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§2.1 gGBe=℄P~aIN8�!��H�D}>.'� `D![ol�Wn~p F �!.Wn~p
P �� B = (F, P ) sH�D}
~~p� WFFB � B s>/>~p� TB �� WFFB u�69.>
~~p� QFFB � '�>P~aIN8�!�biE>H�D}sf�Wn�9Yn��o>%*s�^u WFFB u>
~&��>%*s>��� TB u>/&��YnY un>���
§2.1.1 2 '
(l4=℄�duAvY N8�H�D}>.'� yFN8F�TYn�	=Zp���Y oAvY � `D B = (F, P ) �$Jf�K(~p>Wn�

{:=, ; , if, then, else, fi, while, do, od, ǫ}

Definition 2.1 �� B = (F, P ) �}."� V �f� (B, V ) AÆ(��e�n)7bGf�|���:"� S �i?\�
S ::= ǫ | T ; ǫ

T ::= x := t |

T ;T |

if e then T else T fi |

while e do T od:w x ∈ V W}p� t ∈ TB W B AÆ`< V ar(t) ⊆ V � e ∈ QFFB Wf��
.�Æ�F< V ar(e) ⊆ V �`D B = (F, P ) o�9~p V � (B, V ) s>�duAvY N8>~p�� L
(B,V )
© ���4R��b�O`_M>e,(�N8� > ǫ &KwB�4�WPvMN8>'�}�T8_�T��N8^9>xW�To�9}�� �9}�)�� V u�9hn>�p Σ = {σ|σ(x) ∈ D,x ∈ V } � '�>}�)��N8o V u�9hn>�p

L
(B,V )
© × Σ �vMBe!WH_N8>^9h!V B >��� `D B >H_�� I �N8'�}�>aIf' →� (L

(B,V )
© × Σ)2 >H_~~� (S0, σ0)→(S1, σ1) :d�:K(H/$4�
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S0 �� S1 σ1

x := t;S S σ0[x/I(t)(σ0)]

if (e) then S else S′ fi; S′′ σ0 |=I e S;S′′ σ0

if (e) then S else S′ fi; S′′ σ0 6|=I e S′;S′′ σ0

while e do S od; S′ σ0 |=I e S; while (e) do S od; S’ σ0

while e do S od; S′ σ0 6|=I e S′ σ0

ǫ ǫ σ0Ks>�sH/
LN8^9wps}��&���n`R [(Si, σi)]i≥0 ��%f';
(S0, σ0)(S1, σ)(S2, σ2)......N8 T >H_^9�}�~ L
(B,V )
© × Σ s>H_%f=; [(Si, σi)]i≥0 E� S0 = T dJlL i ≥ 0,

(Si, σi)→(Si+1, σi+1)N8 T b(}�9}�� σ0 y^9&;4>}�>~p� {(T ′, σ)|(T, σ0)
∗
→(T ′, σ)} �usN8 T b(}�9}�� σ y>^9wp�:d�:2b σ′ |= (T, σ)
∗
→(ǫ, σ′) �=℄atN8>{Æ:t
-N8^9>wp:K�N8>wp}�o(}}�>f'�u ϕ o ψ�!.�H3{Æ>:tK�n(�� 1 �`D(}y>�9}�E�>�� ϕ �`D ψ �Fgniwp�eN8>wpy>�9}�E� ψ �i_Fg#�N8JV ϕ o ψ >�Tkj:� ϕ #�N8>bIC� ψ #�N8>sIC�� 2 �`D(}y>�9}�E�>�� ϕ �`D ψ �FgN8Tewp�dN8>wpy>�9}�E� ψ �i_Fg#�N8JV ϕ o ψ >�ikj:�� 3 ��ikj:
-:N8>wp:��`D(}y>�9}�E�>�� ϕ �FgN8Tewp�=℄at�_G�fu!. ϕ �N8 T >(}}�E�>��� T JV!. ϕ >wp:DMn(�wp:� ϕ(σ) → ((T, σ)

∗
→(ǫ, σ′))u!. ϕ �N8 T >(}}�E�>���!. ψ �JN8 T >wp}�>Fg� T JV!. ϕ o!. ψ >�Tkj:o�ikj:DMn(��Tkj:� ϕ(σ) → ((T, σ)
∗
→(ǫ, σ′) → ψ(σ′))�ikj:� ϕ(σ) → ((T, σ)
∗
→(ǫ, σ′) ∧ ψ(σ′))-Q�&KDMK
~�bsIC>N8kj:� JV
~ ϕ o ψ �&K	
~�j I��$�!.�e&KT0�>:tK�� T JV
~ ϕ >wp:� T JV!. I(ϕ) >wp:�
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����	 3wp:� I(ϕ)(σ) → ((T, σ)
∗
→(ǫ, σ′))

T JV
~ ϕ o
~ ψ >�Tkj:o�ikj:DMn(��Tkj:� I(ϕ)(σ) → ((T, σ)
∗
→(ǫ, σ′) → I(ψ)(σ′))�ikj:� I(ϕ)(σ) → ((T, σ)
∗
→(ǫ, σ′) ∧ I(ψ)(σ′))

T JV
~ ϕo
~ ψ >�Tkj:o�ikj:T��� |=I {ϕ}T {ψ}o |=I [ϕ]T [ψ]�
§2.1.2 :�R=℄>%�N8 �H�D}>.'� >%�N8zFT8xY �Hx�YnY �Hx���Y �i3Y #�o=� bH�D}>{+s�$Jf�K(8_~p>Wn�X{Wn~ AX {:=, :, goto, if, else}�nWn~ LB {beg, end, l1, l2, ..., }`D B = (F, P ) o�9~p V �DM (B, V ) s>>%�N8>8xo=n(�

l1: (x1, ..., xn) := (t1, ..., tn) goto l2

l1: if (e) goto l2 else goto l3^u l1, l2, l3 ∈ LB ��n� l1 6= end, t1, ..., tn ∈ TB d ⋃n
i=1 V ar(ti) ⊆ V , e ∈ QFFB d

V ar(e) ⊆ V , x1, ..., xn ∈ V dJ 1 ≤ i < j ≤ n, xi 6= xj � Fn��>�n#�
DM�n�FnU�> ~#��nDM�
Definition 2.2 f� (B, V ) AÆ(0�S7b T W3}h\P%Æv/"��~� beg {dl�i~� end �z�i�℄s~��iwÆ� end TÆ~�{dl�i4�~���z�if�`D B = (F, P ) o�9~p V � (B, V ) s>%�N8>~p�� L

(B,V )
←֓ �� LB

←֓ �l`�9~p V > L
(B,V )
←֓ >�~�WPvM>%�N8>'�}�T8_�T���no�9}���n&K1��N8z'�>*s}�� �9}�)�� V u�9hn>�p Σ = {σ|σ(x) ∈ D,x ∈ V } � '�>}�)���no V u�9hn>�p LB × Σ �vMBe!W`D B >H_�� I �`Do= t � (li, σi)

t
→(li+1, σi+1) :d�:K(Hxe,$4�

t � li: (v1, ..., vn) := (t1, ..., tn) goto li+1 �d σi+1 = σi[v1/I(t1)(σi)] · · · [vn/I(tn)(σi)]

t � li: (if (e) goto l′ else goto l′′ �
σi+1 = σi d σi |=I e e li+1 = l′ �Ve li+1 = l′′`D>%�N8 T o B >H_�� I �$JDM>%�N8'�}�>|xf' T

→ n(� (li, σi)
T
→(li+1, σi+1) :d�:K(Hxe,$4�
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����	 42bo= t ∈ T |= (li, σi)
t
→(li+1, σi+1) z�2bDM�n li >o=d (li, σi) = (li+1, σi+1) �b�O`y1>yr�$J
 T

→ u> T wB4$ → �n`R [(li, σi)]i≥0 ��%f';
(l0, σ0)(l1, σ1)(l2, σ2)......>%�N8 T >H_^9�}�~ LB×Σ s>H_%f=; [(li, σi)]i≥0 E� l0 = beg dJlL i ≥ 0, (li, σi)→(li+1, σi+1) �>%�N8 T b(}�9}�� σ0 y^9&;4>}�>~p� {(l, σ)|(beg, σ0)

∗
→(l, σ)}�usN8b(}�9}�� σ y>^9wp�:d�:2b σ′ |= (beg, σ)

∗
→(end, σ′) �=℄atu!. ϕ �N8 T >(}}�E�>��� T JV ϕ >wp:DMn(�wp:� ϕ(σ) → ((beg, σ)

∗
→(end, σ′))u!. ϕ �N8 T >(}}�E�>���!. ψ �JN8 T >wp}�>Fg� T JV ϕ o ψ >�Tkj:o�ikj:DMn(��Tkj:� ϕ(σ) → ((beg, σ)
∗
→(end, σ′) → ψ(σ′))�ikj:� ϕ(σ) → ((beg, σ)
∗
→(end, σ′) ∧ ψ(σ′))-Q�&KDMK
~�bsIC>N8>kj:�

§2.1.3 UGBe=℄"~aIN8�H�D}>.'� "~aIN8ÆK�>aIf'zFT8_F��"~oYn�*/l��'�w
k(}��>K�� bH�D}>{+s�$Jf�Wn
{−→, :=}`D B = (F, P ) o�9~p V �DM (B, V ) s>aIn(�

p −→ (v1, v2, ..., vn) := (e1, e2, ..., en)^u p ∈ QFFB �H_�69.>
~d V ar(p) ⊆ V �v1, v2, ..., vn ∈ V ��[�e1, e2, ..., en ∈

TB � B s>/d ⋃n
i=1 V ar(ei) ⊆ V �H_aI��'�>H_\~E��

Definition 2.3 f� (B, V ) AÆYF;g7bGf��p~
(T,Θ):w T W (B, V ) A;gÆl^"�� Θ ∈ QFFB W�EP%�Gf��
.�Æ�F<

V ar(Θ) ⊆ V �
B >��jD:aI'�K�u![Wn�l�Wno!.Wn>kM� �9>Yn σ7�:'�^9u�9bOHy'>}��N/G# σ �}��}�>~p� Σ � K(�u

B >�� I = (D, I0) �J�`D�



§2 �
����	 5vM7.'�>}�)�� V u�9hn>�p Σ = {σ|σ(x) ∈ D,x ∈ V } �vMBe!WaI ϕ −→ (v1, v2, ..., vn) := (e1, e2, ..., en) b}� σ &m9�:d�: σ |=I ϕ � u
t � ϕ −→ (v1, v2, ..., vn) := (e1, e2, ..., en) �H_aI�R σ

t
→σ′ �� t b}� σ &m9d

σ′ = σ[v1/I(e1)(σ)] · · · [vn/I(en)(σ)] �R σ→σ′ �� b}� σ 2b&m9aI t d σ
t
→σ′b}� σ �2b&m9aId σ′ = σn`R [σi]i≥0 ��%f';

σ0σ1σ2σ3......"~aIN8 (T,Θ) s>H_^9�}�~ Σ s>H_%f=; [σi]i≥0 E� σ0 |=I Θ dJlL i ≥ 0,

σi→σi+16�vMR σ → σ′ ��2b t ∈ T |= σ
t
→σ′ �}�~p A>&4}�~p rh(A)� {σ′|σ

∗
→σ′, σ ∈

A} �'�>&4}�~p rh(Θ) � {σ′|σ
∗
→σ′, σ |=I Θ} ��Cat`DH_}�
~ ϕ �'� M E��i:t ϕ ��� M |= 2ϕ �:d�:'�>I_^9u>I_}�FE� ϕ �� ∀σ ∈ rh(Θ).σ |=I ϕ �[hat`DH_}�
~ ϕ �'� M E��8.Q:t ϕ ��� M |= 3ϕ �:d�:'�>I_^9uFT}�E� ϕ �

§2.1.4 T�Be=℄!.aIN8�H�D}>.'����H�D}
~>M[��`D B = (F, P ) o�9~p V = {v1, ..., vn} � DM V ′ = {v′|v ∈ V } �
Definition 2.4 f� (B, V ) AÆX�;g7bGf��p~

(ρ,Θ):w ρ ∈ QFFB W;g�[�f��
.�Æ�F< V ar(ρ) ⊆ V ∪ V ′ � Θ ∈ QFFB W�EP%�Gf��
.�Æ�F< V ar(Θ) ⊆ V �
B >��jD:aI'�K�u![Wn�l�Wno!.Wn>kM� �9>Yn σ7�:'�^9u�9bOHy'>}��N/G# σ �}��}�>~p� Σ � K(�u

B >�� I = (D, I0) �J�`D�
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����	 6vM7.'�>}�)�� V u�9hn>�p Σ = {σ|σ(x) ∈ D,x ∈ V } �vMBe!WaI ρ b}� σ &m9�:d�:2b a1, ..., an |= σ[v′1/a1] · · · [v′n/an] |=I ρ� R σ→σ′�� 2b a1, ..., an E� σ[v′1/a1] · · · [v′n/an] |=I ρ d σ′ = σ[v1/a1] · · · [vn/an] �z ρ b}� σ �&m9d σ′ = σ �n`R [σi]i≥0 ��%f';
σ0σ1σ2σ3......!.aIN8 (ρ,Θ) s>H_^9�}�~ Σ s>H_%f=; [σi]i≥0 E� σ0 |=I Θ dJlL i ≥ 0,

σi→σi+16�vMR σ → σ′ ��2b t ∈ T |= σ
t
→σ′ �}�~p A>&4}�~p rh(A)� {σ′|σ

∗
→σ′, σ ∈

A} �'�>&4}�~p rh(Θ) � {σ′|σ
∗
→σ′, σ |=I Θ} ��Cat$[hat0�V��aIN8�$J&K�C�i:to.Q:t�

§2.1.5 
O=℄�!WKs�t:�duAvY N8�>%�N8�"~aIN8oD}aIN8�T3N8&K-t|x�`D�duAvY N8 S �$J&Kd
H_-Q>>%�N8� $JR S d
6�n>%=�i_d
�� f �DMn(
S f(S) �
ǫ end

x := t x := t

T1;T2 f(T1); lT2
: f(T2)

if e then T1 else T2 fi if e then lT1
: f(T1) else lT2

: f(T2) fi

while e do T od while e do lT : f(T ) od$JR6�n>%= S d
>%�N8�i_d
�� g �DMn(�^u l(S) � S >�n�T��
S g(S) �
end {}

lT {}

lT : x:=t; T1 {lT : x := t goto l(T1);} ∪ g(T1)

lT : if e then T1 else T2 fi; T3 {lT : if (e) goto l(T1) else goto l(T2);} ∪ g(T1; l(T3)) ∪ g(T2; l(T3)) ∪ g(T3)

lT : while e do T1 od; T2 {lT : if (e) goto l(T1) else goto l(T2);} ∪ g(T1; lT ) ∪ g(T2)`D�duAvY N8 S �e g(beg : f(S)) �-Q>>%�N8�



§2 �
����	 7

§2.2 YGvMBe=℄bP~aIN8>K�u�'�^9>}�)�K�'�>^9S�� I Æ!D�Lj>}�)�K�}�l�aIf'>K�T{V�u'�:t>�D�
§2.2.1 Kripke =℄ (KS)K��aIN8z!.aIN8�)NC�}�)��� Σ �*:}�)�l��K�'�^9>{ÆF�wT}�l�>aIf'�K�'�>(}}��
Definition 2.5 f� Kripke 7bGf��p~

〈S,∆, I〉:w S WyN"�� ∆ ⊆ S × S W S AÆU=;g�[� I ⊆ S W�EyN"�;3$n`R s→s′ ��2b1 s ; s′ >aI�� (s, s′) ∈ ∆ �R [si]
n
i=0 ��Tf=;

s0s1s2...sn

Kripke N8s>Tf?�� S s>Tf=; [si]
n
i=0 E�JlL 0 ≤ i ≤ n− 1, si→si+1 �

Kripke N8s>%f?�� S s>%f=; [si]i≥0 E�JlL i ≥ 0, si→si+1 �
Kripke N8s>^9� Kripke N8s>%f?� [si]i≥0 E� s0 ∈ I �6�vMR ∗

→ �� → >,B�P�
�}�~p A >&4}�~p rh(A) � {σ′|s
∗
→s′, s ∈ A} �'�>&4}�~p� rh(I) ��Cat'�>�i:t&R}�~p���}�~p A �i�:d�:'�>I_^9u>I_}�Fb A u�� rh(I) ⊆ A �[hat'�>.Q:t&R}�~p���}�~p A �.Q>�:d�:'�>I_^9uT}�b A u�6�at�i:t>JW:t�&4:t�}�~p A &4�:d�:'�>O_^9u>O_}�b A u�� rh(I) ∩A 6= ∅ �

§2.2.2 
# KSSV KS JV'�>K�jV�u� KS ��p�N8�R}�~��:t*=qZ_�ni��:t>~pq5�e^���qZ_��:�4o�
>�8�&RM���:t��:TeRM���:t�$J�<
�du>}�ozG
~bQ3}�s$46'`/��:DMs>�8�$Jq#�bI_}�sO3�8M��V$4�
Definition 2.6 ��f�qz6O"� AP �f� AP AÆ~� KS Gf�Lp~

〈S,∆, I, L〉:w 〈S,∆, I〉 W Kripke 7b� L : S → 2AP WyN"�� AP Æ5"ÆjB�
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����	 8biE>H_�du� L(s) ��b s sÆT s $4>\~M�>~p�\~M� p b ss$4:d�: p ∈ L(s) �^�M�D}
~>$4XV�1M�D}>����\~M�~p AP sÆTM�
~>~p� LAP �$J&KRM�D}>
~��:t�`DH_ AP s>�n Kripke N8 〈S,∆, I, L〉 �H_}� s ∈ S E�:t ϕ ∈ LAP ��
M, s |= ϕ �^DMn(� M, s |= ϕ $4:d�:�

C, s |= p q p ∈ AP d p ∈ L(s) �
M, s |= ¬ψ q M, s 6|= ψ �
M, s |= ψ0 ∨ ψ1 q M, s |= ψ0 z M, s |= ψ1 �
M, s |= ψ0 ∧ ψ1 q M, s |= ψ0 d M, s |= ψ1 �
M, s |= ψ0 → ψ1 q M, s |= ψ0 e M, s |= ψ1 �
M, s |= ψ0 ↔ ψ1 q M, s |= ψ0 :d�: M, s |= ψ1 �u m = {x1, ..., xk} ⊆ AP d AP \m = {y1, ..., yl} �DM m |= ϕ :d�: (ϕ1,...,1

x1,...,xk
)0,...,0
y1,...,yl>n� 1 �e M, s |= ϕ :d�: L(s) |= ϕ �ld

M >YC�� L(M) ⊆ (2AP )ω �DMn(� u = u0u1 · · · ∈ L(M) :d�: M TH_^9 r = r0r1 · · · dJÆT i � ui = L(ri) ��GjvM,%H_
~JQVH_}�~p�� ϕ JQV}�~p {s|M, s |= ϕ} �R [[ϕ]] ��}�~p {s|M, s |= ϕ} ��Cat'�>�i:t&R
~���'�E��i:t ϕ �:d�:'�>I_^9u>I_}�FE� ϕ �� ∀s ∈ rh(I).(M, s |= ϕ) �� ∀s ∈ rh(I).(L(s) |= ϕ) �� rh(I) ⊆ [[ϕ]] �[hat'�>.Q:t&R
~���'�E�.Q:t ϕ �:d�:'�>I_^9uFT}�FE� ϕ �
§2.2.3 8p
# KS�n KS q#�bI_}�sO3�8M��V$4�$J&KJ^�9.g�bI_}�s�sO_
~�V$4�
Definition 2.7 ��f�qz6O"� AP �f� AP AÆ+t~� KS Gf�Lp~

〈S,∆, I, L〉:w 〈S,∆, I〉 W Kripke 7b� L : S → LAP WyN"��6O2!�F"�ÆjB�`DH_ AP s>.g�n Kripke N8 〈S,∆, I, L〉 �H_}� s ∈ S E�:t ϕ ∈ LAP�� M, s |= ϕ :d�: L(s) → ϕ �



§2 �
����	 9ld
M >YC�� L(M) ⊆ (2AP )ω �DMn(� u = u0u1 · · · ∈ L(M) :d�: M TH_^9 r = r0r1 · · · dJÆT i � ui |= L(ri) ��Cat'�E��i:t ϕ ∈ LAP �:d�:'�>I_^9u>I_}�FE� ϕ ��

∀s ∈ rh(I).(L(s) → ϕ) �6�at'�E�&4:t ϕ ∈ LAP �:d�:2b&KE� ϕ >&4}���
∃s ∈ rh(I).(L(s) ∧ ϕ �&E�>) �

§2.2.4 �A
# Kripke =℄JV KripkeN8LC�qFE�}�aIf'>%f}�=;��'�>H_^9�Tyr�:b�j�K�'�>^9�$J;FJ^9�HD,sKX*H3E�}�|xf'9�p1>%f}�=;� qFgTeX*iE>%f}�=;�$J;Fb�du�o5>$T��ur
℄^9>���DM
℄�n Kripke N8�
Definition 2.8 f��9~� Kripke 7bGf�Zp~

〈S,∆, I, L, F 〉:w 〈S,∆, I, L〉 Gf� AP AÆ~� Kripke 7b� F ⊆ 2S W�9
rIÆ"��n`
℄�n Kripke N8 〈S,∆, I, L, F 〉 s>H_^9� Kripke N8 〈S,∆, I〉 s>H_^9� DM inf(π) �%,K0)+b π u>}�>~p�H_
℄�n Kripke N8s>^9
π = [si]i≥0 �
℄>�:d�:JÆT f ∈ F �

inf(π) ∩ f 6= ∅ld
M >YC�� L(M) ⊆ (2AP )ω �DMn(� u = u0u1 · · · ∈ L(M) :d�: M TH_
℄^9 r = r0r1 · · · dJÆT i � ui |= L(si) �ld�7at`D M = 〈S,∆, I, L, F 〉� L(M) 6= ∅:d�: M TH_
℄^9 :d�:T0� (S,∆)2bS I &4>
7�T9 C dJÆT f ∈ F � C ∩ f 6= ∅ �

§2.2.5 
O=℄�!WKs�t: Kripke N8��n Kripke N8�.g�n Kripke N8o
℄�n Kripke N8��TN8l�&K-t|x��TN8&KSP~aI'�v$�
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# KS j8p
# KS`D AP s>.g�n KS N8 M = 〈S,∆, I, L〉 �$J&Kd
H_-Q>�n KS N8� DM M ′ = 〈S′,∆′, I ′, L′〉 n(
S′ = {(s,m)|s ∈ S,m |= L(s)} �
∆′ = {((s,m), (s′,m′))|{(s, s′) ∈ ∆} �
I ′ = {(s,m)|{s ∈ I} �
L′ : L((s,m)) = m �e L(M ′) = L(M) �T�Be=℄j
# KS

KS &STf}�>!.aIN8z"~aIN8v$�q KS S!.aIN8v$� KS>}�)�>52S[N8>�9�^hnQ�!D�̀ D (B, V )s>!.aIN8 (ρ,Θ)�`D B s>�� I �u V = {v1, ..., vn} d= |v| � v &Thn>_��}�)�>52� |v1| · |v2| · · · |vn| �qR n [���eI_}�� 〈a1, ..., an〉 ^u a1, ..., an T�� v1, ..., vn >n�aI~pS ρ  v�u σ, σ′ ∈ Σ �q σ→σ′ �e (〈σ(v1), σ(v2), ..., σ(vn)〉, 〈σ′(v1), σ′(v2), ..., σ′(vn)〉) ∈ ∆ �(}}�~p I a� Θ DM v�q σ |=I Θ �j�e 〈σ(v1), σ(v2), ..., σ(vn)〉 ∈ I �JI_�9 v �u^nZ� {a1, ..., a|v|} �$J&Kd
 |v| _M� {p1, ..., p|v|} �I_M�7� v = a1, v = a2, ..., v = a|v| uJQ>H/� u pv,a 7� v = a �DM L n(�
pxi,a ∈ L(〈x1, ..., xn〉) :d�: xi = a �iE�$JTH_\~M�~p AP o^s>�n
Kripke N8 M(ρ,Θ) = 〈S,∆, I, L〉 �T�Be=℄j
# KS ��-`D (B, V ) s>!.aIN8 (ρ,Θ) o B s>�� I = (D, I0) ^u D �Tf~p�`D AP s>�n KS N8 M = 〈S,∆, I, L〉 �̀ DH_ AP ~~;!.~p {v = d|v ∈ V, d ∈ D}~~>HHJQf' ζ �!.aIN8X�n KS � ζ ?�>:d�:JlL (ρ,Θ) >H_^9 σ0σ1 · · · 2b M>H_^9 s0s1 · · · E� σi |= (v = d) :d�: ζ−1(v = d) ∈ L(si) �dJlL M >H_^9
s0s1 · · · 2b (ρ,Θ) >H_^9 σ0σ1 · · · E� p ∈ L(si) :d�: σi |= ζ(p) � oqDa`D (B, V ) s>!.aIN8 (ρ,Θ) o B s>�� I = (D, I0) ^u D �Tf~p�`D ζ = {(px,a, (x = a))|x ∈ V, a ∈ D} �e!.aIN8 (ρ,Θ) X�n KS N8 M(ρ,Θ) � ζ ?�>�
# KS E�=�j&=�!Wu M1 = 〈S1,∆1, I1, L1〉 o M2 = 〈S2,∆2, I2, L2〉 �\~M�~p AP s>�n KS �

σ ⊆ S1 × S2 � M1 ; M2 >NUf':d�: σ �T0� 〈S1,∆1〉 ; 〈S2,∆2〉 >NUf'd σ E� � 1 �JÆT (x, y) ∈ S1 × S2 �q (x, y) ∈ σ e L1(x) = L2(y) � � 2 �JÆT
x ∈ I1 �2b y ∈ I2 E� (x, y) ∈ σ � q2bH_iE> σ �e# M2 NU M1 �



§2 �
����	 11

σ ⊆ S1 × S2 � M1 o M2 s>tNUf':d�: σ �T0� 〈S1,∆1〉 o 〈S2,∆2〉 s>tNUf'd σ E� � 1 �JÆT (x, y) ∈ S1 ×S2 �q (x, y) ∈ σ e L1(x) = L2(y) � � 2 �JÆT x ∈ I1 �2b y ∈ I2 E� (x, y) ∈ σ �dJÆT y ∈ I2 �2b x ∈ I1 E� (x, y) ∈ σ �q2bH_iE> σ �e# M2 X M1 tNU�
§2.3 
#BeWPjx�+

KripkeN8K�>zF�}�o}�l�>|xf'��f6�zGE�|=}�Nv:�u�bO3yrE�G�'�K�uf
>H�T�
§2.3.1 
#BeWP (LTS)

Definition 2.9 f�~�;g[RGf�Lp~
〈Σ, S,∆, I〉:w Σ W~�"�� S WyN"�� ∆ ⊆ S × Σ × S Gf�l~�Æ;g�[� I W�EyN"�n`R s

a
→s′ ��2b1 s ; s′ > a aI�� (s, a, s′) ∈ ∆ � LTS s>H_^9�}�~ S s>H_%f=; [si]i≥0 E� s0 ∈ I dJlL i ≥ 0, 2b a ∈ Σ �|= si

a
→si+1 �y���n~ Σ s>H_�W-� Σ s>H_%f=;� [ai]i≥1 ∈ Σω ��naI'� M =

〈Σ, S,∆, I〉 s>H_�W-:d�:2b LTS s>H_^9 π = [si]i≥0 |=JlL i ≥ 0,

si
ai+1

→ si+1 � π #��W- ω s>H_^9�ld�naI'� M s>�W->~p� M >YC��� L(M) �J
#BeWPX KS 0��$J&Kb LTS >}�s�`H37&�
Definition 2.10 ��f�qz6O"� AP �f� AP AÆ~�;g(�Gf�Zp~

〈Σ, S,∆, I, L〉:w 〈Σ, S,∆, I〉 Gf�~�;g[R� L : S → 2AP WyN"� AP Æ5"ÆjB�
§2.3.2 ω x�+JV LTS LC�qFE�}�aIf'>%f}�=;��'�>H_^9�Tyr�:b�j�K�'�>^9�$J;FJ^9�HD,sKX*H3E�}�|xf'9�p1>%f}�=;� qFgTeX*iE>%f}�=;�$J;Fb�du�o5>$T�$Jb LTS >{+s��^^9ur&�����DM ω �E|�
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B
..
uchi x�+��8`	�$J)DMqTH_�8����> B

..
uchi �E|�

Definition 2.11 f� B
..
uchi {� Gf�Zp~

〈Σ, S,∆, I, F 〉:w 〈Σ, S,∆, I〉 Gf�~�;g[R� F ⊆ S W{� Æ'HyN"�61In`
B

..
uchi �E| B = 〈Σ, S,∆, I, F 〉 s>^9���naI'� 〈Σ, S,∆, I〉 s>^9� B s>^9 π = [si]i≥0 �&��>:d�:

inf(π) ∩ F 6= ∅ld
B >�n~ Σ s>H_�W- ω = [ai]i≥1 �&��>:d�:2b ω s>&��^9�

B s&���W->~p� B >YC��� L(B) �8p B
..
uchi x�+�:Te��K_�����$J.g B

..
uchi �E|>DM�
��}�~p\���}�~>~p�

Definition 2.12 f�+t B
..
uchi {� Gf�Zp~

〈Σ, S,∆, I, F 〉:w 〈Σ, S,∆, I〉 Gf�~�;g[R� F ⊆ 2S W{� Æ'HyN"Æ"��61In`.g B
..
uchi �E| B = 〈Σ, S,∆, I, F 〉 s>^9���naI'� 〈Σ, S,∆, I〉 s>^9�

B s>^9 π = [si]i≥0 �&��>�:d�:JÆT f ∈ F �
inf(π) ∩ f 6= ∅x�+��-H_�E|?�V<H_�E|:d�:^ÆDM>YC�-�>�80�E|>�4T5-��:d�:lLH0�E|>H_{3FTH_?�><H0�E|>H_{3� .g B

..
uchi �E|>�4T5o B

..
uchi �E|�HE>�x�+�nL�E|>^

-���o�� A′ � A o B >��E|��� A = A ∪ B �:b�: L(A′) = L(A) ∪ L(B) � A′ � A o B >��E|��� A = A ∩ B �:b�: L(A′) =

L(A) ∩L(B) � A′ � A >��E|��� A′ = ¬A �:b�: L(A′) = Σω \ L(A) � K(DM.g B
..
uchi �E|>�o��`D8_.g B

..
uchi�E| B1 = 〈Σ, S1,∆1, I1, F1〉, B2 = 〈Σ, S2,∆2, I2, F2〉d S1∩S2 = ∅�u

F = {f ∪ S2|f ∈ F1} ∪ {f ∪ S1|f ∈ F2}



§2 �
����	 13DM B1 ∪ B2 = 〈Σ, S1 ∪ S2,∆1 ∪ ∆2, I1 ∪ I2, F 〉 �e L(B1 ∪ B2) = L(B1) ∪ L(B2) �`D8_.g B
..
uchi�E| B1 = 〈Σ, S1,∆1, I1, F1〉, B2 = 〈Σ, S2,∆2, I2, F2〉d S1∩S2 = ∅�u

∆ = {((q1, q2), a, (q
′
1, q
′
2))|(q1, a, q

′
1) ∈ ∆1, (q2, a, q

′
2) ∈ ∆2}

F = {f × S2|f ∈ F1} ∪ {S1 × f |f ∈ F2}DM B1 ∩ B2 = 〈Σ, S1 × S2,∆, I1 × I2, F 〉 �e L(B1 ∩ B2) = L(B1) ∩ L(B2) �.g B
..
uchi �E|� B

..
uchi �E|>Hx.g�b.g B

..
uchi �E|{+saJ^������H�.gzy5DM�$J&K=; Streett �E|� Rabin �E|z Muller �E|�

Streett x�+
Definition 2.13 f� Streett {� Gf�Zp~

〈Σ, S,∆, I, F 〉:w 〈Σ, S,∆, I〉 Gf�~�;g[R� F ⊆ 2S × 2S W{� Æ'HyN"Æ"��61In`u B = 〈Σ, S,∆, I, F 〉 � Streett �E|� B s>^9���naI'� 〈Σ, S,∆, I〉 s>^9� B s>^9 π = [si]i≥0 �&��>�:d�:JÆT (f, g) ∈ F �
inf(π) ∩ f 6= ∅ → inf(π) ∩ g 6= ∅

Rabin x�+
Rabin �E|>�do Streett �E|�iHE�q�����kmo Streett �E|>����-P�`DH_ Rabin �E| B = 〈Σ, S,∆, I, F 〉 � B s>^9 π = [si]i≥0 �&��>�:d�:2b (f, g) ∈ F �

inf(π) ∩ f 6= ∅ ∧ inf(π) ∩ g = ∅

Muller x�+
Definition 2.14 f� Muller {� Gf�Zp~

〈Σ, S,∆, I, F 〉:w 〈Σ, S,∆, I〉 W;g[R� F ⊆ 2S W{� Æ'HyN"Æ"��61In`u B = 〈Σ, S,∆, I, F 〉 � Muller �E|� B s>^9���naI'� 〈Σ, S,∆, I〉 s>^9� B s>^9 π = [si]i≥0 �&��>�:d�:
inf(π) ∈ F*iBe�8p B

..
uchi x�+Ks�E|>����F�}�~p�$JG&K
����DMbaIs�K(DM{VaI>.g B

..
uchi �E|�

Definition 2.15 �m;gÆ+t B
..
uchi {� Gf�Zp~

〈S,Σ,∆, I, F 〉:w 〈Σ, S,∆, I〉 Gf�~�;g[R� F ⊆ 2∆ G'H;g"��
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(s0, a1, s1)(s1, a2, s2)(s2, a3, s3) · · ·DM inf([(si, ai+1, si+1)]i≥0) �%,K0)+b [(si, ai+1, si+1)]i≥0 u>aI>~p�{VaI> B

..
uchi �E| B = 〈Σ, S,∆, I, F 〉 s>^9���naI'� 〈Σ, S,∆, I〉 s>^9� B s>^9 π = [si]i≥0 �&��>�:d�:2b Σ s>�W- [ai]i≥1 |=JÆT

f ∈ F �
inf([(si, ai+1, si+1)]i≥0) ∩ f 6= ∅61Iy��H_�W- [ai]i≥1 �&��>:d�:2b [ai]i≥1 s>^9 [si]i≥0 �|=JÆT f ∈ F �
inf([(si, ai+1, si+1)]i≥0) ∩ f 6= ∅��?91YC>�G�B

..
uchi�E|�.g B

..
uchi�E|�Streett �E|�Rabin �E|�Muller�E|X{VaI> B

..
uchi .g�E|>�4T5-��dF��U�>�ld�7jld	"

L(A) ⊆ L(B) :d�: L(A) ∩ (Σω \ L(B)) = ∅ :d�: L(A ∩ ¬B) = ∅ �
§2.3.3 
#0�BeWPj0�x�+�naI'�>I_E�^s>}�&TTK_�9I0^9qT1^u?dH_}��Ji0aI'�>Hx.g�k^&K?dK_s>}��iE.g>aI'�>H0^9&K��}�d�
#0�BeWP (ATS)

Definition 2.16 f�~�&	;g[RGf�Lp~ 〈Σ, S,∆, I〉 �:w Σ W��"��S WyN"�� ∆ ⊆ S × Σ × 2S W~�Æ;g�[� I W[R�EyNÆ"��y��E�n``DH_ Σ s>%,">�W- ω = a0a1a2... ��n�3aI'�b ω s>H_^9�}�~ S s>H$� r �u r(0) � r >a�C>8C~� r(i) � r >A i ��C>~p�
child(x) ��C x >~�C>~p�R ∆(x, a) ��~p {y|(x, a, y) ∈ ∆} � r E�K(���

r(0) ⊆ Iq x ∈ r(i) �A i �>H_�C�e child(x) ∈ ∆(x, ai)q ∆(x, ai) 
k)~�e x &KHT~�C�n`}�~ S s>H$� r ��n�3aI'� 〈Σ, S,∆, I〉 >H_^9:d�:2bH_ Σs>%,">�W- ω = a0a1a2... |= r ��n�3aI'�b ω s>H_^9�
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§2.3.4 J
#0�BeWPX KS 0��$J&Kb ATS >}�s�`H37&�
Definition 2.17 ��f�qz6O"� AP �f� AP AÆK~�&	;g[RGf�Zp~

〈Σ, S,∆, I, L〉:w 〈Σ, S,∆, I〉 Gf�~�&	;g[R� L : S → 2AP WyN"� AP Æ5"ÆjB�0� B
..
uchi x�+

Definition 2.18 f�&	 B
..
uchi {� Gf�Zp~

〈Σ, S,∆, I, F 〉:w 〈Σ, S,∆, I〉 Gf�~�&	;g[R� F ⊆ S W{� Æ'HyN"�61In`�3 B
..
uchi �E| B = 〈Σ, S,∆, I, F 〉 �s>^9���n�3aI'� 〈Σ, S,∆, I〉 s>^9� B >H_^9� r �&��>�:d�: r >ÆT%f?� ρ E�

inf(ρ) ∩ F 6= ∅��?9�P� Σ s>H_�W- ω �&��>:d�:2b ω s>&��^9���3 B
..
uchi�E|X B

..
uchi �E|>�4T5-��

§2.3.5 D�℄x�+j�D�℄x�+
ω- �E|SaI'�o�����$���>����DM:��>�E|�$JG&KJaI'�T0�=;jD8�E|oSjD8�E|�jD8�E|>(}}�qTH_d^aIf'�K(,s�

(s, a, s′), (s, a, s′′) ∈ ∆ → s′ = s′′`DH_�W-�JjD8�E|/Æ�qTXl[Z>^9�eiE>^9��H>���?9jD8Muller�E|��U�>�̂ �4T5XSjD8Muller�E|-��jD8 B
..
uchi�E|���U�>�

§2.3.6 
O=℄�!WKs�t:��08>�E|��T�E|N8?�V
℄�n KripkeN8�Ks>SjD8�E|F&Kt-|x��&YC?���A
# Kripke =℄j8p B
..
uchi x�+`D AP s>
℄�n Kripke N8 M = 〈S,∆, I, L, F 〉 �DM

Σ = 2AP

∆′ = {(s, a, s)|(s, s′) ∈ ∆, a = L(s)}DM.g B
..
uchi �E| B = 〈Σ, S,∆′, I, F 〉 �e L(B) = L(M) �
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..
uchi x�+j B

..
uchi x�+`D.g B

..
uchi �E| B = 〈Σ, S,∆, I, {f1, ..., fn}〉 �DM
n(s, i) = if (i = n) then 0; else if (s ∈ fi+1) then i+ 1; else i.

S′ = S × {0, ..., n}

∆′ = {(s, i), a, (s′, n(s′, i))|(s, a, s′) ∈ ∆, i ∈ {0, ..., n}}

I ′ = I × {0}

F ′ = S × {n}DM B
..
uchi �E| B′ = 〈Σ, S′,∆′, I ′, F ′〉 �e L(B′) = L(B) �*iBe�8p B

..
uchi x�+j B

..
uchi x�+`D{VaI>.g B

..
uchi �E| B = 〈Σ, S,∆, I, F 〉 �DM

n(s, a, s′, i) = if (i = n) then 0; else if ((s, a, s′) ∈ fi+1) then i+ 1; else i.

S′ = S × {0, ..., n}

∆′ = {(s, i), a, (s′, n(s, a, s′, i))|(s, a, s′) ∈ ∆, i ∈ {0, ..., n}}

I ′ = I × {0}

F ′ = S × {n}DM B
..
uchi �E| B′ = 〈Σ, S′,∆′, I ′, F ′〉 �e L(B′) = L(B) � S B

..
uchi �E|�G&d
YCXl-�>{VaI>.g B

..
uchi �E|�N/{VaI>.g B

..
uchi �E|>�4T5o B

..
uchi �E|�HE>�

§2.4 F.BeWP$)�WPJH3'��$J*:f''�>*s}���&Twf6bH_}�&>>y�2z8_}�l�>H39�u�
§2.4.1 F.BeWP (TTS)�:TeK�aIE�l�y�"H>,s�$J;FbN8u�oyv>℄V� y�>,sSy��9s>
~���u X �yv�9>~p� Q �y�!9>~p�yv
~>~p Φ(X) SK(YO`)�

φ ::= x ≤ c|c ≤ x|¬φ|φ ∧ φ^u x ∈ X �yv�9� c ∈ Q �y�!9�H_yvYn v �H_ X ; R >l�� R
v + t ��JÆT x ∈ X E� v′(x) = v(x) + t >yvYn v′ � R t · v ��JÆT x ∈ X E�
v′(x) = t · v(x) >yvYn v′ � R [Y → t]v ��JÆT x ∈ X \ Y E� v′(x) = v(x) oJÆT
x ∈ Y E� v′(x) = t >yvYn v′ �
Definition 2.19 f�C$;g[RGf�Zp~

〈Σ, S,X,∆, I〉:w Σ W|8�� S WyN"�� X WCx}."�� ∆ ⊆ S × Σ × 2X × Φ(X) × S W;g�[� I ∈ S W[R�EyNÆ"��
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����	 17WPvM� V = X → R �yvYn>~p�H_'�}�� S × V >H_[��F.y��E�n`H_y��W-� Σ × R s>%f=;��R�`	�G4$ (σ, τ) = ([σi]i≥1, [τi]i≥1) ∈

Σω × Rω ^u^u τ E�JÆT i, τi+1 > τi dJlL t ∈ R 2b i, τi > t �TyrN�N;F� τi+1 > τi &Kru$ τi+1 ≥ τi �DM τ0 = 0 �y�aI'� 〈Σ, S,X,∆, I〉 by��W- (σ, τ) = [(σi, τi)]i≥1 ∈ (Σ×R)ω s>H_^9�}�~ S × V s>H_%f=; [(si, vi)]i≥0 E�
s0 ∈ I,JÆT x ∈ X ,v0(x) = 0,JlL i ≥ 0 �2b λ ⊆ X , ϕ ∈ Φ(X), (si, σi+1, λ, ϕ, si+1) ∈ ∆ |=
(vi + τi+1 − τi) E� ϕ d vi+1 = [λ→ 0](vi + τi+1 − τi) �n`

S × V s>H_%f=; r �y�aI'� 〈Σ, S,X,∆, I〉 H_^9:d�:2bH_y��W- (σ, τ) |= r �y�aI'�b (σ, τ) s>H_^9�y�aI'�>}�&4:#�>Z_G� PSPACE �i>�
§2.4.2 F. B

..
uchi x�+ (TA)

Definition 2.20 f�C$ B
..
uchi {� Gf�1p~

〈Σ, S,X,∆, I, F 〉:w 〈Σ, S,X,∆, I〉 ��f�C$;g[R� F ⊆ S W{� Æ'HyN"�61In`y� B
..
uchi �E| B = 〈Σ, S,X,∆, I, F 〉 �H_y��W- (σ, τ) s> B >^9 r = (s, v)�&��>�:d�: inf(r) ∩ F 6= ∅ �^u inf(r) 7�%,K0)+b^9 r u>}�>~p�61IF.y��qH_y��W- (σ, τ) s2b B >&��^9�e# (σ, τ) �&��� B s&��y��W->~p� B >YC��� L(B) � y��E|��o�U�>�9���U�>�y��E|>YCS)#�>Z_G� PSPACE �i>�

§2.4.3 )�BeWPy$aI'��y�aI'�>Hx.'�u X = {x1, ..., xn}�{��9>~p�� Φ(X)� X s!.>~p�� ⊎(X) : X → (Rn → R) �\l�>~p�� ·

X = {
·
x1, ...,

·
xn} �

Definition 2.21 f���;g[RGf�1p~
〈Σ, S,X,∆, I, f low〉:w Σ W|8�� S WyN"�� X WDJ}."�� ∆ ⊆ S × Σ×⊎(X) × Φ(X) × S W;g�[� I ∈ S × (2R)n W[R�EyNÆ"�� flow : S → Φ(X ∪

·

X) W4�yN~Af�[R}.}�ÆrIP%�
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����	 18WPvM$vM�Be� V = X → R ��9Yn>~p�H_'�}�� S × V >H_[���R�`	�R
v ∈ V �� (v(x1), ..., v(xn)) ∈ Rn �J δ ∈ R≥0 �R (s, v)

σ
→(s, v′) �� v′ E�K(���2bH_&�l� f : [0, δ] → Rn o^H��T .

f : (0, δ) → Rn E� f(0) = v, f(δ) = v′ d
∀ζ ∈ (0, δ).f low(s)[X/f(ζ)][

.

X/
.

f(ζ)] = true.R (s, v)
σ
→(s′, v′) �� (s′, v′) E�K(���2b λ ∈ ⊎(X), ϕ ∈ Φ(X), (s, σ, λ, ϕ, s′) ∈ ∆d {z1, ..., zk} = dom(λ) |= v E� ϕ d v′ = v[z1/λ(z1)(v)] · · · [zk/λ(zk)(v)] �F.y��E�n`H_y��W-� Σ×R s>%f=;�y$aI'� 〈Σ, S,X,∆, I, f low〉 by��W-

(σ, τ) = [(σi, τi)]i≥1 ∈ (Σ ×R)ω s>H_^9�}�~ S × V s>H_%f=; [(si, vi)]i≥0 E� (s0, v0) ∈ I dJlL i ≥ 0 �2b v′i |= (si, vi)
τi+1−τi

→ (si, v
′
i) d (si, v

′
i)

δi+1

→ (si+1, vi+1) �n`
S × V s>H_%f=; r �y$aI'� 〈Σ, S,X,∆, I, f low〉 H_^9:d�:2bH_y��W- (σ, τ) |= r �y$aI'�b (σ, τ) s>H_^9�

§2.5 Petri S
Petri �>�C�^&KK�j�N�^{ÆF�T+Æ�aI�7�+ÆoaI>T0��S+Æ�oaI>�&K"$��o���SaI�o+Æ>�&K"$�aI>�)�

Definition 2.22 f� Petri VGf�Lp~
〈P, T, F,M0〉:w P W*M"�� T W;g"�� F ⊆ (P × T ) ∪ (T × P ) W|Æ"�� M0 : P → N W�EyN�:w N W{>J"��WPvMH_'�}�� P → N >H_l���JÆT+Æ>H_Yn�BeDM ◦p(t) = {p ∈ P |(p, t) ∈ F} o p◦(t) = {p ∈ P |(t, p) ∈ F} �aI t ∈ T b}� M �&m9>�:d�:�o��E��� ∀p ∈◦ p(t),M(p) ≥ 1 � R M

t
→M ′ �� t ∈ T b}� M�&m9d ∀p ∈ P � M ′(p) = M(p) − α0(p, t) + α1(p, t) ^u

α0(p, t) = 1 :d�: p ∈◦ p(t)

α1(p, t) = 1 :d�: p ∈ p◦(t)6�vM`D Petri � Q = 〈P, T, F,M0〉 �R M→M ′ ��2b t ∈ T |= M
t
→M ′ $4�e Q>&4}�~p&��� {M |M0

∗
→M} � Petri �>}�&4:#�>Z_G�&YD>d�

EXPSPACE R>�



§2 �
����	 19�C Petri S
Petri � 〈P, T, F,M0〉 � k �>�:d�:J^ÆT&4}� M T ∀p ∈ P.M(p) ≤ k � 1� Petri �#��i Petri ���i Petri �>}�&4:#�>Z_G� PSPACE ��>�

§2.6 N\WP�7'�N8R/�4K_�%�j�<�x7&�9*so�
>j%�I_�%S�T}�o}�aI�}�aI>\N&K�S���z�o�)�
§2.6.1 N�
Definition 2.23 ��f�,b 〈S,N〉 :w S W|8�Æ� N W{>J�f�,bW 〈S,N〉ÆQ
 m �#� m ∈ 〈S,N〉 �Gf�uoW ⋃N

i=0{〈x1, ..., xi〉|xi ∈ S} Æ}.��<}��`�<>`DYn��� σ �q m ∈ 〈S,N〉 �e σ(m) ∈
⋃N

i=0{〈x1, ..., xi〉|xi ∈

S} ��<}�)���<}�>~p��� Σ �H/q m ∈ 〈S,N〉�eX m-f>��~p α(m)DM� α(m) = {m?s|s ∈ S}∪{m!s|s ∈ S}�u C = {m1, ...,mn} ��<~p�eX C -f>��~p� α(C) = α(m1) ∪ · · · ∪ α(mn) �X�<%f>S����� {ǫ} �6r`H/JV x = 〈x1, ..., xn〉 �DM |x| = n, x ⊢ s = 〈x1, ..., xn, s〉, HEAD(x) = x1, TAIL(x) =

〈x2, ..., xn〉 �`DH_�<}� σ oH_�< m ∈ 〈S,N〉 �qK(H/$4e a ∈ α(m) ∪ {ǫ}&m9�
a = ǫ

a = m!s d |σ(m)| < N d s ∈ S

a = m?s d |σ(m)| > 0 d s = HEAD(σ(m))`D σ ∈ Σ,m ∈ 〈S,N〉,a ∈ α(m) �R σ
a
→σ′ �� a b σ &m9dq a = ǫ � e σ′ = σq a = m!s � e σ′ = σ[m/σ(m) ⊢ s]q a = m?s � e σ′ = σ[m/TAIL(σ(m))]

§2.6.2 N\�m
Definition 2.24 f�Qa�pGf�Lp~

〈Q,C,∆, q0〉:w Q WyN"�� C WQ
"�� ∆ ⊆ Q× {α(C) ∪ {ǫ}} ×Q W~�Æ;g�[� q0 ∈ QW�EyN�



§2 �
����	 20WPvM`DH_�78[ 〈Q,C,∆, q0〉 �'�}�S8�T�$ (s, σ) ^u s ∈ Q �*s}��
σ ∈ Σ ��<}��n`aI (q, a, q′) b (s, σ) &m9�:d�: q = s d a b σ &m9� u C = {m1, ...,mk} �H_^9� Q× Σ s>H_%f=; [(zi, σi)]i≥0 E� z0 = q0, σ0(m1) = · · · = σ0(mk) = 〈〉 dJlL i ≥ 0, 2b (q, a, q′) ∈ ∆

(q, a, q′) b (zi, σi) &m9
zi+1 = q′ d σi

a
→σi+1

§2.6.3 N\WP
Definition 2.25 f�Qa[R {P1, ..., Pn} GkQa�p P1 = 〈Q1, C1,∆1, q10〉, ..., Pn =

〈Qn, Cn,∆n, qn0〉 ~�Æ"��:w Q1, ..., Qn W--�_&Æ"��WPvMDM S1 ⊗ · · · ⊗ Sn = {{s1, ..., sn}|s1 ∈ S1, ..., sn ∈ Sn} ��7'�>'�}�>~p�
(Q1 ⊗ · · · ⊗Qn) × Σn`H_aI (q, a, q′) ∈ ∆1 ∪ · · · ∪∆n b}� (Q, σ) &m9:d�: q ∈ Q d a b σ &m9�u C1 ∪ · · · ∪Cn = {m1, ...,mk} �H_^9� (Q1 ⊗ · · ·⊗Qn)×Σ s>H_%f=; [(zi, σi)]i≥0E� z0 = {q0, ..., qn}, σ0(m1) = · · · = σ0(mk) = 〈〉 dJlL i ≥ 0,2b (q, a, q′) ∈ ∆1 ∪ · · · ∪ ∆n

(q, a, q′) b (zi, σi) &m9
zi+1 = (zi \ {q}) ∪ {q′} d σi

a
→σi+1��Lw`D8_�78[ P1 = 〈Q1, C1,∆1, q10〉, P2 = 〈Q2, C2,∆2, q20〉 d Q1 ∩Q2 = ∅ � P1 o P2>�NDMn(

P1||P2 = 〈Q1 ⊗Q2, C1 ∪ C2,∆, {q10, q20}〉^u
∆ = {({q1, q2}, a, {q

′
1, q2})|(q1, a, q

′
1) ∈ ∆1} ∪ {({q1, q2}, a, {q1, q

′
2})|(q2, a, q

′
2) ∈ ∆2}�N
~E��pAo�xA�
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