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§4.1 K#2LB;�=+g0�oHD
XF%�� 8M2�D
+5t8�y� 85v8W>8�/KF�q (T,Θ) � (B, V ) m8D
XF%��Z< B m8�} I � (T,Θ) B�D
+5t8�y^x ϕ ��� (T,Θ) |=I ϕ �V<Kh&�
(T,Θ) |=I ϕ4[�4BÆR I �}&8 (T,Θ) 8℄4 π, π |=I ϕZ< (B, V ) m8D
XF%� (T,Θ) �B t ∈ T , ϕ, ψ ∈ QFFB �DYXF^x�lY��

{ϕ}t{ψ}Z< B m8�} I �Z<DYXF t : p→ (x1, ..., xn) = (e1, ..., en) k6Y�� σ, σ′ �<K
σ

t
→σ′ 4Y�4 σ |=I p [ σ′ = σ[x1/I(e1)σ] · · · [xn/I(en)σ] �DYXF^x` I &{DYh�

I({ϕ}t{ψ}) : Σ → BoolV<Kh&�
I({ϕ}t{ψ}(σ)) = true4[�4
I(ϕ)(σ) = true ∧ σ

t
→σ′ → I(ψ)(σ′) = true^x {ϕ}t{ψ} `�} I &�2�4[�4 ∀σ ∈ Σ, I({ϕ}t{ψ}(σ)) = true ���

|=I {ϕ}t{ψ}jBÆR t ∈ T �R |=I {ϕ}t{ψ} �b��
|=I {ϕ}T {ψ}H&�q (B, V ) m8XF%� (T,Θ) k B m8�} I �G�Z<��Z< t � p → (x1, ..., xn) = (e1, ..., en) ∈ T �<K CONDt = p �<K CONDT =

∨

t∈T CONDt �
• XF^/�

{p→ ψ[x/e1] · · · [x/en]} p −→ (x1, ..., xn) := (e1, ..., en) {ψ}
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• Θ bb�
Θ ⇒ ϕ

ϕ

• O bb�
ϕ⇒ (CONDT ∨ ψ)

{ϕ}T {ψ}

ϕ⇒ Oψ

• �Abb�
ϕ′ ⇒ ϕ {ϕ}t{ψ} ψ ⇒ ψ′

{ϕ′}t{ψ′}

§4.1.1 �Æ�QQHmbbkD
+5t8�y8�/"H5#H&bb�
• XFbb�

p ∧ ϕ→ ψ[x/e1] · · · [x/en]

{ϕ} p −→ (x1, ..., xn) := (e1, ..., en) {ψ}

• R bb�
ζ ⇒ ϕ′

{ϕ′ ∧ ¬ψ}T {ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 bb�
ζ ⇒ ϕ′

{ϕ′}T {ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ

• U bb�q ⊑ ∈ P �EY (Pj� w ∈ QFFB �DY (^x (�V�7� x) [
W = ({σ(x) | I(w)(σ) = true}, I0(⊑)) �5xzl� e ∈ TB �-�b

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ w
e
x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}

ϕ⇒ ζ0Uψ

• 3 bb�
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}

ϕ⇒ 3ψ
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§4.1.2 	- O �QP+
8D
+5t8�y�"H"H�XF�aP^x$p�q V = {x1, ..., xn} �Z<DYXF t : p → (x1, ..., xk) = (e1, ..., ek) �<K x̄(t) =

(x1, ..., xk, xk+1, ..., xn) � ē(t) = (e1, ..., ek, xk+1, ..., xn) �"H"H<KH&bb�
ϕ⇒ CONDT

ϕ⇒
∨

t∈T (CONDt ∧Ox̄(t) = ē(t))

ϕ⇒ ¬CONDT

ϕ⇒ Ox̄(t) = x̄(t)=+B;�)(O?�" 5{prRi
8^xR`Q�/%�8^/kbb�57#�|
⊢I ϕb
|=I ϕ%�" 58jKD�R6YKI�{ÆRQ^/�r8^x>{i
8[BTÆR�5bb�rBY�i
�bÆ?i
���5{pÆRi
8^xR`Q�/%�8^/kbb�57#�|
|=I ϕb
⊢I ϕDY���8�/%�"HP,jKN/i
8^x�3VvPRm/�*58�  88�/%�Q6YKI�DY{Ra 8W�wXF8�/�:DY{ 8ÆE-8x%�y8�/� QT�y8T^5�N/�y{�"RR��8�/%�8�
h�d�Xm8D
�y{�"RR��8�/%�8� SQT�yJ�8WF*u��/f w6BP68N/5v"REF�.� 
hZ<DYD
�y�DYEY�{O�TDYEY (8':Æ	{gY�yEF�.8� xTHmZL 88�/%�mQR��8��8R`N\V 8,a8�/kVÆE-8x%�y8�/�"H�DY 8�/8�����NN��Mi,B��58VS� DY 8�/%�{,B��8�|`&9�q8Y�&�%�{��8� x%�y8i
5v>�� 8�/%�8^/� 8�/f w6BP68x%�y85v>R,N8^x"H�.�xTD
+5t8�y8 8�/%�8,B��58jK�"H~t� 85v8�j���Pt8�y^x�.�"Q 8Ra8�/bb768jK�~'�"H"HPt8�y$p (T,Θ) �

Φ = Θ ∧ 2(CONDT →
∨

t(CONDt ∧Ox̄(t) = ē(t))) ∧ 2(¬CONDT → Ox̄(t) = x̄(t))(d�gY^x{"HQ 8�/bb�5#8�|
(T,Θ) ⊢I Φs&8�{jK (T,Θ) |= ϕ b |=I Φ → ϕ �QT Φ �a$p8 (T,Θ) 8"w��k��~ta%�"H[�WKjKg{�28�
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§4.2 .
<
F�=+BT< � 8�'�85v	*�Ni
k�ai
�g/5v\�8{ 8℄4xqt 88�7���H{ 8{OR`xq�Z< 8 T ∈ L
(B,V )
2 k B 8�} I �<K 88WKh���7��6�7��8Th� MI(T ) : Σ →֒ Σ h&�

MI(T )(σ) =
{ σ′ j (beg, σ)

∗
⇒(end, σ′) �#<K j�,` σ′ v7 (beg, σ)

∗
⇒(end, σ′) �

MI(T )(σ) R<Kwf� 8 T `"w�7��� σ t8℄4xq�� MI(T )(σ) ↓ �Hlb��MI(T )(σ) ↑ �
FEX 8{Oi
,BTZ<8A>D>�VA>8J�P (w (^x�
Definition 4.1 � ϕ m ψ �xh
_�{� ϕ ℄�|e�� ψ ℄�oe�� T � I t��Æf� ϕ m ψ �\g��
�� ∀σ ∈ Σ, ϕ(σ) = true→ (MI(S)(σ) ↓→ ψ(MI(S)(σ))) �
Definition 4.2 � ϕ �h
_� ϕ ℄�|e�� T � I t��Æf� ϕ ���
�� ∀σ ∈

Σ, ϕ(σ) = true→ MI(S)(σ) ↓ �
Definition 4.3 � ϕ m ψ �xh
_�{� ϕ ℄�|e�� ψ ℄�oe�� T � I t��Æf� ϕ m ψ �����
�� ∀σ ∈ Σ, ϕ(σ) = true→ MI(S)(σ) ↓ ∧ψ(MI(S)(σ)) ��N���7�S5E
Definition 4.4 � T �^�� p m q �xhj�� T � I t��Æf� p m q �\g��
�r� |=I {p}T {q} �� T � I t��Æf� I(p) m I(q) �\g��
�

|=I {p}T {q}4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓→ I(q)(MI(T )(σ))) �
Definition 4.5 � T �^�� p m q �xhj�� T � I t��Æf� p ���
��r�
|=I [p]T [true] �� T � I t��Æf� I(p) ���
�

|=I [p]T [true] 4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ MI(T )(σ) ↓ �
Definition 4.6 � T �^�� p m q �xhj�� T � I t��Æf� p m q �����
�r� |=I {p}T {q} �� T � I t��Æf� I(p) m I(q) �����
�

|=I [p]T [q] 4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓ ∧I(q)(MI(T )(σ))) �q B = (F, P ) k I = (NAT, I0) �Vw F = {0, 1,+}, P = {=} � NAT ��d�� I0 �Pj 0, 1,+�}��d�m8 0, 1k�F��Pj = �}��d�m8,9a%�H&zl�{:b"D�8�
PC = {(ϕ, T, ψ) | T ∈ LB, ϕ, ψ ∈ WFFB, |=I {ϕ}T {ψ}}

TE = {(ϕ, T ) | T ∈ LB , ϕ ∈WFFB , |=I [ϕ]T [true]}

TC = {(ϕ, T, ψ) | T ∈ LB, ϕ, ψ ∈ WFFB, |=I [ϕ]T [ψ]}
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Definition 4.7 � T �^�� ϕ m ψ �xh
_�{� ϕ ℄�|e�� ψ ℄�oe��idt� I �

• ϕ � T m ψ 
��w	|e���
ϕ(σ) = true a~ua (MI(T )(σ) ↓→ ψ(MI(T )(σ))) �

• ϕ � T m ψ 
��|e���
ϕ(σ) = true a~ua MI(T )(σ) ↓ ∧ψ(MI(T )(σ)) �

• � I 
t��Æ� ψ � T m ϕ 
�}oe���
ψ(σ) = true a~ua`��
 σ′ �b ϕ(σ′) = true ∧MI(T )(σ′) = σq T � 8� ϕ k ψ {6Y (�q ϕ { T k ψ 8�k'�YA>�bBÆR ϕ′ � T BT ϕ′ k ψ {�Ni
84[�4 ϕ′ → ϕ �q ϕ { T k ψ 8�kYA>�bBÆR ϕ′ � T BT ϕ′ k ψ {�ai
84[�4 ϕ′ → ϕ �q ψ { T k ϕ 8�ZoA>�bBÆR ψ′ � T BT ϕ k ψ′ {�Ni
84[�4 ψ → ψ′ �=+T1BT�Ni
D>�jYA>� ϕ �oA>� ψ �jK 8B�UBYoA>8Dy�={�q 88℄4�

(beg, σ0), (l1, σ1), ..., (ln−1, σn−1), (end, σn)dojKj ϕ(σ0) b ψ(σn) �BTxqD>�DyjK�={�q 88℄4�xq
(beg, σ0), (l1, σ1), ...,OC�vRNY l ∈ LB v`℄4w#)#*C*�dojKj ϕ(σ0) b l `N*#)o�VVÆBN8 σ �B�sR`u`n4<K l 8p;8����ai
5"HN��Ni
kxq6KI8jK�heL`DWjK�Dy�={�q 88℄4�
(beg, σ0), (l1, σ1), ...,OCj ϕ(σ0) �2b�f n *� n V"w�7�� σ0 ,a����qo� ln = end [

ψ(σn) �2�



§4 $#'(! 6!N/%�=+Hm88jK�={xTB 8f 8N$�6B~'
<8 88℄4f �BT�28 8�U�={"48�3BTT^8 8�
< 8℄4f RD<8Q?� LD"H6B\i8KF�DYzB8Zb{�DY/8!�N��.8!��BT< � 8�"H"H� 88℄4N���8U��Qg/U�8i
5�5hY 88i
5�"H��j89��=��q α = (l0, l1, ..., ln) �D=��
MI(α)(σ0) =

{

σn j,` {σ1, ..., σn} ⊆ Σv7 (l0, σ0) ⇒ (l1, σ1) ⇒ · · · ⇒ (ln, σn) �#<K j�,`gA8��z�j l0 = beg [ ln = end b α = (l0, l1, ..., ln) ���h=��MI(T )(σ) = σ′ 4[�4,`�h=� α v7MI(T )(α) = σ′ �.
T 8i
5�"H"H<K=�8�Ni
5�
Definition 4.8 � p m q �xhj�� α � I t��Æf� p m q �\g��
�r�
|=I {p}α{q} �� ∀σ ∈ Σ, I(p)(σ) = true→ (MI(α)(σ) ↓→ I(q)(MI(α)(σ))) �
Definition 4.9 � α �zv� p m q �xhj�� p � α m q 
��w	|e���

I(p)(σ) = true a~ua MI(α)(σ) ↓→ I(q)(MI(α)(σ)) �
Definition 4.10 � α = (l0, ..., lk) ��zv�d� wlp(α, q) �Æ�

k = 0 wlp(α, q) = q

k = 1

`� T ��y l0: (v1, ..., vn) := (e1, ..., en) goto l1� wlp(α, q) = q[v1/e1] · · · [vn/en].`� T ��y l0: if (b) goto l else goto l′� wlp(α, q) =
{ b→ q � l = l1;

¬b→ q � l′ = l1 �
k > 1 � α0 = (l0, l1), α1 = (l1, ..., lk) �� wlp(α, q) = wlp(α0, wlp(α1, q))b I(wlp(α, q)) {=� α k q 8�k'�YA>�

Definition 4.11 � α = (l0, ..., lk) ��zv�d� vc(p, α, q) = p→ wlp(α, q) �j |=I vc(p, α, q) b |=I {p}α{q} �
Definition 4.12 � T �^�� C �[lqn�d� γT (C) �Æ�
(l0, ..., lk) ∈ γT (C) a~ua (l0, ..., lk) � T 
zv� k > 0, l0, lk ∈ C ~ l1, ..., lk−1 6∈ C �
�S5ET1q C {�jzl� beg, end ∈ C, T 8FY<rsnRDY�j	gT C [ C w8FY�j l RDYBN8^x ql �j ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk) b |= {qbeg}T {qend} �YWE�:Exq5�{D
5v�H& 8` PA� Peano ���D
���8��M2&BfJ�iR`xq�3` PA 8M��M2��D<xq�

beg: (x) := (0); goto test;

test: if x = y then goto end else goto loop fi;

loop: (x) := (x+ 1); goto test;



§4 $#'(! 7YWET1q C {�jzl� beg ∈ C, T 8FY<rsnRDY�j	gT C [ C w8FY�j
l RDYBN8^x ql � (W,⊑) {D WFS � C′ ⊆ C {�jzl� T 8FY<rsnRDY�j	gT C′ [ C′ w8FY�j l RDYBN8h� gl : Σ → W �jH&���2b
|= [qbeg]T [true]:

(a) ∀α ∈ γT (C), |=I vc(ql0 , qlk)

(b) ∀α ∈ γT (C), I(ql0 )(σ) = true ∧MI(α)(σ) ↓→ glk(MI(α)(σ)) < ql0(σ)!N���7�YWET1q C {�jzl� beg ∈ C, T 8FY<rsnRDY�j	gT C [ C w8FY�j lRDYBN8^x ql � (W ⊆ D, I0(⊑)) {D WFS [ ⊑∈ P �w ��CRDY�Q�78^x[ W = {σ(x) | I(w)(σ) = true} � C′ ⊆ C {�jzl� T 8FY<rsnRDY�j	gT
C′ � C′ w8FY�j l RDYBN8- tl [ |=I ql → w[x/tl] �jH&���2b |= [qbeg]T :

(a) ∀α ∈ γT (C), |=I vc(ql0 , qlk)

(b) ∀α ∈ γT (C), |=I vc(ql0 ∧ tl0 = a, α, tlk < a)gYKF,BTYI8KFRD<8�*5�| WFS 8:a�*T W ⊆ D k (Pj�7` P w�
§4.3 $��G 
F�=+< � 88DYb;{<r8i&k#&�bI�+1 88
?��gI#-�+jK8
?���/
�T^�+ 8Æ_,��"�l5���Æ_q 8"H#Qg/b;�Z< 8 T ∈ L

(B,V )
1 k B 8�} I �<K 88WKh���7��6�7��8Th� MI(T ) : Σ →֒ Σ h&�

MI(T )(σ) =
{ σ′ j (T, σ)

∗
⇒σ′ �#<K j 8`"w�7��� σ t8℄4�xq�QTÆ_q<r 8"H��{< � 88��3x�< � 88jKKF�A|PTÆ_q<r 8�:��QTÆ_q<r 8�R�l5�"H"H[�p�WKk^/WKjK 85v�

§4.3.1 V�PMÆ_q 8�R�l5�
hZ< 8 T1 k T2 �"H"�V�l� T1;T2 �_ZDY^x e �"H"�V�l� if e then T1 else T2 fi 9�gA� T1;T2 8WK�"H�2` T1 k T28WKm�
h MI(T1;T2)(σ) = MI(T2)MI(T1)(σ) � g0RDY!��|heMI(T1)(σ)E<K�gC1��l|��8K�gy�l�"HB M �4+!��� Mω �V.2�
Mω

I (T ) : Σω → Σω Vw Σω = Σ ∪ {ω} �<K ite : Bool × Σω × Σω → Σω h&
ite(true, σ, σ′) = σ

ite(false, σ, σ′) = σ′<K Φe,T : [Σω → Σω] → [Σω → Σω] h&
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Φe,h(f)(σ) =
{ ω j σ = ω

ite(I(e)(σ), f(h(σ)), σ) j σ 6= ω

Mω
I (T ) : Σω → Σω <Kh&�

Mω
I (x := t)(σ) =

{ ω

MI(x := t)(σ) = σ[x/I(t)(σ)]

Mω
I (T1;T2) = Mω

I (T2)M
ω
I (T1)

Mω
I (if (e) then T1 else T2 fi)(σ) =

{ ω

ite(I(e)(σ),Mω
I (T1)(σ),Mω

I (T2)(σ))

Mω
I (while e do T1 od) = µΦe,Mω

I
(T1)

j σ = ωj σ 6= ωj σ = ωj σ 6= ωBTfJ<rW� 8 T � Mω
I (T ) {5<K[498�xT Mω

I (T ) �"H"H<K
MI(T ) : Σ →֒ Σ h&�

MI(T )(σ) =
{ Mω(T )(σ) j Mω

I (T )(σ) 6= ω#<K j Mω
I (T )(σ) = ωgY<Kk��WKwB MI(T ) 8<K{Dt8�Hf,�"HR

Mω
I (T )(σ) =

{

ω j σ = ω �
ω jMI(T )(σ) #<K
σ′ jMI(T )(σ) = σ′
�S5EX�Ni
5 {ϕ}T {ψ} �y� ϕ(σ) → (MI(T )(σ) ↓→ ψ(MI(T )(σ))) � heR`m��f��� MI(T ) �y�DY�2h��bjK�gI8���QT�Ni
�B^ 8D<xq�"HrB��B� Mω

I (T ) ⊑ h 8DY Σ m8h� h �dojK ϕ(σ) → ψ(h(σ)) �`gA8HjKw��)Q8�N{<rW�8WK�`jKw��6B<KDY�=;
g ,BN<rW�8WK�HjK<rW�"wt8��kÆ�t8��8a%�"H"Hm�<KDYjK<rW�"wt8��kÆ�t8��8a%8KF�q ϕ : Σ2 → Bool� (�q S=while e do S1 od�jH&L��2�b ∀σ ∈ Σ,MI(S)(σ) ↓→

ϕ(σ,MI(S)(σ)) �
∀σ ∈ Σ, I(¬e)(σ) → ϕ(σ, σ)

∀σ, σ′ ∈ Σ, I(e)(σ) ∧MI(S1)(σ) ↓ ∧ϕ(MI(S1)(σ), σ′) → ϕ(σ, σ′)gA"Hr�� MI(S1)(σ) D��8�=;�L)UKF8NP"H�qD/<rW�i
58jK�YWEX 8 T 8xq5"H[�Gk 8 T ′ 8xq5,jK�j MI(T
′)(σ) �&&R<K8h�[ MI(T )(σ) ⊑MI(T

′)(σ) b MI(T )(σ) &&R<K�
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§4.3.2 Hoare 0"$8xTp�WK8 8jK�"Hs"HP�y8KF,jK 885v� Hoare�y�{gA8DY"HP,jK 885v8%��Hoare�yW>�2` (�ykÆ_q 88x%m�q B {DY (�y8x�Pjz�
Definition 4.13 Hoare j�
d��Æ�

H ::= {p}T {q}{� p, q ∈WFFB �j�� T ∈ L
(B,V )
1 �skp^��q I {x�Pjz B 8�}�Hoare^x8WKJh��� I ��FY Hoare^x {p}T {q}Op6DY Σ → Bool 8h�� I({p}T {q}) : Σ → Bool <Kh&�
I({p}T {q})(σ) = true4[�4

I(p)(σ) = true ∧MI(T )(σ) ↓→ I(q)(MI(T )(σ)) = true.DY^x {p}T {q} ` I 8�}&�2�|BfJ σ � I({p}T {q})(σ) = true ��� |=I

{p}T {q} �jV`fJ�}&�2��� |= {p}T {q} �jV`B� W 8�}&�2���
W |= {p}T {q} �
Hoare I9�y^x{DYJ�5v8KF�"H6B`gx%m�4�/�"HRH&^/k�/bb�

(1) So^/�q p ∈ WFFB, x ∈ V, t ∈ TB �
{pt

x}x := t{p}

(2) �lbb�q p, q, r ∈ WFFB, S1, S2 ∈ LB
2 �

{p}S1{r}, {r}S2{q}

{p}S1;S2{q}

(3) ��bb�q p, q ∈ WFFB, e ∈ QFFB, S1, S2 ∈ LB
2 �

{p ∧ e}S1{q}, {p∧ ¬e}S2{q}

{p}if e then S1 else S2 fi{q}

(4) <rbb�q p ∈ WFFB, e ∈ QFFB, S1 ∈ LB
2 �

{p ∧ e}S1{p}

{p}while e do S1 od{p ∧ ¬e}

(5) �?bb�q p, q, r, s ∈ WFFB, S1 ∈ LB
2 �

p ⊃ q, {q}S1{r}, r ⊃ s

{p}S1{q}



§4 $#'(! 10DY Hoare^x {p}T {q}"QHmbbk^/76��� ⊢ {p}T {q}��8�/8K�"H"HvP5#bb�5#bb"H��{x�bb8�lNP�jPHmbbk^/"H+^x s1, s2, ..., sn �5# s �b"H�rH&5#bb�
s1, s2, ..., sn

sH&{}Y�P85#bb�`R/tn"HP,�0ZR8So^/��lbb���bbk<rbb8vP�
(1’) q p, q ∈WFFB , x ∈ V, t ∈ TB.

p ⊃ qt
x

{p}x := t{q}

(2’) q p0, ..., pn ∈WFFB , S1, ..., Sn ∈ LB
2 , n ≥ 2.

{p0}S1{p1}, {p1}S1{p2}, ..., {pn−1}Sn{pn}

{p0}S1;S2; ...;Sn{pn}

(3’) q p, q, r ∈ WFFB, e ∈ QFF, S1 ∈ LB
2 .

p ⊃ r, {r ∧ e}S1{r}, (r ∧ ¬e) ⊃ q,

{p}while e do S1 od{q}

(4’) q p1, p2, q ∈WFFB , e ∈ QFFB, S1, S2 ∈ LB
2 �

{p1}S1{q}, {p2}S2{q}

{(p1 ∧ e) ∨ (p2 ∧ ¬e)}if e then S1 else S2 fi{q}QT�5w6BP6 p ⊃ r 9^x�"Hs6BD��5g/^x8KF��8��g/AG�}|TV 8m�,a85v�"H���g/�28x�
TDY/?�`g/?l&�"H"H�g/4�^/,�1��P8/?	*�d�/? PA 9�=+T1 88�/jK` 88FYW�YoLml|8A>�NPHmbbjK 88FYW�BTg/A>>{B8�R/A>{"H+6BjK8YoA>�f�2�5768�R/{B�~�fN$ 8��8�bb 4 w8 p ��<r��x�NP Hoare ?�jK 885v8Q;`T��l|8<r��x�QTg{Q;�"H"H�>+���IjK<rW�8i
5�DY�0<rbb8KF"H{+p�WKjK<rW�8KFw5#�p�WKjK<rW�8KFw8 ( ϕ(σ, σ′) �{Dy��x�q S=while e do S1 od [ S H σ �"w���f m * S1 8n4oxq�q σ′ = MI(S1)
m(σ) ��> ϕ(σ, σ′) �Yo��l�8a%�[�

(1) e ��2t ϕ(MI(S1)
m(σ),MI(S1)

m(σ)) �2�
(2) e �2tb ϕ(MI(S1)

m−1(σ),MI(S1)
m(σ)) � ϕ(MI(S1)

m−2(σ),MI(S1)
m(σ)) �ms

ϕ(σ,MI(S1)
m(σ)) �2�"HP^x r �y ϕ(σ, σ′) �Z< σ, σ′ � r k ϕ RH&a%�

ϕ(σ, σ′) = I(r)(σ[x′1/σ
′(x1)] · · · [x

′
n/σ

′(xn)])



§4 $#'(! 11q p, q, r ∈WFFB, e ∈ QFF, S1 ∈ L
(B,V )
2 �b

¬e ⊃ rx1,...,xn

x′

1
,...,x′

n

, {¬r ∧ e}S1{¬r}, (p ∧ r) ⊃ q
x′

1
,...,x′

n

x1,...,xn
,

{p}while e do S1 od{q}bbw p, q rP x, y gA8�7�D r wP x, y, x′, y′ ,�y<rW��wkÆ�t8��8a%�)(O?��/%�8" p8{�5#8^x
u{�28�|jW ⊢ {p}T {q}bW |= {p}T {q}�~'BT^/ {pt
x}x := t{p} �| ⊢ {pt

x}x := t{p} �"H�7jK |= {pt
x}x := t{p} �|BfJ I � |=I {pt

x}x := t{p} �"H�7jKBfJ σ � I({pt
x}x := t{p})(σ) = true �[�<K

I({pt
x}x := t{p})(σ) = true 4[�4

I(pt
x)(σ) = true ∧MI(x := t)(σ) ↓⇒ I(q)(MI(x := t)(σ)) = trueQT

I(pt
x)(σ) = I(p)(σ[x/I(t)(σ)] = I(q)(MI(x := t)(σ))L)

I(pt
x)(σ) = true ∧MI(x := t)(σ) ↓⇒ I(q)(MI(x := t)(σ)) = trueL)

I({pt
x}x := t{p})(σ) = trueBT�lbb�"H�7jK |=I {p}T1{q} [ |=I {q}T2{r} b |=I {p}T1;T2{r} �j

MI(T1;T2)(σ)#<K�b I({p}T1;T2{r})(σ) = true��qMI(T1;T2)(σ)R<K[MI(T1;T2)(σ) =

σ′ �6BjK8�{ I(p)(σ) b I(r)(σ′) �MI(T1;T2)(σ) = σ′ b (T1;T2, σ)
∗
⇒σ′ �L),` σ′′v7

(T1;T2, σ)
∗
⇒(T2, σ

′′)
∗
⇒σ′L)

(T1, σ)
∗
⇒σ′′ [ (T2, σ

′′)
∗
⇒σ′[� |=I {p}T1{q} k |=I {q}T2{r} �j I(p)(σ) �b I(q)(σ′′) �b I(r)(σ′) �L)

I({p}T1;T2{r})(σ) = trueBT��bb�"H�7jK |=I {p ∧ e}T1{q} [ |=I {p ∧ ¬e}T2{q} b |=I {p}if e then T1

else T2 fi{q} �j MI(if e then T1 else T2 fi)(σ) #<K�bÆ?�2�j MI(if e then T1 else T2

fi)(σ) = σ′ �"HN6y℄(�?�j I(e)(σ) �2b
MI(if e then T1 else T2 fi)(σ) = MI(T1)(σ)[� |=I {p ∧ e}T1{q} �j I(p)(σ) b I(q)(MI(T1)(σ)) �2�L)

|=I {p}if e then T1 else T2 fi{q}�/�j I(¬e)(σ) �2�[� |=I {p ∧ ¬e}T2{q} �HmL�C�2�BT<rbb�"H�7jK |=I {p ∧ e}T1{p} b |=I {p}while e do T1 od{p ∧ ¬e} �



§4 $#'(! 12j MI(while e do T1 od)(σ) #<K�bÆ?�2�j MI(while e do T1 od)(σ) = σ′ �b (while e do T1 od, σ)
k
⇒σ′ �"HP
PFjKBfJ σ � I(p)(σ) b I(p ∧ ¬e)(σ) �j k = 1 �b σ′ = σ � I(e)(σ) = false �L) I(p)(σ) ⇒ I(p ∧ ¬e)(σ′) �j k > 1��qBfJ σ �i < k �(while e do T1 od, σ)

i
⇒σ′ �b I(p)(σ) ⇒ I(p∧¬e)(σ′)�QT (while e do T1 od, σ)

k
⇒σ′ [ k > 1 �b

I(e)(σ) [ (while e do T1 od, σ)⇒(T1;while e do T1 od, σ)
k−1
⇒ σ′ �,` σ′′ v7

(T1, σ)
k1⇒σ′′ [ (while e do T1 od, σ′′)

k2⇒σ′[� |=I {p ∧ e}T1{p} �QTGR I(e)(σ) �j I(p)(σ) �b I(p)(σ′′) �[�
P�qR
I(p)(σ′′) b I(p ∧ ¬e)(σ′) �L)

|=I {p}while e do T1 od{p ∧ ¬e}HmjK8%�8" 5�D��?�EBT��5�"HrRjK,B8��5�~'"H6B�R�`Z�.R38 I � I 8�.R3�`Z8gK�{BfJ8 8 T k^x q �,`^x r v7 I(r) � T k I(q) 8�k�QYA>�`)℄(&�"H� ( I(r) {"�.8�BTZ<8 I [ I 8�.R3�`Z�"HjK |=I {p}T {q}b th(I) ⊢ {p}T {q}�jKxT T 8Æ_�"H~'jKH&zu�
|=I {p}S1;S2{q} [ I(r) � S2 k I(q) 8�k�QYA>� b |=I {p}S1{r} [ |=I {r}S2{q}

|=I {p}if e then T1 else T2 fi{q} �b |=I {p ∧ e}T1{q} [ |=I {p ∧ ¬e}T2{q}

|=I {p} while e do T1 od{q} �b |=I {p} if (e) T1; while e do T1 od else x := x fi {q}j |=I {p}x := t{q} b[�WKR |=I p ⊃ qt
x �L) th(I) ⊢ p ⊃ qt

x �[�So^/k�?bb"H7#
th(I) ⊢ {p}T {q}j |=I {p}S1;S2{q} �q I(r) � S2 k I(q) 8�k�QYA>�QT |=I {p}S1{r} [

|=I {r}S2{q} �b th(I) ⊢ {p}S1{r} [ th(I) ⊢ {r}S2{q} �[��lbb"H7#
th(I) ⊢ {p}S1;S2{q}j |=I {p}if e then T1 else T2 fi{q} �QT |=I {p ∧ e}T1{q} [ |=I {p ∧ ¬e}T2{q} �b

th(I) ⊢ {p ∧ e}T1{q} [ th(I) ⊢ {p ∧ ¬e}T2{q} �[���bb"H7#
th(I) ⊢ {p}if e then T1 else T2 fi{q}j |=I {p}while e do T1 od{q} �q I(r) � while e do T1 od k I(q) 8�k�QYA>�b
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|=I p ⊃ r [
|=I {r} if (e) T1; while e do T1 od else x:=x fi {q}b

|=I {r ∧ e}T1;while e do T1 od{q} [ |=I {r ∧ ¬e}x := x{q} �b
|=I {r ∧ e}T1{r} [ |=I (r ∧ ¬e) ⊃ q �[�<rbbk�?bb"H7# th(I) ⊢ {p}T {q} �Hm	y℄(jK8%�8,B��5�*R� Hoare 0"

Hoare �yrRjK 88�Ni
��RjK 88xq5k�ai
��8jK 88xq5k�ai
�R�BB Hoare �y�4+
�q B {DY (�y8x�Pjz�
Definition 4.14 Hoare j�
d��Æ�

H ::= [p]T [q]{� p, q ∈WFFB �j�� T ∈ L
(B,V )
1 �skp^��q I {x�Pjz B 8�}�+
8 Hoare^x8WKJh��� I ��FY+
8 Hoare^x [p]T [q] Op6DY Σ → Bool 8h�� I([p]T [q]) : Σ → Bool <Kh&�

I([p]T [q])(σ) = true4[�4
I(p)(σ) = true⇒ MI(T )(σ) ↓ ∧I(q)(MI(T )(σ)) = true.Æ_q 88{Oxq_�T<rW���8
j<rW�8xq�"HMi WFS zl8NP�~'"H�7
jR`P^x<K6B8 WFS zl�gA�B B k I = (D, I0) RH&B

(̂1) B 	gDYEY (Pj��� ≤ �
(2) D 	gDY�z W [ (W, I0(≤)) �D WFS �
(3),` w ∈WFFB [ w	g�CTDY�7��� x�B� W = {σ(x) |σ ∈ Σ, I(w)(σ) =

true} ⊆ D �gA<rbb"H1�
(p ∧ e) ⊃ w[x/t], [p ∧ e ∧ t = y]S1[p ∧ t < y]

[p]while e do S1 od[p ∧ ¬e]BTSo��lk��W�8bb�"He Hoare ?�w8bb� {p}T {q}�t� [p]T [q]|"�
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