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§4 E1R℄��FoNH[!<z!<P6�Q��Q39{�&K%LU 2:MH�&K+�sH[H�9: 2MH�d�sH3��16!<: 2MH�

§4.1 S(8TJB�D0l3�sLH�\J)�#!<P6�H�/9x<C|#!<9{:\B: 2MH�
.u (T,Θ) # (B, V ) q:H�\J)��\> B q:��

I �(T,Θ)E�H�/9x<C|`| ϕ��� (T,Θ) |=I

ϕ �Z>Ol*�
(T,Θ) |=I ϕ6_�6D�W I ��*: (T,Θ) :b8 π, π |=I ϕ\> (B, V ) q:H�\J)� (T,Θ) �D t ∈ T ,

ϕ, ψ ∈ QFFB �H[\J`|#p^	�
{ϕ}t{ψ}\>Bq:�� I �\>H[\J t : p→ (x1, ..., xn) =

(e1, ..., en)m9[�� σ, σ′ �>O σ
t
→σ′ 6℄�6 σ |=I p_ σ′ = σ[x1/I(e1)σ] · · · [xn/I(en)σ] � H[\J`|e I*�H[j


I({ϕ}t{ψ}) : Σ → BoolZ>Ol*�
I({ϕ}t{ψ}(σ)) = true6_�6
I(ϕ)(σ) = true ∧ σ

t
→σ′ → I(ψ)(σ′) = true`| {ϕ}t{ψ}e�� I *�5�6_�6 ∀σ ∈ Σ, I({ϕ}t{ψ}(σ)) =

true ���
|=I {ϕ}t{ψ}nD�W t ∈ T �W |=I {ϕ}t{ψ} �g��
|=I {ϕ}T {ψ}L*�u (B, V )q:\J)� (T,Θ)m B q:��

I #K�\>��\> t # p → (x1, ..., xn) = (e1, ..., en) ∈ T �>O
CONDt = p �>O CONDT =

∨

t∈T CONDt �
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• \J`2�

{p→ ψ[x/e1] · · · [x/en]} p −→ (x1, ..., xn) := (e1, ..., en) {ψ}

• Θ dg�
Θ ⇒ ϕ

ϕ

• O dg�
ϕ⇒ (CONDT ∨ ψ)

{ϕ}T {ψ}

ϕ⇒ Oψ

•  Cdg�
ϕ′ ⇒ ϕ {ϕ}t{ψ} ψ ⇒ ψ′

{ϕ′}t{ψ′}

§4.1.1 ��!YVLqdgmH�/9x<C|: 2%L7%L*dg�
• \Jdg�

p ∧ ϕ→ ψ[x/e1] · · · [x/en]

{ϕ} p −→ (x1, ..., xn) := (e1, ..., en) {ψ}

• R dg�
ζ ⇒ ϕ′

{ϕ′ ∧ ¬ψ}T {ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 dg�
ζ ⇒ ϕ′

{ϕ′}T {ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ

• U dg�u ⊑∈ P #G^$*Rl�w ∈ QFFB #H^$*`| (�Z�:# x) _W = ({σ(x)|I(w)(σ) =

true}, I0(⊑)) #8{}n� e ∈ TB #1�g
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧w
e
x ∧ (ψ ∨CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}

ϕ⇒ ζ0Uψ

• 3 dg�
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}

ϕ⇒ 3ψ



-,01*)2b � r"4P2b �  YMIA � u
B = ({x, y, n, a}, {s0, s1, s2, s3, s4, 0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})\> B q:\J)� (T,Θ) �Z| Θ # a = s0 _ T #L*\J�
a = s0 −→ (x, y, a) := (0, 0, s1)

a = s1 ∧ x < n −→ (a) := (s2)

a = s2 −→ (y, x, a) := (y + x ∗ (x+ 1), x+ 1, s1)

a = s1 ∧ ¬(x < n) −→ (a) := (s3)

a = s3 −→ (y, a) := (3 ∗ y, s4)\> I # B em
q:n����oNL*O��5�
(1) (T,Θ) ⊢I n ≥ 0 → 2(a = s4 → y = n ∗ n ∗ n− n)

(2) (T,Θ) ⊢I n ≥ 0 → 3(a = s4)

§4.1.2 Æ3 O !YU.h:H�/9x<C|�&K%L
\J"eU`|'s�u V = {x1, ..., xn}�\>H[\J t : p→ (x1, ..., xk) =

(e1, ..., ek) �>O x̄(t) = (x1, ..., xk, xk+1, ..., xn) � ē(t) =

(e1, ..., ek, xk+1, ..., xn) �&K%L>OL*dg�
ϕ⇒ CONDT

ϕ⇒
∨

t∈T (CONDt ∧Ox̄(t) = ē(t))

ϕ⇒ ¬CONDT

ϕ⇒ Ox̄(t) = x̄(t)D0JB�.-WF
%#9�uwWng:`|UbV 2)�:`2mdg 79%��
⊢I ϕg
|=I ϕ

.)�%#9:oNH�W9[ML���WV`2�v:`|��ng:_DY�W 7dg�wF℄�ng�g�Bng�

.
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|=I ϕg
⊢I ϕH[�"�: 2)�%LU/oNQ3ng:`|�5ZzUWo1�.9:�

.!<: 2)�V9[ML�H[�W
!<\�z\J: 2�=H[�!<�I0:{'C|: 2�

.VYC|:V
9�Q3C|��%UW"�: 2)�:�
l�h
℄q:H�C|��%UW"�: 2)�:�

.XVYC|M�:\H.z� 2h!|:FU8:Q39{%UHH�0�

.
l\>H[H�C|�H[G^	�Q�YH[G^$*:)<Æ	�l[C|HH�0:�

.{YLq_Q!<: 2)�oTW"�:�#;UbP`[!<0
: 2mZ�I0:{'C|: 2�&K
H[!< 2:��	��PP �Rm0D"�9:XV�

.H[!< 2)��0D"�:��e*<�u:℄�*�)��"�:�{'C|:ng9{��#!< 2)�:`2�!< 2h!|:FU8:{'C|:9{�W0S:`|%L�0�{YH�/9x<C|:!< 2)�:0D"�9:oN�%L�w�!<9{:Do���Ux<C|`|�0�%V!<W
: 2dg98:oN��+�&K%LUx<C|'s (T,Θ) �
Φ = Θ ∧ 2(CONDT →

∨

t(CONDt ∧Ox̄(t) = ē(t))) ∧ 2(¬CONDT → Ox̄(t) = x̄(t)),h�l[`|�%LV!< 2dg 7%:��
(T,Θ) ⊢I Φw*:��oN (T,Θ) |= ϕ g |=I Φ → ϕ �VY Φ"e's; (T,Θ) :${��m���w
)�%L℄�\OoNl��5:�
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§4.2 4�C�N�D0DY?!�!<�)�:9{	-�Pngm"eng�l39{a	:�!<b8}vx!<:�:���L~!<�QUb}v�\>!< T ∈ L

(B,V )
2 m B :�� I �>O!<:\Oj
#�:��8�:��:Wj
 MI(T ) : Σ →֒ Σl*�

MI(T )(σ) =
{ σ′ n (beg, σ)

∗
⇒(end, σ′) �'>O n�.e σ′ z9 (beg, σ)

∗
⇒(end, σ′) �

MI(T )(σ)W>Ozk�!< T e${�:��# σx:b8}v��MI(T )(σ) ↓�Jqg��MI (T )(σ) ↑��NM`!<�Qng0DY\>:CBFB�ZCB:M�U$*z$*`|�
Definition 4.1 
 ϕ v ψ ��q�h��# ϕ f��n�� ψ f�xn�� T � I }� �o� ϕ v ψ �ep�	l�� ∀σ ∈ Σ, ϕ(σ) = true → (MI(S)(σ) ↓→

ψ(MI(S)(σ))) �
Definition 4.2 
 ϕ �q�h� ϕ f��n�� T �
I }� �o� ϕ �$"l�� ∀σ ∈ Σ, ϕ(σ) = true →

MI(S)(σ) ↓ �
Definition 4.3 
 ϕ v ψ ��q�h��# ϕ f��n�� ψ f�xn�� T � I }� �o� ϕ v ψ����	l�� ∀σ ∈ Σ, ϕ(σ) = true → MI(S)(σ) ↓

∧ψ(MI(S)(σ)) ��V���=�[;M
Definition 4.4 
 T �g��p v q ��qs��T � I}� �o� p v q �ep�	l�{' |=I {p}T {q}�� T � I }� �o� I(p) v I(q) �ep�	l�
|=I {p}T {q}6_�6 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓→ I(q)(MI(T )(σ))) �

Definition 4.5 
 T �g�� p v q ��qs�� T �
I }� �o� p �$"l��{' |=I [p]T [true] �� T� I }� �o� I(p) �$"l�
|=I [p]T [true] 6_�6 ∀σ ∈ Σ, I(p)(σ) = true→ MI(T )(σ) ↓ �

Definition 4.6 
 T �g��p v q ��qs��T � I}� �o� p v q ����	l�{' |=I {p}T {q}�� T � I }� �o� I(p) v I(q) ����	l�
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|=I [p]T [q] 6_�6 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓ ∧I(q)(MI(T )(σ))) �uB = (F, P )m I = (NAT, I0)�Z| F = {0, 1,+}, P =

{=}�NAT #�h
�I0 
Rl 0, 1,+��#�h
q: 0, 1 m�H�
Rl = ��#�h
q:0;
)�L*}n��<d%G�:�
PC = {(ϕ, T, ψ) | T ∈ LB, ϕ, ψ ∈WFFB, |=I {ϕ}T {ψ}}

TE = {(ϕ, T ) | T ∈ LB, ϕ ∈ WFFB, |=I [ϕ]T [true]}

TC = {(ϕ, T, ψ) | T ∈ LB , ϕ, ψ ∈WFFB , |=I [ϕ]T [ψ]}
<9�P"
:#�P
Definition 4.7 
 T �g�� ϕ v ψ ��q�h��#
ϕ f��n�� ψ f�xn��rm}� I �

• ϕ � T v ψ l&����n���
ϕ(σ) = true j�~j

(MI(T )(σ) ↓→ ψ(MI(T )(σ))) �
• ϕ � T v ψ l&��n���
ϕ(σ) = true j�~j MI(T )(σ) ↓ ∧ψ(MI(T )(σ)) �

• � I l}� �� ψ � T v ϕ l&�xn���
ψ(σ) = true j�~ji�%� σ′ Æk

ϕ(σ′) = true ∧MI(T )(σ′) = σu T #!<� ϕ m ψ �9[$*�u ϕ � T m ψ :
o*�℄CB�gD�W ϕ′ � T DY ϕ′ m ψ ��Png:6_�6 ϕ′ → ϕ �u ϕ � T m ψ :
o℄CB�gD�W ϕ′ � T DY ϕ′ m ψ �"eng:6_�6 ϕ′ → ϕ �u ψ � T m ϕ :
^qCB�gD�W ψ′ � T DY ϕ m ψ′ ��Png:6_�6 ψ → ψ′ �\7 � ...D0\7DY�PngFB�n℄CB# ϕ �qCB# ψ �oN!<E�WD℄qCB:H~����u!<:b8#
(beg, σ0), (l1, σ1), ..., (ln−1, σn−1), (end, σn)hqoNn ϕ(σ0) g ψ(σn) �2b �  YMDY}vFB�H~oN����u!<:b8�}v

(beg, σ0), (l1, σ1), ...,RF�yWQ[ l ∈ LB yeb8|%-'.E,�hqoNn ϕ(σ0) g l eQ,%-q�[Z�DS: σ �E�vUbxds8>O l :u>:���



-,01*)2b �  YM"eng9%LP��Pngm}v9ML:oN�lgNeH[oN�H~����u!<:b8#
(beg, σ0), (l1, σ1), ...,RFn ϕ(σ0) �5g�h n ,� n [${�:��

σ0 0
����tq� ln = end _ ψ(σn) �5�2b �  YMIA � u
B = ({x, y, n, a}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})\>L* LB

1 |:!< T �
beg: (x, y) := (0, 0) goto l1

l1: if (x < n) goto l2 else goto l3

l2: (y, x) := (y + x ∗ (x+ 1), x+ 1) goto l1

l3: (y) := (3 ∗ y) goto end\> I # B em
q:n����oNL*O��5�
(1) T DY℄CB n ≥ 0 mqCB y = n ∗ n ∗ n− n �Png�
(2) T DY℄CB n ≥ 0 Ub}v�
(3) T DY℄CB n ≥ 0 mqCB y = n ∗ n ∗ n− n "eng�&V5*�D0Lq::oN���{YD!<h!:P(�:F�+g>;!<:b8h!�DY�4:!<�W���%8:�5DYV
:!<�g>!<b8h!WH>:TA�

.QF&K:F^k:MH�H[�F:_g�
H[1:%�P��2:%��DY?!�!<�&K%L
!<:b8P���:XB�Vl3XB:ng9 7m[!<:ng9�2b � T91

.&K
�l<<�#���u α = (l0, l1, ..., ln)#H���
MI(α)(σ0) =

{

σn n.e {σ1, ..., σn} ⊆ Σz9 (l0, σ0) ⇒ (l1, σ1) ⇒ · · · ⇒ (ln, σn) �'>O n�.elE:��}�



-,01*)n l0 = beg _ ln = end g α = (l0, l1, ..., ln) �#"m��� MI(T )(σ) = σ′ 6_�6.e"m�� α z9
MI(T )(α) = σ′ �1ÆY!<ng9�&K%L>O��:�Png9�
Definition 4.8 
 p v q ��qs�� α � I }� �o� p v q �ep�	l�{' |=I {p}α{q} �� ∀σ ∈

Σ, I(p)(σ) = true→ (MI(α)(σ) ↓→ I(q)(MI(α)(σ))) �
Definition 4.9 
 α ���� p v q ��qs�� p �
α v q l&����n���

I(p)(σ) = true j�~j
MI(α)(σ) ↓→ I(q)(MI(α)(σ)) �

Definition 4.10 
 α = (l0, ..., lk)�����m� wlp(α, q)
��
k = 0 wlp(α, q) = q

k = 1

i� T #!� l0: (v1, ..., vn) := (e1, ..., en) goto l1� wlp(α, q) = q[v1/e1] · · · [vn/en].i� T #!� l0: if (b) goto l else goto l′� wlp(α, q) =
{ b→ q � l = l1;

¬b→ q � l′ = l1 �
k > 1 
 α0 = (l0, l1), α1 = (l1, ..., lk) �� wlp(α, q) = wlp(α0, wlp(α1, q))g I(wlp(α, q)) ��� α m q :
o*�℄CB�\7 � ...

Definition 4.11 
 α = (l0, ..., lk)�����m� vc(p, α, q) =

p→ wlp(α, q) �n |=I vc(p, α, q) g |=I {p}α{q} �\7 � ...

Definition 4.12 
 T �g��C �duzw�m� γT (C)
��
(l0, ..., lk) ∈ γT (C) j�~j (l0, ..., lk) � T l���
k > 0, l0, lk ∈ C � l1, ..., lk−1 6∈ C ���[;M\7u C ��l}n� beg, end ∈ C, T :I[�uxrWH[�l	iY C _ C |:I[�l l WH[DS:`| ql �n ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk) g
|= {qbeg}T {qend} �\7 � ...2b �  YM



-,01*)a_M��M}v9��H�9{�L*!<e PA� Peano ���H����:��P6*DjN�mUb}v�5e
PA :O��P6��H>}v�

beg: (x) := (0); goto test;

test: if x = y then goto end else goto loop fi;

loop: (x) := (x+ 1); goto test;a_M\7u C ��l}n� beg ∈ C, T :I[�uxrWH[�l	iY C _ C |:I[�l l WH[DS:`| ql � (W,⊑) �H WFS � C′ ⊆ C ��l}n� T:I[�uxrWH[�l	iY C′ _ C′ |:I[�l l WH[DS:j
 gl : Σ → W �nL*���5g
|= [qbeg]T [true]:

(a) ∀α ∈ γT (C), |=I vc(ql0 , qlk)

(b) ∀α ∈ γT (C), I(ql0 )(σ) = true ∧MI(α)(σ) ↓→ glk(MI(α)(σ)) < ql0(σ)2b �  YM&VG��=�a_M\7u C ��l}n� beg ∈ C, T :I[�uxrWH[�l	iY C _ C |:I[�l l WH[DS:`|
ql �(W ⊆ D, I0(⊑))�HWFS_ ⊑∈ P �w#
EWH[�V�::`|_ W = {σ(x) |I(w)(σ) = true}�C′ ⊆ C��l}n�T :I[�uxrWH[�l	iY C′ �C′|:I[�l l WH[DS:1 tl _ |=I ql → w[x/tl] �nL*���5g |= [qbeg]T :

(a) ∀α ∈ γT (C), |=I vc(ql0 , qlk)

(b) ∀α ∈ γT (C), |=I vc(ql0 ∧ tl0 = a, α, tlk < a)l[MH0DY℄L:MHWH>:�.9��WFS:>f�.Y W ⊆ D m$*Rl�;e P |�2b �  YMIA � u
B = ({x, y, n, a}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})\>L* LB

1 |:!< T �
beg: (i, j, k, l) := (1, 0, 0, 1) goto l1

l1: if ¬(x = y) goto l2 else goto end

l2: if (x > y) goto l3 else goto l4

l3: (x, i, j) := (x− y, i− k, j − l) goto l1

l4: (y, k, l) := (y − x, k − i, l− j) goto l1



-,01*)\> I # B em
q:n����oNL*O��5�
(1) T DY℄CB x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0 mqCB x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b �Png�
(2) T DY℄CB x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0 Ub}v�

§4.3 ) $O%�N�D0?!�!<:H[f=��u:m)m%)�dK�-5!<:
A��kM%/�-oN:
A�� 2
ÆV
�-!<�a/��%	n9Æ���at!<%L&Sl3f=�\>!< T ∈ L
(B,V )
1 m B :�� I �>O!<:\Oj
#�:��8�:��:Wj
 MI(T ) : Σ →֒ Σl*�

MI(T )(σ) =
{ σ′ n (T, σ)

∗
⇒σ′ �'>O n!<e${�:��# σ x:b8�}v�VY�at�u!<%L!��?!�!<:��7|�?!�!<:oNMH�E�UY�at�u!<�=!�VY�at�u!<�W	n9�&K%L℄�u�\Om`2\OoN!<9{�

§4.3.1 ^�XU�at!<�W	n9�
l\>!< T1 m T2 �&K%
Z	n� T1;T2 �d\H[`| e �&K%
Z	n� if e then T1 else T2 fi ;�lE� T1;T2 :\O�%L	5e T1 m T2 :\Oq�
l MI(T1;T2)(σ) =

MI(T2)MI(T1)(σ) �
.l3WH[%���lg MI(T1)(σ) H>O�lF5��n��#;M�l~	n�&KDM �8.#���

Mω �Z16# Mω
I (T ) : Σω → Σω Z| Σω = Σ∪{ω}�>O ite : Bool × Σω × Σω → Σω l*

ite(true, σ, σ′) = σ

ite(false, σ, σ′) = σ′>O Φe,T : [Σω → Σω] → [Σω → Σω] l*
Φe,h(f)(σ) =

{ ω n σ = ω

ite(I(e)(σ), f(h(σ)), σ) n σ 6= ω

Mω
I (T ) : Σω → Σω >Ol*�

Mω
I (x := t)(σ) =

{ ω

MI(x := t)(σ) = σ[x/I(t)(σ)]

Mω
I (T1;T2) = Mω

I (T2)M
ω
I (T1)

Mω
I (if (e) then T1 else T2 fi)(σ) =

{ ω

ite(I(e)(σ),Mω
I (T1)(σ),Mω

I (T2)(σ))

Mω
I (while e do T1 od) = µΦe,Mω

I
(T1)



-,01*) n σ = ωn σ 6= ωn σ = ωn σ 6= ωDYjN�u\�!< T �Mω
I (T )�8>O_7=:�{YMω

I (T ) �&K%L>OMI(T ) : Σ →֒ Σ l*�
MI(T )(σ) =

{ Mω(T )(σ) n Mω
I (T )(σ) 6= ω'>O n Mω
I (T )(σ) = ωl[>Om��\O|D MI(T ):>O�Hy:�Jh/�&KW

Mω
I (T )(σ) =

{

ω n σ = ω �
ω nMI(T )(σ) '>O
σ′ nMI(T )(σ) = σ′��[;M`�Png9 {ϕ}T {ψ}�}# ϕ(σ) → (MI(T )(σ) ↓→

ψ(MI(T )(σ))) �
.lgUbr��h���MI(T ) �}�H[�4j
�goN�kM;���VY�Png�Fb!<H>}v�&KwF��E� Mω

I (T ) ⊑ h :H[ Σ q:j

h �hqoN ϕ(σ) → ψ(h(σ)) �2b � � 

.elE:LoN|�
,T:�P��u\�:\O�eoN|��:F>OH[�?= g /DS�u\�:\O�LoN�u\�${x:��m�	x:��:
)�&K%Lr�>OH[oN�u\�${x:��m�	x:��:
):MH�u ϕ : Σ2 → Bool#$*�u S=while e do S1 od�nL*O��5�g ∀σ ∈ Σ,MI(S)(σ) ↓→ ϕ(σ,MI(S)(σ)) �
∀σ ∈ Σ, I(¬e)(σ) → ϕ(σ, σ)

∀σ, σ′ ∈ Σ, I(e)(σ) ∧MI(S1)(σ) ↓ ∧ϕ(MI(S1)(σ), σ′) → ϕ(σ, σ′)lE&Kw�� MI(S1)(σ) F� ;�?=�Q+WMH:SU%L�tH3�u\�ng9:oN�\7 � ...



-,01*)2b � � a_M`!< T :}v9%L℄�Kp!< T ′ :}v9/oN�n MI(T
′)(σ) #((W>O:j
_ MI(T )(σ) ⊑

MI(T
′)(σ) g MI(T )(σ) ((W>O�2b � � 

§4.3.2 Hoare 6'&;{Yu�\O:!<oN�&Kv%LUC|:MH/oN!<:9{� Hoare C|��lE:H[%LU/oN!<:9{:)�� Hoare C|\B	5e$*C|m�at!<:{'q�u B �H[$*C|:{�Rl}�
Definition 4.13 Hoare s�lm�
��

H ::= {p}T {q}�# p, q ∈WFFB �s�� T ∈ L
(B,V )
1 �|tyg��u I �{�Rl} B :��� Hoare `|:\OLj��� I �
I[ Hoare `| {p}T {q} Tt8H[

Σ → Bool :j
� I({p}T {q}) : Σ → Bool >Ol*�
I({p}T {q})(σ) = true6_�6

I(p)(σ) = true ∧MI(T )(σ) ↓→ I(q)(MI(T )(σ)) = true.H[`| {p}T {q}e I :��*�5��DjN σ �
I({p}T {q})(σ) = true ��# |=I {p}T {q} �nZejN��*�5��# |= {p}T {q}�nZeE� W :��*�5��# W |= {p}T {q} �2b � I({p}T {q})(σ)

Hoare Q?C|`|�H[M�9{:MH�&K:Fel{'q�8 2�&KWL*`2m 2dg�
(1) Ut`2�u p ∈ WFFB, x ∈ V, t ∈ TB �

{pt
x}x := t{p}

(2) 	ndg�u p, q, r ∈ WFFB, S1, S2 ∈ LB
2 �

{p}S1{r}, {r}S2{q}

{p}S1;S2{q}

(3) ��dg�u p, q ∈ WFFB, e ∈ QFFB, S1, S2 ∈

LB
2 �

{p ∧ e}S1{q}, {p ∧ ¬e}S2{q}

{p}if e then S1 else S2 fi{q}
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(4) �udg�u p ∈ WFFB, e ∈ QFFB, S1 ∈ LB

2 �
{p ∧ e}S1{p}

{p}while e do S1 od{p ∧ ¬e}

(5)  Bdg�u p, q, r, s ∈ WFFB, S1 ∈ LB
2 �

p ⊃ q, {q}S1{r}, r ⊃ s

{p}S1{q}H[Hoare`| {p}T {q}%VLqdgm`298��� ⊢ {p}T {q} �#; 2:M�&K%LzU7%dg�7%dg%L!��{�dg:	nSU�nULqdgm`2%L-`| s1, s2, ..., sn  7% s �g%L�vL*7%dg�
s1, s2, ..., sn

sL*��[�U:7%dg�eW3xp%LU/�2_W:Ut`2�	ndg���dgm�udg:zU�
(1’) u p, q ∈WFFB , x ∈ V, t ∈ TB.

p ⊃ qt
x

{p}x := t{q}

(2’) u p0, ..., pn ∈WFFB , S1, ..., Sn ∈ LB
2 , n ≥ 2.

{p0}S1{p1}, {p1}S1{p2}, ..., {pn−1}Sn{pn}

{p0}S1;S2; ...;Sn{pn}

(3’) u p, q, r ∈ WFFB, e ∈ QFF, S1 ∈ LB
2 .

p ⊃ r, {r ∧ e}S1{r}, (r ∧ ¬e) ⊃ q,

{p}while e do S1 od{q}

(4’) u p1, p2, q ∈WFFB , e ∈ QFFB, S1, S2 ∈ LB
2 �

{p1}S1{q}, {p2}S2{q}

{(p1 ∧ e) ∨ (p2 ∧ ¬e)}if e then S1 else S2 fi{q}VY 7|:FU8 p ⊃ r ;`|�&Kv:FH� 7l3`|:MH�#;� l3DI���Y[!<r�0
:9{�&K��
l3�5:|�eYH[2B�el2Bq*�&K%L
l36�`2/!3��U:2B	-�h
2B PA ;�D0\7!<: 2oNe!<:I[\�℄qNqn�:CB�SULqdgoN!<:I[\�DYl3CB��D:�W3CB�%L-:FoN:℄qCB�h�4 798:�W3�F���hP(!<��:�



-,01*)2b � � 
.dg 4 |: p �#�u��|�SU Hoare C�oN!<:9{:T=eY��n�:�u��|�VYl�T=�&K%L"A-���LoN�u\�:ng9�H[�2�udg:MH%L�-u�\OoN�u\�:MH|7%�u�\OoN�u\�:MH|:$*

ϕ(σ, σ′) ��H~��|�u S=while e do S1 od _ SL σ #${���h m , S1 :s8q}v�u σ′ =

MI(S1)
m(σ) �"A ϕ(σ, σ′) #℄q��q�:
)�_�

(1) e ��5x ϕ(MI(S1)
m(σ),MI(S1)

m(σ)) �5�
(2) e�5xg ϕ(MI(S1)

m−1(σ),MI(S1)
m(σ))�ϕ(MI(S1)

m−2(σ),MI(S1)
m(σ))�rx ϕ(σ,MI(S1)

m(σ)) �5�&KU`| r �} ϕ(σ, σ′) �\> σ, σ′ � r m ϕ WL*
)�
ϕ(σ, σ′) = I(r)(σ[x′1/σ

′(x1)] · · · [x
′
n/σ

′(xn)])u p, q, r ∈WFFB, e ∈ QFF, S1 ∈ L
(B,V )
2 �g

¬e ⊃ rx1,...,xn

x′

1
,...,x′

n

, {¬r ∧ e}S1{¬r}, (p ∧ r) ⊃ q
x′

1
,...,x′

n

x1,...,xn
,

{p}while e do S1 od{q}dg| p, q wU x, y lE:�:�F r|U x, y, x′, y′/�}�u\� {m�	x:��:
)�2b � � .-WF
 2)�:%#u:� 7%:`|gy��5:��n W ⊢ {p}T {q} g W |= {p}T {q} ��+DY`2
{pt

x}x := t{p} �� ⊢ {pt
x}x := t{p} �&K�;oN

|= {pt
x}x := t{p} ��DjN I � |=I {pt

x}x := t{p} �&K�;oNDjN σ � I({pt
x}x := t{p})(σ) = true �℄�>O I({pt

x}x := t{p})(σ) = true 6_�6
I(pt

x)(σ) = true∧MI(x := t)(σ) ↓⇒ I(q)(MI(x := t)(σ)) = trueVY
I(pt

x)(σ) = I(p)(σ[x/I(t)(σ)] = I(q)(MI(x := t)(σ))Q+
I(pt

x)(σ) = true∧MI(x := t)(σ) ↓⇒ I(q)(MI(x := t)(σ)) = trueQ+
I({pt

x}x := t{p})(σ) = trueDY	ndg�&K�;oN |=I {p}T1{q} _ |=I

{q}T2{r}g |=I {p}T1;T2{r}�n MI(T1;T2)(σ) '>O�g I({p}T1;T2{r})(σ) = true ��u MI(T1;T2)(σ) W>O_ MI(T1;T2)(σ) = σ′ �:FoN:�� I(p)(σ) g
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I(r)(σ′) � MI(T1;T2)(σ) = σ′ g (T1;T2, σ)

∗
⇒σ′ �Q+.e σ′′ z9

(T1;T2, σ)
∗
⇒(T2, σ

′′)
∗
⇒σ′Q+

(T1, σ)
∗
⇒σ′′ _ (T2, σ

′′)
∗
⇒σ′℄� |=I {p}T1{q} m |=I {q}T2{r} �n I(p)(σ) �g

I(q)(σ′′) �g I(r)(σ′) �Q+
I({p}T1;T2{r})(σ) = trueDY��dg�&K�;oN |=I {p ∧ e}T1{q} _

|=I {p ∧ ¬e}T2{q} g |=I {p}if e then T1 else T2 fi{q} �n MI(if e then T1 else T2 fi)(σ) '>O�g�B�5�n
MI(if e then T1 else T2 fi)(σ) = σ′ �&KP9~a+�B�n I(e)(σ) �5g

MI(if e then T1 else T2 fi)(σ) = MI(T1)(σ)℄� |=I {p∧e}T1{q}�n I(p)(σ)g I(q)(MI(T1)(σ))�5�Q+
|=I {p}if e then T1 else T2 fi{q}�2�n I(¬e)(σ) �5�℄� |=I {p ∧ ¬e}T2{q} �LqO�G�5�DY�udg�&K�;oN |=I {p ∧ e}T1{p} g

|=I {p}while e do T1 od{p ∧ ¬e} �n MI(while e do T1 od)(σ) '>O�g�B�5�n MI(while e do T1 od)(σ) = σ′ �g (while e do T1

od, σ)
k
⇒σ′ �&KUeSHoNDjN σ �I(p)(σ)g I(p∧¬e)(σ)�n k = 1 �g σ′ = σ � I(e)(σ) = false �Q+

I(p)(σ) ⇒ I(p ∧ ¬e)(σ′) �n k > 1 ��uDjN σ � i < k � (while e do T1

od, σ)
i
⇒σ′ �g I(p)(σ) ⇒ I(p∧¬e)(σ′) �VY (while e do

T1 od, σ)
k
⇒σ′ _ k > 1 �g

I(e)(σ) _ (while e do T1 od, σ)⇒(T1;while e do T1

od, σ)
k−1
⇒ σ′ �.e σ′′ z9

(T1, σ)
k1⇒σ′′ _ (while e do T1 od, σ′′)

k2⇒σ′℄� |=I {p∧e}T1{p}�VYKW I(e)(σ)�n I(p)(σ)�g I(p)(σ′′)�℄�eS�uW I(p)(σ′′)g I(p∧¬e)(σ′)�Q+
|=I {p}while e do T1 od{p ∧ ¬e}LqoN;)�:%#9�
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MDY"�9�&KwUoN0D:"�9��+&K:F�W�b^�0U6: I �I :�0U6�b^:iO��DjN:!< T m`| q �.e`| r z9 I(r)# T m I(q) :
o�V℄CB�e+a+*�&K�$* I(r) �%�0:�2b �
{x = 0 ∧ y = 0}

while x < n do y := y + n;x = x+ 1 od

while x > 0 do y := y − n;x = x− 1 od

{x = 0 ∧ y = 0}DY\>: I _ I :�0U6�b^�&KoN |=I {p}T {q} g th(I) ⊢ {p}T {q} �oN{Y T :�a�&K�+oNL*~y�
|=I {p}S1;S2{q} _ I(r) # S2 m I(q) :
o�V℄CB� g |=I {p}S1{r} _ |=I {r}S2{q}

|=I {p}if e then T1 else T2 fi{q} �g |=I {p ∧ e}T1{q} _ |=I {p ∧ ¬e}T2{q}

|=I {p} while e do T1 od{q} �g |=I {p} if (e) T1; while e do T1 od else x := x fi {q}n |=I {p}x := t{q} g℄�\OW |=I p ⊃ qt
x �Q+

th(I) ⊢ p ⊃ qt
x �℄�Ut`2m Bdg%L9%

th(I) ⊢ {p}T {q}n |=I {p}S1;S2{q} �u I(r) # S2 m I(q) :
o�V℄CB�VY |=I {p}S1{r}_ |=I {r}S2{q}�g th(I) ⊢

{p}S1{r} _ th(I) ⊢ {r}S2{q} �℄�	ndg%L9%
th(I) ⊢ {p}S1;S2{q}n |=I {p}if e then T1 else T2 fi{q} �VY |=I {p ∧

e}T1{q}_ |=I {p∧¬e}T2{q} �g th(I) ⊢ {p∧ e}T1{q} _
th(I) ⊢ {p ∧ ¬e}T2{q} �℄���dg%L9%

th(I) ⊢ {p}if e then T1 else T2 fi{q}n |=I {p}while e do T1 od{q} �u I(r) # while e do

T1 od m I(q) :
o�V℄CB�g
|=I p ⊃ r _

|=I {r} if (e) T1; while e do T1 od else x:=x fi {q}g
|=I {r ∧ e}T1;while e do T1 od{q} _

|=I {r ∧ ¬e}x := x{q} �g
|=I {r ∧ e}T1{r} _ |=I (r ∧ ¬e) ⊃ q �℄��udgm Bdg%L9% th(I) ⊢ {p}T {q}�Lq
~a+oN;)�:0D"�9�
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Definition 4.14 Hoare s�lm�
��
H ::= [p]T [q]�# p, q ∈WFFB �s�� T ∈ L

(B,V )
1 �|tyg��u I �{�Rl} B :���.h: Hoare `|:\OLj��� I �
I[.h: Hoare `| [p]T [q] Tt8H[ Σ → Bool :j
� I([p]T [q]) : Σ → Bool >Ol*�

I([p]T [q])(σ) = true6_�6
I(p)(σ) = true⇒ MI(T )(σ) ↓ ∧I(q)(MI(T )(σ)) = true.�at!<:�Q}v
�Y�u\��#;
o�u\�:}v�&KRm WFS }n:SU��+&K�;
oUbU`|>O:F: WFS }n�lE�D B m
I = (D, I0) WL*Fb

(1) B 	iH[G^$*Rl��� ≤ �
(2) D 	iH[�} W _ (W, I0(≤)) #H WFS �
(3) .e w ∈ WFFB _ w 	i�EYH[�:��# x �E� W = {σ(x) | σ ∈ Σ, I(w)(σ) = true} ⊆ D �lE�udg%L5#

(p ∧ e) ⊃ w[x/t], [p ∧ e ∧ t = y]S1[p ∧ t < y]

[p]while e do S1 od[p ∧ ¬e]DYUt�	nm��\�:dg�%Lj HoareC�|:dg� {p}T {q}�w� [p]T [q] �%�2b � � IA � u
B = ({i, j, k, l, x, y, a, b}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})\>L* LB

1 |:!< T �
i:=1; j:=0; k:=0; l:=1;

while ¬(x = y) do

if x > y then

x:=x-y; i:=i-k; j:=j-1;

else

y:=y-x; k:=k-i; l:=l-j;

fi

od



(+./\> I # B em
q:n����oNL*O��5�
(1) ⊢I {x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0} T {x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b} �
(2) ⊢I [x = a ∧ y = b ∧ a > 0 ∧ b > 0] T [x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b]
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