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G 1 f��\�A��0�K2X�� 0, 1���−�JÆ=, >��. x, y, i, j, k, l�
§2.1 wi�i�; B = (F, P ) � V 9M�

F = {0, 1,−}

P = {=, >}

V = {x, y, i, j, k, l}

I = (Int, I0)

I0(0) = 0

I0(1) = 1

I0(−) = −

I0(=) = =

I0(>) = >f��\�A�+�>I (B, V ) :�0�G�P9M�
beg: (i, j, k, l) := (1, 0, 0, 1) goto l1

l1: if ¬(x = y) goto l2 else goto end

l2: if (x > y) goto l3 else goto l4

l3: (x, i, j) := (x− y, i− k, j − l) goto l1

l4: (y, k, l) := (y − x, k − i, l− j) goto l1



��������~N�����
beg

l1

l2

l3

l4

end�.
D
{(x, y, i, j, k, l) | x, y, i, j, k, l ∈ INT }Æ�

[beg, (4, 6, 1, 2, 3, 4)]

[l1, (4, 6, 1, 0, 0, 1)]

[l2, (4, 6, 1, 0, 0, 1)]

[l4, (4, 6, 1, 0, 0, 1)]

[l1, (4, 2, 1, 0,−1, 1)]

[l2, (4, 2, 1, 0,−1, 1)]

[l3, (4, 2, 1, 0,−1, 1)]

[l1, (2, 2, 2,−1,−1, 1)]

[end, (2, 2, 2,−1,−1, 1)]i���; ϕ(σ) ≡ σ(x) > 0 ∧ σ(y) > 0 I�P T �
=
D1e�E%� ψ(σ) ≡ σ(x) = σ(y) I��P T �b_
D�U6�
T �Y ϕ � ψ �
�^8O�>I

|= {ϕ}T {ψ}$
ϕ(σ) → ((beg, σ)

∗

⇒(end, σ′) → ψ(σ′))

T �Y ϕ � ψ �H7^8O�>I
|= [ϕ]T [ψ]$

ϕ(σ) → ((beg, σ)
∗

⇒(end, σ′) ∧ ψ(σ′))

§2.2 sno	p
ti�; B = (F, P ) � V 9M�
F = {0, 1,−}

P = {=, >}

V = {x, y, i, j, k, l}



�������
I = (Int, I0)

I0(0) = 0

I0(1) = 1

I0(−) = −

I0(=) = =

I0(>) = >f��\�A�+�>I (B, V ) :�'�!R"Z)�P9M�
i:=1; j:=0; k:=0; l:=1;

while ¬(x = y) do

if x > y then x:=x-y; i:=i-k; j:=j-1;

else y:=y-x; k:=k-i; l:=l-j;

fi

od�~N���P����
S0 i:=1; S1 j:=0; S2 k:=0; S3 l:=1;

S4 while ¬(x = y) do

S5 if x > y then S6 x:=x-y; S7 i:=i-k; S8 j:=j-1;

else S9 y:=y-x; S10 k:=k-i; S11 l:=l-j;

fi

od S12�.
D
{(x, y, i, j, k, l) | x, y, i, j, k, l ∈ INT }Æ�

[S0, (4, 6, 1, 2, 3, 4)] i := 1

[S1, (4, 6, 1, 2, 3, 4)] j := 0

[S2, (4, 6, 1, 0, 3, 4)] k := 0

[S3, (4, 6, 1, 0, 0, 4)] l := 1

[S4, (4, 6, 1, 0, 0, 1)] while ¬(x = y)

[S5, (4, 6, 1, 0, 0, 1)] if x > y

[S6, (4, 6, 1, 0, 0, 1)] y := y − x

[S7, (4, 2, 1, 0, 0, 1)] k := k − i

[S8, (4, 2, 1, 0,−1, 1)] l = l− j

[S4, (4, 2, 1, 0,−1, 1)] while ¬(x = y)

[S5, (4, 2, 1, 0,−1, 1)] if x > y

[S9, (4, 2, 1, 0,−1, 1)] x := x− y

[S10, (2, 2, 1, 0,−1, 1)] i := i− k

[S11, (2, 2, 2, 0,−1, 1)] j := j − l

[S11, (2, 2, 2,−1,−1, 1)] while ¬(x = y)

[S12, (2, 2, 2,−1,−1, 1)] ǫ



�������i���; ϕ(σ) ≡ σ(x) > 0 ∧ σ(y) > 0 I�P T �5�T�
ψ(σ) ≡ σ(x) = σ(y) I��P T �b �T�

T �Y ϕ � ψ �
�^8O�>I
|= {ϕ}T {ψ}$

ϕ(σ) → ((T, σ)
∗

⇒(ǫ, σ′) → ψ(σ′))

T �Y ϕ � ψ �H7^8O�>I
|= [ϕ]T [ψ]$

ϕ(σ) → ((T, σ)
∗

⇒(ǫ, σ′) ∧ ψ(σ′))

.; ϕ(σ) ≡ σ(x) ≥ 0 ∧ σ(y) ≥ 0 I�P T �5�T�
ψ(σ) ≡ σ(x) = σ(y) I��P T �b �T�℄ T 	1e�Y ϕ � ψ �H7^8O�

.3C5�T� �T�� 1 �5�T�
ϕ(σ) ≡ σ(x) ≥ 0∧σ(y) ≥ 0∧σ(x) = σ(a)∧σ(y) = σ(b) �T�
ψ(σ) ≡ σ(x) = gcd(σ(a), σ(b))

.� 2 �5�T�
ϕ(σ) ≡ σ(x) ≥ 0∧σ(y) ≥ 0∧σ(x) = σ(a)∧σ(y) = σ(b) �T�
ψ(σ) ≡ σ(x) = gcd(σ(a), σ(b)) ∧ σ(x) = σ(i) ∗ σ(a) +

σ(j) ∗ σ(b)

§2.3 
ry��� (FTS); B = (F, P ) � V 9M�
F = {0, 1, s0, s1, s2, s3, s4, s5,−}

P = {=, >,<}

V = {a, x, y, i, j, k, l}

I = (Int, I0)



�������
I0(s0) = I0(0) = 0

I0(s1) = I0(1) = 1

I0(s2) = 2

I0(s3) = 3

I0(s4) = 4

I0(s5) = 5

I0(−) = −

I0(=) = =

I0(>) = >

I0(<) = <f��\�A��>I (B, V ) :�4VLF (T,Θ)9M�
T

(a = s0) −→ (i, j, k, l, a) := (1, 0, 0, 1, s1)

(a = s1 ∧ x = y) −→ (a) := (s5)

(a = s1 ∧ ¬(x = y)) −→ (a) := (s2)

(a = s2 ∧ x > y) −→ (a) := (s3)

(a = s2 ∧ ¬(x > y)) −→ (a) := (s4)

(a = s3) −→ (x, i, j, a) := (x− y, i− k, j − l, s1)

(a = s4) −→ (y, k, l, a) := (y − x, k − i, l− j, s1)

Θ (x > 0 ∧ y > 0 ∧ a = s0)�~vq
Σ = {(a, x, y, i, j, k, l)} | a ∈ {0, 1, ..., 5}, x, y, i, j, k, l ∈

INT } �k{�~LF�
=
D#�I {(0, x, y, i, j, k, l)|x, y > 0, i, j, k, l ∈

INT } �Æ�
(s0, 4, 6, 1, 2, 3, 4)

(s1, 4, 6, 1, 0, 0, 1)

(s2, 4, 6, 1, 0, 0, 1)

(s4, 4, 6, 1, 0, 0, 1)

(s1, 4, 2, 1, 0,−1, 1)

(s2, 4, 2, 1, 0,−1, 1)

(s3, 4, 2, 1, 0,−1, 1)

(s1, 2, 2, 2,−1,−1, 1)

(s5, 2, 2, 2,−1,−1, 1)ul�~W:B/
D�#�I {σ′ | σ
∗

→σ′, σ |=I x = 4 ∧ y =

6 ∧ i = 1 ∧ j = 2 ∧ k = 3 ∧ l = 4 ∧ a = s0} �LF�+�
D#� rh(Θ) I {σ′ | σ
∗

→σ′, σ |=I x >

0 ∧ y > 0 ∧ a = s0} �



�������gz��-d� ϕ ≡ a = s5 → x = yF1e�7O` ϕ �$ ∀σ ∈ rh(Θ).σ |=I ϕ �h}m| 2f��\�A��>I (B, V ) :�4VLF (T,Θ)9M�
T

(a = s0) −→ (i, j, k, l, a) := (1, 0, 0, 1, s1)

(a = s1 ∧ x = y) −→ (a) := (s2)

(a = s1 ∧ x > y) −→ (x, i, j) := (x− y, i− k, j − l)

(a = s1 ∧ x < y) −→ (y, k, l) := (y − x, k − i, l− j)

Θ (x > 0 ∧ y > 0 ∧ a = s0)�~vq
Σ = {(a, x, y, i, j, k, l)} | a ∈ {0, 1, ..., 5}, x, y, i, j, k, l ∈

INT } �k{�~LF�
=
D#�I {(0, x, y, i, j, k, l)|x, y > 0, i, j, k, l ∈

INT } �h}m| 3f��\�A��>I (B, V ) :�4VLF (T,Θ)9M�
T

(x = y) −→ (a) := (s2)

(x > y) −→ (x, i, j) := (x− y, i− k, j − l)

(x < y) −→ (y, k, l) := (y − x, k − i, l− j)

Θ (x > 0 ∧ y > 0 ∧ i = 1 ∧ j = 0 ∧ k = 0 ∧ l = 1 ∧ a = s0)�~vq
Σ = {(a, x, y, i, j, k, l)} | a ∈ {0, 1, ..., 5}, x, y, i, j, k, l ∈

INT } �k{�~LF�
=
D#�I {(0, x, y, 1, 0, 0, 1) |x, y > 0}�


