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.*
D��7tu�(1�
xf*
DH8D�_w*X3lLD`#�m(_*
D���D℄am^#H8D�'�_w*��H8D�_a^��'�H8a^���*ÆH8a^�
§2.1 m[o�W�a^6$��o%W�DA-�

.lL$�|y%b{�} F �B4b{�} G �� B =

(F, P ) �o%W�o��}� WFFB �B �DRD�}� TB �� WFFB $�<K4Do��}� QFFB �
.H8DW�a^6$���lDo%W����b{,_d��9|P*="�s$ WFFB $Do�99�P*="D4�� TB $DR99�d��3$�D���

§2.1.1 kA�A�h. � 5;o�%
.P*9*
 �o%W�DA-�
.P*9*
+m}J'�3�o'�d��3�o'�4��3��X�3'��O�
.�o%W�D
1��D℄��sIJk�}Db{�
,b{� AX {:=, :, goto, if, else}�{b{� LB {beg, end, l1, l2, ..., }

.lL B = (F, P ) |�K�} V �Lu (B, V ) �DP*9*
DJ'�O�I�
l1: (x1, ..., xn) := (t1, ..., tn) goto l2

l1: if (e) goto l2 else goto l3s$ l1, l2, l3 ∈ LB��{�l1 6= end, t1, ..., tn ∈ TB z
⋃n

i=1 V ar(ti) ⊆ V , e ∈ QFFB z V ar(e) ⊆ V , x1, ..., xn ∈

V zS 1 ≤ i < j ≤ n, xi 6= xj �
.
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Definition 2.1 �K (B, V ) wE_g9	9� T 
j1���\E*fYR�5P beg 2� F�5P end 71F�;�'5PF�+E< end 
E5P2� F�kK5P3H1F��?

.lL B = (F, P ) |�K�} V � (B, V ) �P*9*
D�}�� L
(B,V )
←֓ �� LB

←֓ ��l�K�} V D L
(B,V )
←֓D�����-�

.P*9*
DH8./}Jk�_���{|�K./��{9sD(�*
�H8D="./�

.�K./<�� V $�K��D4} Σ = {σ|σ(x) ∈

D,x ∈ V } �
.H8D./<���{| V $�K��D4} LB×Σ�-�s�S�
.lL B Dok(� I �lL�O t � (li, σi)

t
→(li+1, σi+1)�z+�sIo'{?(F�

t � li: (v1, ..., vn) := (t1, ..., tn) goto li+1 �z σi+1 = σi[v1/I(t1)(σi)] · · · [vn/I(tn)(σi)]

t � li: (if (e) goto l′ else goto l′′ �
σi+1 = σi z σi |=I e � li+1 = l′ �a� li+1 = l′′

.lLP*9*
 T | B Dok(� I �D℄LuP*9*
H8./D-�sH T
→ �I� (li, σi)

T
→(li+1, σi+1)�z+�sIo'{?(F�8��O t ∈ T �C (li, σi)

t
→(li+1, σi+1) ��8��lD�Oz (li, σi) = (li+1, σi+1) �s�DHVR�(*
&��./�+���[}�#tu�

.��xu	UD���D℄� T
→ $D T �UZ( → �
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.z [(li, σi)]i≥0 ��E|HM

(l0, σ0)(l1, σ1)(l2, σ2)......P*9*
 T Dok�_�./� LB × Σ �DokE|
M [(li, σi)]i≥0 X3 l0 = beg zS�t i ≥ 0,

(li, σi)→(li+1, σi+1) �
.P*9*
 T �.��K./� σ0 ��_9A:D./D�}� {(l, σ)|(beg, σ0)
∗
→(l, σ)} �,*

.*
�.��K./� σ �D�_&���z+�8�
σ′ �C (beg, σ)

∗
→(end, σ′) �A��+h. � 5;o�%

.*
D��`^#9s�.�./|&�./DsH�s�*
�a&��

.� ϕ �*
 T D.�./X3D4��ψ �S*
 T D&�./Dm}� ϕ '�*
DwRi� ψ '�*
D�Ri�

.

T S� ϕ | ψ �_��Lu���.�D�K./X3
ϕ �eZ�v*
&���&��D�K./X3 ψ �

.

T S� ϕ | ψ ;���Lu���.�D�K./X3
ϕ �eZ*
�&�z&��D�K./X3 ψ ���_��`� ϕ(σ) → ((beg, σ)

∗
→(end, σ′) → ψ(σ′));���`� ϕ(σ) → ((beg, σ)
∗
→(end, σ′) ∧ ψ(σ′))

T S� ϕ | ψ D�_��`|;���`_��9
|=I {ϕ}T {ψ} | |=I [ϕ]T [ψ] �
�� �,%)*
DP*9*
����OyD (B, V )| I �
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§2.1.2 aRV�W�
A�h. � 5;o�%

.'q�g��3*
�o%W�DA-�

.(m*
m+}d��'
e}�4��3|g��3�

.lL B = (F, P ) �D℄��sI�}Db{�
{:=, ; , if, then, else, fi, while, do, od, ǫ}

Definition 2.2 LF B = (F, P ) Q4eYR V ��K
(B, V ) wE_NS�T"`9�}�K0J=�pYR SF�u��

S ::= ǫ | T ; ǫp+ T F�u�
T ::= x := t |

T ;T |

if e then T else T fi |

while e do T odp+ x ∈ V 
4$�t ∈ TB 
 B wE�r V ar(t) ⊆ V �
e ∈ QFFB 
�K7Ae>EM|r V ar(e) ⊆ V �

.lL B = (F, P ) |�K�} V � (B, V ) �D'q�g��3*
D�}�� L
(B,V )
© �

.�!Z\����xutuD{?I�*
'AD ǫ 9s�U�Z���-�

.*
DH8./}Jk�_��*
�_D���_|�K./�

.�K./<�� V $�K��D4} Σ = {σ|σ(x) ∈

D,x ∈ V } �
.H8D./<��*
| V $�K��D4} L

(B,V )
© ×

Σ �
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.ok*
D�u�4� B D(��
.lL B Dok(� I �*
H8./DvqsH → �

(L
(B,V )
© ×Σ)2 Dok/�� (S0 , σ0)→(S1, σ1) �z+�sIoR(F�
S0 4� S1 σ1

x := t;S S σ0[x/I(t)(σ0)]

if (e) then S else S′ fi; S′′ σ0 |=I e S;S′′ σ0

if (e) then S else S′ fi; S′′ σ0 6|=I e S′;S′′ σ0

while e do S od; S′ σ0 |=I e S; while (e) do S od; S’ σ0

while e do S od; S′ σ0 6|=I e S′ σ0

ǫ ǫ σ0s�D5�oR�(*
&��./�+���"�
.z [(Si, σi)]i≥0 ��E|HM

(S0, σ0)(S1, σ)(S2, σ2)......*
 T Dok�_�./� L
(B,V )
© ×Σ) �DokE|
M [(Si, σi)]i≥0 X3 S0 = T zS�t i ≥ 0,

(Si, σi)→(Si+1, σi+1)

.*
 T �.��K./� σ0 ��_9A:D./D�}� {(T ′, σ)|(T, σ0)
∗
→(T ′, σ)} �,*

.*
 T �.��K./� σ �D�_&���z+�8� σ′ �C (T, σ)
∗
→(ǫ, σ′) �A��+h. � 5;o�%

.� ϕ �*
 T D.�./X3D4��ψ �S*
 T D&�./Dm}� T S� ϕ | ψ D�_��`|;���`Lu�I��_��`� ϕ(σ) → ((T, σ)
∗
→(ǫ, σ′) → ψ(σ′));���`� ϕ(σ) → ((T, σ)
∗
→(ǫ, σ′) ∧ ψ(σ′))



6>?;98=
� � �,%)*
D'q�g��3*
����OyD (B, V ) | I �
§2.1.3 �`s��� (FTS)h. � 5;o�%

.

FTS �o%W�DA-�
.

FTS-^#DvqsH+m}Jkm+�4�|d��05�:�H8�
x.�4�D^#�
.�o%W�D
1��D℄��b{

{−→, :=}lL B = (F, P ) |�K�} V �Lu (B, V ) �Dvq�I�
p −→ (v1, v2, ..., vn) := (e1, e2, ..., en)s$ p ∈ QFFB �ok�<K4Do�z V ar(p) ⊆ V �

v1, v2, ..., vn ∈ V ���� e1, e2, ..., en ∈ TB � B �DRz ⋃n
i=1 V ar(ei) ⊆ V �okvq��H8Dok�/M9�

Definition 2.3 �K (B, V ) wE FTS }�KI$2
(T,Θ)p+ T 
 (B, V ) wq�E �YR� Θ ∈ QFFB 
:{�\�}�K7Ae>EM|r V ar(Θ) ⊆ V �

.

B D(��LLvqH8^#$$�b{�y%b{|B4b{Dxu�
.�KDd� σ=�LH8�_$�K�bo�:D./�w5n' σ �./�./D�}� Σ �
.sI�� B D(� I = (D, I0) �r.lL�-�f\H8D./<�� V $�K��D4} Σ = {σ|σ(x) ∈

D,x ∈ V } �
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.vq ϕ −→ (v1, v2, ..., vn) := (e1, e2, ..., en) �./ σ 9�_��z+� σ |=I ϕ �
.� t� ϕ −→ (v1, v2, ..., vn) := (e1, e2, ..., en)�okvq�z σ

t
→σ′�� t�./ σ9�_z σ′ = σ[v1/I(e1)(σ)] · · · [vn/I(en)(σ)]�

.z σ→σ′ ���./ σ 8�9�_vq t z σ
t
→σ′�./ σ �8�9�_vqz σ′ = σ"�

.z [σi]i≥0 ��E|HM
σ0σ1σ2σ3......o%vqH8 (T,Θ) �Dok�_�./� Σ �DokE|
M [σi]i≥0 X3 σ0 |=I Θ zS�t i ≥ 0,

σi→σi+1eE-�z σ → σ′ ��8� t ∈ T �C σ
t
→σ′ �./�} AD9:./�} rh(A) � {σ′|σ

∗
→σ′, σ ∈ A} �H8D9:./�} rh(Θ) � {σ′|σ

∗
→σ′, σ |=I Θ} �:v�+h. � 5;o�%
.lLok./o� ϕ�H8X3��`# ϕ��z+�H8D\k�_$D\k./NX3 ϕ �� ∀σ ∈ rh(Θ).σ |=I

ϕ �Æ��+h. � 5;o�%
.lLokJk./o� ϕ, ψ�H8X3Qy`# (ϕ, ψ)��z+�H8D\k�_$��v}./X3 ϕ��7����}./X3 ψ �
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� � �,%)*
Do%vqH8����OyD
(B, V ) | I �
§2.2 Kripke aR� FTS D^#$�H8�_D./<�s�H8D�_|(� I -4L�_�D./<�s�./��sHD^#},���H8`#D�k�h. � �,Yv
§2.2.1 Kripke aR (KS)s FTS�/WJ�./<��� Σ�0L./<��:�̂ #H8�_D
�m+�}./��DvqsH�s�H8D.�./�h. � �,Yv
Definition 2.4 �K Kripke _N}�Kv$2

〈S,∆, I〉p+ S 
-�YR� ∆ ⊆ S × S 
 S wE�sq�O�� I ⊆ S 
:{-�Y�lbU"�z s→s′ ��8�7 s A s′ Dvq�� (s, s′) ∈ ∆ �z [si]
n
i=0 ��}|
M

s0s1s2...sn

Kripke 'q�D}|Q/� S �D}|
M [si]
n
i=0 X3S�t 0 ≤ i ≤ n− 1, si→si+1 �

Kripke 'q�DE|Q/� S �DE|
M [si]i≥0 X3S�t i ≥ 0, si→si+1 �
Kripke 'q�D�_� Kripke 'q�DE|Q/ [si]i≥0 X3 s0 ∈ I �eE-�z ∗

→ �� → D2I0Z�
�./�} A D9:./�} rh(A) � {σ′|σ
∗
→σ′, σ ∈ A} �H8D9:./�}� rh(I) �:v�+H8D��`#9z./�}���H8X3��`# A��z+�H8D\k�_$D\k./N� A$�� rh(I) ⊆ A �

.��`#DSj`#�9:`#�./�} A9:��z+�H8Dbk�_$Dbk./� A$�� rh(I)∩A 6=

∅ �h. � �,Yv



6>?;98=eE�N	�LlLok./�} S0 ⊆ S �Lu error state(q) �
q 6∈ S0 �

.H8X3f��`# S0 D_F9s|sI S − S0 ./D9:`_F,XB�L� S − S0 ./9:�H8�X3��`# S0 �
start()

{

W = A = {};

for each initial state s, if (s is not in A) { add s to W; dfs(); }

}

dfs()

{

q = last element from W ;

add q to A;

if (error state(q)) report(“reachable”);

else for each successor state s of q if (s is not in A) { add s to W; dfs(); }

delete q from W;

}�L&w�UP#�lLokKripke'q|ok./ q0 �� error state(q)=true�z+� q = q0 �,X�j “reachable”�z+�f./�9:D� Kripke 'qD./9:`C3De	P�N`D�h. � �,Yv�_./<�
§2.2.2 <T KS|� KS S�H8D^#w����KS9���a^�z./���`#KC~e	��v��`#D�}~;��s�"1~e	��L�:|�,D�>�9z`3��`#�

.�Lhrz`3��`#�D℄�b�'q$D./|�Zo��dX./�(FHHuB��LLu�D�>�D℄�6R�\k./�bX�>`3�a(F�h. � �,Yv
Definition 2.5 LF�K%.m�YR AP ��K AP wE5P KS }�K�$2

〈S,∆, I, L〉
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 Kripke _N� L : S → 2AP 
-�YRC AP ElYE�x���lDok'q$� L(s) ��� s �-} s (FD�/`3D�}��/`3 p � s �(F�z+�
p ∈ L(s) �s.`3W�o�D(F�a67`3W�D(��

.��/`3�} AP �-}`3o�D�}� LAP �D℄9sz`3W�Do���`#�lLok AP �D�{ Kripke 'q 〈S,∆, I, L〉 �ok./ s ∈ S X3`#
ϕ ∈ LAP �9 M, s |= ϕ �sLu�I�M, s |= ϕ (F�z+��
M, s |= p � p ∈ AP z p ∈ L(s) �
M, s |= ¬ψ � M, s 6|= ψ �
M, s |= ψ0 ∨ ψ1 � M, s |= ψ0 � M, s |= ψ1 �
M, s |= ψ0 ∧ ψ1 � M, s |= ψ0 z M, s |= ψ1 �
M, s |= ψ0 → ψ1 � M, s |= ψ0 � M, s |= ψ1 �
M, s |= ψ0 ↔ ψ1 � M, s |= ψ0 �z+� M, s |= ψ1 �oko�Sy�ok./�}�� ϕ Sy�./�} {s|M, s |= ϕ} �z [[ϕ]] ��./�} {s|M, s |= ϕ} �:v�+H8D��`#9zo����H8X3��`#
ϕ ��z+�H8D\k�_$D\k./NX3 ϕ ��
∀s ∈ rh(I).(M, s |= ϕ) �� rh(I) ⊆ [[ϕ]] �

.eZ error state(q) � M, s 6|= ϕ � q 6∈ [[ϕ]] �<T KS ��`s���
KS 9| FTS �(�� KS | FTS �$�(�KS D./<�D;V| FTS D�K�s��[>4L�lL

B = (V, F, P ) �D FTS (T,Θ) �lL B �D(� I ��
V = {v1, ..., vn} zO |v| � v 9h��Dk%�./<�D;V� |v1| · |v2| · · · |vn| ��z n �4���\k./� (a1, ..., an) s$ a1, ..., an _�� v1, ..., vn D��vq�}| FTS Dvq#��� t ∈ T � � σ

t
→σ′ �� ((σ(v1), σ(v2), ..., σ(vn)), (σ′(v1), σ

′(v2), ..., σ
′(vn))) ∈ ∆ �.�./�} I m2 Θ Lu#��� σ |=I Θ ���� (σ(v1), σ(v2), ..., σ(vn)) ∈ I �S\k�K v ��s��� {a1, ..., a|v|} �D℄9sq
 |v| k`3 {p1, ..., p|v|} �\k`3=� v = a1, v =

a2, ..., v = a|v| $SyDoR�
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.� pv,a =� v = a �Lu L �I� pxi,a ∈ L((x1, ..., xn))�z+� xi = a ��l�D℄}ok�/`3�} AP|s�D�{ Kripke 'q M(T,Θ) = 〈S,∆, I, L〉 �R$&w�lL B = (V, F, P ) �D FTS (T,Θ) | B �D(�

I = (D, I0) s$ D �}|�}�
.� 1�σ0σ1 · · ·� (T,Θ)Dok�_�z+�8� s0s1 · · ·�M(T,Θ)Dok�_z σi(x) = a�z+� px,a ∈ L(si)�
.� 2�s0s1 · · ·�M(T,Θ) Dok�_�z+�8� σ0σ1 · · ·� (T,Θ)Dok�_z σi(x) = a�z+� px,a ∈ L(si)�
�� l/�,%) n!D*
DOyD Kripke'q��� 0 ≤ n ≤ 5 �

* g%<T KS�{ KS �6R�\k./�bX�>`3�a(F�D℄9sSs,_A���\k./���bko��a(F�
Definition 2.6 LF�K%.m�YR AP ��K AP wEb(5P KS }�K�$2

〈S,∆, I, L〉p+ 〈S,∆, I〉 
 Kripke _N� L : S → LAP 
-�YRCm�iXM|YRE�x�lLokAP �DA��{Kripke'q 〈S,∆, I, L〉�ok./ s ∈ S X3`# ϕ ∈ LAP �9 M, s |= ϕ �z+� L(s) → ϕ �:v�+H8X3��`# ϕ ∈ LAP ��z+�H8D\k�_$D\k./NX3 ϕ �
.H8X39:`# ϕ ∈ LAP ��z+�8�9sX3 ϕD9:./����`# ϕ: ∀s ∈ rh(I).(L(s) → ϕ)9:`# ϕ: ∃s ∈ rh(I).(L(s) ∧ ϕ)h. � �,Yv

§2.3 <Ts����/JZ
Kripke 'q^#D+m�./|./��D-�sH���s\��ZM9�C./W�L����bX��M9n�H8^#$s�Do�_�
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.0M��Æ�	ok��1�okM9�	�7D��1��7DM9�̂ #0M��ÆD�9w*�1amM9D^#�

§2.3.1 <Ts��� (LTS)

Definition 2.7 �K5Pq���}�K�$2
〈Σ, S,∆, I〉p+ Σ 
5PYR� S 
-�YR� ∆ ⊆ S × Σ × S }�K 5PEq�O�� I 
:{-�Y�h. � 0M�!Æa^"�z s

a
→s′ ��8�7 s A s′ D a vq�� (s, a, s′) ∈

∆ � LTS �Dok�_�./� S �DokE|
M
[si]i≥0 X3 s0 ∈ I zS�t i ≥ 0, 8� a ∈ Σ ��C
si

a
→si+1 �0OC

LTS �Dok1b3�./� Σ �DokE|
M
ω = [ai]i≥0 X38� LTS �Dok�_ π = [si]i≥0 �CS�t i ≥ 0, si

ai+1

→ si+1 � π '�1b3 ω �Dok�_�}<Ts���� KS C*�D℄9s� LTS D./��
oX℄G�
Definition 2.8 LF�K%.m�YR AP ��K AP wE5Pq�_N}�KÆ$2

〈Σ, S,∆, I, L〉p+ 〈Σ, S,∆, I〉 }�K5Pq���� L : S → 2AP 
-�YC AP ElYE�x�h. � 0M�!Æa^
§2.3.2 ω /JZS� LTS Ui��mX3./vqsHDE|./
M1�H8Dok�_�}���Ln-�G^#H8D�_�D℄amS�_8oLM"sk0oXX3./-�sH?�}DDE|./
M�

.�m}hrk0�lDE|./
M�D℄am�'q$��[D(_�D℄� LTS D
1���s�_�!9$�4��Lu ω 0MÆ�
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B

..
uchi /JZ��>u��D℄JLu�}ok�>$�4�D

B
..
uchi 0MÆ�

Definition 2.9 �K B
..
uchi /GW}�KÆ$2

〈Σ, S,∆, I, F 〉p+ 〈Σ, S,∆, I〉 }�K5Pq���� F ⊆ S 
/GWE^~-�Y�e_{"�� B = 〈Σ, S,∆, I, F 〉� B
..
uchi0MÆ�B�D�_1��{vqH8 〈Σ, S,∆, I〉 �D�_�Lu inf(π) �EMT6/L� π $D./D�}�B �D�_ π = [si]i≥0�9$�D�z+�

inf(π) ∩ F 6= ∅e_{0OC
B D�{� Σ �Dok1b3 ω = [ai]i≥0 �9$�D�z+�8� ω �D9$��_� B �9$�1b3D�}� B D�i��9 L(B) �h. � �,YvMf�N	�LlLok ω 0MÆ�s�i�a�<9sJ�, ω0MÆDvqsHDyI6_9�

.�v\k|.�./9:D℄qYyI6_9��
}o4��DKJD�}�0MÆD$�./D�}N[}p7�+��f�i�<��LnzD�,WS�sI,X�J�,-}yI6_9�U�*k_F�

.z accept(q) �� q ∈ F �$�./�f,X|Jkx1D�P{J,XB�L�
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start()

{

W = A = B = {};

for each initial state s ∈ I, if (s is not in A) { add s to W; dfs1(); }

}

dfs1()

{

q = last element from W ;

add q to A;

for each successor state s of q if (s is not in A) { add s to W; dfs1(); }

if (accept(q)) { add q to B; dfs2(); }

delete q from W;

}

dfs2()

{

q = last element from B;

for each successor state s of q

if (s is in W) report(“nonempty”);

if (s is not in B) { add s to B; dfs2(); }

}�L&w�UP#�lLok B
..
uchi 0MÆ�,X�j “nonempty”�z+�f0MÆD�i℄<�'n �

(1)

(2)

.

B
..
uchi 0MÆD�i℄<C3De	P�N`D�g% B

..
uchi /JZ�Lhr��Tk$�4��D℄A� B

..
uchi0MÆDLu��$�./�}g�$�./�D�}�h. � �,Yv

Definition 2.10 �Kb( B
..
uchi /GW}�KÆ$2

〈Σ, S,∆, I, F 〉p+ 〈Σ, S,∆, I〉 }�K5Pq����F ⊆ 2S 
/GWE^~-�YEYR�e_{"�� B = 〈Σ, S,∆, I, F 〉 �A� B
..
uchi 0MÆ� B �D�_1��{vqH8 〈Σ, S,∆, I〉 �D�_� B �D�_ π = [si]i≥0 �9$�D��z+�S-} f ∈ F �

inf(π) ∩ f 6= ∅



6>?;98=h. � �,Yvg% B
..
uchi /JZ� B

..
uchi /JZlLA� B

..
uchi0MÆ B = 〈Σ, S,∆, I, {f1, ..., fn}〉�Lu

n(s, i) = if (i = n) then 0; else if (s ∈ fi+1) then i+ 1; else i.

S′ = S × {0, ..., n}

∆′ = {(s, i), a, (s′, n(s′, i))|(s, a, s′) ∈ ∆, i ∈ {0, ..., n}}

I ′ = I × {0}

F ′ = S × {n}Lu B
..
uchi0MÆ B′ = 〈Σ, S′,∆′, I ′, F ′〉�� L(B′) =

L(B) �A� B
..
uchi 0MÆD�:hG| B

..
uchi 0MÆ�olD�/JZH"�0MÆD�,
���!|��sILuA� B

..
uchi0MÆD�|!�lLJkA� B

..
uchi 0MÆ B1 = 〈Σ, S1,∆1, I1, F1〉,

B2 = 〈Σ, S2,∆2, I2, F2〉 z S1 ∩ S2 = ∅ ��
F = {f ∪ S2|f ∈ F1} ∪ {f ∪ S1|f ∈ F2}Lu B1 ∪ B2 = 〈Σ, S1 ∪ S2,∆1 ∪ ∆2, I1 ∪ I2, F 〉 ��

L(B1 ∪ B2) = L(B1) ∪ L(B2) �lLJkA� B
..
uchi 0MÆ B1 = 〈Σ, S1,∆1, I1, F1〉,

B2 = 〈Σ, S2,∆2, I2, F2〉 z S1 ∩ S2 = ∅ ��
∆ = {((q1, q2), a, (q′1, q

′
2))|(q1, a, q

′
1) ∈ ∆1, (q2, a, q

′
2) ∈ ∆2}

F = {f × S2|f ∈ F1} ∪ {S1 × f |f ∈ F2}Lu B1 ∩B2 = 〈Σ, S1 ×S2,∆, I1 × I2, F 〉 �� L(B1 ∩

B2) = L(B1) ∩ L(B2) �
� �o�0V8�A� B
..
uchi 0MÆ�DV��, ⊕ �C

L(A⊕B) = L(A ∪B) z A⊕B � A ∪B VD9h`�V�0V8�A� B
..
uchi 0MÆ�DV��, ⊗ �C

L(A⊗B) = L(A ∩B) z A⊗B � A ∩B VD9h`�g% B
..
uchi /JZH�|t��Qr Kripke aRA� B

..
uchi 0MÆ9s(�� Kripke 'q���LM9�}|9$��_D4���vD℄�� Kripke 'q���C*D4��D℄1CAoq Kripke 'q�

Definition 2.11 �KMo Kripke _N}�K�$2
〈S,∆, I, F 〉p+ 〈S,∆, I〉}�K Kripke _N�F ⊆ 2S 
Mo Kripke_NE^~-�YEYR�



6>?;98="�oq Kripke'q 〈S,∆, I, F 〉�Dok�_� Kripke'q 〈S,∆, I〉 �Dok�_�okoq Kripke 'q�D�_ π = [si]i≥0 �oqD��z+�S-} f ∈ F �
inf(π) ∩ f 6= ∅h. � �,Yv

.A� B
..
uchi 0MÆ� B

..
uchi 0MÆDo'A���A�

B
..
uchi0MÆ
1��Ss$�4�8,o�A��([Lu�D℄9sCA Streett 0MÆ� Rabin 0MÆ�

Muller 0MÆ�h. � �,Yv
Streett /JZ
Definition 2.12 �K Streett /GW}�KÆ$2

〈Σ, S,∆, I, F 〉p+ 〈Σ, S,∆, I〉 }�K5Pq���� F ⊆ 2S × 2S 
/GWE^~-�YEYR�e_{"�� B = 〈Σ, S,∆, I, F 〉 � Streett 0MÆ� B �D�_1��{vqH8 〈Σ, S,∆, I〉 �D�_� B �D�_
π = [si]i≥0 �9$�D��z+�S-} (f, g) ∈ F �

inf(π) ∩ f 6= ∅ → inf(π) ∩ g 6= ∅

Rabin /JZ
Rabin0MÆD'q| Streett0MÆ;�ol���$�4��z| Streett0MÆD$�4�OZ�lLok

Rabin0MÆ B = 〈Σ, S,∆, I, F 〉�B �D�_ π = [si]i≥0�9$�D��z+�8� (f, g) ∈ F �
inf(π) ∩ f 6= ∅ ∧ inf(π) ∩ g = ∅

Muller /JZ
Definition 2.13 �K Muller /GW}�KÆ$2

〈Σ, S,∆, I, F 〉p+ 〈Σ, S,∆, I〉 
q����F ⊆ 2S 
/GWE^~-�YEYR�e_{"�� B = 〈Σ, S,∆, I, F 〉 � Muller 0MÆ� B �D�_1��{vqH8 〈Σ, S,∆, I〉 �D�_� B �D�_
π = [si]i≥0 �9$�D��z+�

inf(π) ∈ F



6>?;98==Eqi7�iD"P � B
..
uchi 0MÆ�A� B

..
uchi 0MÆ� Streett 0MÆ�Rabin0MÆ� Muller 0MÆD�:hGO7�zN��`�D�
� �lLok Muller 0MÆ�q
ok B

..
uchi 0MÆ�Cf

B
..
uchi 0MÆ| Muller 0MÆ��D�iO7�Y�s�Hg% B

..
uchi /JZs�0MÆD$�4�N�./�}�D℄n9s�$�4�Lu�vq��|�
�vqD B

..
uchi0MÆ�
�vqDA� B

..
uchi0MÆDok2E�D℄�$Lu
�vqDA� B
..
uchi 0MÆ�

Definition 2.14 V!q�Eb( B
..
uchi /GW}�KÆ$2

〈S,Σ,∆, I, F 〉p+ 〈Σ, S,∆, I〉 }�K5Pq���� F ⊆ 2∆ }^~q�YR�e_{"�z [(si, ai+1, si+1)]i≥0 ��
(s0, a1, s1)(s1, a2, s2)(s2, a3, s3) · · ·

.Lu inf([(si, ai+1, si+1)]i≥0)�EMT6/L� [(si , ai+1, si+1)]i≥0$DvqD�}�

.� B = 〈Σ, S,∆, I, F 〉 �
�vqD B
..
uchi 0MÆ� B �D�_1��{vqH8 〈Σ, S,∆, I〉 �D�_� B �D�_ π = [si]i≥0 �9$�D��z+�S-} i ≥ 0 8�

ai+1 ∈ Σ �C (si, ai+1, si+1) ∈ ∆ �zS-} f ∈ F �
inf([(si, ai+1, si+1)]i≥0) ∩ f 6= ∅e_{0OCok1b3 [ai]i≥0 �9$�D�z+�8���SyD�_ [si]i≥0 zS-} f ∈ F �
inf([(si, ai+1, si+1)]i≥0) ∩ f 6= ∅Y�s�Hg% B

..
uchi /JZ� B

..
uchi /JZlL
�vqDA� B

..
uchi0MÆ B = 〈Σ, S,∆, I, F 〉�Lu
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n(s, a, s′, i) = if (i = n) then 0; else if ((s, a, s′) ∈ fi+1) then i+ 1; else i.

S′ = S × {0, ..., n}

∆′ = {(s, i), a, (s′, n(s, a, s′, i))|(s, a, s′) ∈ ∆, i ∈ {0, ..., n}}

I ′ = I × {0}

F ′ = S × {n}Lu B
..
uchi0MÆ B′ = 〈Σ, S′,∆′, I ′, F ′〉�� L(B′) =

L(B) � | B
..
uchi 0MÆ�n9q
�i��O7D
�vqDA� B
..
uchi0MÆ�
�vqDA� B

..
uchi0MÆD�:hG| B

..
uchi 0MÆ�olD�h. � �,Yv

§2.3.3 wI�/JZ�MwI�/JZ
ω- 0MÆ|vqH8|$�4�4(��7D$�4�LuL�7D0MÆ�D℄n9sSvqH8_C�CA�L^0MÆ|℄�L^0MÆ��L^0MÆD.�./�}okzsvqsH�sIM"�

(s, a, s′), (s, a, s′′) ∈ ∆ → s′ = s′′lLok1b3�S�L^0MÆB ��}��nmD�_���lD�_�?oD�=Eqi�L^ Muller 0MÆ��`�D�s�:hG�℄�L^ Muller 0MÆO7��L^ B
..
uchi 0MÆ���`�D�'n � ���

§2.3.4 <T^Ds����^D/JZ�{vqH8D\kM9s�d./9h}Tk�?\6�_�h7s$eÆok./�S�CvqH8Do'A���s9seÆTk�d./��lA�DvqH8Do6�_9s�$.'q�h. � �,Yv<T^Ds��� (ATS)

Definition 2.15 �K5P℄�q���}�K�$2 〈Σ, S,∆, I〉�p+ Σ 
G4YR� S 
-�YR�∆ ⊆ S ×Σ× 2S 
5PEq�O�� I 
��:{-�EYR�0OCxH"�lLok Σ �DEM%D1b3 ω = a0a1a2... ��{!9vqH8� ω �Dok�_�./� S �Do7$ r �� r(0) � r Dm&JD>J�� r(i) � r DH i &JD�}� child(x) �&J x D/&JD�}�z
∆(x, a) ���} {y|(x, a, y) ∈ ∆} � r X3sI4��
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r(0) ⊆ I� x ∈ r(i) �H i  Dok&J�� child(x) ∈ ∆(x, ai)� ∆(x, ai) 
x<��� x 9s[}/&J�"�./� S �Do7$ r��{!9vqH8 〈Σ, S,∆, I〉Dok�_�z+�8�ok Σ �DEM%D1b3 ω =

a0a1a2...�C r ��{!9vqH8� ω �Dok�_�h. � �,Yv�,* A D�_�}<T^Ds���� KS C*�D℄9s� ATS D./��
oX℄G�
Definition 2.16 LF�K%.m�YR AP ��K APwE�5P℄�q���}�KÆ$2

〈Σ, S,∆, I, L〉p+ 〈Σ, S,∆, I〉 }�K5P℄�q����L : S → 2AP
-�YC AP ElYE�x�h. � 
&,�="�^D B
..
uchi /JZ

Definition 2.17 �K℄� B
..
uchi /GW}�KÆ$2

〈Σ, S,∆, I, F 〉p+ 〈Σ, S,∆, I〉 }�K5P℄�q���� F ⊆ S 
/GWE^~-�Y�e_{"�� B = 〈Σ, S,∆, I, F 〉 �ok!9 B
..
uchi 0MÆ� B�D�_1��{!9vqH8 〈Σ, S,∆, I〉 �D�_�

B Dok�_$ r �9$�D��z+� r D-}E|Q/ ρ X3
inf(ρ) ∩ F 6= ∅=Eqi

B D1
� Σ �DokEM%1b3 ω = [ai]i≥0 S
B B(�9$�D�z+�8� ω �D9$��_$�!9 B

..
uchi 0MÆ� B

..
uchi 0MÆD�:hGO7�

§2.4 y\/JZUX����Lhr^#vqM9����%QDM"�D℄am�a^$���%Dhi�



6>?;98=h. � �,Yv
.��DM"|���K�Do����� X ��%�KD�}�Q ���$KD�}��%o�D�} Φ(X)|sI�Xl/�

φ ::= x ≤ c|c ≤ x|¬φ|φ ∧ φs$ x ∈ X ��%�K� c ∈ Q ���$K�ok�%d� v �ok X A R Dy%�
.z v + t ��S-} x ∈ X X3 v′(x) = v(x) + t D�%d� v′ �
.z t · v ��S-} x ∈ X X3 v′(x) = t · v(x) D�%d� v′ �
.z [Y → t]v ��S-} x ∈ X \ Y X3 v′(x) = v(x) |S-} x ∈ Y X3 v′(x) = t D�%d� v′ �

§2.4.1 y\s��� (TTS)

Definition 2.18 �Ky[q���}�KÆ$2
〈Σ, S, C,∆, I〉p+ Σ 
0n6� S 
-�YR�C 
y,4eYR�

∆ ⊆ S × Σ × 2C × Φ(C) × S 
q�O�� I ∈ S 
��:{-�EYR���-�� V = C → R ��%d�D�}�okH8./�
S × V Dok�+�y\0OCxH"�ok��1b3� Σ × R �DE|
M��\�u��nZ( (σ, τ) = ([σi]i≥1, [τi]i≥1) ∈ Σω × Rω s$s$
τ X3S-} i, τi+1 > τi zS�t t ∈ R 8� i, τi > t �}��w�aam� τi+1 > τi 9s	�( τi+1 ≥ τi �Lu τ0 = 0 ���vqH8 〈Σ, S, C,∆, I〉 ���1b3 (σ, τ) = [(σi, τi)]i≥1 ∈ (Σ×R)ω �Dok�_�./� S × V �DokE|
M [(si, vi)]i≥0 X3
s0 ∈ I,S-} x ∈ C,v0(x) = 0,S�t i ≥ 0 �8� λ ⊆ C,ϕ ∈ Φ(C) �C
(si, σi+1, λ, ϕ, si+1) ∈ ∆ z (vi + τi+1 − τi) X3 ϕ, vi+1 = [λ→ 0](vi + τi+1 − τi) �
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S×V �DokE|
M r���vqH8 〈Σ, S, C,∆, I〉ok�_�z+�8�ok��1b3 (σ, τ) �C r ���vqH8� (σ, τ) �Dok�_���vqH8D./9:`C3De	P� PSPACE ;�D�h. � �,Yv�h. � ��vqH8�

§2.4.2 y\ B
..
uchi /JZ (TA)

Definition 2.19 �Ky[ B
..
uchi /GW}�Kh$2

〈Σ, S, C,∆, I, F 〉p+ 〈Σ, S, C,∆, I〉 N8�Ky[q���� F ⊆ S 
/GWE^~-�Y�e_{"��� B
..
uchi 0MÆ B = 〈Σ, S, C,∆, I, F 〉 �ok��1b3 (σ, τ) �D B D�_ r = (s, v) �9$�D��z+� inf(r) ∩ F 6= ∅ �s$ inf(r) =�EMT6/L��_ r $D./D�}�e_{y\0OC�ok��1b3 (σ, τ) �8� B D9$��_��' (σ, τ) �9$��B �9$���1b3D�}� BD�i��9 L(B) �

.��0MÆ��|!`�D�?���`�D���0MÆD�i℄<C3De	P� PSPACE ;�D�h. � ��0MÆ 1 �h. � ��0MÆ 2 �
� � �}����T
'j�D℄{E�m}℄{ED��p6�T�����T�����TF�z�ED%P� 1 �TED%P�V� 10 ��ED%P�V�
10, ��)rT����D2%P� 30 ���ok℄{E��Da^�ha��oka^�CTE|�ED%P*�~�o �
§2.4.3 X�s���	(vqH8���vqH8Do'A-�� X =

{x1, ..., xn} ��%�KD�}�� Φ(X) � X �B4D�}�� ⊎(X) : X → (Rn → R) �oy%D�}��
·

X = {
·
x1, ...,

·
xn} �
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Definition 2.20 �KU8q���}�Kh$2

〈Σ, S,X,∆, I, f low〉p+ Σ 
0n6�S 
-�YR�X 
z�4eYR�
∆ ⊆ S×Σ×⊎(X)×Φ(X)×S 
q�O��I ∈ S× (2R)n
��:{-�EYR� flow : S → Φ(X ∪

·

X) 
kK-�5w�K��4e4SE&��\���-�U-�Hs�� V = X → R ��Kd�D�}�okH8./� S × V Dok�+��\�u��z v ∈ V ��
(v(x1), ..., v(xn)) ∈ Rn �S δ ∈ R≥0 �z (s, v)

δ
→(s, v′) �� v′ X3sI4��8�ok9=y% f : [0, δ] → Rn |so%=_ .

f :

(0, δ) → Rn X3 f(0) = v, f(δ) = v′ z
∀ζ ∈ (0, δ).f low(s)[X/f(ζ)][

.

X/
.

f(ζ)] = true.z (s, v)
σ
→(s′, v′) �� (s′, v′) X3sI4��8�

(s, σ, λ, ϕ, s′) ∈ ∆ z {z1, ..., zn} = dom(λ) �C v X3
ϕ z v′ = v[z1/λ(z1)(v)] · · · [zk/λ(zk)(v)] �y\0OCxH"�ok��1b3� Σ×R�DE|
M�	(vqH8 〈Σ, S,X,∆, I, f low〉���1b3 (σ, τ) = [(σi, τi)]i≥1 ∈

(Σ ×R)ω �Dok�_�./� S × V �DokE|
M [(si, vi)]i≥0 X3 (s0, v0) ∈ I zS�t i ≥ 0 �8� v′i�C (si, vi)
τi+1−τi

→ (si, v
′
i) z (si, v

′
i)

δi+1

→ (si+1, vi+1) �"�
S×V �DokE|
M r�	(vqH8 〈Σ, S,X,∆, I, f low〉ok�_�z+�8�ok��1b3 (σ, τ) �C r �	(vqH8� (σ, τ) �Dok�_�h. � &P�

§2.5 Petri �
Petri <D2J�s9s^#��W�s
�m+}>-�vq�I$>-|vqD}S��|>-,�vqD�9s5(� �4��|vq,�>-D�9s5(�vqD /�h. � �,Yv

Definition 2.21 �K Petri �}�K�$2
〈P, T, F,M0〉p+ P 
a�YR�T 
q�YR�F ⊆ (P×T )∪(T×P )
3EYR� M0 : P → N 
:{-��p+ N 
/t�YR�



6>?;98=��-�okH8./� P → N Doky%��S-}>-Dokd��s�Lu ◦p(t) = {p ∈ P |(p, t) ∈ F} | p◦(t) = {p ∈

P |(t, p) ∈ F} �vq t ∈ T �./ M �9�_D��z+� �4�X3�� ∀p ∈◦ p(t),M(p) ≥ 1�z M
t
→M ′�� t ∈ T �./ M �9�_z ∀p ∈ P � M ′(p) =

M(p) − α0(p, t) + α1(p, t) s$
α0(p, t) = 1 �z+� p ∈◦ p(t)

α1(p, t) = 1 �z+� p ∈ p◦(t)h. � �,Yv�h. � }C3D�,Yv�eE�
Petri <D./9:`C3De	P�9lLDz�

EXPSPACEfD�ok Petri< 〈P, T, F,M0〉� k )D��z+�Ss-}9:./ M } ∀p ∈ P.M(p) ≤ k � 1) Petri<'��� Petri<��� Petri<D./9:`C3De	P� PSPACE ;
D�
� ��})k�#� A �B�C �D|okT^� E�z Petri <^#sIw*� A �5G�#N� a � B �5G�#N� b � C �z a | b �#N� c � D �z a| c �##p d � E �5GT^#p d �
§2.6 ����6℄H8a^zB�:Tk,*6w6B!�℄G,_="|�,Dw*�\k,*g�}./|./vq�./vqD�w9s�g���� � /�h. � �,Yv
§2.6.1 �G
Definition 2.22 LF�K
� 〈S,N〉 p+ S 
0n6E� N 
/t���K
�
 〈S,N〉 E�D m �Z4
m ∈ 〈S,N〉 �}�K)#
 ⋃N

i=0{〈x1, ..., xi〉|xi ∈ S} E4e�6B./�
6BDlLd���� σ �� m ∈

〈S,N〉 �� σ(m) ∈
⋃N

i=0{〈x1, ..., xi〉|xi ∈ S} �6B./<��6B./D�}��� Σ �



6>?;98=z℄�m ∈ 〈S,N〉���mOsD���}� ACT (m) =

{m?s|s ∈ S} ∪ {m!s|s ∈ S} �� C = {m1, ...,mn} �6B�}��� C OsD���}� ACT (C) = ACT (m1) ∪

· · · ∪ACT (mn) ��6BEsDg����� {ǫ} �e(�z℄S� x = 〈x1, ..., xn〉�Lu |x| = n, x ⊢ s = 〈x1, ..., xn, s〉,

HEAD(x) = x1, TAIL(x) = 〈x2, ..., xn〉 �lLok6B./ σ |ok6B m ∈ 〈S,N〉 ��sIoR(F�
a ∈ ACT (m) ∪ {ǫ} 9�_�

a = ǫ

a = m!s z |σ(m)| < N z s ∈ S

a = m?s z |σ(m)| > 0 z s = HEAD(σ(m))lL σ ∈ Σ,m ∈ 〈S,N〉,a ∈ ACT (m) �z σ
a
→σ′ ��

a � σ 9�_z� a = ǫ � � σ′ = σ� a = m!s � � σ′ = σ[m/σ(m) ⊢ s]� a = m?s � � σ′ = σ[m/TAIL(σ(m))]

§2.6.2 ��F!
Definition 2.23 �K��B$}�K�$2

〈Q,C,∆, q0〉p+ Q
-�YR�C 
�DYR�∆ ⊆ Q×{ACT (C)∪

{ǫ}} ×Q 
5PEq�O�� q0 ∈ Q 
:{-����-�lLok6℄>� 〈Q,C,∆, q0〉 �H8./|J�_4( (s, σ) s$ s ∈ Q �="./� σ ∈ Σ �6B./�"�vq (q, a, q′) � (s, σ) 9�_��z+� q = s z a� σ 9�_�� C = {m1, ...,mk}�ok�_� Q×Σ�DokE|
M [(zi, σi)]i≥0 X3 z0 = q0, σ0(m1) = · · · =

σ0(mk) = 〈〉 zS�t i ≥ 0,8� (q, a, q′) ∈ ∆

(q, a, q′) � (zi, σi) 9�_
zi+1 = q′ z σi

a
→σi+1
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§2.6.3 ����
Definition 2.24 �K���� {P1, ..., Pn} }���B$ P1 = 〈Q1, C1,∆1, q10〉, ..., Pn = 〈Qn, Cn,∆n, qn0〉 28EYR�p+ Q1, ..., Qn 
dd7�℄EYR���-�Lu S1 ⊗ · · · ⊗ Sn = {{s1, ..., sn}|s1 ∈ S1, ..., sn ∈

Sn} �6℄H8DH8./D�}�
(Q1 ⊗ · · · ⊗Qn) × Σ"�okvq (q, a, q′) ∈ ∆1 ∪ · · · ∪∆n �./ (Q, σ) 9�_�z+� q ∈ Q z a � σ 9�_�� C1 ∪ · · · ∪ Cn =

{m1, ...,mk}�ok�_� (Q1⊗· · ·⊗Qn)×Σ�DokE|
M [(zi, σi)]i≥0 X3 z0 = {q0, ..., qn}, σ0(m1) = · · · =

σ0(mk) = 〈〉 zS�t i ≥ 0,8� (q, a, q′) ∈ ∆1 ∪ · · · ∪ ∆n

(q, a, q′) � (zi, σi) 9�_
zi+1 = (zi \ {q}) ∪ {q′} z σi

a
→σi+1>K�.lLJk6℄>� P1 = 〈Q1, C1,∆1, q10〉, P2 = 〈Q2, C2,∆2, q20〉z Q1 ∩Q2 = ∅ � P1 | P2 D�Lu�I

P1||P2 = 〈Q1 ⊗Q2, C1 ∪C2,∆, {q10, q20}〉s$
∆ = {({q1, q2}, a, {q

′
1, q2})|(q1, a, q

′
1) ∈ ∆1}∪{({q1, q2}, a, {q1, q

′
2})|(q2, a, q

′
2) ∈ ∆2}�W,/X3'}S|!�S�h. � �,Yv�h. � 6℄Yv 1 �h. � 6℄Yv 2 �
� � lL6℄>� P1, ..., Pn �� P = P1|| · · · ||Pn �

P D�_�}|6℄H8 {P1, ..., Pn} D�_�}O7��u) ;j�mD��� {0, 1, 2, ..., n}�z [n]�� {0, 1, 2, ..., n}��S mDd�|O�9sz6℄>� Bm = 〈Q,M,∆, q0〉�L�s$
Q = {q0, q1, q2, ..., qn, r0, r1, r2, ..., rn}

M = {mi,mo|mi,mo ∈ 〈{0, 1, 2, ..., n, r}, 1〉}

∆ = {(qk,m
i?j, qj)|k, j ∈ [n]} ∪ {(qk,m

i?r, rk)|k ∈ [n]} ∪ {(rk,m
o!k, qk)|k ∈ [n]}



57:<� m1,m2 �Jk��� {0, 1, 2, ..., n} D�K� c ∈

〈{0, 1, 2, ..., n}, k〉�6B��m1 ,m2�L�6℄>�Bm1
, Bm2

��sI7�Dvq9z~�Dvq�}�L�
(q, c?m1, q

′) {(q, c?k, q1k)|k ∈ [n]} ∪ {(q1k,m
i
1!k, q

′)|k ∈ [n]}

(q, c!m1, q
′) {(q,mi

1!r, q1)} ∪ {(q1,mo
1?k, q1k)|k ∈ [n]} ∪ {(q1k, c!k, q

′)|k ∈ [n]}

(q,m1 := k, q′) {(q,mi
1!k, q

′)}

(q,m1 := m2, q
′) {(q,mi

2!r, q1)} ∪ {(q1,mo
2?k, q1k)|k ∈ [n]} ∪ {(q1k,m

i
1!k, q

′)|k ∈ [n]}7l�D℄9s�L�KD�#|,"�,�w5�6℄H8���}|���KD�z����y6℄H8D�:hG�h. � }|���K�0MÆ�
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