�j℄�℄iZ4���)4Np�jV� B 	^~�Np	Cr!�|��74C!��d��� � I = (D, I0) � RmTi%r a � I0(a) 4 D 	C℄ir!
 RmTi n r|�^~ f � I0(f) 4 D 	C℄i n r|�
 RmTi n r74^~ P � I0(P ) 4 D 	C℄i n r74�� I �℄i!��7#j�r�*C���Np D C|�)4 I 	C`�� R
`� σ	 x1, ..., xn C`�4 a1, ..., an B�C`��� σ[x1/a1, ..., xn/an] � 9Uj
σ[x1/a1, ..., xn/an](x) =

{ ai if x = xi, i ∈ {1, ..., n}

σ(x) if x 6∈ {x1, ..., xn}!��`�m.tLEH�l�C_`� � σ � I 	C`��H t y!� I �`� σ AC_` I(t)σ L`|A� � 1 �~ t ��r x �z I(t)σ = σ(x) 
 � 2 �~ t �%r a �z I(t)σ = I0(a) 
 � 3 �~ t � f(t1, ..., tn) �j	 f � n r|�^~� t1, ..., tn �H�z
I(t)σ = I0(f)(I(t1)σ, ..., I(tn)σ) �� σ � I 	C`��l� ϕ y!� I �`� σ AC_` I(ϕ)σ L`|A� � 1 �~ ϕ �
P (t1, ..., tn)�j	 P � nr74^~�t1 , ..., tn�H�z I(ϕ)σ = I0(P )(I(t1)σ, ..., I(tn)σ);� 2�~
ϕ� ¬ψ�ψ�l��z I(ϕ)σ = ¬I(ψ)σ;� 3�~ ϕ� ϕ0∧ϕ1 �z I(ϕ)σ = I(ϕ0)σ∧I(ϕ1)σ;� 4�~
ϕ� ϕ0∨ϕ1 �z I(ϕ)σ = I(ϕ0)σ∨I(ϕ1)σ;� 5�~ ϕ� ϕ0 → ϕ1 �z I(ϕ)σ = I(ϕ0)σ → I(ϕ1)σ;� 6 �~ ϕ � ϕ0 ↔ ϕ1 �z I(ϕ)σ = I(ϕ0)σ ↔ I(ϕ1)σ; � 7 �~ ϕ � ∀xψ �z I(ϕ)σ = 1 >o$>Rm#j d ∈ D � I(ψ)σ[x/d] = 1 
 � 8 �~ ϕ � ∃xψ �z I(ϕ)σ = 1 >o$>8y
d ∈ D ÆB I(ψ)σ[x/d] = 1 �|wl� ψ yl� ϕ 	.C�z) ψ 4 ϕ C�l�� �r x y ∀xϕ � ∃xϕ 	C.C4v�.C��) ∀x � ∃x Cb6.CC�p4 ϕ � |w�r x y ϕ 	C\6.C�y ϕ C℄i�l�	Cv�.C�z) x Cb6.C4y ϕ 	Cv�.C� |w�r x y ϕ 	C\6.C��v�.C�z)b.C4y ϕ 	C�i.C� yl� ϕ 	j�i.CC�r)4
ϕ C�i�r�yl� ϕ 	jv�.CC�r)4 ϕ Cv��r� ϕ 	�i�rC���4
V ar(ϕ) ��.C�rCH)4�H� Sj�i�rCl�)4o*� Sjv��rCl�)4-l�� ~ V ar(ϕ) = {x1, ..., xn} �z)l� ∀x1 · · · ∀xnϕ 4 ϕ C��� Til�C���℄io*�Tio*C���%���~ t ��H�zRz_ σ, σ′ j I(t)σ = I(t)σ′ ���HC_`n`�:p�a5Rm�H9U2� I(t)σ ��4 I(t) � ~ ϕ �o*�zRz_ σ, σ′ j I(ϕ)σ = I(ϕ)σ′ �a5Rmo*9U2� I(ϕ)σ ��4 I(ϕ) �~ x1, ..., xn ��.C�r� t1, ..., tn �H�z) {x1/t1, ..., xn/tn} 4;�� ~ t �H�z
t{x1/t1, ..., xn/tn} �g t1, ..., tn [�+� t 	 x1, ..., xn C#j.CB�CH��4 tt1,...,tn

x1,...,xn

�~ ϕ �l��z ϕ{x1/t1, ..., xn/tn} �g t1, ..., tn [�+� t 	 x1, ..., xn C#j�i.CB�Cl���4 ϕt1,...,tn

x1,...,xn

� |wyl� ϕ � ϕt1,...,tn

x1,...,xn

	�rCv�.C6�G.�z) t1, ..., tnRm ϕ 	C x1, ..., xn �2;}C� ~ t1, ..., tn Rm ϕ 	C x1, ..., xn �2;}C�zj
I(ϕt1,...,tn

x1,...,xn

)σ = I(ϕ)σ[x1/I(t1)σ, ..., xn/I(tn)σ]|w!� I � I 	C`� σ ÆB I(ϕ)σ = 1�z)!� I �`� σ P� ϕ ��� σ |=I ϕ�>!�jL����4 σ |= ϕ �



§1 D>EA 4|wj!� I � I 	C`� σ ÆB σ |=I ϕ �z) ϕ 42P���℄z) ϕ 4e����2P���� |w ϕ yTi!�	4~�z) ϕ 4e~��O�jN���g74O�l� ϕ1, ..., ϕi [�+�Y)O�l� ϕ 	CY)�r A1, ..., An B�C74O�l��4 ϕϕ1,...,ϕn

A1,...,An

�)4 ϕ C+��=� Y)O�e~�C+��=)4�Y��� ϕ� ψ �l��|wRmTi!� I � I 	C`� σ�I(ϕ)σ = I(ψ)σ �z) ϕ� ψ O�D���4 ϕ⇔ ψ � ϕ⇔ ψ >o$> ϕ↔ ψ �e~�� Rm ∀� ∃�9Uj ∀xϕ⇔ ¬∃x¬ϕ �� Γ 4l����!� I � I 	C`� σ P� Γ 	CTil��z) I � σ P� Γ � |wj!� I � I 	C`� σ P� Γ �z) Γ �2P�C�℄z) Γ ��2P�C�� Γ 4l���� ϕ 4l��|wTiP�l��� Γ C!� I � I 	C`� σ OP�
ϕ �z) ϕ � Γ CO�0N��� Γ |= ϕ � Γ |= ϕ �*>�� Γ 6|= ϕ � ~ Γ = {ϕ1, ..., ϕn}�z� Γ |= ϕ P� ϕ1, ..., ϕn |= ϕ �� ϕ1, ..., ϕn, ϕ, ψ4l��|= ϕ>o$> ϕ�e~��ϕ1 , ..., ϕn |= ϕ>o$> ϕ1∧· · ·∧ϕn →

ϕ �e~�� ϕ ⇔ ψ >o$> ϕ |= ψ o ψ |= ϕ � Γ ∪ {ϕ} |= ψ >o$> Γ |= ϕ → ψ �
Γ = {ϕ1, ..., ϕn} �2P�C>o$> ϕ1 ∧ · · · ∧ ϕn �2P�C� Γ ��2P�C>o$>TiO�l�O� Γ CO�0N�
§1.3 '%���i℄Oi*�*C�*�}Oi*)4��Cr!� ��CL`jC��R'L`�-JL`� R'L`��F.#j�m��Cr!�|� A = {a, b, c} � -JL`���X�m��Cr!#)jCQ�(��|� A = {x ∈ N | x > 1} � x ∈ A⇔ x > 1 �Ci��GD��� A = B �>o$>$U)jG.Cr!� �� A ��� B C������� A �zm�� B ��� A ⊆ B �>o$>#j A Cr!O� B Cr!�

(A = B) ⇔ ∀x(x ∈ A↔ x ∈ B)

(A ⊆ B) ⇔ ∀x(x ∈ A→ x ∈ B)��p>P�^AQ��
A ⊆ A

A ⊆ B o B ⊆ C z A ⊆ C

A ⊆ B o B ⊆ A z A = B�zjz�r!C��)44���� ∅�4���LC����3℄C�%�zmz����	� ijESir!n*C��)4js��i:ESir!n*C��)4:s���� A Cw ��C��)4 A CV���� ρ(A) � ρ(A) = {X |X ⊆ A} � ~ a ∈ A �z
{a} ⊆ A �~ A ⊆ B �z A ∈ ρ(B) � js�� A Cr!i�)4����� |A| �� A �js���z |ρ(A)| = 2|A| ���Cw"j����$�� A ∩B = {x | x ∈ A ∧ x ∈ B}� A ∪B = {x | x ∈ A ∨ x ∈ B}$ A−B = {x | x ∈ A ∧ x 6∈ B}~ A ∩B = ∅ �z) A � B ��G�C� �� A � B C$� A− B l) B pm A CGR��� � U �w��Np��#jn'NGpC��O�bw�C���� A � U C��� A pm U CGR�� U −A �)4 A C+R���-%&)����� ∼ A �



§1 D>EA 5

A ∩A = A

A ∩ (B ∩ C) = (A ∩B) ∩ C

A ∩B = B ∩A

A ∩ (B ∪ C) = A ∩B ∪A ∩ C

A ∩ (A ∪B) = A

∼ (A ∩B) = ∼ A∪ ∼ B

A ∪A = A

A ∪ (B ∪ C) = (A ∪B) ∪ C

A ∪B = B ∪A

A ∪ (B ∩ C) = A ∪B ∩A ∪ C

A ∪ (A ∩B) = A

∼ (A ∪B) = ∼ A∩ ∼ BnO�l�C�u�;u�℄w"7 ���C�����w"P�VDL� �L���L�[hL�<�L�A[kL�zjCiRJ x, y ��%UÆtLC�Tn*CTF�)4jTf��4 〈x, y〉 � jTfjG℄irnGVir�[� 〈x, y〉 CG℄ir� x �GVir� y �jTf2g�����
〈x, y〉 C����4 {{x}, {x, y}} � 〈x, y〉 = 〈u, v〉 >o$> x = u o y = v �jTf2^0s� n�Tf�n�TfL`4 〈x1, ..., xn−1, xn〉 = 〈〈x1, ..., xn−1〉, xn〉�〈x1, ..., xn−1, xn〉 =

〈y1, ..., yn−1, yn〉 >o$> x1 = y1 ����� xn−1 = yn−1 o xn = yn ��� A1, ..., An CF,U+
 A1 × · · · × An L`4 A1 × · · · × An = {〈a1, ..., an〉 | a1 ∈

A1, ..., an ∈ An} �Rmz_js�� A1, ..., An � |A1 × · · · × An| = |A1| · |A2| · · · |An| � �
A = A1 × · · · ×An �zG i [D|� pri : A→ Ai L`|A� pri(〈a1, ..., an〉) = ai �
§1.4 "7z�jTfC��)4Vrp>� 7 X � Y Cp> RP� R ⊆ X×Y � ~ 〈x, y〉 ∈ R�z��* xRy �P� x n y jp> R �~ 〈x, y〉 6∈ R �z��* xR̄y � ℄iVrp>2^g℄iVr74xL�L` R = {〈x, y〉 | P (x, y)} �� xRy >o$> P (x, y) *>�� R �℄ip>�R 	#jjTfCG℄irC��)4 R CL`p��� dom(R) �R	#jjTfCGVirC��)4 R C�p��� ran(R) � �� X � X Cp>)4 X �CVrp>�p>CQ�ip>	�zC#jjTf#xL� � ∀x1 · · · ∀xn(x1 ∈ X ∧· · ·∧xn ∈

X → ϕ) 4 ∀x1, ..., xn ∈ X.ϕ �� R �Z4�� X �Cp>��XQ ∀x ∈ X.(xRx)X�XQ ∀x ∈ X.(xR̄x)R)Q ∀x, y ∈ X.(xRy → yRx)XR)Q ∀x, y ∈ X.(xRy ∧ yRx→ x = y)3HQ ∀x, y, z ∈ X.(xRy ∧ yRz → xRz)|w R � S � X � Y CVrp>�z R ∩ S � R ∪ S � R− S � ∼ S O� X � Y CVrp>�o
x(R ∩ S)y ⇔ xRy ∧ xSy

x(R ∪ S)y ⇔ xRy ∨ xSy

x(R − S)y ⇔ xRy ∧ xS̄y

x(∼ S)y ⇔ xS̄y� R� X � Y Cp>�R Cdp>� Y � X Cp>��� R−1 �L`4 R−1 = {〈y, x〉 ∈

Y ×X | 〈x, y〉 ∈ R} �� R � X � Y Cp>� S � Y � Z Cp>� R ◦ S � X � Z Cp>�)4 R � S Ca�p>�L`4 R ◦ S = {〈x, z〉 ∈ X ×Z | ∃y ∈ Y.(xRy ∧ ySz)} � ◦ )4p>Ca�w"�y



§1 D>EA 6�
k
KCr5A�a�p>Cw"^%
M�P�p>Ca�w"P� �L� � R �
X � Y Cp>� S � Y � Z Cp>�zj (R ◦ S)−1 = S−1 ◦R−1 �� R � X �CVrp>� n ∈ N � R C n 6V��� Rn �L`|A� R0 = IX =

{〈x, x〉 | x ∈ X} ����C�Dp>
 Rn+1 = Rn ◦R �� R � X �CVrp>�p> R′ � R C�X�R)�3H���>o$> �	� R′��X�R)�3H�C
 �
� R ⊆ R′ 
 ���Rmz��X�R)�3H�p> R′′ �|w R ⊆ R′′ �z R′ ⊆ R′′ � g r(R), s(R), t(R) [��� R C�X���R)���3H���9Uj
r(R) = R ∪ IX

s(R) = R ∪R−1

t(R) =
⋃∞

i=1
Ri4�PY��p> R C3H��-%�4 R+ � R C�X3H��-%�4 R∗ �P��XQ�XR)Q�3HQC℄iZ4���Cp>)4iTp>� |w ≤ � X �CiTp>�_QjTf 〈P,≤〉 ��iT���� 〈P,≤〉 �iT���|wRmT℄i x, y ∈ P Oj x ≤ y � y ≤ x �z) ≤ �4 P �CwT�FT�) 〈P,≤〉 4wT���A�� 〈P,≤〉 �iT����o A ⊆ P �� a ∈ A, b ∈ P �

a 4 A C�:r� ∀x ∈ A.(x ≤ a)

a 4 A C�Lr� ∀x ∈ A.(a ≤ x)

a 4 A CÆ:r� ∀x ∈ A.(a 6≤ x)

a 4 A CÆLr� ∀x ∈ A.(x 6≤ a)

b 4 A C�"� ∀x ∈ A.(x ≤ b)

b 4 A CA"� ∀x ∈ A.(b ≤ x)

b 4 A C�L�"� b � A C�"�oRmT℄i A C�" b′ �j b ≤ b′

b 4 A C�:A"� b � A CA"�oRmT℄i A CA" b′ �j b′ ≤ b℄i��C�:r��Lr��L�"��:A"�|w8y�z�3℄C� �L�"�\)�x"��� ⊔ � lub � sup ��:A"�\)Ax"��� ⊓ � glb � inf �� 〈P1,≤1〉, ..., 〈Pn,≤n〉4iT�P = P1×· · ·×Pn �ziT 〈P1,≤1〉, ..., 〈Pn,≤n〉CF,U

〈P,≤〉�℄iiT�j	 ≤L`|A� R#j a, b ∈ P �a ≤ b>o$>R#j i ∈ {1, ..., n}�j pri(a) ≤i pri(b) � � S ⊆ P1 × · · · × Pn �z ⊔S 8y>o$>Rm#j i ∈ {1, ..., n} �
⊔pri(S) 8y�o ⊔S = 〈⊔pr1(S), ...,⊔prn(S)〉 �℄iiT�� 〈P,≤〉 �|w%CT℄iZ4��Oj℄i�Lr�z) ≤ 4BTC�)
〈P,≤〉 4BT��� T℄iBT��O�wT���=wT��6�O�BT���TT℄ijECwT��O�BT���℄iiT�� 〈P,≤〉 �|w%CT℄iZ4��Oj℄iÆLr�z) ≤ 4B�C (Well

Founded) �) 〈P,≤〉 4B���� ℄i���B���>o$>b��	�8y:EH�CTF�� 〈P,≤〉 4B����� x ≤ y o x 6= y 4 x < y �^A0:tz4B����Cu`W
(Noetherian Induction) �~ ∀x′ ∈ P.(∀x ∈ P.(x < x′ → ϕ(x)) → ϕ(x′)) z ∀x ∈ P.ϕ(x) �



§1 D>EA 7� A �Z4�� S ��C(��RmTi�� B ∈ A � B 6= ∅ o ⋃

A = S �z)�� A� S C℄i_e� ~ A � S C℄i_e�oRz_ B,C ∈ A � B 6= C z B ∩ C = ∅ �z)
A � S C℄i�[�P��XQ�R)Q�3HQC℄iZ4���Cp>)4D�p>� � R ��� X �CD�p>�Rmz_ x ∈ X ��� [x]R L`|A� [x]R = {y ∈ X | yRx} � ) [x]R 4i
x #;�CD�7�g X/R �� R D�7C�� {[x]R | x ∈ X} �) X/R 4 X Z R C��� z�℄i X �CD�p> R OL`E X C℄i�[�� X/R � z� X C℄i�[
A = {A1, ..., An} OL`E℄iD�p> R �� xRy >o$> x, y .y℄i Ai 	�
§1.5 #0� f ��� X ��� Y Cp>�|wRT℄i x ∈ X 8y3℄C y ∈ Y ÆB 〈x, y〉 ∈ f �z) f 4 X � Y C℄i|���4 f : X → Y � X )4 f CL`p� Y )4 f C�p�Rm|� f : X → Y �|w 〈x, y〉 ∈ f �z) x 4��D� y �|� f y x 2C��\)
y 4y f �gA x CJ�T) x 4 y C℄iJt�-%g y = f(x) �� 〈x, y〉 ∈ f ��|� f : X → Y o A ⊆ X �z f ∩ (A× Y ) �7 A � Y C|��)4 f �E�m A ��4 f |A ��� {f(x) | x ∈ A} )4 A y f ACJ��4 f(A) �~ X ′ ⊆ X �o f : X ′ → Y � X ′ � Y C|��z) f 4 X � Y Ci|��4t�mi|��|�l)w|��� f : X → Y � g : Y → Z �Ci|��z f � g Ca�|� g ◦ f �℄i7 X � Z C|��oRm#jC x ∈ X � (g ◦ f)(x) = g(f(x)) � |�Ca�P� �L�~ f : X → X �℄i|��z f boR��a�z_S6� f R��a�z_S6CL`|A� f0(x) = IX(x) 
 fn+1(x) = f(fn(x)) �� ∃x1 · · · ∃xn(x1 ∈ X ∧ · · · ∧ xn ∈ X ∧ϕ) 4 ∃x1, ..., xn ∈ X.ϕ �� f : X → Y �℄i|��

f �P�C ∀y ∈ Y.∃x ∈ X.(f(x) = y)

f �}�C ∀x1, x2 ∈ X.(f(x1) = f(x2) → x1 = x2)

f ���C f �P�Co�}�C~ f : X → Y ,g : Y → Z O�P�|��z g ◦ f \�P�|�
 ~ f : X → Y ,g : Y → ZO�}�|��z g ◦ f \�}�|�
 ~ f : X → Y ,g : Y → Z O���|��z g ◦ f \���|��� f ���C�%CX|�� f Cdp>��� f−1 � ~ f : X → Y ���C�zjX|� f−1 : Y → X \���C� ~ f : X → Y ,g : Y → Z O���|��z (g ◦ f)−1 \���|��o (g ◦ f)−1 = f−1 ◦ g−1 �� U �w�� A ⊆ U � A C(�|� ΨA : U → {0, 1} L`|A�
ΨA(x) =

{ 1 if x ∈ A

0 if x 6∈ A� U �w�� A,B ⊆ U �zR#j x ∈ U �^AD�*>�
ΨA∩B(x) = ΨA(x) · ΨB(x)

ΨA∪B(x) = ΨA(x) + ΨB(x) − ΨA∩B(x)

Ψ∼A(x) = 1 − ΨA(x)

X � Y C#jw|�C���� (X → Y ) � � X �℄i��� 〈Y,≤〉 �℄iiT�
f, g : X → Y �Ci|�� f ≤ g >o$>Rm#j x ∈ X � f(x) ≤ g(x) � 〈(X → Y ),≤〉 n*℄iiT�



§1 D>EA 8� S ⊆ (X → Y ) �℄i X � Y C|�C���� x ∈ X � Y C�� {f(x) | f ∈ S} ��
S(x)�⊔S 8y>o$>Rm#j x ∈ X �⊔S(x)8y�oRm#j x ∈ X �(⊔S)(x) = ⊔S(x)�
§1.6 4-,:$!.�� �℄iiT 〈X,≤〉 �2wiT>o$> X j�Lr�oRm X �CT℄,A S ⊆ X � ⊔SO8y� X C�Lr-%�� ⊥X � ⊥ �� 〈X,≤〉 �℄i2wiT� Y ⊆ X � 〈Y,≤〉 � 〈X,≤〉 C�2wiT�>o$> 〈Y,≤〉 �℄i2wiT�oRm Y �CT℄,A S �Oj ⊔Y S = ⊔XS �z�j�Lro��zjsACiT�2wiT�|w 〈P1,≤1〉, ..., 〈Pn,≤n〉�2wiT�zjF,U
 〈P1 × · · · ×Pn,≤〉 �2wiT� |w X �℄i��� 〈Y,≤〉 �℄i2wiT�z 〈(X → Y ),≤〉 �2wiT�� 〈X,≤1〉� 〈Y,≤2〉�iT�f : X → Y �|��f �<JC>o$> ∀x1, x2 ∈ X.(x1 ≤1

x2 → f(x1) ≤2 f(x2)) �� 〈X,≤1〉 �iT� 〈Y,≤2〉 �2wiT�7 X � Y C<J|�C��n* 〈(X → Y ),≤2〉C℄i�2wiT�� 〈X,≤1〉 � 〈Y,≤2〉 �2wiT� f : X → Y �|�� f ��UC>o$>R X CT℄,A S ⊆ X � ⊔f(S) O8y�o ⊔f(S) = f(⊔S) � �U|�C���� [X → Y ] �� 〈X,≤1〉� 〈Y,≤2〉�2wiT�7X � Y C�U|�C�� [X → Y ]n* 〈(X → Y ),≤〉C℄i�2wiT�� 〈X,≤1〉 � 〈Y,≤2〉 �2wiT� f : X → Y �|�� f ��UC>o$> f �<JCoR X CT℄,A S ⊆ X � f(⊔S) ≤ ⊔f(S) � |w X ��zjsA�z f ��UC>o$> f �<JC�� 〈X,≤〉 �iT� f : X → X �|��~ f(x) = x �z) x � f C�MI� ~ x � fC�MI�oRz_ f C�MI y �Oj x ≤ y �z) x � f C�L�MI� f C�L�MI�� µf � ~ x � f C�MI�oRz_ f C�MI y �Oj y ≤ x �z) x � f C�:�MI� f C�:�MI�� νf �� 〈X,≤〉 �2wiT� f : X → X ��U|��z f j�L�MI�o
µf = ⊔{f i(⊥) | i ∈ N}� 〈X,≤〉 �2wiT� f : X → X ��U|�� x ∈ X �~ f(x) ≤ x �z µf ≤ x �� 〈X,≤〉 �2wiT� ϕ : X → {0, 1} �℄i74� ϕ �G{C>o$>R X CT℄,A S �~ ∧

x∈S ϕ(x) 4~�z ϕ(⊔S) 4~�� 〈X,≤〉 �2wiT� ϕ : X → {0, 1} �℄iG{74�^A0:tz4�MIu`W�~ ϕ(⊥) o ∀x ∈ X.(ϕ(x) → ϕ(f(x)) �z ϕ(µf) �℄iiT 〈X,≤〉 �h>o$>z_Ci X 	Cr!Oj�L�"��:A"�℄iiT 〈X,≤〉 �2wh>o$>z_��Oj�L�"�.[�℄iiT 〈X,≤〉 �2wh>o$>z_��Oj�:A"�� 〈X,≤〉 �2wh� f : X → X �<J|��z f jZ4C�MI��ob�n*℄i2wh� f j�L��:�MI�
µf = ⊓{x ∈ X | f(x) ≤ x}

νf = ⊔{x ∈ X | x ≤ f(x)}
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§1.7 ;93jI/ D �℄jTf 〈V,E〉 �j	 V �℄Z4��� E � V �C℄iVrp>�[�) V � E 4jI/ D CKIC����C����jCi/ D = 〈V,E〉 � D′ = 〈V ′, E′〉 �~ V ⊆ V ′ o E ⊂ E′ �z) D 4 D′ C�/����4 D ⊆ D′ � ~ V ⊆ V ′ o E = {〈u, v〉 ∈ E′ | u, v ∈ V } �z) D 4 D′ C?.�/�yjI/ D = 〈V,E〉	���C℄iTF (e1, ..., en))4℄,-J�j	 ei = 〈vi, vi+1〉 ∈ E� i = 1, ..., n �� -J (e1, ..., en) C&Q4.Cy-J	C�C6���� |(e1, ..., en)| �-J
(e1, ..., en) -%\gKITF (v1, ..., vn+1) ���RmjI/C℄,-J�|wT,�C.C�'x℄6�z)b-J4�<-J�|wTiKIC.C�'x℄6�z)b-J4��-J���-J℄L��<-J�-xjI/	#jKIC-J)42�-J�|w℄,-JC-��
 m.℄KI�z)b-J4	J�|wb	J	T,�C.C�'x℄6�z)b	J4�<	J�|wb	J0v��℄iIC-J	TiKIC.C�'x℄6�z)b	J4��	J�-xjI/	#jKIC	J)42�	J�|w8y7KI u �KI v C-J�z)KI u 2^�9KI v �� u, v P� u→+ v �|w8y7KI u �KI v C-J�z8y7KI u �KI v C��-J� y℄ij n iKICjI/	�z���-JC&QO�'x n− 1 �z���	JC&QO�'x n �℄ijI/ D = 〈V,E〉 �|wR%CT℄RKI u � v �2^7 u �9 v �o2^7 v�9 u �z) D 4m�-/�jI/ D �m�-C>o$> D j2�	J�yjI/ D 	� A ⊆ D � D C℄iÆ:m�-?.�/�>o$> A � D C?.�/� A �m�-C�oRmz_C D Cm�-C�/ B ⊆ D �~ A 6= B z A 6⊆ B � yjI/ D 	� D C℄iÆ:m�-?.�/�)4 D C℄im�-[/�� D = 〈V,E〉 4jI/�� A ⊆ V �7�� A 29CKIC����6 A �4 {b | a→∗

b, a ∈ A} ��4 rh(A) �29 A CKIC��4 {b | b→∗ a, a ∈ A} ��4 rhb(A) �~ D �m�-/�z rh(A) = rhb(A) = V �L` E(a) = {b | E(a, b)}, E(A) = {b | E(a), a ∈ A} �~ V �js���z
rh(A) =

⋃∞
i=0

Ei(A) = µZ.(A ∪ E(Z)).

rhb(A) =
⋃∞

i=0
(E−1)i(A) = µZ.(A ∪ E−1(Z)).� D1 = 〈V1, E1〉 � D2 = 〈V2, E2〉 4jI/�

σ ⊆ V1×V2 �℄i D1 � D2 CZ
p>>o$>Rz_ (u, v) ∈ σ �Rz_ u′ ∈ V1 �|w
E1(u, u

′)�z8y v′ ∈ V2 �E2(v, v
′)o (u′, v′) ∈ σ � σ �Z
p>>o$> σ−1E1 ⊆ E2σ

−1 �
σ ⊆ V1 × V2 ��Z
p>>o$>Rz_ (u, v) ∈ σ � �	�Rz_ u′ ∈ V1 �|w

E1(u, u
′) �z8y v′ ∈ V2 �E2(v, v

′) o (u′, v′) ∈ σ 
 �
�Rz_ v′ ∈ V2 �|w E2(v, v
′) �z8y u′ ∈ V1 � E1(u, u

′) o (u′, v′) ∈ σ � σ ��Z
p>>o$> σ−1E1 ⊆ E2σ
−1 o

σE2 ⊆ E1σ �� D = 〈V,E〉 4jI/�
σ ⊆ V ×V �D�CZ
D�p>>o$>Rz_ (u, v) ∈ σ�8y℄iZ
p> σ′ ⊆ V ×VÆB (u, v) ∈ σ′ o8y℄iZ
p> σ′′ ⊆ V × V ÆB (v, u) ∈ σ′′ � σ ⊆ V × V ��Z
D�p>>o$> σ � V �C�:C�Z
p>�

§1.8 1*�{C^C�yP|R8��V	n,TZ�GpC�1dej#E!�8��VCGpa{"/ [1, 2, 3] �
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