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§2.1 >�S�_D(#(F �Q�J�B6*� D(#(F�O℄?�b(�Q��^xb(�Q����b(�r<b(&)yC� fI B = (F, P ) �+Po�T0?e�xB\u�℄�\u� {:=, :, goto, if, else}�u\u� {beg, end, l1, l2, ..., }Z LB ���u�x�IV (B, V ) xBD(#(FB?�yCt0�
l1: (x1, ..., xn) := (t1, ..., tn) goto l2

l1: if (e) goto l2 else goto l3d� l1, l2, l3 ∈ LB )�u� l1 6= end, t1, ..., tn ∈ TB j ⋃n

i=1 V ar(ti) ⊆ V , e ∈ QFF(B) j
V ar(e) ⊆ V , x1, ..., xn ∈ V jO 1 ≤ i < j ≤ n, xi 6= xj � Lu��B�u&)ÆIV�u�Lu^�B(
&)�uIV�
Definition 2.1 X� (B, V ) 7	!(}F}V T J+oZNC�	g'���y� beg vU^
[y� end {u
[�Ody�
[i	� end G	y�vU^
[,�y�q�u
[X�fI B = (F, P ) v���x V � (B, V ) xD(#(FB�x
) L

(B,V )
2 �qOD(#(FBgB	�℄?e�Y���uv��	��(FBgB	��x) LB×Σ�l℄fI B BQe�	 I �fIyC t � (li, σi)

t
⇒(li+1, σi+1) >j >T0Q�k4';�

t ) li: (v1, ..., vn) := (t1, ..., tn) goto li+1 �j σi+1 = σi[v1/I(t1)(σi)] · · · [vn/I(tn)(σi)]

t ) li: (if (e) goto l′ else goto l′′ �
σi+1 = σi j σi |=I e n li+1 = l′ �[n li+1 = l′′fID(#(F T v B BQe�	 I �+PIVD(#(FBgB	���m/ T

⇒ t0� (li, σi)
T
⇒(li+1, σi+1) >j >T0Q�k4';�



§2 t|}ywv{ 26kyC t ∈ T �A (li, σi)
t
⇒(li+1, σi+1) ��6krNByCj (li, σi) = (li+1, σi+1) �TxBDR7�iG(F�z{	��)���N℄��UV� k�Xe�9B�z�+P� T

⇒ �B T ~H='⇒ � {(l, σ) | (l0, σ0)
∗
⇒(l, σ)} ��\ (l0, σ0) .8B	�B�x� (Fk+���	�) σ �BgB�z�>j >6k σ′ �A (beg, σ)

∗
⇒(end, σ′) ��_^p(FBtpCRÆ.T�+�	�v�z	�Bm/�T�(F�[�z� { ϕ )(F

T B+�	�K
B��� ψ )O(F T B�z	�BOm� ϕ &)(FBgNL� ψ &)(FB{NL�
T O_ ϕ v ψ B�YtpC��) ϕ(σ) → ((beg, σ)

∗
⇒(end, σ′) → ψ(σ′)) �
� |=I

{ϕ}T {ψ} �
T O_ ϕv ψ B%otpC��) ϕ(σ) → ((beg, σ)

∗
⇒(end, σ′)∧ψ(σ′))�
� |=I [ϕ]T [ψ]�

§2.2 5),a-i7�_�k|J}b((F�Q�J�B6*� �O(FO�℄^x��F_x���b(vJ}b(� fIs�\u� F v*2\u� P �+Pk B = (F, P ) x�;QeQ�J���o�T0�xB\u�
{:=, ; , if, then, else, fi, while, do, od}

Definition 2.2 X� (B, V ) 7	!��W�`"}V<X�nÆ��1�� S 
[5N�
S ::= x := t | S;S | if e then S else S fi | while e do S od1i x ∈ V J V i	x&� t ∈ TB <X�{�&��x&d V i	 B 7	R� e ∈ QFFB<X�{�&��x&d V i	 B 7	�;�fI B = (F, P ) v���x V � (B, V ) xB�k|J}b((FB�x
) L

(B,V )
1 �qO(FBgB	�℄?e�Y��(FgBB�`�Yv��	��Z ǫ ��(F�`�Y)1� { Σ )��	�B�x�(FBgB	��x) (L

(B,V )
1 ∪ {ǫ})× Σ �l℄Qe(FBbVn)_ B B�	�fI B BQe�	 I �(FBfRm/⇒) (L

(B,V )
1 ×

Σ) × ((L
(B,V )
1 ∪ {ǫ}) × Σ) BQe
�� (S0, σ0)⇒(S1, σ1) >j >T0Q7';�



§2 t|}ywv{ 3

S0 �� S1 σ1

x := t ǫ σ0[x/I(t)(σ0)]

x := t;S S σ0[x/I(t)(σ0)]

if (e) then S else S′ fi σ0 |=I e S σ0

if (e) then S else S′ fi σ0 6|=I e S′ σ0

if (e) then S else S′ fi; S′′ σ0 |=I e S;S′′ σ0

if (e) then S else S′ fi; S′′ σ0 6|=I e S′;S′′ σ0

while e do S od σ0 |=I e S; while (e) do S od σ0

while e do S od σ0 6|=I e ǫ σ0

while e do S od; S′ σ0 |=I e S; while (e) do S od; S’ σ0

while e do S od; S′ σ0 6|=I e S′ σ0

{σ | (T, σ0)
∗
⇒(T ′, σ)} ��(F T k+���	�) σ0 �gB.?8B��	��(F T k+���	�) σ �BgB�z�>j >6k σ′ �A (T, σ)

∗
⇒(ǫ, σ′) ��_^p(FBtpCRÆ.T�+�	�v�z	�Bm/�T�(F�[�z�{ ϕ )(F TB+�	�K
B��� ψ )O(F T B�z	�BOm� ϕ &)(FBgNL� ψ &)(FB{NL�

T O_ ϕv ψ B�YtpC��) ϕ(σ) → ((T, σ)
∗
⇒(ǫ, σ′) → ψ(σ′))�
� |=I {ϕ}T {ψ}�

T O_ ϕ v ψ B%otpC��) ϕ(σ) → ((T, σ)
∗
⇒(ǫ, σ′) ∧ ψ(σ′)) � 
� |=I [ϕ]T [ψ] �

§2.3 
4DdWQ (FTS)

FTS �Q�J�B6*� FTS �RÆBfRm/�O℄?eO����v^x�-3u$�/"~
r+���BRÆ�fI$dvs�\u�x F �*2\u�x G �
 B = (F,G) xQ�J�i��x)
LB � B xB7B�x) TB �
 LB ��:�2Bi��x) QFFB � kQ�J�B�.x�+Po�\u {−→, :=} �fI B v���x V �IV (B, V ) xBfRt0�

p −→ (v1, v2, ..., vn) := (e1, e2, ..., en)d� p ∈ QFFB )Qe�:�2Bi�j V ar(p) ⊆ V �v1, v2, ..., vn ∈ V )�d�e1, e2, ..., en ∈

TB ) B xB7j ⋃n
i=1 V ar(ei) ⊆ V �QefR��/"BQee
J��

Definition 2.3 X� (B, V ) 7	 FTS <X�
bp
(T,Θ)1i T J (B, V ) 72Y	^P���Θ ∈ QFFB J~:C��<X�{�&��x&d V i	 B 7	�;�

B B�	pIAfR/"RÆ�$d\u�s�\uv*2\uBrV� ��B^x σ;�A/"gB���kVQ�/B	��W3+PP& σ )	��	�B�x) Σ � T0�{ B B�	 I = (D, I0) )S#fI�qO:0/"B	�1
) V ���nxBÆx Σ = {σ | σ(x) ∈ D,x ∈ V } �



§2 t|}ywv{ 4l℄fR ϕ −→ (v1, v2, ..., vn) := (e1, e2, ..., en) k	� σ .wB�>j > σ |=I ϕ � { t� ϕ −→ (v1, v2, ..., vn) := (e1, e2, ..., en) )QefR�+PZ σ
t
→σ′ �� t k	� σ .wBj

σ′ = σ[v1/I(e1)(σi)] · · · [vn/I(en)(σi)] � Q�fR/" (T,Θ) xBQegB�	�� Σ xBQe,lFB
σ0σ1σ2σ3......d� σ0 |=I Θ jOrU i ≥ 0,k	� σi 6k.wBfR t j σi

t
→σi+1k	� σi �6k.wBfRj σi+1 = σiTxBDR7�)A�Q>/"gB�z�����/"BgB{\�℄l	�FBBk4�rN+P{D�I,l	�FB�Q��Y?�k47�I�9�qO+PZ σ → σ′ ��6k t ∈ T �A σ

t
→σ′ �	��x A B.8	��x rh(A) )

{σ′ | σ
∗
→σ′, σ ∈ A} �/"B.8	��x rh(Θ) ) {σ′ | σ

∗
→σ′, σ |=I Θ} ��F^p/"B�oC�.ZJ�i����/"K
�oC� ϕ �>j >/"BOegB�BOe	�KK
 ϕ �� ∀σ ∈ rh(Θ).σ |=I ϕ �

§2.4 Kripke 5)+�* Kripke 5)k FTS BRÆ��/"gBB	�1
T�/"BgB\�	 I �)I�SpB	�1
T�	�u
m/BRÆ℄�_�|/"C�BÆM�
§2.4.1 Kripke 5) (KS)T FTS ),SF�	�1
�� Σ �-A	�1
u$�RÆ/"gBB��O�~℄	�u
BfRm/�T�/"B+�	��+P		�1
�fRm/v+�	��Æx'
Kripke �k�IVt0�
Definition 2.4 X� Kripke !�<X�6bp

〈S,∆, I〉1i S JkA��� ∆ ⊆ S × S J S 7	H32Y�M� I ⊆ S J~:kA��?6+l℄+PZ s→s′ ��6k5 s ? s′ BfR�� (s, s′) ∈ ∆ �Kripke �kxBQ�℄lE$�	�� S xBQe℄lFB
s0s1s2...snd�OrU 0 ≤ i ≤ n− 1, si→si+1 �

Kripke �kxBQ�,lE$�	�� S xBQe,lFB
s0s1s2...



§2 t|}ywv{ 5d�OrU i ≥ 0, si→si+1 �
Kripke �kxBQegB� Kripke �kxBQ�,lE$

s0s1s2...d� s0 ∈ I �9�qOZ ∗
→��→B0E�V�
�	��x AB.8	��x rh(A) ) {σ′ |σ

∗
→σ′, σ ∈ A}�/"B.8	��x) rh(I) ��F^p/"B�oC�.Z	��x���/"K
�oC� A �>j >/"BOegB�BOe	�Kk A ��� rh(I) ⊆ A � �oC�BO^C��.8C�	��x A .8�>j >/"BVegB�BVe	�k A ��� rh(I) ∩A 6= ∅ �9�^&VN$fIQe	��x S0 ⊆ S �IV error state(q) ) q 6∈ S0 � /"K
`�oC� S0 BY-.T\T0 S − S0 	�B.8CY-�T7�3� S − S0 	�.8�/"�K
�oC�

S0 �
start()

{

W = A = {};

for each initial state s, if (s is not in A) { add s to W; dfs(); }

}

dfs()

{

q = last element from W ;

add q to A;

if (error state(q)) report(“reachable”);

else for each successor state s of q if (s is not in A) { add s to W; dfs(); }

delete q from W;

}N$^p
(1) fIQe Kripke �kvQe	� q0 �� error state(q)=true >j > q = q0 ��T�d “reachable”>j >`	��.8B�
(2) fIQe Kripke �kvQe	� q0 �n q0 B.8C`I�5CB�

§2.4.2 �* KS\_ KS O_/"BRÆq_�|� KS �)v�UA�Z	����C�2Ay_h�tp��C�B�xy9�ndÆ"&y_h�)A�8v	�B�<�.ZT���C��)A\lZT���C��



§2 t|}ywv{ 6+P�E��k�B	�v�Mi�kX<	�x';=/e7�)AIVxB�<�+P{+FkOe	�xV<�<T��[';�
Definition 2.5 �
X�
l.B�� AP �X� AP 7	y� KS <X��bp

〈S,∆, I, L〉1i 〈S,∆, I〉 J Kripke !�� L : S → 2AP JkA��� AP 	-�	\8�krNBQe�k�� L(s) ��k s x�℄ s ';Be
T�B�x�e
T� p k sx';>j > p ∈ L(s) �d�T�J�i�B';a[�5T�J�B�	�
e
T��x AP x�℄T�i�B�x) LAP �+P.TZT�J�Bi���C��fIQe AP xB�u Kripke �k 〈S,∆, I, L〉 �Qe	� s ∈ S K
C� ϕ ∈ LAP 
�
M, s |= ϕ �dIVt0� M, s |= ϕ ';>j >�

M, s |= p w p ∈ AP j p ∈ L(s) �
M, s |= ¬ψ w M, s 6|= ψ �
M, s |= ψ0 ∨ ψ1 w M, s |= ψ0 � M, s |= ψ1 �
M, s |= ψ0 ∧ ψ1 w M, s |= ψ0 j M, s |= ψ1 �
M, s |= ψ0 → ψ1 w M, s |= ψ0 n M, s |= ψ1 �
M, s |= ψ0 ↔ ψ1 w M, s |= ψ0 >j > M, s |= ψ1 �Qei�OY_Qe	��x�� ϕ OY_	��x {s‖M, s |= ϕ} �+PZ [[ϕ]] ��	��x {s‖M, s |= ϕ} ��F^p/"B�oC�.Zi����/"K
�oC� ϕ �>j >/"BOegB�BOe	�KK
 ϕ �� ∀s ∈ rh(I).(M, s |= ϕ) �� rh(I) ⊆ [[ϕ]] � YM error state(q) � M, s 6|= ϕ� q 6∈ [[ϕ]] ��* KS g
4DdWQ

KS .\ FTS }'�w KS \ FTS v�}'� KS B	�1
B9:\ FTS B���dnxW')I�fI B = (V, F, P ) xB FTS(T,Θ) �{ V = {v1, ..., vn} jC |v| ) v .\nxBe��	�1
B9:) |v1| · |v2| · · · |vn| �wZ n dÆ��nOe	�) (a1, ..., an) d� a1, ..., an Y�) v1, ..., vn Bx�fR�x\ FTS BfR#}�{ t ∈ T � w σ
t
→σ′ �n ((σ(v1), σ(v2), ..., σ(vn)), (σ′(v1), σ

′(v2), ..., σ
′(vn))) ∈ ∆ �+�	��x I g' Θ IV#}�w σ |= Θ )s�n (σ(v1), σ(v2), ..., σ(vn)) ∈ I �OOe�� v �{dx
) {a1, ..., a|v|} �+P.Tkl |v| eT� {p1, ..., p|v|} �OeT�;� v = a1, v = a2, ..., v = a|v| �OYBQ7� { p ;� vi = a � p ∈ L((x1, ..., xn)) >j > xi = a �rN�+P℄Qee
T��x AP vdxB�u Kripke �k 〈S,∆, I, L〉 �



§2 t|}ywv{ 7;m�* KS�u KS {+FkOe	�xV<�<T��[';�+P.TOd!B6p�kOe	�x�xVei��[';�
Definition 2.6 �
X�
l.B�� AP �X� AP 7	#ey� KS <X��bp

〈S,∆, I, L〉1i 〈S,∆, I〉 J Kripke !�� L : S → LAP JkA���.B*��;��	\8�fIQe AP xB6p�u Kripke �k 〈S,∆, I, L〉 �Qe	� s ∈ S K
C� ϕ ∈ LAP
� M, s |= ϕ >j > L(s) → ϕ ��F^p/"K
�oC� ϕ ∈ LAP �>j >/"BOegB�BOe	�KK
 ϕ �� ∀s ∈ rh(I).(L(s) →

ϕ) �/"K
.8C� ϕ ∈ LAP �>j >6k.TK
 ϕB.8	��� ∃s ∈ rh(I).(L(s)∧ϕ).K
�
§2.4.3 (C Kripke 5)O_ Kripke�kQL�{OK
	���m/B,l	�FB&�/"BQegB�℄�z)Ah"pCRÆ/"BgB�+PDOOgB�QI4~T_-Q<K
	���m/=�x9B,l	�FB� wOm\l_-rNB,l	�FB�+PDOk�k��u>B'Y�+Pk Kripke �kB�.x�)dgB{}.�����IVi
 Kripke �k�
Definition 2.7 X��0 Kripke !�<X��bp

〈S,∆, I, F 〉1i 〈S,∆, I〉 <X� Kripke !�� F ⊆ 2S J�0 Kripke !�	 =kA�	���l℄i
 Kripke �k 〈S,∆, I, F 〉 xBQegB� Kripke�k 〈S,∆, I〉 xBQegB�Qei
 Kripke �kxBgB π = s0s1s2... �i
B�>j >O�℄ f ∈ F �
inf(π) ∩ f 6= ∅

§2.5 �*DdWQgs"/
Kripke�kRÆB�O�	�v	�u
B��m/���m?��MJ��A	�S}A�|�kV<�zJ�P�/"RÆ�m�BQ�Y� �t�J
����Qe��&�QeJ����!B��&��!BJ��RÆ�J
��B �q(�&DOJ�BRÆ��*DdWQ (LTS)

Definition 2.8 X�y�2YME<X��bp
〈Σ, S,∆, I〉1i Σ Jy���� S JkA��� ∆ ⊆ S × Σ × S <X�^y�	2Y�M� I J~:kA��



§2 t|}ywv{ 8l℄+PZ s
a
→s′ ��6k5 s ? s′ B a fR�� (s, a, s′) ∈ ∆ � LTS xBQegB�	��

S xBQe,lFB
s0s1s2...d� s0 ∈ I jOrU i ≥ 0, 6k a ∈ Σ ��A si

a
→si+1 �t'�

LTS xBQe�\1�	�� Σ xBQe,lFB
ω = a1a2a3...K
���6k LTS xBQegB π = s0s1s2... �AOrU i ≥ 0, si

ai+1

→ si+1 � π &)�\1 ω xBQegB�L�*DdWQa KS 8��+P.Tk LTS B	�x
iQ<�.�
Definition 2.9 �
X�
l.B�� AP �X� AP 7	y�2Y!�<X�Lbp

〈Σ, S,∆, I, L〉1i 〈Σ, S,∆, I〉 <X�y�2YME� L : S → 2AP JkA�� AP 	-�	\8�
ω s"/ai
 Kripke �k8��k LTS B�.x�)dgB{}.�����+P&A? ω �J��
§2.5.1 B

..
uchi s"/)�<e��+P1IV{℄Qe�<����B B

..
uchi �J��

Definition 2.10 X� B
..
uchi m��<X�Lbp

〈Σ, S,∆, I, F 〉1i 〈Σ, S,∆, I〉 <X�y�2YME� F ⊆ S Jm��	 =kA��93Kl℄{ B = 〈Σ, S,∆, I, F 〉 � B
..
uchi �J�� B xBgB&��ufR/" 〈Σ, S,∆, I〉 xBgB�IV inf(π) ),4P4,3k π �B	�B�x� B xBgB

π = s0s1s2 · · ·�.��B>j >
inf(π) ∩ F 6= ∅93Kt'�

B B�u� Σ xBQe�\1 ω = a0a1a2 · · · �.��B>j >6k ω xB.��gB� B x.���\1B�x) B BbL�
� L(B) �



§2 t|}ywv{ 9%:^&VN$fIQe ω �J��dbL�[)1.T1	� ω �J�BfRm/Bi> Y#� tpOe\+�	�.8BX
Ui> Y#�|y℄Q���BHFB�xa�J�B��	�B�xKN℄j!d��n`bL)1�)AhtB	�;G�T0�T�1	��℄i> Y#�Q��eY-� Z accept(q) �� q ∈ F ���	��`�T\?eh�B|L[1�T7�3�
start()

{

W = A = B = {};

for each initial state s ∈ I, if (s is not in A) { add s to W; dfs1(); }

}

dfs1()

{

q = last element from W ;

add q to A;

for each successor state s of q if (s is not in A) { add s to W; dfs1(); }

if (accept(q)) { add q to B; dfs2(); }

delete q from W;

}

dfs2()

{

q = last element from B;

for each successor state s of q

if (s is in W) report(“nonempty”);

if (s is not in B) { add s to B; dfs2(); }

}N$^p
(1) w q �krwi> #�n q {B�℄	�1_ q /9%��
(2) fIQe B

..
uchi �J���T�d “nonempty”>j >`�J�BbLX1�

(3) fIQe B
..
uchi �J��n`�J�BX1C`I�5CB�

§2.5.2 ;m B
..
uchi s"/)A\l��Pe�����+P6p B

..
uchi �J�BIV����	��xa)��	��B�x�

Definition 2.11 X�#e B
..
uchi m��<X�Lbp

〈Σ, S,∆, I, F 〉1i 〈Σ, S,∆, I〉 <X�y�2YME� F ⊆ 2S Jm��	 =kA�	���



§2 t|}ywv{ 1093Kl℄{ B = 〈Σ, S,∆, I, F 〉 �6p B
..
uchi �J�� B xBgB&��ufR/" 〈Σ, S,∆, I〉 xBgB� B xBgB

π = s0s1s2 · · ·�.��B�>j >O�℄ f ∈ F �
inf(π) ∩ f 6= ∅;m B

..
uchi s"/ ��B<5bLB�L��6p B

..
uchi�J�B�8\<v B

..
uchi�J��QNB�fI6p B

..
uchi�J� B = 〈Σ, S,∆, I, {f1, ..., fn}〉 �IV

n(s, i) = if (i = n) then 0; else if (s ∈ fi+1) then i+ 1; else i.

S′ = S × {0, ..., n}

∆′ = {(s, i), a, (s′, n(s′, i)) | (s, a, s′) ∈ ∆, i ∈ {0, ..., n}}

I ′ = I × {0}

F ′ = S × {n}IV B
..
uchi �J� B′ = 〈Σ, S′,∆′, I ′, F ′〉 �n L(B′) = L(B) �s"/ lN�J�Bg�
5���v��T0IV6p B

..
uchi �J�B�v��fI?e6p B

..
uchi�J� B1 = 〈Σ, S1,∆1, I1, F1〉, B2 = 〈Σ, S2,∆2, I2, F2〉j S1∩S2 = ∅�{

F = {f ∪ S2 | f ∈ F1} ∪ {f ∪ S1 | f ∈ F2}IV B1 ∪ B2 = 〈Σ, S1 ∪ S2,∆1 ∪ ∆2, I1 ∪ I2, F 〉 �n L(B1 ∪ B2) = L(B1) ∪ L(B2) �fI?e6p B
..
uchi�J� B1 = 〈Σ, S1,∆1, I1, F1〉, B2 = 〈Σ, S2,∆2, I2, F2〉j S1∩S2 = ∅�{

∆ = {((q1, q2), a, (q′1, q
′
2)) | (q1, a, q

′
1) ∈ ∆1, (q2, a, q

′
2) ∈ ∆2}

F = {f × S2 | f ∈ F1} ∪ {S1 × f | f ∈ F2}IV B1 ∩ B2 = 〈Σ, S1 × S2,∆, I1 × I2, F 〉 �n L(B1 ∩ B2) = L(B1) ∩ L(B2) �
§2.5.3 Streett s"/+ Muller s"/6p B

..
uchi �J�� B

..
uchi �J�BQ�6p�k6p B

..
uchi �J��.xjOd�����!Q�6p��>IV�+P.TA? Streett �J�� Muller �J��

Definition 2.12 X� Streett m��<X�Lbp
〈Σ, S,∆, I, F 〉1i 〈Σ, S,∆, I〉 <X�y�2YME� F ⊆ 2S × 2S Jm��	 =kA�	���



§2 t|}ywv{ 1193Kl℄{ B = 〈Σ, S,∆, I, F 〉 � Streett �J�� B xBgB&��ufR/" 〈Σ, S,∆, I〉 xBgB� B xBgB
π = s0s1s2 · · ·�.��B�>j >O�℄ (f, g) ∈ F �

inf(π) ∩ f 6= ∅ → inf(π) ∩ g 6= ∅

Definition 2.13 X� Muller m��<X�Lbp
〈Σ, S,∆, I, F 〉1i 〈Σ, S,∆, I〉 J2YME� F ⊆ 2S Jm��	 =kA�	���93Kl℄{ B = 〈Σ, S,∆, I, F 〉 � Muller �J�� B xBgB&��ufR/" 〈Σ, S,∆, I〉 xBgB� B xBgB
π = s0s1s2 · · ·�.��B�>j >
inf(π) ∈ F��B<5bLB�L�� B

..
uchi �J��6p B

..
uchi �J�� Streett �J�a Muller �J�B�8\<6!�j Muller �J���Z�B�

§2.5.4 .fDd ;m B
..
uchi s"/Tx�J�B����K�	��x�+PP.T�����IVkfRx�\_�_fRB B

..
uchi �J���_fRB6p B

..
uchi �J�BQe�:�+Pv�IV�_fRB6p

B
..
uchi �J��

Definition 2.14 �_2Y	#e B
..
uchi m��<X�Lbp

〈S,Σ,∆, I, F 〉1i 〈Σ, S,∆, I〉 <X�y�2YME� F ⊆ 2∆ < =2Y���93Kl℄{ B = 〈Σ, S,∆, I, F 〉��_fRB B
..
uchi�J��BxBgB&��ufR/" 〈Σ, S,∆, I〉xBgB�fIQe B xBgB π = s0s1s2 · · · �QefR (s, a, s′) .\,3k`E$�>j >6k i ≥ 0 �A s = si j s′ = si+1 �IV inf∆(π) ).\,4P4,3kE$ π �BfRB�x� B xBgB
π = s0s1s2 · · ·�.��B�>j >O�℄ f ∈ F �
inf∆(π) ∩ f 6= ∅



§2 t|}ywv{ 12��B<5bLB�L���_fRB6p B
..
uchi �J�B�8\<v B

..
uchi �J��QNB�fI�_fRB6p B

..
uchi �J� B = 〈Σ, S,∆, I, F 〉 �IV

n(s, a, s′, i) = if (i = n) then 0; else if ((s, a, s′) ∈ fi+1) then i+ 1; else i.

S′ = S × {0, ..., n}

∆′ = {(s, i), a, (s′, n(s, a, s′, i)) | (s, a, s′) ∈ ∆, i ∈ {0, ..., n}}

I ′ = I × {0}

F ′ = S × {n}IV B
..
uchi �J� B′ = 〈Σ, S′,∆′, I ′, F ′〉 �n L(B′) = L(B) �

§2.5.5 G![s"/
ω- �J�\fR/"v����Æ'��!B����IVA�!B�J��+PP.TOfR/"Y8�A?pIA�J�vXpIA�J��pIA�J�B+�	�{℄QejdfRm/�T04~�

(s, a, s′), (s, a, s′′) ∈ ∆ ⇒ s′ = s′′fIQe�\1�OpIA�J�7��w℄aubaBgB�nrNBgB�(QB���B<pIA Muller �J���Z�B�jd�8\<aXpIA Muller �J�6!�pIA
B

..
uchi �J����Z�B�IV B = 〈Σ, S,∆, I, F 〉 d�

Σ = {a, b}

S = {s0, s1}

∆ = {(s0, a, s1), (s0, b, s0), (s1, a, s1), (s1, b, s0)}

I = {s0}

F = {s0}IV B′ = 〈Σ, S,∆, I, F 〉 d�
Σ = {a, b}

S = {s0, s1}

∆ = {(s0, a, s0), (s0, b, s0), (s0, a, s1), (s1, a, s1)}

I = {s0}

F = {s1}n B �QepIA B
..
uchi�J��Q B′ �QeXpIA B

..
uchi�J��B′ BbL L(B′) =

(a+ b)∗aω � L(B) = (a∗b)ω B��= L(B′) ��pIA B
..
uchi �J�.T�8B�
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§2.6 �*2�DdWQg2�s"/�ufR/"BOeJ�d{G	�.\℄Pe�=O4gB{\5d�HmQe	��Or8fR/"BQ�6p�qd.THmPe{G	��rN6pBfR/"BQ4gB.T��	�k��*2�DdWQ (ATS)

Definition 2.15 X�y���2YME<X��bp 〈Σ, S,∆, I〉 �1i Σ J�r���S JkA��� ∆ ⊆ S × Σ × 2S Jy�	2Y�M� I JME~:kA	���t'�H l℄fIQe Σ xB,4%B�\1 ω = a0a1a2... ��u�7fR/"k ω xBQegB�	�� S xBQ,� r �{ r(0) ) r Bg�FB<F�� r(i) ) r BD i !�FB�x�
child(x) )�F x B
�FB�x� r K
T0���

r(0) ⊆ Iw x ∈ r(i) )D i !BQe�F�n child(x) ∈ ∆(x, ai)w ∆(x, ai) 
r1��n x .TN℄
�F�l℄	�� S xBQ,� r ��u�7fR/" 〈Σ, S,∆, I〉 BQegB>j >6kQe ΣxB,4%B�\1 ω = a0a1a2... �A r ��u�7fR/"k ω xBQegB�L�*2�DdWQa KS 8��+P.Tk ATS B	�x
iQ<�.�
Definition 2.16 �
X�
l.B�� AP �X� AP 7	?y���2YME<X�Lbp

〈Σ, S,∆, I, L〉1i 〈Σ, S,∆, I〉 <X�y���2YME� L : S → 2AP JkA�� AP 	-�	\8�2� B
..
uchi s"/

Definition 2.17 X��� B
..
uchi m��<X�Lbp

〈Σ, S,∆, I, F 〉1i 〈Σ, S,∆, I〉 <X�y���2YME� F ⊆ S Jm��	 =kA��93Kl℄{ B = 〈Σ, S,∆, I, F 〉 �Qe�7 B
..
uchi �J�� B xBgB&��u�7fR/"

〈Σ, S,∆, I〉 xBgB� B BQegB� r �.��B�>j > r B�℄,lE$ ρ K

inf(ρ) ∩ F 6= ∅
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B B�W� Σ xBQe,4%�\1

ω = a0a1a2 · · ·O B 7��.��B>j >6k ω xB.��gB���7 B
..
uchi �J�a B

..
uchi �J�B�8\<6!�

§2.7 I0s"/)ARÆfRJ�u
�
%MB4~�+PDOkUA��u��Bb℄��
B4~\�
��xBi����{ X )����B�x� Q )�
$�B�x���i�B�x
Φ(X) \T0bTf,�

φ ::= x ≤ c | c ≤ x | ¬φ | φ ∧ φ |d� x ∈ X )����� c ∈ Q )�
$��Qe��^x v �Qe X ? R Bs��+PZ v + t ��O�℄ x ∈ X K
 v′(x) = v(x) + t B��^x v′ �Z t · v ��O�℄ x ∈ XK
 v′(x) = t · v(x) B��^x v′ �Z [Y → t]v ��O�℄ x ∈ X \ Y K
 v′(x) = v(x) vO�℄ x ∈ Y K
 v′(x) = t B��^x v′ �I0DdWQ (TTS)

Definition 2.18 X�9�2YME<X�Lbp
〈Σ, S, C,∆, I〉1i Σ Jn/z� S JkA��� C J9jx&��� ∆ ⊆ S × Σ × 2C × Φ(C) × S J2Y�M� I ∈ S JME~:kA	���I0t'�H l℄{ V = C → R )��^xB�x�IV τ0 = 0 ��
fR/" 〈Σ, S, C,∆, I〉 k�
�\1 (σ, τ) = (σ1, τ1)(σ2, τ2) · · · ∈ (Σ ×R)ω xBQegB�	�� S × V xBQe,lFB

(s0, v0)(s1, v1)(s2, v2)...d�
s0 ∈ I,O�℄ x ∈ C,v0(x) = 0,OrU i ≥ 0 �6k λ ⊆ C,ϕ ∈ Φ(C) �A
(si, σi+1, λ, ϕ, si+1) ∈ ∆ j (vi + τi+1 − τi) K
 ϕ, vi+1 = [λ→ 0](vi + τi+1 − τi) �l℄	�� S × V xBQe,lFB r ��
fR/" 〈Σ, S, C,∆, I〉 QegB>j >6kQe�
�\1 (σ, τ) �A r ��
fR/"k (σ, τ) xBQegB�
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..
uchi s"/

Definition 2.19 X�9� B
..
uchi m��<X�)bp

〈Σ, S, C,∆, I, F 〉1i 〈Σ, S, C,∆, I〉 �|X�9�2YME� F ⊆ S Jm��	 =kA��93Kl℄�
 B
..
uchi �J� B = 〈Σ, S, C,∆, I, F 〉 �Qe�
�\1 (σ, τ) xB B BgB r = (s, v)�.��B�>j > inf(r) ∩ F 6= ∅ �d� inf(r) ;�,4P4,3kgB r �B	�B�x�ibwQe�
�\1 (σ, τ) x6k B B.��gB�n& (σ, τ) �.��� B x.���
�\1B�x) B BbL�
� L(B) �

§2.8 Petri T
Petri &B�F�d.TRÆs�S�d��O�℄3��fR�>�3�vfRB℄8��\3�!ufRB�.T*'��u���\fR!u3�B�.T*'�fRB�,�

Definition 2.20 X� Petri I<X��bp
〈P, T, F,M0〉1i P JKh��� T J2Y��� F ⊆ (P × T ) ∪ (T × P ) Jw	��� M0 : P → N J~:kA�1i N Jm4>���DdIV ◦p (t) = {p ∈ P | (p, t) ∈ F} v p◦ (t) = {p ∈ P | (t, p) ∈ F} �fR t ∈ T k	� M �.wBB�>j >�u��K
�� ∀p ∈ ◦p (t),M(p) ≥ 1 � +PZ M

t
→M ′ �� t ∈ T k	� M �.wBj ∀p ∈ P � M ′(p) = M(p) − α0(p, t) + α1(p, t) d�

α0(p, t) = 1 >j > p ∈ ◦p (t)

α1(p, t) = 1 >j > p ∈ p◦ (t)9�f̂IQe	� M �`	��[.8�.`IBj� EXPSPACE ZB�Qe Petri &
〈P, T, F,M0〉 � k �B�>j >Od�℄.8	� M ℄ ∀p ∈ P.M(p) ≤ k � 1 � Petri&&)�o Petri &�O_�o Petri &�	�.8B`I� PSPACE %
B�
§2.9 PZWQ �/"UAZ7�8Pe!( q ����.!B2~v	�Bq(�Oe!([�℄	�v	�fR�	�fRBeW.T�[�����u�,�
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§2.9.1 P�
Definition 2.21 �
X�$T 〈S,N〉 1i S Jn/z	� N Jm4>�X�$TJ 〈S,N〉	D� m ��r m ∈ 〈S,N〉 �<X�faJ ⋃N

i=0{〈a1, ..., ai〉 | ai ∈ S} 	x&� �	�
i �BfI^x�
) σ �w m ∈ 〈S,N〉 �n σ(m) ∈
⋃N

i=0{〈a1, ..., ai〉 | ai ∈

S} � �	�1
) �	�B�x�
) Σ �J1w m ∈ 〈S,N〉�na m6mB���x) ACT (m) = {m?s | s ∈ S}∪{m!s | s ∈ S}∪{ǫ}�{ C = {m1, ...,mn} ) ��x�na C 6mB���x) ACT (C) = ACT (m1) ∪ · · · ∪

ACT (mn) �a �,mB[���
) {ǫ} �9n℄J1O_ a = 〈a1, ..., an〉 �IV |a| = n, a ⊢ s = 〈a1, ..., an, s〉, HEAD(a) = a1, TAIL(a) =

〈a2, ..., an〉�fIQe �	� σ vQe � m ∈ 〈S,N〉�wT0Q7';n a ∈ ACT (m)∪{ǫ}.wB�
a = ǫ

a = m!s j |σ(m)| < N j s ∈ S

a = m?s j |σ(m)| > 0 j s = HEAD(σ(m))fI σ ∈ Σ,m ∈ 〈S,N〉,a ∈ ACT (m) �+PZ σ
t
→σ′ �� a k σ .wBjw a = ǫ � n σ′ = σw a = m!s � n σ′ = σ[m/σ(m) ⊢ s]w a = m?s � n σ′ = σ[m/TAIL(σ(m))]

§2.9.2 PZ�k
Definition 2.22 X�DS�b<X��bp

〈Q,C,∆, q0〉1i Q JkA��� C JD���� ∆ ⊆ Q × ACT (C) ×Q Jy�	2Y�M� q0 ∈ Q J~:kA�qOfIQe �<d 〈Q,C,∆, q0〉 �	�\?�YÆ' (s, σ) d� s ∈ Q )2~	�� σ ∈ Σ) �	��



§2 t|}ywv{ 17l℄fR (q, a, q′) k (s, σ) .wB�>j > q = s j a k σ .wB� { C = {m1, ...,mk} �QegB� Q× Σ xBQe,lFB
(z0, σ0)(z1, σ1)(z2, σ2)...d� z0 = q0, σ0(m1) = · · · = σ0(mk) = 〈〉 jOrU i ≥ 0,6k (q, a, q′) ∈ ∆

(q, a, q′) k (zi, σi) .wB
zi+1 = q′ j σi

a
→σi+1

§2.9.3 PZWQ
Definition 2.23 X�DSME {P1, ..., Pn} <℄DS�b P1 = 〈Q1, C1,∆1, q10〉, ..., Pn =

〈Qn, Cn,∆n, qn0〉 p|	���1i Q1, ..., Qn J%%{Q�	���qOIV S1 ⊗ · · · ⊗ Sn = {{s1, ..., sn} | s1 ∈ S1, ..., sn ∈ Sn} �/"	�B�x)
(Q1 ⊗ · · · ⊗Qn) × Σl℄QefR (q, a, q′) ∈ ∆i k	� (Q, σ) .wB>j > q ∈ Q j a k σ .wB�{ C1 ∪

· · · ∪ Cn = {m1, ...,mk} �QegB� (Q1 ⊗ · · · ⊗Qn) × Σ xBQe,lFB
(z0, σ0)(z1, σ1)(z2, σ2)...d� z0 = {q0, ..., qn}, σ0(m1) = · · · = σ0(mk) = 〈〉 jOrU i ≥ 0,6k (q, a, q′) ∈ ∆

(q, a, q′) k (zi, σi) .wB
zi+1 = (zi \ {q}) ∪ {q′} j σi

a
→σi+1�#NrfI?e �<d P1 = 〈Q1, C1,∆1, q10〉, P2 = 〈Q2, C2,∆2, q20〉 j Q1 ∩ Q2 = ∅ �d�

P1||P2 )
〈Q1 ⊗Q2, C1 ∪ C2,∆, {q10, q20}〉d�

∆ = {({q1, q2}, a, {q′1, q2}) | (q1, a, q
′
1) ∈ ∆1} ∪ {({q1, q2}, a, {q1, q′2}) | (q2, a, q

′
2) ∈ ∆2}�S�
K
�xGv��G�



suxz 18eEoj�={mBx
) {0, 1, 2, ..., n}�Z [n]�� {0, 1, 2, ..., n}�nm.T��)B = 〈Q,M,∆, q0〉�d�
Q = {q0, q1, q2, ..., qn, r0, r1, r2, ..., rn}

M = {mi,mo |mi,mo ∈ 〈{0, 1, 2, ..., n, r}, 1〉}

∆ = {(qi,mi?j, qj) | i, j ∈ [n]} ∪ {(qi,mi?r, ri) | i ∈ [n]} ∪ {(ri,mo?i, qi) | i ∈ [n]}{ m1,m2 )?ex
) {0, 1, 2, ..., n} B��� c ∈ 〈{0, 1, 2, ..., n}, k〉 ) ��nT0��BfR.Z^�BfR�x�3�
(q, c?m1, q

′) {(q, c?i, q1i) | i ∈ [n]} ∪ {(q1i,m1i!i, q
′) | i ∈ [n]}

(q, c!m1, q
′) {(q,m1i!r, q1)} ∪ {(q1,m1o?i, q1i) | i ∈ [n]} ∪ {(q1i, c!i, q

′) | i ∈ [n]}

(q,m1 = i, q′) {(q,m1i!i, q
′)}

(q,m1 = m2, q
′) {(q,m2i!r, q1)} ∪ {(q1,m2o?i, q1i) | i ∈ [n]} ∪ {(q1i,m1i!i, q

′) | i ∈ [n]}!N�+P.T�3��B��v�
g��W3k �/"xo�℄lx
��B�Z���oi �/"B�8\<�
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