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§2 8���zf�

.,ZFÆ~9ql	"-�
ue,ZFA1F�Vt,V(jMFW��d"℄,ZFÆ~�>[Xd\�A1F���Vt,�ÆA1F�V_U��)9A1_U��
&
A1_U�
§2.1 �oj�e�p�th_U/&��f!U�F=/�

.jM&{yv�ax�z F �;6ax�z P �� B =

(F, P ) 	f!U�m��z9 WFFB �B 	FJF�z9 TB �� WFFB ��>H6Fm��z9 QFFB �
.A1Fp�th_U/&���
Ff!U�	��ax(V
�!.yN,9��q� WFFB �Fm�5.9N,9�F-��TB �FJ5.9
�y/��F���

§2.1.1 YGN
O�[e�`" � *=m~�
.#n�^�y/_U�f!U�F=/�
.�d_Ud%t
��!Zdz�-�y/y^�y/�
.jM B = (F, P ) �>[��jB�zFax�

{:=, ; , if, then, else, fi, while, do, od, ǫ}

Definition 2.1 �: B = (F, P ) E(YMF V ��?
(B, V ) l9SBG�H�Tb
r�?'>1�eMF S:�j��

S ::= ǫ | T ; ǫ

T ::= x := t |

T ;T |

if e then T else T fi |

while e do T ode" x ∈ V �(��t ∈ TB � B l9�g V ar(t) ⊆ V �
e ∈ QFFB ��?+5Y29Aqg V ar(e) ⊆ V �
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.jM B = (F, P ) y�H�z V � (B, V ) 	F#n�^�y/_UF�z�9 L

(B,V )
© �

.9�Q[����osrlFx;B�_U#:F ǫ 5j
S�Q��y!u

._UFA1#)tGi�^�Æ_U�VFÆw�^y�H#)�

.�H#)8�9 V ��H|�F)z Σ = {σ|σ(x) ∈

D,x ∈ V } �
.A1F#)8�9_Uy V ��H|�F)z L

(B,V )
© ×

Σ �!uj�H�
.fi_UF�V|0v B F$��
.jM B Ffi$� I �_UA1#)FthpA → 9

(L
(B,V )
© ×Σ)2 Ffi$�� (S0 , σ0)→(S1, σ1) Bw'BjBfJ*C�
S0 -� S1 σ1

x := t;S S σ0[x/I(t)(σ0)]

if (e) then S else S′ fi; S′′ σ0 |=I e S;S′′ σ0

if (e) then S else S′ fi; S′′ σ0 6|=I e S′;S′′ σ0

while e do S od; S′ σ0 |=I e S; while (e) do S od; S’ σ0

while e do S od; S′ σ0 6|=I e S′ σ0

ǫ ǫ σ0j	F*~fJ"℄_U�V��~#)Æ-����

.r [(Si, σi)]i≥0 ��?yAJ

(S0, σ0)(S1, σ)(S2, σ2)......_U T Ffi�V�#)� L
(B,V )
© × Σ 	Ffi?yZJ [(Si, σi)]i≥0 V( S0 = T wS�k i ≥ 0,

(Si, σi)→(Si+1, σi+1)
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._U T �0��H#)9 σ0 ��V5C<F#)F�z9 {(T ′, σ)|(T, σ0)

∗
→(T ′, σ)} � �

._U T �0��H#)9 σ �F�V���Bw'B:� σ′ �E (T, σ)
∗
→(ǫ, σ′) �e���

._UF	�W�
<_U�VF��Wj
_UF��#)y0�#)FpA�� ϕ y ψ �;6�fO	�FW�\��B�� 1 �jM0��F�H#)V(F-� ϕ �jM
ψ �dz�s����_UF���F�H#)V( ψ ��idz)9_USv ϕ y ψ F�^Æ~W� ϕ )9_UFuR`� ψ )9_UF~R`�� 2 �jM0��F�H#)V(F-� ϕ �jM
ψ �dz_Ueo���w_UF���F�H#)V(
ψ ��idz)9_USv ϕ y ψ F4}Æ~W�� 3 �4}Æ~W
<I_UF��W�ÆjM0��F�H#)V(F-� ϕ �dz_Ueo���`" � *=m~�e���?	oA�

.�;6 ϕ 9_U T F0�#)V(F-�� T Sv;6
ϕ F��WMl�B���W� ϕ(σ) → ((T, σ)

∗
→(ǫ, σ′))

.�;6 ϕ 9_U T F0�#)V(F-��;6 ψ 9S_U T F��#)Fdz� T Sv;6 ϕ y;6 ψ F�^Æ~Wy4}Æ~WMl�B��^Æ~W� ϕ(σ) → ((T, σ)
∗
→(ǫ, σ′) → ψ(σ′))4}Æ~W� ϕ(σ) → ((T, σ)
∗
→(ǫ, σ′) ∧ ψ(σ′))

.GqI5jMljm�9u~R`F_UÆ~W� Svm� ϕ y ψ �5j�m�/t I $�*9;6��5jt?$FW�\�� T Svm� ϕ F��WÆ T Sv;6 I(ϕ) F��WÆ��W� I(ϕ)(σ) → ((T, σ)
∗
→(ǫ, σ′))
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.

T Svm� ϕ ym� ψ F�^Æ~Wy4}Æ~WMl�B��^Æ~W� I(ϕ)(σ) → ((T, σ)
∗
→(ǫ, σ′) → I(ψ)(σ′))4}Æ~W� I(ϕ)(σ) → ((T, σ)
∗
→(ǫ, σ′) ∧ I(ψ)(σ′))

T Svm� ϕ ym� ψ F�^Æ~Wy4}Æ~W^��. |=I {ϕ}T {ψ} y |=I [ϕ]T [ψ] ��v � �&!+F,Z_UF#n�^�y/���
GqF (B, V ) y I �
§2.1.2 b7{e�`" � *=m~�

.N,2_U �f!U�F=/�

.N,2_U dtG�y/�f��
�y/�f��-�y/��Oy/)9�M�

.�f!U�F	3	�>[��jBGi�zFax�b!ax� AX {:=, :, goto, if, else}�xax� LB {beg, end, l1, l2, ..., }

.jM B = (F, P ) y�H�z V �Ml (B, V ) 	FN,2_UFG��M�B�
l1: (x1, ..., xn) := (t1, ..., tn) goto l2

l1: if (e) goto l2 else goto l3q� l1, l2, l3 ∈ LB9�x�l1 6= end, t1, ..., tn ∈ TB w
⋃n

i=1 V ar(ti) ⊆ V , e ∈ QFFB w V ar(e) ⊆ V , x1, ..., xn ∈

V wS 1 ≤ i < j ≤ n, xi 6= xj �
.Wx,�F�x)9�Ml�x�Wxu�F/$)9�xMl�

Definition 2.2 �? (B, V ) l9S[-~b
 T �^(��{P9!ZMF�)D beg &��:�)D end +%:�/��)D:�"90 end �9)D&��:�_?)D*<%:��3
.jM B = (F, P ) y�H�z V � (B, V ) 	N,2_UF�z�9 L

(B,V )
←֓ �� LB

←֓ 9�j�H�z V F L
(B,V )
←֓F���
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.N,2_UFA1#)tGi�^�Æ�xy�H#)��x5j�$9_U�A1F9�#)�
.�H#)8�9 V ��H|�F)z Σ = {σ|σ(x) ∈

D,x ∈ V } �
.A1F#)8�9�xy V ��H|�F)z LB×Σ�!uj�H�
.jM B Ffi$� I �jM�M t � (li, σi)

t
→(li+1, σi+1)Bw'BjBf�x;*C�

t 9 li: (v1, ..., vn) := (t1, ..., tn) goto li+1 �w σi+1 = σi[v1/I(t1)(σi)] · · · [vn/I(tn)(σi)]

t 9 li: (if (e) goto l′ else goto l′′ �
σi+1 = σi w σi |=I e � li+1 = l′ �`� li+1 = l′′

.jMN,2_U T y B Ffi$� I �>[MlN,2_UA1#)F"�pA T
→ �B� (li, σi)

T
→(li+1, σi+1)Bw'BjBf�x;*C�:��M t ∈ T �E (li, σi)

t
→(li+1, σi+1) ��:�Ml�x li F�Mw (li, σi) = (li+1, σi+1) �

.��os�MF�}�>[� T
→ �F T 
SQ* → ��


.r [(li, σi)]i≥0 ��?yAJ
(l0, σ0)(l1, σ1)(l2, σ2)......N,2_U T Ffi�V�#)� LB × Σ 	Ffi?yZJ [(li, σi)]i≥0 V( l0 = beg wS�k i ≥ 0,

(li, σi)→(li+1, σi+1) �
.N,2_U T �0��H#)9 σ0 ��V5C<F#)F�z9 {(l, σ)|(beg, σ0)
∗
→(l, σ)} �
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._U�0��H#)9 σ �F�V���Bw'B:�

σ′ �E (beg, σ)
∗
→(end, σ′) �e���`" � *=m~�

.�;6 ϕ 9_U T F0�#)V(F-��T Sv ϕ F��WMl�B���W� ϕ(σ) → ((beg, σ)
∗
→(end, σ′))

.�;6 ϕ 9_U T F0�#)V(F-��;6 ψ 9S_U T F��#)Fdz� T Sv ϕ y ψ F�^Æ~Wy4}Æ~WMl�B��^Æ~W� ϕ(σ) → ((beg, σ)
∗
→(end, σ′) → ψ(σ′))4}Æ~W� ϕ(σ) → ((beg, σ)
∗
→(end, σ′) ∧ ψ(σ′))

.GqI5jMljm�9u~R`F_UFÆ~W��v � �&!+F,Z_UFN,2���
GqF
(B, V ) y I �
§2.1.3 ~oj�e�`" � *=m~�

.<�th_U�f!U�F=/�

.<�th_U'\�FthpA dtGid%�<�y
��27�3�A1�
u0�-�F\��

.�f!U�F	3	�>[��ax
{−→, :=}jM B = (F, P ) y�H�z V �Ml (B, V ) 	Fth�B�

p −→ (v1, v2, ..., vn) := (e1, e2, ..., en)q� p ∈ QFFB 9fi�>H6Fm�w V ar(p) ⊆ V �
v1, v2, ..., vn ∈ V 9�{� e1, e2, ..., en ∈ TB 9 B 	FJw ⋃n

i=1 V ar(ei) ⊆ V �fith��A1Ffi|$N.�
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Definition 2.3 �? (B, V ) l9�qf�b
r�?=�)

(T,Θ)e" T � (B, V ) lf�9�	MF� Θ ∈ QFFB �.p{P�r�?+5Y29Aqg V ar(Θ) ⊆ V �
.

B F$�~MIthA1\��&{ax�v�axy;6axFul�
.�HF
� σ?�IA1�V��H�`f�6F#)�n7e) σ 9#)�#)F�z9 Σ �
.jB�� B F$� I = (D, I0) 9i*jM�!u^UA1F#)8�9 V ��H|�F)z Σ = {σ|σ(x) ∈

D,x ∈ V } �!uj�H�
.th ϕ −→ (v1, v2, ..., vn) := (e1, e2, ..., en) �#) σ 5�V�Bw'B σ |=I ϕ �
.� t� ϕ −→ (v1, v2, ..., vn) := (e1, e2, ..., en)9fith�r σ

t
→σ′�� t�#) σ5�Vw σ′ = σ[v1/I(e1)(σ)] · · · [vn/I(en)(σ)]�

.r σ→σ′ ���#) σ :�5�Vth t w σ
t
→σ′�#) σ �:�5�Vthw σ′ = σ�


.r [σi]i≥0 ��?yAJ
σ0σ1σ2σ3......<�th_U (T,Θ) 	Ffi�V�#)� Σ 	Ffi?yZJ [σi]i≥0 V( σ0 |=I Θ wS�k i ≥ 0,

σi→σi+1



-5620/4℄<!ur σ → σ′ ��:� t ∈ T �E σ
t
→σ′ �#)�z AF5<#)�z rh(A) 9 {σ′|σ

∗
→σ′, σ ∈ A} �A1F5<#)�z rh(Θ) 9 {σ′|σ

∗
→σ′, σ |=I Θ} �/k��`" � *=m~�
.jMfi#)m� ϕ �A1 M V(	}W� ϕ ��.

M |= 2ϕ �Bw'BA1FZi�V�FZi#)OV( ϕ �Æ ∀σ ∈ rh(Θ).σ |=I ϕ �����`" � *=m~�
.jMfi#)m� ϕ �A1 M V(��IqW� ϕ ��. M |= 3ϕ �Bw'BA1FZi�V�Ot#)V(

ϕ ��v � �&!+F,Z_UF<�th���
GqF (B, V ) y I �
§2.1.4 }:j�e�`" � *=m~�

.;6th_U�f!U�F=/���9f!U�m�FV{)�

.jM B = (F, P ) y�H�z V = {v1, ..., vn} �

.Ml V ′ = {v′|v ∈ V } �
Definition 2.4 �? (B, V ) l9�2f�b
r�?=�)

(ρ,Θ)e" ρ ∈ QFFB �f�C���?+5Y29Aqg
V ar(ρ) ⊆ V ∪ V ′ � Θ ∈ QFFB �.p{P�r�?+5Y29Aqg V ar(Θ) ⊆ V �

.

B F$�~MIthA1\��&{ax�v�axy;6axFul�
.
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� σ?�IA1�V��H�`f�6F#)�n7e) σ 9#)�#)F�z9 Σ �
.jB�� B F$� I = (D, I0) 9i*jM�!u^UA1F#)8�9 V ��H|�F)z Σ = {σ|σ(x) ∈

D,x ∈ V } �!uj�H�
.th ρ �#) σ 5�V�Bw'B:� a1, ..., an �E

σ[v′1/a1] · · · [v
′
n/an] |=I ρ �

.r σ→σ′ �� :� a1, ..., an V( σ[v′1/a1] · · · [v′n/an] |=I ρw σ′ = σ[v1/a1] · · · [vn/an] �� ρ �#) σ �5�Vw
σ′ = σ ��


.r [σi]i≥0 ��?yAJ
σ0σ1σ2σ3......;6th_U (ρ,Θ) 	Ffi�V�#)� Σ 	Ffi?yZJ [σi]i≥0 V( σ0 |=I Θ wS�k i ≥ 0,

σi→σi+1℄<!ur σ → σ′ ��:� t ∈ T �E σ
t
→σ′ �#)�z AF5<#)�z rh(A) 9 {σ′|σ

∗
→σ′, σ ∈ A} �A1F5<#)�z rh(Θ) 9 {σ′|σ

∗
→σ′, σ |=I Θ} �/k��K����?$v-�th_U�>[5j*T	}W�yIqW��`" � *=m~��v � �&!+F,Z_UF;6th���
GqF (B, V ) y I �

§2.1.5 4xe�?H�j	&
I#n�^�y/_U�N,2_U�<�th_UyU�th_U�tO_U5jG�"��
.
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.>[r S n�>�xF,Z��in��9 f �Ml�B

S f(S) �
ǫ end

x := t x := t

T1;T2 f(T1); lT2
: f(T2)

if e then T1 else T2 fi if e then lT1
: f(T1) else lT2

: f(T2) fi

while e do T od while e do lT : f(T ) od

.>[r>�xF,Z S n�N,2_U��in��9
g �Ml�B�q� l(S) 9 S F�x�^��
S g(S) �
end {}

lT {}

lT : x:=t; T1 {lT : x := t goto l(T1);} ∪ g(T1)

lT : if e then T1 else T2 fi; T3 {lT : if (e) goto l(T1) else goto l(T2);} ∪ g(T1; l(T3)) ∪ g(T2; l(T3)) ∪ g(T3)

lT : while e do T1 od; T2 {lT : if (e) goto l(T1) else goto l(T2);} ∪ g(T1; lT ) ∪ g(T2)jM#n�^�y/_U S �� g(beg : f(S)) 9GqFN,2_U�
.�v � j1sN,2_U�*<�th_UF[X�

§2.2 �o!uj�e��p�th_UF\���A1�VF#)8�j
A1F�Vs$� I '0M�℄~F#)8�j
#)��thpAF\�t!v��A1W�F�b�`" � �.Pm
§2.2.1 Kripke e� (KS)j-�th_U�;6th_U91WL�#)8�Æ� Σ �2I#)8��3�\�A1�VF	�d%�t#)��FthpA�j
A1F0�#)�`" � �.Pm
Definition 2.5 �? Kripke b
r�?k�)

〈S,∆, I〉e" S �$yMF� ∆ ⊆ S × S � S l9�hf�C�� I ⊆ S �.p$yM�
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ZK�
r s→s′ ��:�9 s C s′ Fth�Æ (s, s′) ∈ ∆ �r [si]
n
i=0 ��tyZJ

s0s1s2...sn

Kripke _U	FtyO+� S 	FtyZJ [si]
n
i=0 V(S�k 0 ≤ i ≤ n− 1, si→si+1 �

Kripke _U	F?yO+� S 	F?yZJ [si]i≥0 V(S�k i ≥ 0, si→si+1 �
Kripke _U	F�V� Kripke _U	F?yO+ [si]i≥0 V( s0 ∈ I �℄<!ur ∗

→ �� → F4K%Y�
�#)�z A F5<#)�z rh(A) 9 {σ′|s
∗
→s′, s ∈ A} �A1F5<#)�z9 rh(I) �/k��A1F	}W�5r#)�z���#)�z A 	}�Bw'BA1FZi�V�FZi#)O� A ��Æ rh(I) ⊆ A �����A1FIqW�5r#)�z���#)�z A �IqF�Bw'BA1FZi�V�t#)� A ��℄<��	}W�FShW��5<W��#)�z A5<�Bw'BA1F`i�V�F`i#)� A��Æ rh(I)∩

A 6= ∅ �`" � �.Pm
§2.2.2 1J KSsv KS SvA1F\�tv���KS.9��_U�r#)���W�DE{d���s��W�F�z{=��q�$-{d��9I�<y�&F���5r^,��W��

.9Ieor^,��W��>[�Y�#n�F#)y�Xm��bO#)	*CEAs>�9IMl	F���>[�2P�Zi#)	`O��^,�`*C�`" � �.Pm
Definition 2.6 �:�?�%azMF AP ��? AP l9)D KS r�?w�)

〈S,∆, I, L〉e" 〈S,∆, I〉 � Kripke b
� L : S → 2AP �$yMF7 AP 9`M9�m�
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Ffi#n�� L(s) ��� s 	't s *CF|$^,F�z�|$^, p � s 	*CBw'B
p ∈ L(s) �q(^,U�m�F*Cx`+9^,U�F$��

.�|$^,�z AP 	't^,m�F�z9 LAP �>[5jr^,U�Fm���W��jMfi AP 	F�x Kripke _U 〈S,∆, I, L〉 �fi#) s ∈ S V(W�
ϕ ∈ LAP �. M, s |= ϕ �qMl�B�M, s |= ϕ *CBw'B�
C, s |= p � p ∈ AP w p ∈ L(s) �
M, s |= ¬ψ � M, s 6|= ψ �
M, s |= ψ0 ∨ ψ1 � M, s |= ψ0 � M, s |= ψ1 �
M, s |= ψ0 ∧ ψ1 � M, s |= ψ0 w M, s |= ψ1 �
M, s |= ψ0 → ψ1 � M, s |= ψ0 � M, s |= ψ1 �
M, s |= ψ0 ↔ ψ1 � M, s |= ψ0 Bw'B M, s |= ψ1 �� m = {x1, ..., xk} ⊆ AP w AP \m = {y1, ..., yl} �Ml m |= ϕ Bw'B (ϕ1,...,1

x1,...,xk
)0,...,0
y1,...,yl

F�9 1 ��
M, s |= ϕ Bw'B L(s) |= ϕ ��Æ

M Fy`�9 L(M) ⊆ (2AP )ω �Ml�B� u =

u0u1 · · · ∈ L(M) Bw'B M tfi�V r = r0r1 · · · wS't i � ui = L(ri) �Fo�!uSLfim�Sqvfi#)�z�Æ ϕ Sqv#)�z {s|M, s |= ϕ} �r [[ϕ]] ��#)�z {s|M, s |= ϕ} �/k��A1F	}W�5rm����A1V(	}W�
ϕ �Bw'BA1FZi�V�FZi#)OV( ϕ �Æ ∀s ∈ rh(I).(M, s |= ϕ) �Æ ∀s ∈ rh(I).(L(s) |= ϕ) �Æ
rh(I) ⊆ [[ϕ]] �����A1FIqW�5rm����A1V(IqW�
ϕ �Bw'BA1FZi�V�Ot#)OV( ϕ �`" � �.Pm�v � jM (B, V ) 	FthA1 (T,Θ) �B����F�.&X��
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T

a = s0 −→ (y, t, a) := (1, 1, s1)

a = s1 ∧ (x = 0 ∨ t = 0) −→ (a) := (s2)

a = s2 −→ (y, a) := (0, s0)

b = t0 −→ (x, t, b) := (1, 0, t1)

b = t1 ∧ (y = 0 ∨ t = 1) −→ (b) := (t2)

b = t2 −→ (x, b) := (0, t0)

Θ (a = s0 ∧ b = t0 ∧ x = 0 ∧ y = 0 ∧ t = 0)jM$� I 9/&�rF$��j1e�.&XFGqF�x Kripke _U�
§2.2.3 _�1J KS�x KS �2P�Zi#)	`O��^,�`*C�>[5jSq(V=���Zi#)	�	`im��`*C�`" � �.Pm
Definition 2.7 �:�?�%azMF AP ��? AP l9V�)D KS r�?w�)

〈S,∆, I, L〉e" 〈S,∆, I〉 � Kripke b
� L : S → LAP �$yMF7az℄LAqMF9�m�jMfiAP 	F=��xKripke_U 〈S,∆, I, L〉�fi#) s ∈ S V(W� ϕ ∈ LAP �. M, s |= ϕ Bw'B L(s) → ϕ ��Æ
M Fy`�9 L(M) ⊆ (2AP )ω �Ml�B� u =

u0u1 · · · ∈ L(M) Bw'B M tfi�V r = r0r1 · · · wS't i � ui |= L(ri) �/k��A1V(	}W� ϕ ∈ LAP �Bw'BA1FZi�V�FZi#)OV( ϕ �Æ
∀s ∈ rh(I).(L(s) → ϕ) �℄<��A1V(5<W� ϕ ∈ LAP �Bw'B:�5jV( ϕ F5<#)�Æ

∃s ∈ rh(I).(L(s) ∧ ϕ �5V(F) �
§2.2.4 Fi1J Kripke e�Sv Kripke _UU`��dV(#)thpAF?y#)ZJ-�A1Ffi�V�t�}9Il)~I\�A1F�V�>[XdS�V-fMF�ji2fOV(#)"�pAA�z�F?y#)ZJ�
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.�dzeoi2�
F?y#)ZJ�>[Xd�#n���RF*^�Æ��mo�VF-��Mlmo�x

Kripke _U�`" � �.Pm
Definition 2.8 �?Ad)D Kripke b
r�?��)

〈S,∆, I, L, F 〉e" 〈S,∆, I, L〉 r�? AP l9)D Kripke b
� F ⊆

2S �AdÆ�t9MF��
mo�x Kripke_U 〈S,∆, I, L, F 〉 	Ffi�VÆ
Kripke _U 〈S,∆, I〉 	Ffi�V�

.Ml inf(π) 9?FT81E� π �F#)F�z�fimo�x Kripke _U	F�V π = [si]i≥0 �moF�Bw'BS't f ∈ F �
inf(π) ∩ f 6= ∅`" � �.Pm�Æ

M Fy`�9 L(M) ⊆ (2AP )ω �Ml�B� u =

u0u1 · · · ∈ L(M)Bw'BM tfimo�V r = r0r1 · · ·wS't i � ui |= L(si) ��ÆD^��jM M = 〈S,∆, I, L, F 〉 �
.

L(M) 6= ∅ Bw'B M tfimo�V Bw'BtK2
(S,∆) :�s I 5<FvF/^H C wS't f ∈ F �
C ∩ f 6= ∅ �
§2.2.5 4xe�?H�j	&
I Kripke _U��x Kripke _U�=��x Kripke_Uymo�x Kripke_U��^_U��5jG�"���^_U5jsp�thA1�*�1J KS �_�1J KSjM AP 	F=��x KS _U M = 〈S,∆, I, L〉 �>[5jn�fiGqF�x KS _U�

.Ml M ′ = 〈S′,∆′, I ′, L′〉 �B
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S′ = {(s,m)|s ∈ S,m |= L(s)} �
∆′ = {((s,m), (s′,m′))|{(s, s′) ∈ ∆} �
I ′ = {(s,m)|{s ∈ I} �
L′ : L((s,m)) = m �� L(M ′) = L(M) �}:j�e��1J KS

KS 5sty#)F;6th_U�<�th_U�*�� KSs;6th_U�*�KSF#)8�F=Nse_UF�H
q|�Z70M�jM (B, V ) 	F;6th_U (ρ,Θ)�jM B 	F$� I �� V = {v1, ..., vn}wM |v| 9 v 5e|�Fi��#)8�F=N9 |v1| · |v2| · · · |vn| ��r n {)���Zi#)9 〈a1, ..., an〉 q� a1, ..., an ^�9 v1, ..., vn F��th�zs ρ %��� σ, σ′ ∈ Σ �� σ→σ′ �� (〈σ(v1), σ(v2), ..., σ(vn)〉, 〈σ′(v1), σ′(v2), ..., σ′(vn)〉) ∈ ∆ �0�#)�z I k. Θ Ml%��� σ |=I Θ 9
�� 〈σ(v1), σ(v2), ..., σ(vn)〉 ∈ I �SZi�H v ��q�z9 {a1, ..., a|v|} �>[5jn� |v| i^, {p1, ..., p|v|} �Zi^,?� v = a1, v =

a2, ..., v = a|v| �SqFfJ�
.� pv,a ?� v = a �Ml L �B� pxi,a ∈ L(〈x1, ..., xn〉)Bw'B xi = a ��
�>[tfi|$^,�z APyq	F�x Kripke _U M(ρ,Θ) = 〈S,∆, I, L〉 �}:j�e��1J KS ?�TjM (B, V ) 	F;6th_U (ρ,Θ) y B 	F$� I = (D, I0) q� D 9ty�z�jM AP 	F�x

KS _U M = 〈S,∆, I, L〉 �jMfi AP $�C;6�z {v = d|v ∈ V, d ∈ D} $�FffSqpA ζ �;6th_Ux�x KS � ζ H�FBw'BS�k (ρ,Θ)Ffi�V σ0σ1 · · ·:� M Ffi�V s0s1 · · ·V( σi |= (v = d) Bw'B ζ−1(v = d) ∈ L(si) �wS�k M Ffi�V s0s1 · · ·:� (ρ,Θ)Ffi�V σ0σ1 · · ·V( p ∈ L(si) Bw'B σi |= ζ(p) �G��l�jM (B, V ) 	F;6th_U (ρ,Θ) y B 	F$�
I = (D, I0) q� D 9ty�z�jM ζ = {(px,a, (x =

a))|x ∈ V, a ∈ D} ��;6th_U (ρ,Θ) x�x KS _U M(ρ,Θ) � ζ H�F��v � j1sN,2_U�* Kripke _UF[X�



-5620/41J KS m?eh�MehH�
.� M1 = 〈S1,∆1, I1, L1〉 y M2 = 〈S2,∆2, I2, L2〉 9|$^,�z AP 	F�x KS �
.

σ ⊆ S1 × S2 � M1 C M2 F_fpABw'B σ �tK2 〈S1,∆1〉 C 〈S2,∆2〉 F_fpAw σ V(
.� 1 �S't (x, y) ∈ S1 × S2 �� (x, y) ∈ σ � L1(x) =

L2(y) �
.� 2 �S't x ∈ I1 �:� y ∈ I2 V( (x, y) ∈ σ �
.�:�fi�
F σ ��) M2 _f M1 �
.

σ ⊆ S1 × S2 � M1 y M2 	F�_fpABw'B σ �tK2 〈S1,∆1〉 y 〈S2,∆2〉 	F�_fpAw σ V(
.� 1 �S't (x, y) ∈ S1 × S2 �� (x, y) ∈ σ � L1(x) =

L2(y) �
.� 2 �S't x ∈ I1 �:� y ∈ I2 V( (x, y) ∈ σ �wS't y ∈ I2 �:� x ∈ I1 V( (x, y) ∈ σ �
.�:�fi�
F σ ��) M2 x M1 �_f�

§2.3 1Jj��y�#BR
Kripke _U\�F d�#)y#)��F"�pA��pS��XN.�E#)W�I����`O�}N.e�A1\��p�Ff�^�`" � %N�#
_U

.%N��
�
fi��-�fiN.�
�0F��-��0FN.�\�%N��
F!.t,�-XdN.F\��
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§2.3.1 1Jj��y (LTS)`" � �.Pm
Definition 2.9 �?)Df��}r�?w�)

〈Σ, S,∆, I〉e" Σ �)DMF� S �$yMF� ∆ ⊆ S × Σ × S r�?�)D9f�C�� I �.p$yM��
r s
a
→s′ ��:�9 s C s′ F a th�Æ (s, a, s′) ∈

∆ � LTS 	Ffi�V�#)� S 	Ffi?yZJ
[si]i≥0 V( s0 ∈ I wS�k i ≥ 0, :� a ∈ Σ ��E
si

a
→si+1 �$E9�x� Σ 	Ffi&a5� Σ 	Ffi?yZJ�

[ai]i≥1 ∈ Σω ��xthA1 M = 〈Σ, S,∆, I〉 	Ffi&a5Bw'B:� LTS 	Ffi�V π = [si]i≥0 �ES�k i ≥ 0, si
ai+1

→ si+1 � π )9&a5 ω 	Ffi�V��Æ�xthA1 M 	F&a5F�z� M Fy`��9 L(M) �r1Jj��yx KS ?$�>[5j� LTS F#)	��fOT��`" � �.Pm
Definition 2.10 �:�?�%azMF AP ��? APl9)Df�SBr�?��)

〈Σ, S,∆, I, L〉e" 〈Σ, S,∆, I〉 r�?)Df��}� L : S → 2AP �$yM7 AP 9`M9�m�
§2.3.2 ω #BRSv LTS U`��dV(#)thpAF?y#)ZJ-�A1Ffi�V�t�}9Il)~I\�A1F�V�>[XdS�V-fMF�ji2fOV(#)"�pAA�z�F?y#)ZJ�

.�dzeoi2�
F?y#)ZJ�>[Xd�#n���RF*^�>[� LTS F	3	�9q�V��5 �-��Ml ω %N
�
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B

..
uchi #BR9��s��>[CMl�tfi�� �-�F

B
..
uchi %N
�

Definition 2.11 �? B
..
uchi &;Kr�?��)

〈Σ, S,∆, I, F 〉e" 〈Σ, S,∆, I〉 r�?)Df��}� F ⊆ S �&;K9Rs$yM�℄Xq�

B

..
uchi %N
 B = 〈Σ, S,∆, I, F 〉 	F�V-��xthA1 〈Σ, S,∆, I〉 	F�V� B 	F�V π = [si]i≥0�5 �FBw'B

inf(π) ∩ F 6= ∅�Æ
B F�x� Σ 	Ffi&a5 ω = [ai]i≥1 �5 �FBw'B:� ω 	F5 ��V� B 	5 �&a5F�z9 B Fy`��. L(B) �`" � �.Pm_� B

..
uchi #BR9Ieo��Ti �-��>[=� B

..
uchi%N
FMl�� �#)�zf9 �#)�F�z�`" � �.Pm

Definition 2.12 �?V� B
..
uchi &;Kr�?��)

〈Σ, S,∆, I, F 〉e" 〈Σ, S,∆, I〉 r�?)Df��}�F ⊆ 2S �&;K9Rs$yM9MF�℄Xq�
=� B
..
uchi %N
 B = 〈Σ, S,∆, I, F 〉 	F�V-��xthA1 〈Σ, S,∆, I〉 	F�V� B 	F�V π =

[si]i≥0 �5 �F�Bw'BS't f ∈ F �
inf(π) ∩ f 6= ∅#BR?�Tfi%N
H�vLfi%N
Bw'Bq'MlFy`�G0F�G?%N
F�<eDG0�Bw'B�kf?%N
Ffi�BOtfiH�FLf?%N
Ffi�B�

.=� B
..
uchi%N
F�<eDy B

..
uchi%N
�f
F�
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F�&
<���y��
.

A′ � A y B F�%N
��. A = A ∪ B �Bu'B
L(A′) = L(A) ∪ L(B) �

.

A′ � A y B F�%N
��. A = A ∩ B �Bu'B
L(A′) = L(A) ∩ L(B) �

.

A′ � A F�%N
��. A′ = ¬A �Bu'B L(A′) =

Σω \ L(A) �
.jBMl=� B

..
uchi %N
F�y��

.jMGi=� B
..
uchi %N
 B1 = 〈Σ, S1,∆1, I1, F1〉,

B2 = 〈Σ, S2,∆2, I2, F2〉 w S1 ∩ S2 = ∅ ��
F = {f ∪ S2|f ∈ F1} ∪ {f ∪ S1|f ∈ F2}Ml B1 ∪ B2 = 〈Σ, S1 ∪ S2,∆1 ∪ ∆2, I1 ∪ I2, F 〉 ��

L(B1 ∪ B2) = L(B1) ∪ L(B2) �jMGi=� B
..
uchi %N
 B1 = 〈Σ, S1,∆1, I1, F1〉,

B2 = 〈Σ, S2,∆2, I2, F2〉 w S1 ∩ S2 = ∅ ��
∆ = {((q1, q2), a, (q′1, q

′
2))|(q1, a, q

′
1) ∈ ∆1, (q2, a, q

′
2) ∈ ∆2}

F = {f × S2|f ∈ F1} ∪ {S1 × f |f ∈ F2}Ml B1 ∩B2 = 〈Σ, S1 ×S2,∆, I1 × I2, F 〉 �� L(B1 ∩

B2) = L(B1) ∩ L(B2) ��v �f�*T:�=� B
..
uchi %N
	FV{�& ⊕ �E

L(A⊕B) = L(A ∪B) w A⊕B � A ∪B NF5eW�V�*T:�=� B
..
uchi %N
	FV{�& ⊗ �E

L(A⊗B) = L(A ∩B) w A⊗B � A ∩B NF5eW�
.=� B

..
uchi %N
� B

..
uchi %N
Ff�=���=�

B
..
uchi%N
	3	�Sq �-�-(f�=���RMl�>[5jEC Streett %N
� Rabin %N
�

Muller %N
�
Streett #BR`" � �.Pm
Definition 2.13 �? Streett &;Kr�?��)

〈Σ, S,∆, I, F 〉e" 〈Σ, S,∆, I〉 r�?)Df��}� F ⊆ 2S × 2S �&;K9Rs$yM9MF�
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� B = 〈Σ, S,∆, I, F 〉 � Streett %N
� B 	F�V-��xthA1 〈Σ, S,∆, I〉 	F�V� B 	F�V
π = [si]i≥0 �5 �F�Bw'BS't (f, g) ∈ F �

inf(π) ∩ f 6= ∅ → inf(π) ∩ g 6= ∅

Rabin #BR
Rabin%N
F#ny Streett%N
4}f
��� �-�Æwy Streett%N
F �-�GY�jMfi

Rabin%N
 B = 〈Σ, S,∆, I, F 〉�B 	F�V π = [si]i≥0�5 �F�Bw'B:� (f, g) ∈ F �
inf(π) ∩ f 6= ∅ ∧ inf(π) ∩ g = ∅

Muller #BR
Definition 2.14 �? Muller &;Kr�?��)

〈Σ, S,∆, I, F 〉e" 〈Σ, S,∆, I〉 �f��}�F ⊆ 2S �&;K9Rs$yM9MF�℄Xq�
� B = 〈Σ, S,∆, I, F 〉 � Muller %N
� B 	F�V-��xthA1 〈Σ, S,∆, I〉 	F�V� B 	F�V
π = [si]i≥0 �5 �F�Bw'B

inf(π) ∈ FQ�j�?_� B
..
uchi #BRj	%N
F �-�O�#)�z�>[e5j� �-�Ml�th	�jBMl	vthF=� B

..
uchi%N
�`" � �.Pm

Definition 2.15 J�f�9V� B
..
uchi &;Kr�?��)

〈S,Σ,∆, I, F 〉e" 〈Σ, S,∆, I〉 r�?)Df��}� F ⊆ 2∆ rRsf�MF�℄Xq�
r [(si, ai+1, si+1)]i≥0 ��
(s0, a1, s1)(s1, a2, s2)(s2, a3, s3) · · ·

.Ml inf([(si, ai+1, si+1)]i≥0)9?FT81E� [(si , ai+1, si+1)]i≥0�FthF�z�
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.	vthF B

..
uchi %N
 B = 〈Σ, S,∆, I, F 〉 	F�V-��xthA1 〈Σ, S,∆, I〉 	F�V� B 	F�V π =

[si]i≥0 �5 �F�Bw'B:� Σ 	F&a5 [ai]i≥1�ES't f ∈ F �
inf([(si, ai+1, si+1)]i≥0) ∩ f 6= ∅℄Xq$E9fi&a5 [ai]i≥1 �5 �FBw'B:� [ai]i≥1	F�V [si]i≥0 ��ES't f ∈ F �
inf([(si, ai+1, si+1)]i≥0) ∩ f 6= ∅2<ga9y`F�P�B

..
uchi %N
�=� B

..
uchi %N
�

Streett%N
�Rabin%N
�Muller%N
x	vthF B
..
uchi =�%N
F�<eDG0�wO��_�F��ÆD^��Æ0I
L(A) ⊆ L(B) Bw'B L(A) ∩ (Σω \ L(B)) = ∅ Bw'B L(A ∩ ¬B) = ∅ �

§2.3.3 1JW;j��y�W;#BR�xthA1FZiN.q~[#)5etTi�AZ8�V�e9q�\�fi#)�S�?thA1Ff�=���q5j\�Ti~[#)��
=�FthA1Ff8�V5j��##n�`" � �.Pm1JW;j��y (ATS)

Definition 2.16 �?)DQ4f��}r�?w�) 〈Σ, S,∆, I〉�e" Σ �;+MF� S �$yMF�∆ ⊆ S ×Σ× 2S �)D9f�C�� I ��}.p$y9MF�$E9m?�
jMfi Σ 	F?F'F&a5 ω = a0a1a2... ��x�;thA1� ω 	Ffi�V�#)� S 	Ff3� r �� r(0) 9 r Fk"LF�L�� r(i) 9 r FJ i""LF�z� child(x) 9"L x F$"LF�z�r
∆(x, a) ���z {y|(x, a, y) ∈ ∆} � r V(jB-��
r(0) ⊆ I� x ∈ r(i) 9J i "Ffi"L�� child(x) ∈ ∆(x, ai)� ∆(x, ai) 
u8��� x 5jYt$"L�
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#)� S 	Ff3� r��x�;thA1 〈Σ, S,∆, I〉Ffi�VBw'B:�fi Σ 	F?F'F&a5 ω =

a0a1a2...�E r ��x�;thA1� ω 	Ffi�V�
§2.3.4 r1JW;j��yx KS ?$�>[5j� ATS F#)	��fOT��
Definition 2.17 �:�?�%azMF AP ��? APl9v)DQ4f��}r�?��)

〈Σ, S,∆, I, L〉e" 〈Σ, S,∆, I〉 r�?)DQ4f��}�L : S → 2AP�$yM7 AP 9`M9�m�`" � �((	9��W; B
..
uchi #BR

Definition 2.18 �?Q4 B
..
uchi &;Kr�?��)

〈Σ, S,∆, I, F 〉e" 〈Σ, S,∆, I〉 r�?)DQ4f��}� F ⊆ S �&;K9Rs$yM�℄Xq�
�; B
..
uchi %N
 B = 〈Σ, S,∆, I, F 〉 �	F�V-��x�;thA1 〈Σ, S,∆, I〉 	F�V� B Ffi�V� r �5 �F�Bw'B r F't?yO+ ρ V(

inf(ρ) ∩ F 6= ∅2<ga&a� Σ 	Ffi&a5 ω �5 �FBw'B:� ω 	F5 ��V���; B
..
uchi %N
x B

..
uchi %N
F�<eDG0�

§2.3.5 lA�#BR�DlA�#BR
ω- %N
sthA1y �-�)*��0F �-�MlI�0F%N
�>[e5jSthA1^?�EC~MU%N
y\~MU%N
�~MU%N
F0�#)�tfiwqthpA�jBF��

(s, a, s′), (s, a, s′′) ∈ ∆ → s′ = s′′jMfi&a5�S~MU%N
>���tx�lkF�V���
F�V�8fF�2<ga~MU Muller %N
��_�F�q�<eDx\~MU Muller %N
G0�~MU B
..
uchi %N
���_�F�



-5620/4�d � ���
§2.3.6 4xe�?H�j	&
I�0?UF%N
��^%N
_UH�vmo�x Kripke _U�j	F\~MU%N
O5j�G"��Æ-y`H��Fi1J Kripke e��_� B

..
uchi #BRjMAP 	Fmo�xKripke_UM = 〈S,∆, I, L, F 〉�Ml

Σ = 2AP

∆′ = {(s, a, s)|(s, s′) ∈ ∆, a = L(s)}Ml=� B
..
uchi %N
 B = 〈Σ, S,∆′, I, F 〉 �� L(B) =

L(M) �_� B
..
uchi #BR� B

..
uchi #BRjM=� B

..
uchi%N
 B = 〈Σ, S,∆, I, {f1, ..., fn}〉�Ml

n(s, i) = if (i = n) then 0; else if (s ∈ fi+1) then i+ 1; else i.

S′ = S × {0, ..., n}

∆′ = {(s, i), a, (s′, n(s′, i))|(s, a, s′) ∈ ∆, i ∈ {0, ..., n}}

I ′ = I × {0}

F ′ = S × {n}Ml B
..
uchi%N
 B′ = 〈Σ, S′,∆′, I ′, F ′〉�� L(B′) =

L(B) �Q�j�?_� B
..
uchi #BR� B

..
uchi #BRjM	vthF=� B

..
uchi%N
 B = 〈Σ, S,∆, I, F 〉�Ml

n(s, a, s′, i) = if (i = n) then 0; else if ((s, a, s′) ∈ fi+1) then i+ 1; else i.

S′ = S × {0, ..., n}

∆′ = {(s, i), a, (s′, n(s, a, s′, i))|(s, a, s′) ∈ ∆, i ∈ {0, ..., n}}

I ′ = I × {0}

F ′ = S × {n}Ml B
..
uchi%N
 B′ = 〈Σ, S′,∆′, I ′, F ′〉�� L(B′) =

L(B) �
.s B

..
uchi%N
�e5n�y`x�G0F	vthF=� B
..
uchi%N
�n7	vthF=� B

..
uchi%N
F�<eDy B

..
uchi %N
�f
F�



-5620/4�v �f�jMfi B
..
uchi %N
�n�fi Muller %N
�Ee Muller %N
y B

..
uchi %N
��Fy`G0�V�jMfi Muller %N
�n�fi B

..
uchi %N
�Ee B

..
uchi %N
y Muller %N
��Fy`G0�

§2.4 nUj��yKP6�ySfOA1�>[2IpAA1F9�#)3�5e�pS�fi#)-[F��A�Gi#)��FfOH���`" � %N�#
_U
§2.4.1 nUj��y (TTS)9Ieo\�thN.����'QFF��>[Xd�_U�����Fgg�`" � �.Pm

.��FF�s���H	Fm����� X 9���HF�z�Q 9��&HF�z���m�F�z Φ(X)sjByXj1�
φ ::= x ≤ c|c ≤ x|¬φ|φ ∧ φq� x ∈ X 9���H� c ∈ Q 9��&H�fi��
� v �fi X C R Fv��

.r v + t ��S't x ∈ X V( v′(x) = v(x) + t F��
� v′ �

.r t · v ��S't x ∈ X V( v′(x) = t · v(x) F��
� v′ �

.r [Y → t]v ��S't x ∈ X \ Y V( v′(x) = v(x) yS't x ∈ Y V( v′(x) = t F��
� v′ �
Definition 2.19 �?nOf��}r�?��)

〈Σ, S,X,∆, I〉e" Σ �'
*�S �$yMF�X �n#(YMF�
∆ ⊆ S × Σ × 2X × Φ(X) × S �f�C�� I ∈ S ��}.p$y9MF��y!u� V = X → R 9��
�F�z�fiA1#)9
S × V Ffi{%�



-5620/4nU$E9m?�
fi��&a59 Σ × R 	F?yZJ�9[�s��eQ* (σ, τ) = ([σi]i≥1, [τi]i≥1) ∈ Σω × Rω q�q�
τ V(S't i, τi+1 > τi wS�k t ∈ R :� i, τi > t �t�}n�_Xd� τi+1 > τi 5j��* τi+1 ≥ τi �Ml τ0 = 0 ���thA1 〈Σ, S,X,∆, I〉 ���&a5 (σ, τ) = [(σi, τi)]i≥1 ∈ (Σ×R)ω 	Ffi�V�#)� S × V 	Ffi?yZJ [(si, vi)]i≥0 V(
s0 ∈ I,S't x ∈ X ,v0(x) = 0,S�k i ≥ 0 �:� λ ⊆ X , ϕ ∈ Φ(X), (si, σi+1, λ, ϕ, si+1) ∈ ∆ �E
(vi + τi+1 − τi) V( ϕ w vi+1 = [λ→ 0](vi + τi+1 − τi) ��


S×V 	Ffi?yZJ r���thA1 〈Σ, S,X,∆, I〉fi�VBw'B:�fi��&a5 (σ, τ) �E r ���thA1� (σ, τ) 	Ffi�V���thA1F#)5<W=,Fd�P� PSPACE 4}F�`" � �.Pm�`" � ��thA1�
§2.4.2 nU B

..
uchi #BR (TA)

Definition 2.20 �?nO B
..
uchi &;Kr�?\�)

〈Σ, S,X,∆, I, F 〉e" 〈Σ, S,X,∆, I〉 B,�?nOf��}� F ⊆ S �&;K9Rs$yM�℄Xq�
�� B
..
uchi %N
 B = 〈Σ, S,X,∆, I, F 〉 �fi��&a5 (σ, τ) 	F B F�V r = (s, v) �5 �F�Bw'B inf(r) ∩ F 6= ∅ �q� inf(r) ?�?FT81E��V r �F#)F�z�℄XqnU$E9�fi��&a5 (σ, τ) 	:� B F5 ��V��) (σ, τ) �5 ��B 	5 ���&a5F�z9 BFy`��. L(B) �

.��%N
��y�_�F�A���_�F���%N
Fy`\8=,Fd�P� PSPACE 4}F�`" � ��%N
 1 �`" � ��%N
 2 �



-5620/4�v � �t|���R��a�FTxG�dzTxGF��g89R�|���R�|���RH�w�GF'P9 1 �RGF'P�Nv 10 �|GF'P�Nv
10, ���pR�|��F''P9 30 ���fiTxG��F_U�e`��fi_U�ERGy|GF'P��{vf��
§2.4.3 P6j��y`" �  H��*thA1���thA1Ff�=/�� X =

{x1, ..., xn} 9���HF�z�� Φ(X) 9 X 	;6F�z�� ⊎(X) : X → (Rn → R) 9mv�F�z��
·

X = {
·
x1, ...,

·
xn} �

Definition 2.21 �?I,f��}r�?\�)
〈Σ, S,X,∆, I, f low〉e" Σ �'
*�S �$yMF�X �ou(YMF�

∆ ⊆ S×Σ×⊎(X)×Φ(X)×S �f�C��I ∈ S× (2R)n��}.p$y9MF� flow : S → Φ(X ∪
·

X) �_?$y)l�?�}(Y(G9�t{P��y!uK!u?j�� V = X → R 9�H
�F�z�fiA1#)9 S × V Ffi{%�9[�s��r v ∈ V ��
(v(x1), ..., v(xn)) ∈ Rn �S δ ∈ R≥0 �r (s, v)

σ
→(s, v′) �� v′ V(jB-��:�fi56v� f : [0, δ] → Rn yqf!6^ .

f :

(0, δ) → Rn V( f(0) = v, f(δ) = v′ w
∀ζ ∈ (0, δ).f low(s)[X/f(ζ)][

.

X/
.

f(ζ)] = true.r (s, v)
σ
→(s′, v′) �� (s′, v′) V(jB-��:�

λ ∈ ⊎(X), ϕ ∈ Φ(X), (s, σ, λ, ϕ, s′) ∈ ∆ w {z1, ..., zk} =

dom(λ)�E vV( ϕw v′ = v[z1/λ(z1)(v)] · · · [zk/λ(zk)(v)]�nU$E9m?�
fi��&a59 Σ×R	F?yZJ��*thA1 〈Σ, S,X,∆, I, f low〉���&a5 (σ, τ) = [(σi, τi)]i≥1 ∈

(Σ ×R)ω 	Ffi�V�#)� S × V 	Ffi?yZJ [(si, vi)]i≥0 V( (s0, v0) ∈ I wS�k i ≥ 0 �:� v′i�E (si, vi)
τi+1−τi

→ (si, v
′
i) w (si, v

′
i)

δi+1

→ (si+1, vi+1) ��

S×V 	Ffi?yZJ r��*thA1 〈Σ, S,X,∆, I, f low〉fi�VBw'B:�fi��&a5 (σ, τ) �E r ��*thA1� (σ, τ) 	Ffi�V�
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§2.5 Petri |

Petri 5F+L�q5j\�
�W�q	�d%t:'�th�F :'ythFtK��s:'(�thF�5j1*���-��sth(�:'F�5j1*�thF�1�`" � �.Pm
Definition 2.22 �? Petri �r�?w�)

〈P, T, F,M0〉e" P �UxMF�T �f�MF�F ⊆ (P×T )∪(T×P )�'9MF� M0 : P → N �.p$y�e" N �&iuMF��y!ufiA1#)9 P → N Ffiv���S't:'Ffi
��j�Ml ◦p(t) = {p ∈ P |(p, t) ∈ F} y p◦(t) = {p ∈

P |(t, p) ∈ F} �th t ∈ T �#) M �5�VF�Bw'B��-�V(�Æ ∀p ∈◦ p(t),M(p) ≥ 1�r M
t
→M ′�� t ∈ T �#) M �5�Vw ∀p ∈ P � M ′(p) =

M(p) − α0(p, t) + α1(p, t) q�
α0(p, t) = 1 Bw'B p ∈◦ p(t)

α1(p, t) = 1 Bw'B p ∈ p◦(t)`" � �.Pm�`" � t=,F�.Pm�℄<!ujM Petri 5 Q = 〈P, T, F,M0〉 �r M→M ′ ��:� t ∈ T �E M
t
→M ′ *C�� Q F5<#)�z5��9 {M |M0

∗
→M}�Petri5F#)5<W=,Fd�P�5jMFw� EXPSPACE 
F�/k Petri |

Petri 5 〈P, T, F,M0〉 � k %F�Bw'BSq't5<#) M t ∀p ∈ P.M(p) ≤ k � 1 % Petri 5)9	} Petri 5�	} Petri 5F#)5<W=,Fd�P�
PSPACE 4�F��v ��t#i�%� A �B�C �DyfiL℄� E�r Petri 5\�jBt,� A �.I�%K� a � B �.I�%K� b � C �r a y b �%K� c � D �r ay c �%%n d � E �.IL℄%n d �
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§2.6 w��y/TA1_Ur>�<Ti(,/t/D��T�(V9�y�&Ft,�Zi(,d�t#)y#)th�#)thF|n5j�d�������1�`" � �.Pm
§2.6.1 w>
Definition 2.23 �:�?W
 〈S,N〉 e" S �'
*9� N �&iu��?W
� 〈S,N〉 9|8 m �N+
m ∈ 〈S,N〉 �r�? �� ⋃N

i=0{〈x1, ..., xi〉|xi ∈ S} 9(Y�/D#)��/DFjM
���9 σ �� m ∈

〈S,N〉 �� σ(m) ∈
⋃N

i=0{〈x1, ..., xi〉|xi ∈ S} �/D#)8�9/D#)F�z��9 Σ �pV� m ∈ 〈S,N〉��x mGpF���z α(m)Ml9
α(m) = {m?s|s ∈ S}∪{m!s|s ∈ S}�� C = {m1, ...,mn}9/D�z��x C GpF���z9 α(C) = α(m1) ∪

· · · ∪ α(mn) �x/D?pFd����9 {ǫ} �℄�
pVSv x = 〈x1, ..., xn〉�Ml |x| = n, x ⊢ s = 〈x1, ..., xn, s〉,

HEAD(x) = x1, TAIL(x) = 〈x2, ..., xn〉 �jMfi/D#) σ yfi/D m ∈ 〈S,N〉 ��jBfJ*C�
a ∈ α(m) ∪ {ǫ} 5�V�

a = ǫ

a = m!s w |σ(m)| < N w s ∈ S

a = m?s w |σ(m)| > 0 w s = HEAD(σ(m))jM σ ∈ Σ,m ∈ 〈S,N〉,a ∈ α(m) �r σ
a
→σ′ �� a� σ 5�Vw� a = ǫ � � σ′ = σ� a = m!s � � σ′ = σ[m/σ(m) ⊢ s]� a = m?s � � σ′ = σ[m/TAIL(σ(m))]

§2.6.2 w�=�
Definition 2.24 �?|�6�r�?w�)

〈Q,C,∆, q0〉e" Q �$yMF� C �|8MF� ∆ ⊆ Q× {α(C) ∪

{ǫ}} ×Q �)D9f�C�� q0 ∈ Q �.p$y�



-5620/4�y!ujMfi/T�{ 〈Q,C,∆, q0〉 �A1#)sG�^)* (s, σ) q� s ∈ Q 99�#)� σ ∈ Σ 9/D#)��
th (q, a, q′) � (s, σ) 5�V�Bw'B q = s w a� σ 5�V�� C = {m1, ...,mk}�fi�V� Q×Σ	Ffi?yZJ [(zi, σi)]i≥0 V( z0 = q0, σ0(m1) = · · · =

σ0(mk) = 〈〉 wS�k i ≥ 0,:� (q, a, q′) ∈ ∆

(q, a, q′) � (zi, σi) 5�V
zi+1 = q′ w σi

a
→σi+1

§2.6.3 w��y
Definition 2.25 �?|��} {P1, ..., Pn} r�|�6� P1 = 〈Q1, C1,∆1, q10〉, ..., Pn = 〈Qn, Cn,∆n, qn0〉 ),9MF�e" Q1, ..., Qn �XX+
Q9MF��y!uMl S1 ⊗ · · · ⊗ Sn = {{s1, ..., sn}|s1 ∈ S1, ..., sn ∈

Sn} �/TA1FA1#)F�z9
(Q1 ⊗ · · · ⊗Qn) × Σ�
fith (q, a, q′) ∈ ∆1 ∪ · · · ∪∆n �#) (Q, σ) 5�VBw'B q ∈ Q w a � σ 5�V�� C1 ∪ · · · ∪ Cn =

{m1, ...,mk}�fi�V� (Q1⊗· · ·⊗Qn)×Σ	Ffi?yZJ [(zi, σi)]i≥0 V( z0 = {q0, ..., qn}, σ0(m1) = · · · =

σ0(mk) = 〈〉 wS�k i ≥ 0,:� (q, a, q′) ∈ ∆1 ∪ · · · ∪ ∆n

(q, a, q′) � (zi, σi) 5�V
zi+1 = (zi \ {q}) ∪ {q′} w σi

a
→σi+13Ct"jMGi/T�{ P1 = 〈Q1, C1,∆1, q10〉, P2 = 〈Q2, C2,∆2, q20〉w Q1 ∩Q2 = ∅ � P1 y P2 F�WMl�B

P1||P2 = 〈Q1 ⊗Q2, C1 ∪C2,∆, {q10, q20}〉q�
∆ = {({q1, q2}, a, {q

′
1, q2})|(q1, a, q

′
1) ∈ ∆1}∪{({q1, q2}, a, {q1, q

′
2})|(q2, a, q

′
2) ∈ ∆2}�W&$V(#zQy��Q�`" � �.Pm�



,.13`" � /TPm 1 �`" � /TPm 2 ��v � jM/T�{ P1, ..., Pn �� P = P1|| · · · ||Pn �
P F�V�zy/TA1 {P1, ..., Pn} F�V�zG0�
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