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§3.1 02!3�
 (LTL)��a#7v (Linear Temporal Logic)\�6f��H�`6fw2xv;W�6\����a#7v�2�'J�z7v��&7v2xGv>ofw67vWZ��A � j��6�_
§3.1.1 �(02!3�
 (PLTL)�;
�3�'J�z7vZ6��a#7v�y�z��a#7v�|n PLTL �

.T=.SDg�zwg AP � PLTL Xd6wg>2�BGT"�
φ ::= ⊥ | ⊤ | p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ |O φ | 3 φ | 2 φ | φ U φ | φ R φG` p � AP `T4�z��A �

2(¬(p ∧ q))

3q

p→ 3q

2(p → 3q)

.

AP Z6 PLTL XdJ.SiC�� 2AP 6iM%Z�h�
.^ ϕ f PLTL Xd�^ ζ = ζ0ζ1 · · · ∈ (2AP )ω ��;< ζk#�e ζk �
6fw#. ζkζk+1 · · · �L PLTL Xd6B5U��



%+(&
ζ |= p W p = ⊤, r p ∈ AP M p ∈ ζ0

ζ |= ¬ϕ W ζ 6|= ϕ

ζ |= ϕ ∨ ψ W ζ |= ϕ r ζ |= ψ

ζ |= ϕ ∧ ψ W ζ |= ϕ M ζ |= ψ

ζ |= ϕ→ ψ W ζ |= ϕ L ζ |= ψ

ζ |= ϕ↔ ψ W ζ |= ϕ→ ψ M ζ |= ψ → ϕ

ζ |= Oϕ W ζ1 |= ϕ

ζ |= 2ψ W ∀i ≥ 0, ζi |= ψ

ζ |= 3ϕ W ∃i ≥ 0, ζi |= ϕ

ζ |= ϕUψ W ∃i ≥ 0, ζi |= ψ M ∀0 ≤ j < i, ζj |= ϕ

ζ |= ϕRψ W ∀i ≥ 0, W (∀0 ≤ j < i, ζj 6|= ϕ) L ζi |= ψ�A � 2j��6�&��� A _O�V/
PL.=D[�V/
P�2��
2(a = s1 → 3a = s2) r 2(p6 → 3p7) �
_OQ=
�2��

2(a = s1 ∧ b 6= t1 ∧ b 6= t2 → (a = s2 R b 6= t2)) �T=�e Kripke �Z M = 〈S,R, I, L〉 �^ π =

π0π1π2 · · ·�.S	�fw#.�=5 L(π) = L(π1)L(π2) · · ·�
M,π |= ϕ 2M�2 L(π) |= ϕ �

.^ ϕ � PLTL Xd� M ��e Kripke �Z�
M |= ϕ2M�2Cu? M 6H� π �? M,π |= ϕ ��A � S? (Op) ≡ ¬(O¬p)�A � S? pRq ≡ (qU(q ∧ p)) ∨ 2q-( 3.1 �x 2(p → Op) → (p → 2p) Lp�H�x	}v (p→ 2p) → 2(p→ Op) ILp��'&Aw|��.9 NNF �"[b<7v*	M ∧,∨,¬ M7v*	M ¬ ["ÆJ�zK=6Xd�� NNF Id�:S PLTL Xd8��.S PLTL 6 NNF Id�

..S PLTL 6 NNF Id�9<2�CE\�ZK�
(2p) ≡ ¬(3¬p)

(pRq) ≡ ¬(¬pU¬q)

(Op) ≡ ¬(O¬p)
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R � U wy*�.\� R f U ��;?2�8d�

pRq ≡ (q ∧ (p ∨O(pRq)))

pUq ≡ (q ∨ (p ∧O(pUq)))�'&Aw	1+��#-2ZCE6tgW���;?2�8d�
2p ≡ (⊥Rp)

3p ≡ (⊤Up)7' {O,U} Z� PLTL Awtg6.S�Rw�Mfu��Rw�
§3.1.2 PLTL �"w*�2 {O,U,2,3} � PLTL Xd6Awtgw� PLTL6�%���
2�X�K�.�K� PLTLXd�\6a#7vX%�0.�K��z7v6�%���:X�K�a#�%^L�x6q����

2¬p↔ ¬3p

2(p→ q) → (2p→ 2q)

2p→ p

2p→ Op

2p→ O2p

2(p→ Op) → (p→ 2p)

O¬p ↔ ¬Op

O(p → q) → (Op → Oq)

(pUq) ↔ (q ∨ (p ∧O(pUq))

(pUq) → 3qx}q���(�
*�.)X%� Ua p f
'd�L p fX%�
MP ^L� Ua ⊢ p→ q M ⊢ p �L ⊢ q �x q��!3*��<Ua ⊢ p �L ⊢ 2p��℄���A � S? (p ∧ 2Op) → 2p�A � S? (Op → Oq) → O(p → q)��C2

PLTL Xd6�8j�f�F=6�GF=OI��
PSPACE �R�

.[G"a#tg2f36 PLTLXd6gw|� PLTL(F)�
PLTL(F) 6F=OI�� NP �R�



%+(&�A � �e7Æl�4 → h → o → 4 → h →· · ·

gr → O(red→ O(ye → Ogr))

2(gr → O(red→ O(ye → Ogr)))

(gr → Ored) ∨ (red→ Oye) ∨ (ye→ Ogr)

2((gr → Ored) ∨ (red→ Oye) ∨ (ye→ Ogr))

2((grUred) ∨ (redUye) ∨ (yeUgr))

2¬((gr ∧ red) ∨ (red ∧ ye) ∨ (ye ∧ gr))-( 3.2 � PLTL Æ��_RF
P^U��_Q�O�sadF
�wY!��z ��Y�_�N~�_	d{�d{ �r�Y!��as{n�q��TY!�|Lp�
§3.1.3 PLTL �"9 B

..
uchi B{�| [[ϕ]] ⊆ (2AP )ω �8j ϕ 6iM%6wg�CT4

PLTLXd ϕ�*J.S B
..
uchih>tA = 〈2AP , S,∆, I, F 〉b5 L(A) = [[ϕ]] ��A �

2p

pUq

pU(qUr)>�:S PLTL Xd8��.S NNF IdM 2 f 3 �< R f U �e��;[�3�
 2 f 3 6 NNF Id�>� B
..
uchih>t�~b"N B

..
uchih>t6en53�2�f.SZKB'8�� [[ϕ]] 6"N B

..
uchi h>t Bϕ = 〈2AP , S,∆, I, F 〉 6JG�

1. j
ZKfw x = ({ϕ}, {}, {})�| a(x) = {ǫ} ��G}Vfww S �
2. CT4 x = (b, c, d) ∈ S �W b = ∅ �ZKfw y = (d, {}, {}) �W y ∈ S �L�Q a(y) = a(y) ∪ {x} �W y 6∈ S �| a(y) = {x} ��� y}Vfww S �W b = b0 ∪ {ϕ} ��;K2�zbN!�W ϕ = ϕ0Uϕ1 �ZKfw (b0 ∪ {ϕ0}, c ∪ {ϕ}, d ∪ {ϕ}) f (b0 ∪ {ϕ1}, c ∪ {ϕ}, d) �W ϕ = ϕ0Rϕ1 �ZKfw (b0 ∪ {ϕ1}, c ∪ {ϕ}, d ∪ {ϕ}) f (b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d) �W ϕ = ϕ0 ∨ ϕ1 �ZKfw (b0 ∪ {ϕ0}, c ∪ {ϕ}, d) f (b0 ∪ {ϕ1}, c ∪ {ϕ}, d) �W ϕ = ϕ0 ∧ ϕ1 �ZKfw (b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d) �W ϕ = Oϕ0 �ZKfw (b0, c ∪ {ϕ}, d ∪ {ϕ0}) �W ϕ = p r ϕ = ¬p �M p ∈ AP �ZKfw (b0, c ∪ {ϕ}, d) �<�ZK6fw|/Dfw x �j
C:S�ZK6fw y �W y 6∈ S �| a(y) = a(x) ��� y }Vfww S �W y ∈ S M a(y) 6= ∅ �L�Q a(y) = a(y) ∪ a(x);W y ∈ S M a(y) = ∅ �LCu?X	r�	|/ y 6fw y′ ∈ S ��Q a(y′) = a(y′) ∪ a(x); Si�u? a(z) `



%+(&"Æ x 69J<�ZK6fw|/�li�Q a(x) = ∅�e x 1��ZK6fwu|/�C:S�ZK6fw y = (b, c, d) ∈ S �W c `�z6wgf��8j6�L) S `Y# y �W c ∩ b 6= ∅ �L) b `Y#XY�K c ∩ b �Hp:F�X\9?�ZK6fw�
3. CT4 x = (b, c, d) ∈ S �W y ∈ a(x) M y =

(b′, c′, d′) ∈ S �ZKJ0 (y, σ, x) ���G}VJ0wg
∆ �G` σ ∈ 2AP 8j ∀p ∈ AP.({p,¬p} 6⊆ σ ∪ c′) ∧ (p ∈

c′ → p ∈ σ) �
4. CT4 x = (b, c, d) ∈ S �W ǫ ∈ a(x) �L� x }V!
fwwg I �
5. C:SXd ϕ �W ϕ = ϕ0Uϕ1 �ZK fϕ =

{(b, c, d) ∈ S | ϕ ∈ c → ϕ1 ∈ c} ���G}V	lfwwwg F ��A �
2p

pUq

pU(qUr)-( 3.3 k[�
2(p → (aUb))
LRhP"Se�

§3.1.4 6�02!3�
.
��a#7v�y<.
7v#>ofw�_��f�F=6��M�*J��6.
��a#7v6�%���1G�,D(�L�D[�,VD6�_��2<Jgg�%6�#)S`�
.T=.S.
7v LB �LB Z6.
��a#7vXd6wg>2�BGT"�

φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ |O φ | 3 φ | 2 φ | φ U φ | φ R φG` p � LB 6T4Xd�
..
��a#7vXdJ	�fw#.Z�h�^ S �fwwg� π = π0π1π2 · · · �.S	�fw#.� S `fw6�ZxJGWZ�'6Xd�=�.
7v LB �.
��a#7vXd6B5U��



%+(&
πk |= p W p f LB 6XdM πk |= p

πk |= ¬ϕ W πk 6|= ϕ

πk |= ϕ ∨ ψ W πk |= ϕ r πk |= ψ

πk |= ϕ ∧ ψ W πk |= ϕ M πk |= ψ

πk |= ϕ→ ψ W πk |= ϕ L πk |= ψ

πk |= ϕ↔ ψ W πk |= ϕ→ ψ M πk |= ψ → ϕ

πk |= Oϕ W πk+1 |= ϕ

πk |= 2ψ W ∀i ≥ k, πi |= ψ

πk |= 3ϕ W ∃i ≥ k, πi |= ϕ

πk |= ϕUψ W ∃i ≥ k, πi |= ψ M ∀k ≤ j < i, πj |= ϕ

πk |= ϕRψ W ∀i ≥ k, W ∀k ≤ j < i, πj 6|= ϕ L πi |= ψ*��<�;< ϕ⇒ ψ �e 2(ϕ→ ψ)�T=.S B = (F, P )f B 6�h I �U�.
a#7vXd6B5��;?2��%^L�
• �℄^L�

⊢ ϕ

2ϕ

ϕ⇒ ψ

ϕ⇒ ϕUψ

ϕ⇒ Oψ

ϕ⇒ ϕUψ

• R ^L�
ζ ⇒ ϕ

ϕ ∧ ¬ψ ⇒ Oϕ

ζ ⇒ ψRϕ

• U ^L�̂ ⊑∈ P �FC�&Me�w ∈ QFFB �.C�&Xd (|GÆ,� x) MW = ({σ(x)|I(w)(σ) =

true}, I0(⊑)) �+swg� e ∈ TB ���L
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ we
x)

(ζ ∧ e = v) ⇒ ζ0U(ψ ∨ (ζ ∧ e < v))

ϕ⇒ ζ0Uψ6�02!3�
w�=2Z.
��a#7v6Awtg?fn<JXdZ�V�.���;�2G" O tg<J�Z�R*��; +�Q M,πk |= p 6=5�^ p f LB 6.? n SÆ,6DgXd�L�
M,πk |= p(Oi1x1, ..., O

inxn) W O �J p `6Gv�℄"ÆM M,πk |= p(πk+i1 (x1), ..., πk+in
(xn))

M,πk |= p(..., Oif(t1, ..., tm), ...) W M,πk |= p(..., f(Oit1, ..., O
itm), ...)
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§3.2 
&$�
 CTL{tp7v (Computation Tree Logic) f.bKTa#7v�

.��6�D6H��2��f.Sp6�Z�y.Sfw�D?DSi$fw�.S��>.�rD�pk��{tp7v�2>o{tp6KTN!ffw6Ki\���;�3.b�06{tp7v�y CTL�CTL`>oKTN!f>ofw6Ki\�6tg�C"Æ�y.S>oKTN!6tgi=�!?.S>ofw6Ki\�6tg��A � j��6�_
§3.2.1 :~�:7

.{tp7v�2�'J�z7v��&7v2xGv>ofw67vWZ��;�3�z7vWZ6{tp7v�

.T=.SDg�zwg AP � CTL Xd6wg>2�BGT"�
φ ::= ⊤ | ⊥ | p | ¬φ | φ ∧ φ | φ ∨ φ |

EX φ | EF φ | EG φ | E(φ U φ) | E(φ R φ) |

AX φ | AF φ | AG φ |A(φ U φ) | A(φ R φ)G` p � AP `T4�z���0H��7v)	M
→ f ↔ 9?"ÆJZ=6Xd=5`�1�;�2U�G~�6B5h>b<�

.

CTLXdJ.Spf�Zr Kripke�ZZ�h�̂ M =

〈S,∆, I, L〉 fDg�zw AP Z6 Kripke�Z�CTL Xd6B5U��
M, s |= p W p = ⊤, r p ∈ AP M p ∈ L(s)

M, s |= ¬ϕ W M, s 6|= ϕ

M, s |= ϕ ∨ ψ W M, s |= ϕ r M, s |= ψ

M, s |= ϕ ∧ ψ W M, s |= ϕ M M, s |= ψ

M, s |= Aϕ WC�u? M `2 s �H;61� π � M,π |= ϕ

M, s |= Eϕ W*J M `2 s �H;61� π � M,π |= ϕ

M, π |= Xϕ W M,π1 |= ϕ

M, π |= Gψ W ∀i ≥ 0,M, πi |= ψ

M, π |= Fϕ W ∃i ≥ 0,M, πi |= ϕ

M, π |= ϕUψ W ∃i ≥ 0,M, πi |= ψ M ∀0 ≤ j < i,M, πj |= ϕ

M, π |= ϕRψ W ∀i ≥ 0, W ∀0 ≤ j < i,M, πj 6|= ϕ L M,πi |= ψ



%+(&�A � 2j��6�&��� A _O�V/
PL.=D[�V/
P�2��
AG(a = s1 → AFa = s2) �
_OQ=
�2��

AG(a = s1 ∧ b 6= t1 ∧ b 6= t2 → A(a = s2 R b 6= t2)) ��A � 8j AFAGp 6�Z�
.^ ϕ � CTL Xd� M � Kripke �Z�

M |= ϕ2M�2Cu? s ∈ I � M, s |= ϕ ��'&Aw|��.9 NNF �"7v*	M ¬["ÆJ�zK=6Xd�� NNFId�:S CTL Xd8��.S CTL 6 NNF Id�.S
CTL 6 NNF Id�9<2�CE\�ZK�

AXp ≡ ¬EX¬p

AGp ≡ ¬EF¬p

AFp ≡ ¬EG¬p

A(pRq) ≡ ¬E(¬pU¬q)

A(pUq) ≡ ¬E(¬pR¬q)

R � U wy*�.\� R f U ��;?2�8d�
E(pRq) ≡ (q ∧ (p ∨ EXE(pRq)))

E(pUq) ≡ (q ∨ (p ∧ EXE(pUq)))

A(pRq) ≡ (q ∧ (p ∨AXA(pRq)))

A(pUq) ≡ (q ∨ (p ∧AXA(pUq)))�'&Aw	1+��#-2ZCE6tgW���;?2�8d�
EGp ≡ E(⊥Rp)

E(pRq) ≡ E(qU(p ∧ q)) ∨EGq7' {EX,EG,EU} Z� CTL Awtg6.S�Rw�Mfu��Rw�-( 3.4 �t A(pUr) ∨ A(qUr) ` A((p ∨ q)Ur) P℄
fu#��[�Pl\P���-( 3.5 ��y�iJZmVG��j
EbM
��Wu# A(t = 0 ∨ x = 0U(a = s2 ∨ b = t2)) ` A(t =

0U(a = s2 ∨ b = t2)) ∨A(x = 0U(a = s2 ∨ b = t2)) �



%+(&
§3.2.2 CTL �"w*�2 {EX,EU,EG,EF,AX,AU,AG,AF, } � CTL Xd6Awtgw� CTL 6�%���
2�X�K�.�K� CTL d�\6a#7vX%�0.�K��z7v6�%���:X�K�a#�%^L�x6q����

EFp↔ E(⊤Up)

AGp↔ ¬EF¬p

AFp↔ A(⊤Up)

EGp↔ ¬AF¬p

EX(p ∨ q) ↔ EXp ∨ EXq

AXp↔ ¬EX¬p

E(pUq) ↔ (q ∨ (p ∧ EXE(pUq))

A(pUq) ↔ (q ∨ (p ∧AXA(pUq))

EX⊤∧AX⊤

AG(r → (¬q ∧ EXr)) → (r → ¬A(pUq))

AG(r → (¬q ∧ EXr)) → (r → ¬AFq)

AG(r → (¬q ∧ (p→ AXr))) → (r → ¬E(pUq))

AG(r → (¬q ∧AXr)) → (r → ¬EFq)

AG(p → q) → (EXp→ EXq)x}q���(�
*�.)X%� Ua p f
'd�L p fX%�
MP ^L� Ua ⊢ p→ q M ⊢ p �L ⊢ q �x q��!3*��<Ua ⊢ p �L ⊢ AGp��℄����C2

CTL Xd6�8j�f�F=6�GF=OI��
EXPTIME �R�
§3.2.3 CTL �"wp{z��>� CTL XdJfwZ�h�T=.S AP Z6
Kripke�ZM = 〈S,R, I, L〉�T=6.S CTLXd p�
S 6gw {s ∈ S |M, s |= p} |� [[p]] �=5dr ex : 2S → 2S U��

ex(A) = {s ∈ S | ∃s′ ∈ S, (s, s′) ∈ ∆ ∧ s′ ∈ A}�;?2�8d�
[[p]] = {s | p ∈ L(s)}

[[¬p]] = S \ [[p]]

[[p ∨ q]] = [[p]] ∪ [[q]]

[[p ∧ q]] = [[p]] ∩ [[q]]

[[EXp]] = ex([[p]])C� EG f EU �U� CTL B5��;? EGp ≡



%+(&
p ∧ EXEGp f E(pUq) ≡ q ∨ (p ∧ EXE(pUq)) � 7'

[[EGp]] = [[p]] ∩ ex([[EGp]])

[[E(pUq)]] = [[q]] ∪ ([[p]] ∩ ex([[E(pUq)]])

.>2Z8dV [[EGp]] f [[E(pUq)]] K�f τ1(Z) = [[p]]∩

ex(Z) f τ2(Z) = [[q]] ∪ ([[p]] ∩ ex(Z)) 6�>;�
.U� CTLB5V τ1 f τ2?l�fl-�>;�M [[EGp]]f τ1 6l-�>;� [[E(pUq)]] f τ2 6l��>;�y

[[EGp]] = νZ([[p]] ∩ ex(Z))

[[E(pUq)]] = µZ([[q]] ∪ ([[p]] ∩ ex(Z)))>� � ...

.$s9�GvAwtg,�2<�>;�k��J
m���;X	� p, q �� S 6gw�Awtgf7v)	M��f 2S Z6dr�
AFp = µZ(p ∨AXZ)

AGp = νZ(p ∧AXZ)

EFp = µZ(p ∨EXZ)

EGp = νZ(p ∧ EXZ)

A(pUq) = µZ(q ∨ (p ∧AXZ))

A(pRq) = νZ(q ∧ (p ∨AXZ))

E(pUq) = µZ(q ∨ (p ∧ EXZ))

E(pRq) = νZ(q ∧ (p ∨ EXZ))�A � S? AFp = µZ(p ∨AXZ)

.^ ϕ � CTL Xd� M � Kripke �Z��;?
M, s |= ϕ 2M�2 s ∈ [[ϕ]] �
M |= ϕ 2M�2 I ⊆ [[ϕ]] ��A � �lh>k�tA�-( 3.6 �j
"S�Key�g� [[A(q0Uq2)]]�[[EG(q0∨

q2)]] H�tXy��Wu#��[��
§3.2.4 CTL�";Kripke��?w*�9Æt B

..
uchiB{�>� CTLXdJfwZ�h�T= Kripke�ZM =

〈S,∆, I, L〉 f.Sfw s ��;�2U� s rGi$fw6N!#FB s fL8j.SXd�



%+(&
CTL �"; Kripke ��?w*��;=5Xb�%^L

⊤

A
, ∨

A1 · · · An

A
, ∧

A1 · · · An

AK��e� +Kyy�5"�6 A �? n SKy`6.SKyy�5"�6 A �? n SKy`6u?KyL�5"�6 A � �;�3 CTL Xd6 NNF Id�
⊤

s ⊢M p
p ∈ L(s)

⊤

s ⊢M ¬p
p ∈ AP \ L(s)

∧
s ⊢M p s ⊢M q

s ⊢M p ∧ q
∨
s ⊢M p s ⊢M q

s ⊢M p ∨ q

∧
s1 ⊢M p · · · sn ⊢M p

s ⊢M AXp
(s1, ..., sn) = {s′ | (s, s′) ∈ ∆}

∨
s1 ⊢M p · · · sn ⊢M p

s ⊢M EXp
(s1, ..., sn) = {s′ | (s, s′) ∈ ∆}

∨
s ⊢M q s ⊢M p ∧AXA(pUq)

s ⊢M A(pUq)
∨
s ⊢M q s ⊢M p ∧EXE(pUq)

s ⊢M E(pUq)

∧
s ⊢M q s ⊢M p ∨AXA(pRq)

s ⊢M A(pRq)
∧
s ⊢M q s ⊢M p ∨EXE(pRq)

s ⊢M E(pRq)C�.S�Z6KU�UaPKUaZ�B.}^L��%�W2M�2 +6}�f ⊤ �UaPKU�aZ� �%�W2M�2PKU`	�"Æ6Xd`9? EU r AU $�6Xd�Æt B
..
uchi B{�=5
sf0(A(bRc)) = {b ∨AXA(bRc), AXA(bRc)}

sf0(A(bUc)) = {b ∧AXA(bUc), AXA(bUc)}

sf0(E(bRc)) = {b ∨ EXE(bRc), EXE(bRc)}

sf0(E(bUc)) = {b ∧ EXE(bUc), EXE(bUc)}=5 sf(ϕ) �Xd6wgU��
a ∈ sf(ϕ) 2M�2
a J ϕ `"Ær a′ J ϕ `"ÆM a ∈ sf0(a

′) �T= Kripke �Z M = 〈S,∆, I, L〉 fXd ϕ �ZK�+ B
..
uchi h>t B(M,ϕ) = 〈Σ, S′,∆′, I ′, F 〉 U��



%+(&
Σ = {a}

S′ = {s ⊢M ψ | s ∈ S, ψ ∈ sf(ϕ)}

∆′(t, a) = {{t1, ..., tn}} C9 ∧- ^L
∆′(t, a) = {{t1}, ..., {tn}} C9 ∨- ^L
∆′(t, a) = {{}} W t = ⊤

∆′(t, a) = {{t}} W t f-�;M t 6= ⊤

I ′ = {s ⊢M ϕ | s ∈ I}

F = {s ⊢M E(pRq) | s ∈ S,E(pRq) ∈ sf(ϕ)} ∪ {s ⊢M A(pRq) | s ∈ S,A(pRq) ∈ sf(ϕ)}L B(M,ϕ)�2��fM |= ϕ6S?�Z�B(M,ϕ)��2M�2 M |= ¬ϕ �C�T4T= Kripke �Z 〈S,∆, I, L〉 f NNF Id6 CTL Xd ϕ ��;D[ZK.S�96�+ B
..
uchi h>t 〈Σ, S′,∆′, I ′, F 〉 M |S′| ≤ |S| · |sf(ϕ)| �

§3.3 
&$�
 CTL*>� CTL `>oKTN!f>ofw6Ki\�6tg�C"Æ�J.=��Z�^- CTL 6�,D(��;�2�G��b<�RS7v|n CTL* �T=.SDg�zwg AP �CTL*Xd6wg>2�BGT"�
φ ::= p |¬φ |φ∧φ |φ∨φ |X φ |F φ |Gφ |φU φ |φRφ |Aφ |EφG` p � AP `T4�z��;�2� CTL* `6XdK�fwXdf1�Xd�W p ∈ AP � L p ffwXdW ϕ f ψ ffwXd� L ¬ϕ,ϕ ∨ ψ, ϕ ∧ ψ ffwXdW ϕ f1�Xd� L Eϕ f Aϕ ffwXdW ϕ ffwXd� L ϕ f1�XdW ϕ f ψ f1�Xd� L ¬ϕ,ϕ ∨ ψ, ϕ ∧ ψ,Xϕ, Fϕ,Gϕ, ϕUψ, ϕRψ f1�Xd

CTL* XdJ.Spf�Zr Kripke �ZZ�h�^M = 〈S,R, I, L〉fDg�zw AP Z6 Kripke�Z�
CTL* Xd6B5U��



%+(&
M, s |= p W p ∈ AP M p ∈ L(s)

M, s |= ¬ϕ W M, s 6|= ϕ

M, s |= ϕ ∨ ψ W M, s |= ϕ r M, s |= ψ

M, s |= ϕ ∧ ψ W M, s |= ϕ M M, s |= ψ

M, s |= Aϕ WC�u? M `2 s �H;61� π � M,π |= ϕ

M, s |= Eϕ W*J M `2 s �H;61� π � M,π |= ϕ

M, π |= p W p ∈ AP M M,π0 |= p

M, π |= Aϕ W M,π0 |= Aϕ

M,π |= Eϕ W M,π0 |= Eϕ

M,π |= ¬ϕ W M,π 6|= ϕ

M, π |= ϕ ∨ ψ W M,π |= ϕ r M,π |= ψ

M, π |= ϕ ∧ ψ W M,π |= ϕ M M,π |= ψ

M, π |= Xϕ W M,π1 |= ϕ

M, π |= Gψ W ∀i ≥ 0,M, πi |= ψ

M, π |= Fϕ W ∃i ≥ 0,M, πi |= ϕ

M, π |= ϕUψ W ∃i ≥ 0,M, πi |= ψ M ∀0 ≤ j < i,M, πj |= ϕ

M, π |= ϕRψ W ∀i ≥ k, W ∀0 ≤ j < i,M, πj 6|= ϕ L M,πi |= ψ^ ϕ � CTL* fwXd� M � Kripke �Z�
M |= ϕ2M�2Cu? s ∈ I � M, s |= ϕ ��A � E(GFp) ��� EGEFp �-( 3.7 �t A((pUr) ∨ (qUr)) � A(pUr) ∨ A(qUr) `

A((p∨ q)Ur) P℄
fu# A((pUr)∨ (qUr)) Pl\P���
.

PLTLf CTLf CTL*6gw�̂ PLTL�CTLf CTL*?J Kripke �ZZ�h�.S PLTL Xd ϕ 8��.S
CTL* Xd Aϕ �R* PLTL Xd��2��ffwXd�

.JR*6�h���;�2
� PLTL � CTL f CTL*6fwXd�

.

PLTL f CTL j�2nM CTL* -� PLTL f CTL 6�w�
CTL Xd AGEFp �D< PLTL �e�
PLTL Xd F (p ∧Xp) �D< CTL �e�
CTL* Xd E(GFp) �D< CTL �e��D< PLTL �e�
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§3.4 µ- 5&>\� CTL 6x6�;V4 CTL Xd�2<Awtg AX ,EX ,�zÆ,f�>;�e�J CTL Xd6Rb�e`��zÆ,�2"ÆJ AX,EX, µ, ν Wi��RSFqQ<��;�253.S�,D(VL67v��� µ- (t�

.T=.SDg�zwg AP �.SÆ,wg V �.b�06 µ- (t6Xd6wg�>2�BGT"�
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ | 〈.〉φ | [.]φ | µX.φ | νX.φG` p� AP `T4�z�X �Æ,�µX.φf νX.φ6 φ `�lo6 X �!JErS ¬ Me6n<I�W��u8{D�#w µ- 5&CKo�0 µ- (tm" �M}>n6>o��;�253.bD[>o>n6a#\�6a#7v�

.T=.SDg�zwg AP �.SÆ,wg V �f.S>nwg A � µ- (tXd6wg>2�BGT"�
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ | 〈a〉φ | [a]φ | µX.φ | νX.φG` p � AP `T4�z� X �Æ,� a �>n��M µX.φ f νX.φ 6 φ `�lo6 X �!JErS ¬Me6n<I�W��
µ-(tXdJ LTSZ�h�̂ M = 〈Σ, S,∆, I, L〉�Dg�zw AP Z6 LTS � e : V → 2S �Æ,3 S gw6NY� µ- (tXd6B5U��
[[p]]e = {s | p ∈ L(s)}

[[X ]]e = e(X)

[[¬φ]]e = S \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[〈a〉φ]]e = {s | ∃s′.s
a
→s′ ∧ s′ ∈ [[φ]]e}

[[[a]φ]]e = {s | ∀s′.s
a
→s′ ⇒ s′ ∈ [[φ]]e}

[[µX.φ]]e = ∩{S′ ⊆ S | [[φ]]e[X/S′] ⊆ S′}

[[νX.φ]]e = ∪{S′ ⊆ S | S′ ⊆ [[φ]]e[X/S′]}

.u?Æ,?floÆ,6Xd���Xd��Xd6B5�l e 6:��^ M � LTS � ϕ ��Xd� ϕ J M `6B5��� [[ϕ]] �
M |= ϕ2M�2

I ⊆ [[ϕ]] �



%+(&�A � h>k�t-( 3.8 �"S�Ke	o�g� µX.(q1 ∨ 〈2〉X) H�t
��Wu#�Y[���'&Aw|��.9 NNF �"7v*	M ¬["ÆJ�zK=6Xd�� NNFId�:S µ- (tXd8��.S µ- (t6 NNF Id�.S µ- (t6 NNF Id�9<2�CE\�ZK�
[a]φ ≡ ¬〈a〉¬φ

µX.φ ≡ ¬νX.¬φ[X/¬X ]

µ � ν wy*�.\� µ f ν ��;?2�8d�
µX.φ ≡ φµX.φ

X

νX.φ ≡ φνX.φ
X

µ- 5&�"; Kripke ��?w*�A CTL Xd$s�T=.S Kripke �Z M f.Sfw s��;�2U� srGi$fw6N!#FB sfL8j.S� NNF Id�6 µ- (tXd�
⊤

s ⊢M p
p ∈ L(s)

⊤

s ⊢M ¬p
p ∈ AP \ L(s)

∧
s ⊢M p s ⊢M q

s ⊢M p ∧ q
∨
s ⊢M p s ⊢M q

s ⊢M p ∨ q

∨
s1 ⊢M p · · · sn ⊢M p

s ⊢M 〈a〉p
{s1, ..., sn} = {s′ | (s, a, s′) ∈ ∆}

∧
s1 ⊢M p · · · sn ⊢M p

s ⊢M [a]p
{s1, ..., sn} = {s′ | (s, a, s′) ∈ ∆}

s ⊢M ϕµX.ϕ
X

s ⊢M µX.ϕ

s ⊢M ϕνX.ϕ
X

s ⊢M νX.ϕC�.S�Z6KU�UaPKUaZ�B.}^L��%�W2M�2 +6}�f ⊤ �UaPKU�aZ��%�W2M�2JPKU`	�"Æ6Xd`:S µX.ϕ$�6Xd?fG`BS νX.ψ $�Xd6gXd�



%+(&
CTL �"v µ- 5&�"w��>� CTL Xd�I℄3>n6>o��2~= CTLu>o��`�[<�.S>n�|n a �R*��2<2�^L� CTL Xden3 µ- (tXd�

T (p) = p

T (¬ϕ) = ¬T (ϕ)

T (ϕ ∧ ψ) = T (ϕ) ∧ T (ψ)

T (EXϕ) = 〈a〉T (ϕ)

T (E(ϕUψ) = µY.(T (ψ) ∨ (T (ϕ) ∧ 〈a〉Y ))

T (EGϕ) = νY.(T (ϕ) ∧ 〈a〉Y )

§3.5 02 µ- 5& (νTL)

µ- (t3�J���ZZ=5�J���ZZ� [.]f 〈.〉 �_���06�.a�tg�/S|n O �T=.SDg�zwg AP �.SÆ,wg V � νTL Xd6wg>2�BGT"�
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ |Oφ | µX.φ | νX.φG` p � AP `T4�z� X �Æ,��M µX.φf νX.φ 6 φ `�lo6 X �!JErS ¬ Me6n<I�W��
νTL Xd�J AP Z6 KS Z�h�^ R f KS Z2T4fw�H;6u?H�6wg�^ M � AP Z6

KS � e : V → 2R �Æ,3 R gw6NY� νTL Xd6B5U��
[[p]]e = {π | p ∈ L(π0)}

[[X ]]e = e(X)

[[¬φ]]e = R \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[Oφ]]e = {π | π1 ∈ [[φ]]e}

[[µX.φ]]e = ∩{R′ ⊆ R | [[φ]]e[X/R′] ⊆ R′}

[[νX.φ]]e = ∪{R′ ⊆ R | R′ ⊆ [[φ]]e[X/R′]}^ M � KS � ϕ ��Xd� ϕ J M `6B5��� [[ϕ]] � M,π |= ϕ 2M�2 π ∈ [[ϕ]] �| M 6H�wg� [[M ]] �
M |= ϕ2M�2

[[M ]] ⊆ [[ϕ]] �W� νTL XdX	J���Z`�h�L νTL Xd?2�B5� ^ M = (π, L) �.���Z�G` π =

π0π1 · · · �fw#.� L : {π0, π1, ...} → 2AP �fww3�z<w6;\�^ e : V → 2N �Æ,3 N gw6N



%+(&Y� νTL Xd6B5U��
[[p]]e = {i ∈ N | p ∈ L(πi)}

[[X ]]e = e(X)

[[¬φ]]e = N \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[Oφ]]e = {i ∈ N | i+ 1 ∈ [[φ]]e}

[[µX.φ]]e = ∩{S′ ⊆ N | [[φ]]e[X/S′] ⊆ S′}

[[νX.φ]]e = ∪{S′ ⊆ N | S′ ⊆ [[φ]]e[X/S′]}

M |= ϕ 2M�2 0 ∈ [[ϕ]] �
LTL �"v νTL �"w��

LTL Xd�2��f νTL 6.Sg$��2<2�^L� LTL Xden3 νTL Xd�
T (p) = p

T (¬ϕ) = ¬T (ϕ)

T (ϕ ∧ ψ) = T (ϕ) ∧ T (ψ)

T (Oϕ) = OT (ϕ)

T (ϕUψ) = µY.(T (ψ) ∨ (T (ϕ) ∧OY ))

§3.6 Æt!3�
 (ATL)�+a#7vf.bD[>o>nd{gn��T
67v�T=.SDg�zwg AP �.S>nd{6wg Σ � ATL Xd6wg>2�BGT"�
φ ::= ⊤ | ⊥ | p | ¬φ | φ ∨ φ | 〈〈A〉〉Oφ | 〈〈A〉〉2φ | 〈〈A〉〉φUφG` p � AP `T4�z� A ⊆ Σ � Σ 6gw�

ATL XdJ ATS Z�h�^ M = 〈Σ, S,∆, I, L〉 �
AP Z6 ATS�T= a ∈ Σ�.S a6�5 fa f S+ → 2S6.Sdr�8jCu? λ ∈ S∗ fu? s ∈ S �

f(λ · s) ∈ ∆(s, a)T= A ⊆ Σ � FA = {fa | a ∈ A} �Jfw s 9<�5 FA 6�a out(s, FA) 8j}��
[si]i≥0 ∈ out(s, FA) 2K�2 s = s0 MCu? i,

si+1 ∈ ∩a∈Afa(s0s1 · · · si) �
.

ATL Xd6B5U��
M, s |= p W p = ⊤ �r p ∈ AP M p ∈ L(s)

M, s |= ¬ϕ W M, s 6|= ϕ

M, s |= ϕ ∨ ψ W M, s |= ϕ r M, s |= ψ

M, s |= 〈〈A〉〉Oϕ W*J FA MCu? π ∈ out(s, FA) � M,π1 |= ϕ

M, s |= 〈〈A〉〉2ϕ W*J FA MCu? π ∈ out(s, FA) �Cu? i ≥ 0 � M,πi |= ϕ

M, s |= 〈〈A〉〉ϕUψ W*J FA MCu? π ∈ out(s, FA) �*J i ≥ 0 � πi |= ψ MCu? 0 ≤ j < i � M,πj |= ϕ



$')*#-2Zs	tg��m�2=5Gvtg�U�
3ϕ = ⊤Uϕ

[[A]]Oϕ = ¬〈〈A〉〉O¬ϕ

[[A]]2ϕ = ¬〈〈A〉〉3¬ϕ�A � q��O ^A�
〈〈〉〉2(og ∧ ¬gr → 〈〈ctr〉〉2og)

〈〈〉〉2(og → 〈〈ctr, train〉〉3ig)
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