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§3.1 tvfw\Q (LTL)luAz�
 (Linear Temporal Logic) Pr.Fg\�t-.2T�eS#&l.Pg�luAz�
��p��(W�
�
!�
�e-S&L2T.�
&;�
§3.1.1 `mtvfw\Q (PLTL)d#i��p��(W�
;.luAz�
�f(WluAz�
�h9 PLTL � J4�I�3(WdY AP � PLTL MD.dY��h�>J��

φ ::= ⊥ | ⊤ | p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ |O φ | 3 φ | 2 φ | φ U φ | φ R φ-- p a AP -7	(W� PLTL MD�ek2Tz�;xH�? S a2TdY�
π = π0π1π2 · · · a�Iek2Tz��d#� πk 
�E πk �C.2Tz� πkπk+1 · · · � S -.2T;��.(W��3(Wd AP ;. Kripke wN M = 〈S,∆, I, L〉 �4� PLTL MD.�
8h�

M,πk |= p 9 p = ⊤, _ p ∈ AP 2 p ∈ L(πk)

M,πk |= ¬ϕ 9 M,πk 6|= ϕ

M, πk |= ϕ ∨ ψ 9 M,πk |= ϕ _ M,πk |= ψ

M, πk |= ϕ ∧ ψ 9 M,πk |= ϕ 2 M,πk |= ψ

M, πk |= ϕ→ ψ 9 M,πk |= ϕ � M,πk |= ψ

M, πk |= ϕ↔ ψ 9 M,πk |= ϕ→ ψ 2 M,πk |= ψ → ϕ

M, πk |= Oϕ 9 M,πk+1 |= ϕ

M, πk |= 2ψ 9 ∀i ≥ k,M, πi |= ψ

M, πk |= 3ϕ 9 ∃i ≥ k,M, πi |= ϕ

M, πk |= ϕUψ 9 ∃i ≥ k,M, πi |= ψ 2 ∀k ≤ j < i,M, πj |= ϕ

M, πk |= ϕRψ 9 ∀i ≥ k, 9 ∀k ≤ j < i,M, πj 6|= ϕ � M,πi |= ψ? ϕ a PLTL MD� M a Kripke wN�
M |= ϕ*2z* :R� M .�t π = π0π1 · · · �� M,π |= ϕ �



§3 �Æ�	 2alk�AEbKr| NNF Gg)B��
�uD ∧,∨,¬ 2�
�uD ¬ )�j�(W0%.MD�a NNF ?D�"I
PLTL MD/k��I PLTL . NNF ?D� �I PLTL . NNF ?D�
��h:+PgN��

(2p) ≡ ¬(3¬p)

(pRq) ≡ ¬(¬pU¬q)

(Op) ≡ ¬(O¬p)alk�APupdS���;:+.Q3&^�d#��h/D�
2p ≡ (⊥Rp)

3p ≡ (⊤Up)�" {O,U} N� PLTL )TQ3.�I_5d�2Fbp_5d�
§3.1.2 PLTL IgAo[� {O,U,2,3} a PLTL MD.)TQ3d� PLTL .℄�g\�U�h:�B���Ba PLTL MDmP.Az�
M�����Ba(W�
.℄�g\�1:�BaAz℄�Q��Bz;H�I[

2¬p↔ ¬3p

2(p→ q) → (2p → 2q)

2p→ p

2p→ Op

2p→ O2p

2(p→ Op) → (p→ 2p)

O¬p↔ ¬Op

O(p→ q) → (Op → Oq)

(pUq) ↔ (q ∨ (p ∧O(pUq))

(pUq) → 3qBF;H�`m\Qo[rn8T p F/~D�� p FM��8T ⊢ p→ q 2 ⊢ p �� ⊢ q� MP Q���Be;H�fwo[L~8T ⊢ p �� ⊢ 2p��\Q���Y
Cv
PLTL MD.� 5uF�,4.�-,4F�ua PSPACE _5� )�yAzQ3 2X 3 . PLTL MD.3dha PLTL(F) � PLTL(F) .,4F�ua NP _5�
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§3.1.3 zVtvfw\Q�vluAz�
�f��v�

&L2Tu,��F�,4.��2�$�_	.�vluAz�
.℄�g\�)-�&*�t1�*O�&L;.u,�����GY℄�.�z�#-� J4�I�v�
 LB � LB ;.�vluAz�
MD.dY��h�>J��
φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ |O φ | 3 φ | 2 φ | φ U φ | φ R φ-- p a LB .7	MD� �vluAz�
MD�ek2Tz�;xH�? S a2TdY� π = π0π1π2 · · · a�Iek2Tz�� S -2T.wNe�-&;��.MD�4��v�
 LB ��vluAz�
MD.�
8h�
M,πk |= p 9 p F LB .MD2 M,πk |= p

M, πk |= ¬ϕ 9 M,πk 6|= ϕ

M, πk |= ϕ ∨ ψ 9 M,πk |= ϕ _ M,πk |= ψ

M, πk |= ϕ ∧ ψ 9 M,πk |= ϕ 2 M,πk |= ψ

M, πk |= ϕ→ ψ 9 M,πk |= ϕ � M,πk |= ψ

M, πk |= ϕ↔ ψ 9 M,πk |= ϕ→ ψ 2 M,πk |= ψ → ϕ

M, πk |= Oϕ 9 M,πk+1 |= ϕ

M, πk |= 2ψ 9 ∃i ≥ k,M, πi |= ψ

M, πk |= 3ϕ 9 ∃i ≥ k,M, πi |= ϕ

M, πk |= ϕUψ 9 ∃i ≥ k,M, πi |= ψ 2 ∀k ≤ j < i,M, πj |= ϕ

M, πk |= ϕRψ 9 ∀i ≥ k, 9 ∀k ≤ j < i,M, πj 6|= ϕ � M,πi |= ψo[L~d#� ϕ⇒ ψ �E 2(ϕ→ ψ) �J4�I B = (F, P ) X B .xH I �K��vAz�
MD.�
�d#��h℄�Q��
• ��\�

|= ϕ

2ϕ

ϕ⇒ ψ

ϕ⇒ ϕUψ

ϕ⇒ Oψ

ϕ⇒ ϕUψ

• R Q��
ζ ⇒ ϕ

ϕ ∧ ¬ψ ⇒ Oϕ

ζ ⇒ ψRϕ

• U Q��
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ w
e
x)

(ζ ∧ e = v) ⇒ ζ0U(ψ ∨ (ζ ∧ e < v))

ϕ⇒ ζ0Uψ-- ⊑∈ P a=�
!DW� w ∈ QFFB a��
!MD (h-��a x) 2 W =

({σ(x) | I(w)(σ) = true}, I0(⊑)) a�`dY� e ∈ TB ao�



§3 �Æ�	 4zVtvfw\QAZ��;�vluAz�
.)TQ36F9��MD;�L{���d#���y O Q3��o;�"��d#w�vG M,πk |= p .4
�? p F LB .�3MD���
M,πk |= p(Oi1x1, ..., O

inxn) 9 O �� p -.-Sb*�j2 M,πk |= p(πk+i1 (x1), ..., πk+in
(xn))

M,πk |= p(Of(Oi1x1, ..., O
inxn)) 9 M,πk |= p(f(Oi1+1x1, ..., O

in+1xn))

§3.2 Tki\Q CTLgQM�
 (Computation Tree Logic) F�.B$Az�
� g\.�*.�t����F�IM.wN�f�I2T�*�;IZ{2T��Ig\���_;�M6��gQM�
��&LgQM.B$3�X2T.0ZPg� d#i���.m(.gQM�
�f
CTL � CTL -&LB$3�X&L2T.0ZPg.Q3�:�j�f�I&LB$3�.Q3Z%
x��I&L2T.0ZPg.Q3� gQM�
��p��(W�
�
!�
�e-S&L2T.�
&;��"��d#)��(W�
&;.gQM�
� J4�I�3(WdY AP � CTL MD.dY��h�>J��

φ ::= ⊤ | ⊥ | p | ¬φ | φ ∧ φ | φ ∨ φ |

EX φ |EF φ |EG φ |E(φ U φ) | E(φ R φ) |

AX φ | AF φ | AG φ | A(φ U φ) |A(φ R φ)-- p a AP -7	(W�al(.n��
�uD → X ↔ !��j�;%.MD4
-�)d#��K�-Z�.�
4�B�� CTL MD��IM2wN_ Kripke wN;xH�? M = 〈S,∆, I, L〉 F�3(Wd AP ;. Kripke wN� CTL MD.�
8h�
M, s |= p 9 p = ⊤, _ p ∈ AP 2 p ∈ L(s)

M, s |= ¬ϕ 9 M, s 6|= ϕ

M, s |= ϕ ∨ ψ 9 M, s |= ϕ _ M, s |= ψ

M, s |= ϕ ∧ ψ 9 M, s |= ϕ 2 M, s |= ψ

M, s |= Aϕ 9:�R� M -� s a.2.�| π � M,π |= ϕ

M, s |= Eϕ 9$� M -� s a.2.�| π � M,π |= ϕ

M, π |= Xϕ 9 M,π1 |= ϕ

M, π |= Gψ 9 ∀i ≥ 0,M, πi |= ψ

M, π |= Fϕ 9 ∃i ≥ 0,M, πi |= ϕ

M, π |= ϕUψ 9 ∃i ≥ 0,M, πi |= ψ 2 ∀0 ≤ j < i,M, πj |= ϕ

M, π |= ϕRψ 9 ∀i ≥ k, 9 ∀0 ≤ j < i,M, πj 6|= ϕ � M,πi |= ψ? ϕ a CTL MD� M a Kripke wN�
M |= ϕ*2z* :R� s ∈ I � M, s |= ϕ �



§3 �Æ�	 5alk�AEbKr| NNF Gg�
�uD ¬ )�j�(W0%.MD�a NNF ?D�"I CTL MD/k��I CTL. NNF ?D��I CTL . NNF ?D�
��h:+PgN��
AXp ≡ ¬EX¬p

AGp ≡ ¬EF¬p

AFp ≡ ¬EG¬p

A(pRq) ≡ ¬E(¬pU¬q)

A(pUq) ≡ ¬E(¬pR¬q)alk�A�updS���;:+.Q3&^�d#��h/D�
EGp ≡ E(⊥Rp)

E(pRq) ≡ E(qU(p ∧ q)) ∨ EGq�" {EX,EG,EU} N� CTL )TQ3.�I_5d�2Fbp_5d�
§3.2.1 CTL IgAo[� {EX,EU,EG,EF,AX,AU,AG,AF, } a CTL MD.)TQ3d� CTL .℄�g\�U�h:�B���Ba CTL DmP.Az�
M�����Ba(W�
.℄�g\�1:�BaAz℄�Q��Bz;H�I[

EFp↔ E(⊤Up)

AGp↔ ¬EF¬p

AFp↔ A(⊤Up)

EGp↔ ¬AF¬p

EX(p ∨ q) ↔ EXp ∨ EXq

AXp↔ ¬EX¬p

E(pUq) ↔ (q ∨ (p ∧ EXE(pUq))

A(pUq) ↔ (q ∨ (p ∧AXA(pUq))

EX⊤∧AX⊤

AG(r → (¬q ∧EXr)) → (r → ¬A(pUq))

AG(r → (¬q ∧EXr)) → (r → ¬AFq)

AG(r → (¬q ∧ (p→ AXr))) → (r → ¬E(pUq))

AG(r → (¬q ∧AXr)) → (r → ¬EFq)

AG(p→ q) → (EXp→ Exq)BF;H�`m\Qo[rn8T p F/~D�� p FM��8T ⊢ p→ q 2 ⊢ p �� ⊢ q� MP Q���Be;H�fwo[L~8T ⊢ p �� ⊢ AGp��\Q���



§3 �Æ�	 6Y
Cv
CTL MD.� 5uF�,4.�-,4F�ua EXPTIME _5�

§3.2.2 CTL Ig|�lSM�� CTL MD�2T;xH�J4�I KripkewN M = 〈S,∆, I〉 �J4.�IMD ϕ �
S .3d {s ∈ S |M, s |= ϕ} ha [[ϕ]M ] �? A ⊆ S �4


ex(A) = {s ∈ S | ∃s′ ∈ S, (s, s′) ∈ ∆ ∧ s′ ∈ A}d#��h/D�
[[p]M ] = {s | p ∈ L(s)}

[[¬p]M ] = S \ [[p]M ]

[[p ∨ q]M ] = [[p]M ] ∪ [[q]M ]

[[p ∧ q]M ] = [[p]M ] ∩ [[q]M ]

[[EXp]M ] = ex([[p]M ]):� EG X EU �d#��h/D�
EGp ≡ p ∧ EXEGp

E(pUq) ≡ q ∨ (p ∧ EXE(pUq))f
[[EGp]M ] = [[p]M ] ∩ ex([[EGp]M ])

[[E(pUq)]M ] = [[q]M ] ∪ ([[p]M ] ∩ ex([[E(pUq)]M ])aAÆ.n�d#'uq p, q �� S .3d�)TQ3X�
�uD��F 2S ;.VO� "�� EGp X E(pUq) ~B�F τ1(Z) = p ∧ EX(Z) X τ2(Z) = q ∨ (p ∧ EX(Z)) .�52� 2 EGp F τ1 .7'�52�f EGp = νZ(p ∧ EXZ) � E(pUq) F τ2 .7p�52�f E(pUq) = µZ(q ∨ (p ∧EXZ)) � ÆP0�-S)TQ3�����52�E�
AFp = µZ(p ∨AXZ)

AGp = νZ(p ∧AXZ)

EFp = µZ(p ∨ EXZ)

EGp = νZ(p ∧EXZ)

A(pUq) = µZ(q ∨ (p ∧AXZ))

A(pRq) = νZ(q ∧ (p ∨AXZ))

E(pUq) = µZ(q ∨ (p ∧ EXZ))

E(pRq) = νZ(q ∧ (p ∨ EXZ))? ϕ a CTL MD� M a Kripke wN� M |= ϕ *2z* I ⊆ [[ϕ]M ] �
§3.2.3 CTL Ig} Kripke WJ�Ao[|U> B

..
uchi �DO�� CTL MD�2T;xH�J4�I Kripke wN M X�I2T s �d#��K� s_-Z{2T.3�
,9 s FC 5�IMD�



§3 �Æ�	 7

CTL Ig} Kripke WJ�Ao[d#4
:.℄�Q�
⊤

A
, ∨

A1 · · · An

A
, ∧

A1 · · · An

AB��E�w�0Vf�-�w� A �� n I0V-.�I0Vf�-�w� A �� n I0V-.R�0V��-�w� A � d#�� CTL MD. NNF ?D�
⊤

s ⊢M p
p ∈ L(s)

⊤

s ⊢M ¬p
p ∈ AP \ L(s)

∧
s ⊢M p s ⊢M q

s ⊢M p ∧ q
∨
s ⊢M p s ⊢M q

s ⊢M p ∨ q

∧
s1 ⊢M p · · · sn ⊢M p

s ⊢M AXp
(s1, ..., sn) = {s′ | (s, s′) ∈ ∆}

∨
s1 ⊢M p · · · sn ⊢M p

s ⊢M EXp
(s1, ..., sn) = {s′ | (s, s′) ∈ ∆}

∨
s ⊢M q s ⊢M p ∧AXA(pUq)

s ⊢M A(pUq)
∨
s ⊢M q s ⊢M p ∧EXE(pUq)

s ⊢M E(pUq)

∧
s ⊢M q s ⊢M p ∨AXA(pRq)

s ⊢M A(pRq)
∧
s ⊢M q s ⊢M p ∨EXE(pRq)

s ⊢M E(pRq)U> B
..
uchi �DO4
 sf(ϕ) aMD.dY8h� a ∈ sf(ϕ) *2z* a � ϕ -�j_ a = AXA(bRc) 2

A(bRc) � ϕ -�j_ a = EXE(bRc) 2 E(bRc) � ϕ -�j�J4 KripkewN M〈S,∆, I〉 XMD ϕ �N�s% B
..
uchi45a B(M,ϕ) = 〈Σ, S′,∆′, I ′, F 〉8h�

Σ = {a}

S′ = {s ⊢M ψ | s ∈ S, ψ ∈ sf(ϕ)}

∆′(t, a) = {{t1, ..., tn}} :
 ∧- Q�
∆′(t, a) = {{t1}, ..., {tn}} :
 ∨- Q�
∆′(t, a) = {{}} 9 t = ⊤

∆′(t, a) = {{t}} 9 t F�w22 t 6= ⊤

I ′ = {s ⊢M ϕ | s ∈ I}

F = {s ⊢M E(pRq) | s ∈ S,E(pRq) ∈ sf(ϕ)} ∪ {s ⊢M A(pRq) | s ∈ S,A(pRq) ∈ sf(ϕ)}



§3 �Æ�	 8� B(M,ϕ) ����F M |= ϕ .#'wN� B(M,ϕ) a
*2z* M |= ¬ϕ �:�7	J4 Kripke wN 〈S,∆, I〉 X NNF ?D. CTL MD ϕ �d#*ON��Im
.s% B
..
uchi 45a 〈Σ, S′,∆′, I ′, F 〉 2 |S′| ≤ |S| · |sf(ϕ)| �

§3.3 Tki\Q CTL*�� CTL -&LB$3�X&L2T.0ZPg.Q3�:�j���4�7;k+�
CTL.�&*��d#��q-��B��"I�
h9 CTL*�J4�I�3(WdY AP �
CTL* MD.dY��h�>J��

φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ |X φ | F φ |G φ | φ U φ | φ R φ | Aφ |Eφ-- p a AP -7	(W�d#��q CTL* -.MDBa2TMDX�|MD�9 p ∈ AP � � p F2TMD9 ϕ X ψ F2TMD� � ¬ϕ,ϕ ∨ ψ, ϕ ∧ ψ F2TMD9 ϕ F�|MD� � Eϕ X Aϕ F2TMD9 ϕ F�|MD� � ϕ F�|MD9 ϕ X ψ F�|MD� � ¬ϕ,ϕ ∨ ψ, ϕ ∧ ψ,Xϕ, Fϕ,Gϕ, ϕUψ, ϕRψ F�|MD
CTL* MD��IM2wN_ Kripke wN;xH�? S a2TdY�? M = 〈S,R, I, L〉F�3(Wd AP ;. Kripke wN� CTL* MD.�
8h�

M, s |= p 9 p ∈ AP 2 p ∈ L(s)

M, s |= ¬ϕ 9 M, s 6|= ϕ

M, s |= ϕ ∨ ψ 9 M, s |= ϕ _ M, s |= ψ

M, s |= ϕ ∧ ψ 9 M, s |= ϕ 2 M, s |= ψ

M, s |= Aϕ 9:�R� M -� s a.2.�| π � M,π |= ϕ

M, s |= Eϕ 9$� M -� s a.2.�| π � M,π |= ϕ

M, π |= p 9 p ∈ AP 2 M,π0 |= p

M, π |= Aϕ 9 M,π0 |= Aϕ

M,π |= Eϕ 9 M,π0 |= Eϕ

M,π |= ¬ϕ 9 M,π 6|= ϕ

M, π |= ϕ ∨ ψ 9 M,π |= ϕ _ M,π |= ψ

M, π |= ϕ ∧ ψ 9 M,π |= ϕ 2 M,π |= ψ

M, π |= Xϕ 9 M,π1 |= ϕ

M, π |= Gψ 9 ∃i ≥ 0,M, πi |= ψ

M, π |= Fϕ 9 ∃i ≥ 0,M, πi |= ϕ

M, π |= ϕUψ 9 ∃i ≥ 0,M, πi |= ψ 2 ∀0 ≤ j < i,M, πj |= ϕ

M, π |= ϕRψ 9 ∀i ≥ k, 9 ∀0 ≤ j < i,M, πj 6|= ϕ � M,πi |= ψ? ϕ a CTL* 2TMD� M a Kripke wN�
M |= ϕ*2z*



§3 �Æ�	 9:R� s ∈ I � M, s |= ϕ �
PLTL X CTL F CTL* .3d�? PLTL � CTL X CTL* 6� Kripke wN;xH��I

PLTL MD ϕ /k��I CTL* MD Aϕ �"� PLTL MD~����F2TMD� �"�.xHh�d#���t PLTL � CTL X CTL* .2TMD�
PLTL X CTL [��K2 CTL* '� PLTL X CTL .�d�

CTL MD AGEFp �*� PLTL �E�
PLTL MD F (p ∧Xp) �*� CTL �E�
CTL* MD E(GFp) �*� CTL �E��*� PLTL �E�

§3.4 µ- yk�P� CTL.U�d#%, CTLMD���)TQ3 AX ,EX ,(W��X�52�E�� CTL MD.".�E-�(W�����j� AX,EX, µ, ν &Z�q"I�N43�d#��-+�I�&*�L1.�
��a µ- �Q� J4�I�3(WdY AP ��I��dY V ��.m(. µ- �Q.MD.dY���h�>J��
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ | 〈.〉φ | [.]φ | µX.φ | νX.φ-- p a AP -7	(W� X a��� µX.φ X νX.φ . φ -�J:. X 
x�+OI

¬ DW.9�?`&h�?{D�^hA µ- yk:0Lm( µ- �Q8��� i59.&L�d#��-+�.*O&L59.AzPg.Az�
� J4�I�3(WdY AP ��I��dY V �X�I59dY A � µ- �QMD.dY��h�>J��
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ | 〈a〉φ | [a]φ | µX.φ | νX.φ-- p a AP -7	(W� X a��� a a59��2 µX.φ X νX.φ . φ -�J:.

X 
x�+OI ¬ DW.9�?`&h�
µ-�QMD� LTS;xH�?M = 〈Σ, S,∆, I, L〉a�3(Wd AP ;. LTS�e : V → 2Sa��+ S 3d.E(� µ- �QMD.�
8h�

[[p]M ]e = {s | p ∈ L(s)}

[[X ]M ]e = e(X)

[[¬φ]M ]e = S \ [[φ]M ]e

[[φ1 ∧ φ2]M ]e = [[φ1]M ]e ∩ [[φ2]M ]e

[[φ1 ∨ φ2]M ]e = [[φ1]M ]e ∪ [[φ2]M ]e

[[〈a〉φ]M ]e = {s | ∃s′.s
a
→s′ ∧ s′ ∈ [[φ]M ]e}

[[[a]φ]M ]e = {s | ∀s′.s
a
→s′ ⇒ s′ ∈ [[φ]M ]e}

[[µX.φ]M ]e = ∩{S′ ⊆ S | [[φ]M ]e[X/S′] ⊆ S′}

[[νX.φ]M ]e = ∪{S′ ⊆ S | S′ ⊆ [[φ]M ]e[X/S′]}



§3 �Æ�	 10R���6FJ:��.MD�a�MD��MD.�
�J e .Æn�? M a LTS �
ϕ a�MD� ϕ � M -.�
�qa [[ϕ]M ] �

M |= ϕ*2z*
I ⊆ [[ϕ]M ] �alk�AEbKr| NNF Gg�
�uD ¬ )�j�(W0%.MD�a NNF ?D�"I µ- �QMD/k��I µ-�Q. NNF ?D��I µ- �Q. NNF ?D�
��h:+PgN��

[a]φ ≡ ¬〈a〉¬φ

µX.φ ≡ ¬νX.¬φ[X/¬X ]

µ- ykIg} Kripke WJ�Ao[� CTL MDÆP�J4�I Kripke wN M X�I2T s �d#��K� s _-Z{2T.3�
,9 s FC 5�I� NNF ?D�. µ- �QMD�
⊤

s ⊢M p
p ∈ L(s)

⊤

s ⊢M ¬p
p ∈ AP \ L(s)

∧
s ⊢M p s ⊢M q

s ⊢M p ∧ q
∨
s ⊢M p s ⊢M q

s ⊢M p ∨ q

∨
s1 ⊢M p · · · sn ⊢M p

s ⊢M 〈a〉p
{s1, ..., sn} = {s′ | (s, a, s′) ∈ ∆}

∧
s1 ⊢M p · · · sn ⊢M p

s ⊢M [a]p
{s1, ..., sn} = {s′ | (s, a, s′) ∈ ∆}

s ⊢M ϕ[µX.ϕ/X ]

s ⊢M µX.ϕ

s ⊢M ϕ[νX.ϕ/X ]

s ⊢M νX.ϕ

CTL Ig� µ- ykIgA�N�� CTL MD�/>+59.&L���j4 CTL R&Lg\-�)�[�I59�h9 a �"������hQ�q CTL MD1^+ µ- �QMD�
T (p) = p

T (¬ϕ) = ¬T (ϕ)

T (ϕ ∧ ψ) = T (ϕ) ∧ T (ψ)

T (EXϕ) = 〈a〉T (ϕ)

T (E(ϕUψ) = µY.(T (ψ) ∨ (T (ϕ) ∧ 〈a〉Y ))

T (EGϕ) = νY.(T (ϕ) ∧ 〈a〉Y )



§3 �Æ�	 11

§3.5 tv µ- yk (νTL)

µ- �Q���luwN;4
��luwN;� [.]X 〈.〉 ~Rwam(.h�A�Q3��6h9 O �J4�I�3(WdY AP ��I��dY V � νTL MD.dY��h�>J��
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ |Oφ | µX.φ | νX.φ-- p a AP -7	(W� X a����2 µX.φ X νX.φ . φ -�J:. X 
x�+OI ¬ DW.9�?`&h�

νTL MD�� AP ;. KS ;xH�? R F KS ;�7	2Ta.2.R��t.dY�? M a AP ;. KS � e : V → 2R a��+ R 3d.E(� νTL MD.�
8h�
[[p]M ]e = {π | p ∈ L(π0)}

[[X ]M ]e = e(X)

[[¬φ]M ]e = R \ [[φ]M ]e

[[φ1 ∧ φ2]M ]e = [[φ1]M ]e ∩ [[φ2]M ]e

[[φ1 ∨ φ2]M ]e = [[φ1]M ]e ∪ [[φ2]M ]e

[[Oφ]M ]e = {π | π1 ∈ [[φ]M ]e}

[[µX.φ]M ]e = ∩{R′ ⊆ R | [[φ]M ]e[X/R′] ⊆ R′}

[[νX.φ]M ]e = ∪{R′ ⊆ R |R′ ⊆ [[φ]M ]e[X/R′]}? M a KS � ϕ a�MD� ϕ � M -.�
�qa [[ϕ]M ] � M,π |= ϕ *2z*
π ∈ [[ϕ]M ] �h M .�tdYa [[M ]] �

M |= ϕ*2z*
[[M ]] ⊆ [[ϕ]M ] �9q νTL MD'u�luwN-xH�� νTL MD��h�
�?M = (π, L) a�luwN�-- π = π0π1 · · · a2Tz�� L : {π0, π1, ...} → 2AP a2Td+(W$d.�=�?

e : V → 2N a��+ N 3d.E(� νTL MD.�
8h�
[[p]M ]e = {i ∈ N | p ∈ L(πi)}

[[X ]M ]e = e(X)

[[¬φ]M ]e = N \ [[φ]M ]e

[[φ1 ∧ φ2]M ]e = [[φ1]M ]e ∩ [[φ2]M ]e

[[φ1 ∨ φ2]M ]e = [[φ1]M ]e ∪ [[φ2]M ]e

[[Oφ]M ]e = {i ∈ N | i+ 1 ∈ [[φ]M ]e}

[[µX.φ]M ]e = ∩{S′ ⊆ N | [[φ]M ]e[X/S′] ⊆ S′}

[[νX.φ]M ]e = ∪{S′ ⊆ N | S′ ⊆ [[φ]M ]e[X/S′]}

M |= ϕ *2z* 0 ∈ [[ϕ]M ] �
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LTL Ig� νTL IgA�N
LTL MD����F νTL .�I3Æ�����hQ�q LTL MD1^+ νTL MD�

T (p) = p

T (¬ϕ) = ¬T (ϕ)

T (ϕ ∧ ψ) = T (ϕ) ∧ T (ψ)

T (Oϕ) = OT (ϕ)

T (ϕUψ) = µY.(T (ψ) ∨ (T (ϕ) ∧OY ))

§3.6 U>fw\Q (ATL)s%Az�
F�.*O&L590XY9_�7f.�
�J4�I�3(WdY AP ��I590X.dY Σ � ATL MD.dY��h�>J��
φ ::= p | ¬φ | φ ∨ φ | 〈〈A〉〉Oφ | 〈〈A〉〉2φ | 〈〈A〉〉φUφ-- p a AP -7	(W� A ⊆ Σ a Σ .3d�

ATL MD� ATS ;xH�? M = 〈Σ, S,∆, I, L〉 a AP ;. ATS �J4 a ∈ Σ ��I a.�� fa F S+ → 2S .�IVO� 5:R� λ ∈ S∗ XR� s ∈ S �
f(λ · s) ∈ ∆(s, a)J4 A ⊆ Σ � FA = {fa | a ∈ A} ��2T s 
��� FA .wT out(s, FA)  5Yo�

s0s1s2 · · · ∈ out(s, FA)*0z* s = s0 2:R� i, si+1 ∈ ∩a∈Afa(s0s1 · · · si) �
ATL MD.�
8h�

M, s |= p 9 p ∈ AP 2 p ∈ L(s)

M, s |= ¬ϕ 9 M, s 6|= ϕ

M, s |= ϕ ∨ ψ 9 M, s |= ϕ _ M, s |= ψ

M, s |= 〈〈A〉〉Oϕ 9$� FA 2:R� λ ∈ out(s, FA) � M,λ[1] |= ϕ

M, s |= 〈〈A〉〉2ϕ 9$� FA 2:R� λ ∈ out(s, FA) �:R� i ≥ 0 � M,λ[i] |= ϕ

M, s |= 〈〈A〉〉ϕUψ 9$� FA 2:R� λ ∈ out(s, FA) �$� i ≥ 0 � λ[i] |= ψ 2:R� 0 ≤ j < i � M,λ[j] |= ϕ���;`
Q3^�℄��4
-SQ3�8�
3ϕ = trueUϕ

[[A]]Oϕ = ¬〈〈A〉〉O¬ϕ

[[A]]2ϕ = ¬〈〈A〉〉3¬ϕ

§3.7 j_
!0�y<�z�
�luAz�
�B��� [Pel01] ��vluAz�
�B���
[Pel01, MP83] �lu µ- �Q�B��� [Kai95, BEM96] �B$Az�
�B��� [CGP99,

Pel01] �)T µ- �Q�B��� [CGP99, BC96] �s[�
�B�B��� [AKH97] �



�
�
 13<Xqs
[CGP99] E. Clark, O. Grumberg and D. Peled. Model Checking. MIT press, 1999.

[Pel01] Doron A. Peled. Software Reliability Methods. Springer-Verlag. 2001.

[Kai95] Roope Kaivola. Axiomatising Linear Time µ-Calculus. CONCUR’95. LNCS 962:423-437.

[BEM96] Julian Bradfield, Javier Esparza and Angelika Mader. An Effective Tableau System for the Linear

Time µ-Calculus. ICALP’96. LNCS 1099:98-109.

[MP83] Zohar Manna and Amir Pnueli. How to cool a temporal proof system for your pet language. The

10th ACM Symposium on Principles of Programming Languages 141-154. 1983.

[AKH97] Rajeev Alur, Thomas A. Henzinger and Orna Kupferman. Alternating-Time Temporal Logic.

COMPOS 1997: 23-60.

[BC96] Girish Bhat and Rance Cleaveland. Efficent Local Model-Checking for Fragments of the Modal

mu-Calculus. TACAS 1996: 107-126.


