
§4 ~o��
§4.1 �xu��{a}np��Z	�P40 B = (F, P ) � V ->�

F = {0, 1, s0, s1, s2, s3, s4, s5,−}
P = {=, >,<}
V = {a, x, y, i, j, k, l}

I = (Int, I0)

I0(s0) = I0(0) = 0

I0(s1) = I0(1) = 1

I0(s2) = 2

I0(s3) = 3

I0(s4) = 4

I0(s5) = 5

I0(−) = −
I0(=) = =

I0(>) = >

I0(<) = <Z	�P47
�1; (B, V ) /
)G=9 (T,Θ)->�
T

(a = s0) −→ (i, j, k, l, a) := (1, 0, 0, 1, s1)

(a = s1 ∧ x = y) −→ (a) := (s5)

(a = s1 ∧ ¬(x = y)) −→ (a) := (s2)

(a = s2 ∧ x > y) −→ (a) := (s3)

(a = s2 ∧ ¬(x > y)) −→ (a) := (s4)

(a = s3) −→ (x, i, j, a) := (x− y, i− k, j − l, s1)

(a = s4) −→ (y, k, l, a) := (y − x, k − i, l− j, s1)

Θ (x > 0 ∧ y > 0 ∧ a = s0)[v���B%YH>�V�
(T,Θ) |=I x = m∧y = n→ 2(a = s2 → x = gcd(m,n)∧x = i∗a+j∗b)UAT'
(T,Θ) |=I 2(x > 0 ∧ y > 0 ∧ a = s0 ∧ x = m ∧ y = n→

2(a = s2 → x = gcd(m,n) ∧ x = i ∗m+ j ∗ n))
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��y	g�XF2K�R->
ζ ⇒ ϕ′

{ϕ′}T {ϕ′}
ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ℄z 1"
ζ ≡ (x > 0 ∧ y > 0 ∧ a = s0 ∧ x = m ∧ y = n)

ϕ ≡ (a = s2 → x = gcd(m,n) ∧ x = i ∗m+ j ∗ n)

ϕ′ ≡ (a = s1 → (gcd(x, y) = gcd(m,n) ∧ x = i ∗m+ j ∗ n ∧ y = k ∗m+ l ∗ n)) ∧ ϕAF ζ ⇒ ϕ � ∀t ∈ T, {ϕ′}t{ϕ′} �j����B%YH>�V�
(T,Θ) |=I 3a = s1UAT'

(T,Θ) |=I 2(x > 0 ∧ y > 0) → 3a = s1XF2K�R->
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ (we

x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}
ϕ⇒ 3ψ℄z 1CQ f %Y

I(f(x, y)) = x+ y if (x > 0 ∧ y > 0)

I(f(x, y)) = 1 if (x ≤ 0 ∨ y ≤ 0)"
W = ({1, 2, 3, ...},≤)

w = (x ≥ 1)

e = f(x, y)

ϕ = (x > 0 ∧ y > 0)

ψ = (a = s1)

ζ = (x > 0 ∧ y > 0)AF
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ we

x ∧ (ψ ∨ Vt∈TCONDt)

∀t ∈ T, {ζ ∧ e = v}t{ψ ∨ (ζ ∧ e < v)}
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§4.2 �`u��{a}n
§4.3 q_|_�a}nhtb�d
�\e
wp��I T91 ->�

beg: (y1, y2) := (x, 1); goto test-1;

test-1: if y1 > 100 then goto test-2 else upd-1 fi;

test-2: if y2 6= 1 then goto upd-2 else res fi;

upd-1: (y1, y2) := (y1 + 11, y2 + 1); goto test-1;

upd-2: (y1, y2) := (y1 − 10, y2 − 1); goto test-1;

res: z := y1 − 10; goto end

Example 4.1 � I = (NAT, I0) � ������#�
{x ≤ 100}T91{z = 91} �T'Æ6��W�

• ,����� C = {beg, test1, end} �
• 8C�E qbeg, qend, qtest1

qbeg x ≤ 100

qend z = 91

qtest y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)

• ,�AFT'
#�
(beg, test1)

(test1, test2, udp2, test1)

(test1, udp1, test1)

(test1, test2, res, end)

• T'#�S,�
|=I vc(qbeg, (beg, test1), qtest1 )

|=I vc(qtest1 , (test1, test2, udp2, test1), qtest1)

|=I vc(qtest1 , (test1, udp1, test1), qtest1 )

|=I vc(qtest1 , (test1, test2, res, end), qend)
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§4.4 lfi_�a}n
§4.4.1 �^
�
Example 4.2 � T �
z = 1; while (x 6= y)doz := (y+1)∗ (y+2)∗ z; y := y+2od#��MI(T )(σ)!���"MI(T )(σ)(z) = σ(x)!/σ(y)!�!�I
g(σ) =

{

σ[y/σ(x)][z/(σ(x)!/σ(y)!)] . σ(x) ≥ σ(y)* σ(x) − σ(y) ;(4
ω �R�

g(σ) =
{ σ[y/σ(x)][z/(σ(x)!/σ(y)!)] . σ(x) ≥ σ(y)

ω �R
§4.4.2 Hoare rkp���H>�B��; T1 �

y1 := 0; y2 := 1; y3 := 1;

while y3 ≤ x do

y1 := y1 + 1;

y2 := y2 + 2;

y3 := y2 + y3;

odT' PA ⊢ {x = c}T1{y1 =
√
c} �Æs3?��BÆ;6�Æ��; S1, S2, S3, S4 �<&M

{x = c}S1{x = c ∧ y1 = 0}

{x = c ∧ y1 = 0}S2{x = c ∧ y1 = 0 ∧ y2 = 1}

{x = c∧y1 = 0∧∧y2 = 1}S3{x = c∧y1 = 0∧y2 = 1∧y3 = 1}J�� 5B���R�M
{x = c}S1;S2;S3{x = c ∧ y1 = 0 ∧ y2 = 1 ∧ y3 = 1}
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� 5B���R��AFT'
{x = c∧y1 = 0∧y2 = 1∧y3 = 1}S4{y2

1
≤ c∧c < (y1 +1)2}<&M

{x = c ∧ (y1 + 1)2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}
y1 := y1 + 1

{x = c ∧ y2

1
≤ x ∧ y3 = (y1)

2 ∧ y2 = 2 ∗ (y1 − 1) + 1}

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1)

2 ∧ y2 = 2 ∗ (y1 − 1) + 1}
y2 := y2 + 2

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1)

2 ∧ y2 = 2 ∗ y1 + 1}

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1)

2 ∧ y2 = 2 ∗ y1 + 1}
y3 := y2 + y3

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}J�� 5B���R�M

{x = c ∧ (y1 + 1)2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}
y1 := y1 + 1; y2 := y2 + 2; y3 := y2 + y3

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}LO

y3 ≤ x ∧ x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

→ x = c ∧ (y1 + 1)2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1M
{y3 ≤ x ∧ x = c ∧ (y1)

2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}
y1 := y1 + 1; y2 := y2 + 2; y3 := y2 + y3

{x = c ∧ y2

1
≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}J�� D��R�M

{x = c ∧ (y1)
2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}

S4

{¬(y3 ≤ x) ∧ x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}J�

{x = c∧y1 = 0∧y2 = 1∧y3 = 1}S4{y2

1
≤ c∧c < (y1 +1)2}
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p���H>�B��; T2 �
y1 := x;

y2 := 1;

while y1 ≤ 100 ∨ y2 6= 1 do

if y1 ≤ 100 then

y1 := y1 + 11;

y2 := y2 + 1;

else

y1 := y1 − 10;

y2 := y2 − 1;

fi

od

z := y1 − 10;T' PA ⊢ {x ≤ 100}T2{z = 91} �Æs� 5B���R�UAFT'
{x ≤ 100 ∧ y1 = x ∧ y2 = 1}S1{y1 = 101}M

{y1 ≤ 121 ∧ y2 ≥ 2 ∧ (y1 ≥ 111 ∧ y2 = 2 → y1 = 111)}
y1 := y1 − 10; y2 := y2 − 1

{y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}

{y1 ≤ 100 ∧ y2 ≥ 0 ∧ (y1 ≥ 100 ∧ y2 = 0 → y1 = 100)}
y1 := y1 + 11; y2 := y2 + 1

{y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}J�
{ y1 ≤ 100 ∧ y1 ≤ 100 ∧ y2 ≥ 0 ∧ (y1 ≥ 100 ∧ y2 = 0 → y1 = 100)∨
¬(y1 ≤ 100) ∧ y1 ≤ 121 ∧ y2 ≥ 2 ∧ (y1 ≥ 111 ∧ y2 = 2 → y1 = 111) }
if y1 ≤ 100 then y1 := y1 + 11; y2 := y2 + 1;

else y1 := y1 − 10; y2 := y2 − 1; fi

{ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}J�
{ y1 ≤ 100 ∧ y2 ≥ 0 ∧ (y1 ≥ 100 ∧ y2 = 0 → y1 = 100)∨
y1 > 100 ∧ y1 ≤ 121 ∧ y2 ≥ 2 ∧ (y1 ≥ 111 ∧ y2 = 2 → y1 = 111) }
if y1 ≤ 100 then y1 := y1 + 11; y2 := y2 + 1;

else y1 := y1 − 10; y2 := y2 − 1; fi

{ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}NM
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(y1 ≤ 100 ∨ y2 6= 1) ∧ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)

→
y1 ≤ 100 ∧ y2 ≥ 0 ∧ (y1 ≥ 100 ∧ y2 = 0 → y1 = 100)∨
y1 > 100 ∧ y1 ≤ 121 ∧ y2 ≥ 2 ∧ (y1 ≥ 111 ∧ y2 = 2 → y1 = 111)J�
{ (y1 ≤ 100 ∨ y2 6= 1) ∧ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101∧ y2 = 1 → y1 = 101) }
if y1 ≤ 100 then y1 := y1 + 11; y2 := y2 + 1;

else y1 := y1 − 10; y2 := y2 − 1; fi

{ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}J��� D��R
{ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101) }
S1

{ ¬(y1 ≤ 100 ∨ y2 6= 1) ∧ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}� :$�R�
{x ≤ 100 ∧ y1 = x ∧ y2 = 1}S1{y1 = 101}m�a Hoare rkp�

Example 4.3 #� PA ⊢ [x = c]T1[y1 =
√
c] �AT'

[x = c ∧ (y1)
2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1]

S4

¬(y3 ≤ x) ∧ x = c ∧ y2

1
≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1+ w = true � t = x+ 1 − y3AT'

[x = c ∧ (y1)
2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ (y3 ≤ x) ∧ x+ 1 − y3 = a]

y1 := y1 + 1; y2 := y2 + 2; y3 := y2 + y3

x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ x+ 1 − y3 < aAT'
x = c ∧ (y1)

2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ (y3 ≤ x) ∧ x+ 1 − y3 = a

→
x = c ∧ (y1 + 1)2 ≤ x ∧ y3 + (y2 + 2) = (y1 + 1 + 1)2 ∧ y2 = 2 ∗ (y1 + 1) + 1∧
x+ 1 − (y3 + (y2 + 1)) < a
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