
§3 ,2/- 1I\��0�	P0��~N
§3 \��tt"7W�)���H��A�<��VH�*;�3�H�w.
�1^���H3-��q��*n� ��*n3k!V3i*n���*nb4f*n�3i*nb��*nWt��3>�V�U���H3�KY=� 53i*nb��*n3k!�K�w.$�4f
P�}:_"�X�,Qx|d%�*X31^�	��n3Q�*n�

§3.1 ��	��s (LTL)��Q�*n (Linear Temporal Logic) X�3Vzo3
I3Of�pe.�x3Xz���Q�*n��|�53i*n�v#*n�p:e1^Of3*n�K�
§3.1.1 ����	��s (PLTL)w.|�'|�53i*nK3��Q�*n�q3i��Q�*n�tW PLTL � P9�O/P3io
 AP � PLTL TT3o
)�{-CP��

φ ::= ⊥ | ⊤ | p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ |O φ | 3 φ | 2 φ | φ U φ | φ R φ:I p t AP IE!3i� AP K3 PLTL TT5�OR6�t 2AP 3RI"K�X�O ϕV PLTLTT�O ζ = ζ0ζ1 · · · ∈ (2AP )ω �w.( ζk ��U ζk ÆS3Of�# ζkζk+1 · · ·�7 PLTL TT3-"F{�
ζ |= p H p = ⊤, j p ∈ AP � p ∈ ζ0

ζ |= ¬ϕ H ζ 6|= ϕ

ζ |= ϕ ∨ ψ H ζ |= ϕ j ζ |= ψ

ζ |= ϕ ∧ ψ H ζ |= ϕ � ζ |= ψ

ζ |= ϕ→ ψ H ζ |= ϕ 7 ζ |= ψ

ζ |= ϕ↔ ψ H ζ |= ϕ→ ψ � ζ |= ψ → ϕ

ζ |= Oϕ H ζ1 |= ϕ

ζ |= 2ψ H ∀i ≥ 0, ζi |= ψ

ζ |= 3ϕ H ∃i ≥ 0, ζi |= ϕ

ζ |= ϕUψ H ∃i ≥ 0, ζi |= ψ � ∀0 ≤ j < i, ζj |= ϕ

ζ |= ϕRψ H ∀i ≥ 0, H (∀0 ≤ j < i, ζj 6|= ϕ) 7 ζi |= ψP9�a Kripke �V M = 〈S,R, I, L〉 �O π = π0π1π2 · · · t�Ox~Of�#�9"
L(π) = L(π1)L(π2) · · · �

M,π |= ϕ /��/ L(π) |= ϕ �O ϕ t PLTL TT� M t�a Kripke �V�
M |= ϕ/��/ ?d* M 33
 π �* M,π |= ϕ �



§3 ,2/- 2��Æ'`e�l� NNF h
DR(*n��I ∧,∨,¬ �*n��I ¬ D�}53i>03TT�t NNF ET�-O
PLTL TT4w+�O PLTL 3 NNF ET� �O PLTL 3 NNF ET�%(�{?8XzV6�

(2p) ≡ ¬(3¬p)

(pRq) ≡ ¬(¬pU¬q)

(Op) ≡ ¬(O¬p)

R n U `b�l�X+ R b U �w.*�{4T�
pRq ≡ (q ∧ (p ∨O(pRq)))

pUq ≡ (q ∨ (p ∧O(pUq)))��Æ'`r���u "�K?83
P�q�w.*�{4T�
2p ≡ (⊥Rp)

3p ≡ (⊤Up)#$ {O,U} V� PLTL 4f
P3�OrCo��Vm�rCo�
§3.1.2 PLTL j
`�~� {O,U,2,3} t PLTL TT34f
Po� PLTL 3p�zo�_�{I�G���Gt PLTL TT�X3Q�*nT��$��Gt3i*n3p�zo�6I�GtQ�p�Z7�a�Zi�j~

2¬p↔ ¬3p

2(p→ q) → (2p → 2q)

2p→ p

2p→ Op

2p→ O2p

2(p→ Op) → (p→ 2p)

O¬p↔ ¬Op

O(p→ q) → (Op → Oq)

(pUq) ↔ (q ∨ (p ∧O(pUq))

(pUq) → 3qafZi����s�~��T�� F℄ p VL�T�7 p VT��
MP Z7� F℄ ⊢ p→ q � ⊢ p �7 ⊢ q �a�Zi�	��~m#F℄ ⊢ p �7 ⊢ 2p�pY��



§3 ,2/- 3{�)�
PLTL TT3�+S�V�993�:99K4�t PSPACE rC� D2�Q�
P 2b 3 3 PLTL TT3Pott PLTL(F) � PLTL(F) 399K4�t NP rC�

§3.1.3 PLTL j
 B
..
uchi (dqt [[ϕ]] ⊆ (2AP )ω t+S ϕ3RI"3o
�?E! PLTLTT ϕ�'5�O B

..
uchiQ:l

A = 〈2AP , S,∆, I, F 〉 R2 L(A) = [[ϕ]] � )+-O PLTLTT4w+�O NNF ET� 2 b 3�( Rb U �U�w.D�'�_ 2b 33 NNFET�)+ B
..
uchiQ:l�m^�9 B

..
uchiQ:l3Nh20��{V�OV6-�4w+ [[ϕ]] 3�9 B

..
uchi Q:l Bϕ = 〈2AP , S,∆, I, F 〉3FC�

1. Z|V6Of x = ({ϕ}, {}, {}) �t a(x) = {ǫ} �}:uGOfo S �
2. ?E! x = (b, c, d) ∈ S �H b = ∅ �V6Of y = (d, {}, {}) �H y ∈ S �7�M a(y) = a(y) ∪ {x} �H y 6∈ S �t

a(y) = {x} ��} y uGOfo S �H b = b0 ∪ {ϕ} �w.G�{rKA��H ϕ = ϕ0Uϕ1 �V6Of (b0 ∪ {ϕ0}, c ∪ {ϕ}, d ∪ {ϕ}) b (b0 ∪ {ϕ1}, c ∪ {ϕ}, d) �H ϕ = ϕ0Rϕ1 �V6Of (b0 ∪ {ϕ1}, c ∪ {ϕ}, d ∪ {ϕ}) b (b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d) �H ϕ = ϕ0 ∨ ϕ1 �V6Of (b0 ∪ {ϕ0}, c ∪ {ϕ}, d) b (b0 ∪ {ϕ1}, c ∪ {ϕ}, d) �H ϕ = ϕ0 ∧ ϕ1 �V6Of (b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d) �H ϕ = Oϕ0 �V6Of (b0, c ∪ {ϕ}, d ∪ {ϕ0}) �H ϕ = p j ϕ = ¬p �� p ∈ AP �V6Of (b0, c ∪ {ϕ}, d) �(�V63Ofk,/Of x �Z|?-O�V63Of y �H y 6∈ S �t a(y) = a(x) ��} y uGOfo S �H y ∈ S � a(y) 6= ∅ �7�M a(y) = a(y)∪a(x); H y ∈ S � a(y) = ∅�7?d*A�jx�k, y 3Of y′ ∈ S ��M a(y′) = a(y′) ∪ a(x); Dd}d* a(z) I�}
x 35F(�V63Ofk,�Ud�M a(x) = ∅ �U x �t�V63Ofdk,�?-O�V63Of y = (b, c, d) ∈ S �H c I3i3o
V��+S3�7& S IJ 
y �H c ∩ b 6= ∅ �7& b IJ TU�G c ∩ b �Di6B�AE,*�V63Of�

3. ?E! x = (b, c, d) ∈ S �H y ∈ a(x) � y = (b′, c′, d′) ∈ S �V6=� (y, σ, x) ��}:uG=�o
 ∆ �:I σ ∈ 2AP +S ∀p ∈ AP.({p,¬p} 6⊆ σ ∪ c′) ∧ (p ∈ c′ → p ∈ σ) �
4. ?E! x = (b, c, d) ∈ S �H ǫ ∈ a(x) �7} x uG�SOfo
 I �
5. ?-OTT ϕ �H ϕ = ϕ0Uϕ1 �V6 fϕ = {(b, c, d) ∈ S | ϕ ∈ c→ ϕ1 ∈ c} ��}:uG�[Ofoo
 F �

§3.1.4 �x��	��s����Q�*n�q(��*n�1^Of�H��V�993����'5r�3����Q�*n3p�zo�.:�)7��?�7W�)R�3�H���(5W
p�3���<I� P9�O��*n LB � LB K3����Q�*nTT3o
)�{-CP��
φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ |O φ | 3 φ | 2 φ | φ U φ | φ R φ:I p t LB 3E!TT� ����Q�*nTT5x~Of�#K�X�O S tOfo
� π = π0π1π2 · · · t�Ox~Of�#� S IOf3�Vp5:�K��3TT
9+��*n LB �����Q�*nTT3-"F{�



§3 ,2/- 4

πk |= p H p V LB 3TT� πk |= p

πk |= ¬ϕ H πk 6|= ϕ

πk |= ϕ ∨ ψ H πk |= ϕ j πk |= ψ

πk |= ϕ ∧ ψ H πk |= ϕ � πk |= ψ

πk |= ϕ→ ψ H πk |= ϕ 7 πk |= ψ

πk |= ϕ↔ ψ H πk |= ϕ→ ψ � πk |= ψ → ϕ

πk |= Oϕ H πk+1 |= ϕ

πk |= 2ψ H ∀i ≥ k, πi |= ψ

πk |= 3ϕ H ∃i ≥ k, πi |= ϕ

πk |= ϕUψ H ∃i ≥ k, πi |= ψ � ∀k ≤ j < i, πj |= ϕ

πk |= ϕRψ H ∀i ≥ k, H ∀k ≤ j < i, πj 6|= ϕ 7 πi |= ψ�~m#w.( ϕ⇒ ψ �U 2(ϕ→ ψ) �P9�O B = (F, P ) b B 3�X I �Q���Q�*nTT3-"�w.*�{p�Z7�
• pYZ7�

⊢ ϕ

2ϕ

ϕ⇒ ψ

ϕ⇒ ϕUψ

ϕ⇒ Oψ

ϕ⇒ ϕUψ

• R Z7�
ζ ⇒ ϕ

ϕ ∧ ¬ψ ⇒ Oϕ

ζ ⇒ ψRϕ

• U Z7�O ⊑ ∈ P tB.v#Ia� w ∈ QFFB t�.v#TT (t:Æ!t x) �
W = ({σ(x) | I(w)(σ) = true}, I0(⊑)) t ko
� e ∈ TB t��7

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ we
x)

(ζ ∧ e = v) ⇒ ζ0U(ψ ∨ (ζ ∧ e < v))

ϕ⇒ ζ0Uψ�x��	��s`}$�K����Q�*n34f
P;VW(5TTK�R����w.��2� O 
P(5�K�;��w.
��M M,πk |= p 39"�O p V LB 3+* n OÆ!3/PTT�7�
M,πk |= p(Oi1x1, ..., O

inxn) H O �5 p I3:euF�}� M,πk |= p(πk+i1 (x1), ..., πk+in
(xn))

M,πk |= p(..., Oif(t1, ..., tm), ...) H M,πk |= p(..., f(Oit1, ..., O
itm), ...)



§3 ,2/- 5

§3.2 vÆ��s CTLs
_*n (Computation Tree Logic) V�KG=Q�*n� zo3�733
����V�O_3�V�q�OOf�7*�Od�Of��Ozo)��j��_T��s
_*n��1^s
_3G=A�bOf3>dXz�w.�'�Ky-3s
_*n�q CTL�
CTLI1^G=A�b1^Of3>dXz3
P�?�}�q�O1^G=A�3
Pd0�Æ*�O1^Of3>dXz3
P�
§3.2.1 !gn!�s
_*n��|�53i*n�v#*n�p:e1^Of3*n�K�w.�'3i*n�K3s
_*n� P9�O/P3io
 AP � CTL TT3o
)�{-CP��

φ ::= ⊤ | ⊥ | p | ¬φ | φ ∧ φ | φ ∨ φ |

EX φ |EF φ |EG φ |E(φ U φ) | E(φ R φ) |

AX φ | AF φ | AG φ | A(φ U φ) |A(φ R φ):I p t AP IE!3i�tx-;z�*n��I → b ↔ ,*�}5K03TT9"I�.w.��Q�:m�3-"Q)R(� CTL TT5�O_O�Vj Kripke �VK�X�O M = 〈S,∆, I, L〉 V/P3io AP K3 Kripke �V� CTL TT3-"F{�
M, s |= p H p = ⊤, j p ∈ AP � p ∈ L(s)

M, s |= ¬ϕ H M, s 6|= ϕ

M, s |= ϕ ∨ ψ H M, s |= ϕ j M, s |= ψ

M, s |= ϕ ∧ ψ H M, s |= ϕ � M, s |= ψ

M, s |= Aϕ H?+d* M I� s t;73%� π � M,π |= ϕ

M, s |= Eϕ H'5 M I� s t;73%� π � M,π |= ϕ

M, π |= Xϕ H M,π1 |= ϕ

M, π |= Gψ H ∀i ≥ 0,M, πi |= ψ

M, π |= Fϕ H ∃i ≥ 0,M, πi |= ϕ

M, π |= ϕUψ H ∃i ≥ 0,M, πi |= ψ � ∀0 ≤ j < i,M, πj |= ϕ

M, π |= ϕRψ H ∀i ≥ 0, H ∀0 ≤ j < i,M, πj 6|= ϕ 7 M,πi |= ψO ϕ t CTL TT� M t Kripke �V�
M |= ϕ/��/ ?d* s ∈ I � M, s |= ϕ ���Æ'`e�l� NNF h
*n��I ¬ D�}53i>03TT�t NNF ET�-O CTL TT4w+�O CTL3 NNF ET��O CTL 3 NNF ET�%(�{?8XzV6�

AXp ≡ ¬EX¬p

AGp ≡ ¬EF¬p

AFp ≡ ¬EG¬p

A(pRq) ≡ ¬E(¬pU¬q)

A(pUq) ≡ ¬E(¬pR¬q)
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R n U `b�l�X+ R b U �w.*�{4T�
E(pRq) ≡ (q ∧ (p ∨ EXE(pRq)))

E(pUq) ≡ (q ∨ (p ∧ EXE(pUq)))

A(pRq) ≡ (q ∧ (p ∨AXA(pRq)))

A(pUq) ≡ (q ∨ (p ∧AXA(pUq)))��Æ'`r���u "�K?83
P�q�w.*�{4T�
EGp ≡ E(⊥Rp)

E(pRq) ≡ E(qU(p ∧ q)) ∨ EGq#$ {EX,EG,EU} V� CTL 4f
P3�OrCo��Vm�rCo�
§3.2.2 CTL j
`�~� {EX,EU,EG,EF,AX,AU,AG,AF, } t CTL TT34f
Po� CTL 3p�zo�_�{I�G���Gt CTL T�X3Q�*nT��$��Gt3i*n3p�zo�6I�GtQ�p�Z7�a�Zi�j~

EFp↔ E(⊤Up)

AGp↔ ¬EF¬p

AFp↔ A(⊤Up)

EGp↔ ¬AF¬p

EX(p ∨ q) ↔ EXp ∨ EXq

AXp↔ ¬EX¬p

E(pUq) ↔ (q ∨ (p ∧ EXE(pUq))

A(pUq) ↔ (q ∨ (p ∧AXA(pUq))

EX⊤∧AX⊤

AG(r → (¬q ∧EXr)) → (r → ¬A(pUq))

AG(r → (¬q ∧EXr)) → (r → ¬AFq)

AG(r → (¬q ∧ (p→ AXr))) → (r → ¬E(pUq))

AG(r → (¬q ∧AXr)) → (r → ¬EFq)

AG(p→ q) → (EXp→ EXq)afZi����s�~��T�� F℄ p VL�T�7 p VT��
MP Z7� F℄ ⊢ p→ q � ⊢ p �7 ⊢ q �a�Zi�	��~m#F℄ ⊢ p �7 ⊢ AGp�pY��{�)�

CTL TT3�+S�V�993�:99K4�t EXPTIME rC�



§3 ,2/- 7

§3.2.3 CTL j
`Yd
|o)+ CTL TT5OfK�X�P9�O AP K3 Kripke�V M = 〈S,R, I, L〉 �P93�O CTL TT p � S 3Po {s ∈ S |M, s |= p} tt [[p]] �9"`a ex : 2S → 2S F{�
ex(A) = {s ∈ S | ∃s′ ∈ S, (s, s′) ∈ ∆ ∧ s′ ∈ A}w.*�{4T�

[[p]] = {s | p ∈ L(s)}

[[¬p]] = S \ [[p]]

[[p ∨ q]] = [[p]] ∪ [[q]]

[[p ∧ q]] = [[p]] ∩ [[q]]

[[EXp]] = ex([[p]])?+ EG b EU �Q� CTL -"�w.* EGp ≡ p ∧ EXEGp b E(pUq) ≡ q ∨ (p ∧

EXE(pUq)) � #$
[[EGp]] = [[p]] ∩ ex([[EGp]])

[[E(pUq)]] = [[q]] ∪ ([[p]] ∩ ex([[E(pUq)]]))�K4T? [[EGp]] b [[E(pUq)]] G�V τ1(Z) = [[p]] ∩ ex(Z) b τ2(Z) = [[q]] ∪ ([[p]] ∩

ex(Z)) 3�:7� Q� CTL -"? τ1 b τ2 *U�bU*�:7�� [[EGp]] V τ1 3U*�:7� [[E(pUq)]] V τ2 3U��:7�q
[[EGp]] = νZ([[p]] ∩ ex(Z))

[[E(pUq)]] = µZ([[q]] ∪ ([[p]] ∩ ex(Z)))�b5�:e4f
P���(�:7�f�tF
\��w.A�} p, q �� S 3Po�4f
Pb*n��I��V 2S K3`a�
AFp = µZ(p ∨AXZ)

AGp = νZ(p ∧AXZ)

EFp = µZ(p ∨ EXZ)

EGp = νZ(p ∧EXZ)

A(pUq) = µZ(q ∨ (p ∧AXZ))

A(pRq) = νZ(q ∧ (p ∨AXZ))

E(pUq) = µZ(q ∨ (p ∧ EXZ))

E(pRq) = νZ(q ∧ (p ∨ EXZ))O ϕ t CTL TT� M t Kripke �V�w.*
M, s |= ϕ /��/ s ∈ [[ϕ]] �
M |= ϕ /��/ I ⊆ [[ϕ]] �

§3.2.4 CTL j
" Kripke yk%`�~ w℄ B
..
uchi (dq)+ CTL TT5OfK�X�P9 Kripke�V M = 〈S,∆, I, L〉 b�OOf s �w.��Q� s j:d�Of3A��9> s VH+S�OTT�
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CTL j
" Kripke yk%`�~w.9"IKp�Z7
⊤

A
, ∨

A1 · · · An

A
, ∧

A1 · · · An

AG��U�
�>hq�2��) A �* n O>hI3�O>hq�2��) A �* n O>hI3d*>h7�2��) A � w.�' CTL TT3 NNF ET�
⊤

s ⊢M p
p ∈ L(s)

⊤

s ⊢M ¬p
p ∈ AP \ L(s)

∧
s ⊢M p s ⊢M q

s ⊢M p ∧ q
∨
s ⊢M p s ⊢M q

s ⊢M p ∨ q

∧
s1 ⊢M p · · · sn ⊢M p

s ⊢M AXp
(s1, ..., sn) = {s′ | (s, s′) ∈ ∆}

∨
s1 ⊢M p · · · sn ⊢M p

s ⊢M EXp
(s1, ..., sn) = {s′ | (s, s′) ∈ ∆}

∨
s ⊢M q s ⊢M p ∧AXA(pUq)

s ⊢M A(pUq)
∨
s ⊢M q s ⊢M p ∧EXE(pUq)

s ⊢M E(pUq)

∧
s ⊢M q s ⊢M p ∨AXA(pRq)

s ⊢M A(pRq)
∧
s ⊢M q s ⊢M p ∨EXE(pRq)

s ⊢M E(pRq)?+�O�K3G>�F℄LG>JC+5�lZ7�p��S/��/
�3l{V ⊤�F℄LG>�JC� p��S/��/LG>Ix~�}3TTI,* EU j AU ��3TT�w℄ B
..
uchi (dq9"

sf0(A(bRc)) = {b ∨AXA(bRc), AXA(bRc)}

sf0(A(bUc)) = {b ∧AXA(bUc), AXA(bUc)}

sf0(E(bRc)) = {b ∨ EXE(bRc), EXE(bRc)}

sf0(E(bUc)) = {b ∧ EXE(bUc), EXE(bUc)}9" sf(ϕ) tTT3o
F{�
a ∈ sf(ϕ) /��/
a 5 ϕ I�}j a′ 5 ϕ I�}� a ∈ sf0(a

′) �



§3 ,2/- 9P9Kripke�VM = 〈S,∆, I, L〉bTT ϕ�V6�( B
..
uchiQ:l B(M,ϕ) = 〈Σ, S′,∆′, I ′, F 〉F{�

Σ = {a}

S′ = {s ⊢M ψ | s ∈ S, ψ ∈ sf(ϕ)}

∆′(t, a) = {{t1, ..., tn}} ?% ∧- Z7
∆′(t, a) = {{t1}, ..., {tn}} ?% ∨- Z7
∆′(t, a) = {{}} H t = ⊤

∆′(t, a) = {{t}} H t V��7� t 6= ⊤

I ′ = {s ⊢M ϕ | s ∈ I}

F = {s ⊢M E(pRq) | s ∈ S,E(pRq) ∈ sf(ϕ)} ∪ {s ⊢M A(pRq) | s ∈ S,A(pRq) ∈ sf(ϕ)}7 B(M,ϕ) ����V M |= ϕ 3<2�V� B(M,ϕ) t�/��/ M |= ¬ϕ �?+E!P9 Kripke �V 〈S,∆, I, L〉 b NNF ET3 CTL TT ϕ �w.7WV6�O�%3�( B
..
uchi Q:l 〈Σ, S′,∆′, I ′, F 〉 � |S′| ≤ |S| · |sf(ϕ)| �

§3.3 vÆ��s CTL*)+ CTL I1^G=A�b1^Of3>dXz3
P�?�}�5�9�<K~G"
CTL3�)7��w.��}:�ÆR(�;O*ntW CTL*�P9�O/P3io
 AP �
CTL* TT3o
)�{-CP��

φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ |X φ | F φ |G φ | φ U φ | φ R φ | Aφ |Eφ:I p t AP IE!3i�w.��} CTL* I3TTGtOfTTb%�TT�H p ∈ AP � 7 p VOfTTH ϕ b ψ VOfTT� 7 ¬ϕ,ϕ ∨ ψ, ϕ ∧ ψ VOfTTH ϕ V%�TT� 7 Eϕ b Aϕ VOfTTH ϕ VOfTT� 7 ϕ V%�TTH ϕ b ψ V%�TT� 7 ¬ϕ,ϕ ∨ ψ, ϕ ∧ ψ,Xϕ, Fϕ,Gϕ, ϕUψ, ϕRψ V%�TT
CTL* TT5�O_O�Vj Kripke �VK�X�O M = 〈S,R, I, L〉 V/P3io APK3 Kripke �V� CTL* TT3-"F{�



§3 ,2/- 10

M, s |= p H p ∈ AP � p ∈ L(s)

M, s |= ¬ϕ H M, s 6|= ϕ

M, s |= ϕ ∨ ψ H M, s |= ϕ j M, s |= ψ

M, s |= ϕ ∧ ψ H M, s |= ϕ � M, s |= ψ

M, s |= Aϕ H?+d* M I� s t;73%� π � M,π |= ϕ

M, s |= Eϕ H'5 M I� s t;73%� π � M,π |= ϕ

M, π |= p H p ∈ AP � M,π0 |= p

M, π |= Aϕ H M,π0 |= Aϕ

M,π |= Eϕ H M,π0 |= Eϕ

M,π |= ¬ϕ H M,π 6|= ϕ

M, π |= ϕ ∨ ψ H M,π |= ϕ j M,π |= ψ

M, π |= ϕ ∧ ψ H M,π |= ϕ � M,π |= ψ

M, π |= Xϕ H M,π1 |= ϕ

M, π |= Gψ H ∀i ≥ 0,M, πi |= ψ

M, π |= Fϕ H ∃i ≥ 0,M, πi |= ϕ

M, π |= ϕUψ H ∃i ≥ 0,M, πi |= ψ � ∀0 ≤ j < i,M, πj |= ϕ

M, π |= ϕRψ H ∀i ≥ k, H ∀0 ≤ j < i,M, πj 6|= ϕ 7 M,πi |= ψO ϕ t CTL* OfTT� M t Kripke �V�
M |= ϕ/��/ ?d* s ∈ I � M, s |= ϕ �

PLTL b CTL V CTL* 3Po�O PLTL � CTL b CTL* ;5 Kripke �VK�X��O
PLTL TT ϕ 4w+�O CTL* TT Aϕ �;� PLTL TT
����VOfTT� 5;�3�X{�w.��
� PLTL � CTL b CTL* 3OfTT�

PLTL b CTL e�&℄� CTL* *+ PLTL b CTL 3�o�
CTL TT AGEFp �7( PLTL �U�
PLTL TT F (p ∧Xp) �7( CTL �U�
CTL* TT E(GFp) �7( CTL �U��7( PLTL �U�

§3.4 µ- �Æ)X+ CTL3g)w.?1 CTLTT��(4f
P AX ,EX ,3iÆ!b�:7�U�5 CTL TT3;K�UI�3iÆ!���}5 AX,EX, µ, ν �d�};O1`B8�w.��20�O�)7�R?3*n��t µ- �
� P9�O/P3io
 AP ��OÆ!o
 V ��Ky-3 µ- �
3TT3o
�)�{-CP��
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ | 〈.〉φ | [.]φ | µX.φ | νX.φ:I p t AP IE!3i� X tÆ!� µX.φ b νX.φ 3 φ I�[X3 X �Æ58aO

¬ Ia3W(Es�{�



§3 ,2/- 11^�d*��` µ- �Æ?>^y- µ- �
V���8u:W31^�w.��20�K7W1^:W3Q�Xz3Q�*n� P9�O/P3io
 AP ��OÆ!o
 V �b�O:Wo
 A � µ- �
TT3o
)�{-CP��
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ | 〈a〉φ | [a]φ | µX.φ | νX.φ:I p t AP IE!3i� X tÆ!� a t:W��� µX.φ b νX.φ 3 φ I�[X3

X �Æ58aO ¬ Ia3W(Es�{�
µ-�
TT5 LTSK�X�OM = 〈Σ, S,∆, I, L〉t/P3io AP K3 LTS�e : V → 2StÆ!0 S Po3JB� µ- �
TT3-"F{�

[[p]]e = {s | p ∈ L(s)}

[[X ]]e = e(X)

[[¬φ]]e = S \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[〈a〉φ]]e = {s | ∃s′.s
a
→s′ ∧ s′ ∈ [[φ]]e}

[[[a]φ]]e = {s | ∀s′.s
a
→s′ ⇒ s′ ∈ [[φ]]e}

[[µX.φ]]e = ∩{S′ ⊆ S | [[φ]]e[X/S′] ⊆ S′}

[[νX.φ]]e = ∪{S′ ⊆ S | S′ ⊆ [[φ]]e[X/S′]}d*Æ!;V[XÆ!3TT�t�TT��TT3-"�[ e 3&��O M t LTS �
ϕ t�TT� ϕ 5 M I3-"��t [[ϕ]] �

M |= ϕ/��/
I ⊆ [[ϕ]] ���Æ'`e�l� NNF h
*n��I ¬ D�}53i>03TT�t NNF ET�-O µ- �
TT4w+�O µ-�
3 NNF ET��O µ- �
3 NNF ET�%(�{?8XzV6�

[a]φ ≡ ¬〈a〉¬φ

µX.φ ≡ ¬νX.¬φ[X/¬X ]

µ n ν `b�l�X+ µ b ν �w.*�{4T�
µX.φ ≡ φµX.φ

X

νX.φ ≡ φνX.φ
X

µ- �Æj
" Kripke yk%`�~, CTL TT�b�P9�O Kripke �V M b�OOf s �w.��Q� s j:d�Of3A��9> s VH+S�O� NNF ET�3 µ- �
TT�



§3 ,2/- 12

⊤

s ⊢M p
p ∈ L(s)

⊤

s ⊢M ¬p
p ∈ AP \ L(s)

∧
s ⊢M p s ⊢M q

s ⊢M p ∧ q
∨
s ⊢M p s ⊢M q

s ⊢M p ∨ q

∨
s1 ⊢M p · · · sn ⊢M p

s ⊢M 〈a〉p
{s1, ..., sn} = {s′ | (s, a, s′) ∈ ∆}

∧
s1 ⊢M p · · · sn ⊢M p

s ⊢M [a]p
{s1, ..., sn} = {s′ | (s, a, s′) ∈ ∆}

s ⊢M ϕµX.ϕ
X

s ⊢M µX.ϕ

s ⊢M ϕνX.ϕ
X

s ⊢M νX.ϕ?+�O�K3G>�F℄LG>JC+5�lZ7�p��S/��/
�3l{V ⊤�F℄LG>�JC�p��S/��/5LG>Ix~�}3TTI-O µX.ϕ ��3TT;V:I5O νX.ψ ��TT3PTT�
CTL j
_ µ- �Æj
`&p)+ CTL TT�<N0:W31^���v9 CTL d1^zoI�D(n�O:W�tW a �;����(�{Z7} CTL TTNh0 µ- �
TT�

T (p) = p

T (¬ϕ) = ¬T (ϕ)

T (ϕ ∧ ψ) = T (ϕ) ∧ T (ψ)

T (EXϕ) = 〈a〉T (ϕ)

T (E(ϕUψ) = µY.(T (ψ) ∨ (T (ϕ) ∧ 〈a〉Y ))

T (EGϕ) = νY.(T (ϕ) ∧ 〈a〉Y )

§3.5 �� µ- �Æ (νTL)

µ- �
 �5���VK9"�5���VK� [.]b 〈.〉 
[�ty-3{�Q�
P��DtW O �P9�O/P3io
 AP ��OÆ!o
 V � νTL TT3o
)�{-CP��
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ |Oφ | µX.φ | νX.φ:I p t AP IE!3i� X tÆ!��� µX.φ b νX.φ 3 φ I�[X3 X �Æ58aO ¬ Ia3W(Es�{�

νTL TT�5 AP K3 KS K�X�O R V KS K�E!Oft;73d*3
3o
�



§3 ,2/- 13O M t AP K3 KS � e : V → 2R tÆ!0 R Po3JB� νTL TT3-"F{�
[[p]]e = {π | p ∈ L(π0)}

[[X ]]e = e(X)

[[¬φ]]e = R \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[Oφ]]e = {π | π1 ∈ [[φ]]e}

[[µX.φ]]e = ∩{R′ ⊆ R | [[φ]]e[X/R′] ⊆ R′}

[[νX.φ]]e = ∪{R′ ⊆ R |R′ ⊆ [[φ]]e[X/R′]}OM t KS�ϕt�TT�ϕ 5M I3-"��t [[ϕ]]�M,π |= ϕ/��/ π ∈ [[ϕ]]�t M 33
o
t [[M ]] �
M |= ϕ/��/

[[M ]] ⊆ [[ϕ]] �H} νTL TTA�5���VI�X�7 νTL TT*�{-"�OM = (π, L) t����V�:I π = π0π1 · · · tOf�#� L : {π0, π1, ...} → 2AP tOfo03i/o3'M�O
e : V → 2N tÆ!0 N Po3JB� νTL TT3-"F{�

[[p]]e = {i ∈ N | p ∈ L(πi)}

[[X ]]e = e(X)

[[¬φ]]e = N \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[Oφ]]e = {i ∈ N | i+ 1 ∈ [[φ]]e}

[[µX.φ]]e = ∩{S′ ⊆ N | [[φ]]e[X/S′] ⊆ S′}

[[νX.φ]]e = ∪{S′ ⊆ N | S′ ⊆ [[φ]]e[X/S′]}

M |= ϕ /��/ 0 ∈ [[ϕ]] �
LTL j
_ νTL j
`&p

LTL TT����V νTL 3�OP����(�{Z7} LTL TTNh0 νTL TT�
T (p) = p

T (¬ϕ) = ¬T (ϕ)

T (ϕ ∧ ψ) = T (ϕ) ∧ T (ψ)

T (Oϕ) = OT (ϕ)

T (ϕUψ) = µY.(T (ψ) ∨ (T (ϕ) ∧OY ))

§3.6 w℄	��s (ATL)�(Q�*nV�K7W1^:WMj
Wr�Ey3*n�P9�O/P3io
 AP ��O:WMj3o
 Σ � ATL TT3o
)�{-CP��
φ ::= ⊤ | ⊥ | p | ¬φ | φ ∨ φ | 〈〈A〉〉Oφ | 〈〈A〉〉2φ | 〈〈A〉〉φUφ



+.01 14:I p t AP IE!3i� A ⊆ Σ t Σ 3Po�
ATL TT5 ATS K�X�O M = 〈Σ, S,∆, I, L〉 t AP K3 ATS �P9 a ∈ Σ ��O a3�( fa V S+ → 2S 3�O`a�+S?d* λ ∈ S∗ bd* s ∈ S �

f(λ · s) ∈ ∆(s, a)P9 A ⊆ Σ � FA = {fa | a ∈ A} �5Of s %(�( FA 3�℄ out(s, FA) +Sl{�
[si]i≥0 ∈ out(s, FA) />�/ s = s0 �?d* i, si+1 ∈ ∩a∈Afa(s0s1 · · · si) �

ATL TT3-"F{�
M, s |= p H p = ⊤ �j p ∈ AP � p ∈ L(s)

M, s |= ¬ϕ H M, s 6|= ϕ

M, s |= ϕ ∨ ψ H M, s |= ϕ j M, s |= ψ

M, s |= 〈〈A〉〉Oϕ H'5 FA �?d* π ∈ out(s, FA) � M,π1 |= ϕ

M, s |= 〈〈A〉〉2ϕ H'5 FA �?d* π ∈ out(s, FA) �?d* i ≥ 0 � M,πi |= ϕ

M, s |= 〈〈A〉〉ϕUψ H'5 FA �?d* π ∈ out(s, FA) �'5 i ≥ 0 � πi |= ψ �?d* 0 ≤ j < i � M,πj |= ϕ "�Kk	
Pq�g��9":e
P�F�
3ϕ = ⊤Uϕ

[[A]]Oϕ = ¬〈〈A〉〉O¬ϕ

[[A]]2ϕ = ¬〈〈A〉〉3¬ϕ
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