
§4 ���'
§4.1 �|����m���-�b�0
T

a = s0 −→ (y1, y2, y3, a) := (0, 1, 1, s1)

a = s1 ∧ (y3 ≤ x) −→ (a) := (s2)

a = s1 ∧ ¬(y3 ≤ x) −→ (a) := (s4)

a = s2 −→ (y1, y2, a) := (y1 + 1, y2 + 2, s3)

a = s3 −→ (y3, a) := (y3 + y2, s1)

Θ (a = s0)f��*�
(T,Θ) |=I x > 0 → 2(a = s4 → y1 =

√
x)[4Wy

(T,Θ) |=I 2(x > 0 ∧ a = s0 → 2(a = s4 → y1 =
√
x)),�� v#`=�H=S�+

ζ ⇒ ϕ′

{ϕ′}T {ϕ′}
ϕ′ ⇒ ϕ

ζ ⇒ 2ϕh�l
ζ ≡ (x > 0 ∧ a = s0)

ϕ ≡ (a = s4 → y1 =
√
x)

ϕ′ ≡ (a = s0 ∧ ϕ0) ∨ (a = s1 ∧ ϕ1) ∨ (a = s2 ∧ ϕ2) ∨ (a = s3 ∧ ϕ3) ∨ (a = s4 ∧ ϕ4)�℄ ϕ′ %
ϕ0 ≡ (x > 0)

ϕ1 ≡ (y2
1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2)

ϕ2 ≡ ((y1 + 1)2 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2)

ϕ3 ≡ (y2
1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = y2

1)

ϕ4 ≡ (y1 =
√
x)

≡ (y2
1 ≤ x ∧ x < (y1 + 1)24= ζ ⇒ ϕ D ∀t ∈ T, {ϕ′}t{ϕ′} �y��*�r
B+3\�

(T,Θ) |=I x > 0 → 3a = s4[4Wy
(T,Θ) |=I 2(x > 0 ∧ a = s0 → 3(a = s4)
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,�� v#`=�H=S�+
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ (we

x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}
ϕ⇒ 3ψh� 18R f r


I(f(s0, x, y)) = 3x+ 1

I(f(si, x, y)) = 3(x− y3 + 1) + 1 − i (i = 1, 2, 3)

I(f(s4, x, y)) = 0l
W = (NAT,≤)

w = true

e = f(a, x, y)

ϕ = (x > 0 ∧ a = s0)

ψ = (a = s4)

ζ = ϕ′4=
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ we

x ∧ (ψ ∨ CONDT )

∀t ∈ T, {ζ ∧ e = v}t{ψ ∨ (ζ ∧ e < v)}

§4.2 �k�k�m���-Æ
B′ = ({x, y1, y2, y3}, {0, 1, 2, 3, ...,+, ∗}, {≤})

beg: (y1, y2, y3) := (0, 1, 1); goto test

test: if (y3 ≤ x) goto loop else goto end

loop: (y1, y2) := (y1 + 1, y2 + 2); goto inloop

inloop: y3 := y3 + y2; goto testgr%

Example 4.1 W�/K T0 T>H I = (NAT, I0) J5SB4M x ≥ 0 ;<4M y1 =

√
x G.8VD2�SÆ�6P2���+�

(beg, σ0)(test, σ1)(loop, σ2)(inloop, σ3)(test, σ4)(loop, σ5) · · · (test, σn−1)(end, σn) · · ·U���7�% n �N ln = end �&w4=Wy!� (y1 =
√
x)(σn) N σn(y1) =

√

σn(x) �IL σn = σn−1 � (test, σn−1) ⇒ (end, σn) S
¬(σn(y3) ≤ σn(x))
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E���? ϕ′(σn−1) �g�
¬(σn(y3) ≤ σn(x)) ∧ ϕ′(σn) → σn(y1) =

√

σn(x)S
σn(y1) =

√

σn(x)Æ ϕ′ %
x = σ0(x) ∧ y2

1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2

¬(σn(y3) ≤ σn(x)) ∧ ϕ′(σn) → σn(y1) =
√

σn(x) ��g!�&w4W ϕ′(σn−1) �N
σn−1(x) = σ0(x)∧
σn−1(y1)

2 ≤ σn−1(x)∧
σn−1(y2) = 2 ∗ σn−1(y1) + 1∧
σn−1(y3) = (σn−1(y1) + 1)2&wH>}/WyB
:��IL n− 1 ��,G!�C� test �&w[=Wy,
C k � σk �,G!a���C%

test �
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2�g�

• k = 0 ��IL�C% beg �'5Wy�
• k = 1 ���C% test �IL σ1(y1) = 0, σ1(y2) =

1, σ1(y3) = 1, σ1(x) = σ0(x) � σ0(x) ≥ 0 �E�
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2�g�

• SÆ k ≤ i ��{��g�� k = i+ 1 � i ≥ 1 ����C�% testS'5Wy���C% testS k ≥ 4�
(test, σk−3) ⇒ (loop, σk−2)

(loop, σk−2) ⇒ (inloop, σk−1)

(inloop, σk−1) ⇒ (test, σk)E�
σk = σk−1[y3/I(y2 + y3)(σk−1)]

σk−1 = σk−2[y1/I(y1 + 1)(σk−2][y2/I(y2 + 2)(σk−2)]

σk−2 = σk−3 ∧ I(y3 ≤ x)(σk−3)
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E�
σk(x) = σk−3(x) = σ0(x)

(σk(y1))
2 = (σk−3(y1) + 1)2 = σk−3(y3) ≤ σk−3(x) = σk(x)

σk(y2) = σk−3(y2) + 2 = 2 ∗ σk−2(y1) + 3 = 2 ∗ σk(y1) + 1

σk(y3) = σk−3(y2) + σk−3(y3) + 2 = (σk−3(y1) + 2)2 = (σk(y1) + 1)2E�,
C k � σk �,G!a���C% test �
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2�g�+)

Example 4.2 W�/K T0 T>H I = (NAT, I0) J5SB4M true GYX2�SÆ�6�^Z�S�6!P2��%
(l0, σ0)(l1, σ1)(l2, σ2)(l3, σ3)(l4, σ4)(l5, σ5) · · ·�℄ l0 = beg, ,�J k ≥ 0 J

l3k+1 = test, l3k+2 = loop,l3k+3 = inloop� σ3k+1(y3) ≤
x B+&wWy,�J k ≥ 0J σ3k+1(y3) ≥ k � σ3k+1(x) = σ0(x) �

• IL σ1(y3) = 1 � σ1(x) = σ0(x) �E� σ3∗0+1(y3) ≥ 0 � σ3∗0+1(x) = σ0(x) �
• SÆ k = i �J σ3i+1(y3) ≥ i � σ3i+1(x) = σ0(x) �&w4W k = i + 1 �J σ3(i+1)+1(y3) ≥ i + 1 �
σ3i+1(x) = σ0(x) �9`�x!1(&wJ
σ3(i+1)+1(x) = σ3(i+1)+1−3(x) = σ0(x)

σ3(i+1)+1(y3) = σ3(i+1)+1−3(y2) + σ3(i+1)+1−3(y3) + 2 ≥ i+ 1E� k = i+ 1 �J
σ3(i+1)+1(y3) ≥ i+ 1 � σ3i+1(x) = σ0(x) �E�,�J k ≥ 0J σ3k+1(y3) ≥ k� σ3k+1(x) = σ0(x)�� k = σ0(x) + 1 �S σ3k+1(y3) ≤ σ3k+1(x) ��g�M�6�^Z!� s-���%


Example 4.3 W�/K T0 T>H I = (NAT, I0) J5SB4M x ≥ 0 ;<4M y1 =
√
x GICVD2�
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�,WyFf�,�Ja� σ ∈ Σ D�J 0 ≤ k ≤
√

σ0(x) �
(l0 = beg, σ0) ⇒ (l3k+1, σ3k+1)�

l3k+1 = test

σ3k+1(x) = σ0(x)

σ3k+1(y1) = k

σ3k+1(y2) = 2k + 1

σ3k+1(y3) = (k + 1)2Ff!Wy�H>}/�+�
• k = 0 ��-	Ff�g�
• SÆ k = i � k ≤

√

σ0(x) �J
l3k+1 = test

σ3k+1(x) = σ0(x)

σ3k+1(y1) = k

σ3k+1(y2) = 2k + 1

σ3k+1(y3) = (k + 1)2S k = i+ 1 � k ≤
√

σ0(x) �J
l3(i+1)+1 = test

σ3(i+1)+1(x) = σ3i+1(x) = σ0(x)

σ3(i+1)+1(y1) = σ3i+1(y1) + 1 = i+ 1 = k

σ3(i+1)+1(y2) = σ3i+1(y2) + 2 = 2(i+ 1) + 1 = 2k + 1

σ3(i+1)+1(y3) = σ3i+1(y3) + σ3i+1(y2) + 2 = (i+ 2)2 = (k + 1)2E�Ff�g�Æ k =
√

σ0(x)S σ3k+1(y3) = (k + 1)2 = (
√

σ0(x) + 1)2 > σ0(x) =

σ3k+1(x) �E�
(l0 = beg, σ0)

∗⇒(l3k+1, σ3k+1)⇒(end, σ3k+2)� σ3k+2(y1) = σ3k+1(y1) = k =
√

σ0(x) �z!�~m��
Example 4.4 OJGN91R?9L=2/K�

beg: (y1, y2) := (x, 1); goto test-1;

test-1: if y1 > 100 then goto test-2 else upd-1 fi;

test-2: if y2 6= 1 then goto upd-2 else res fi;

upd-1: (y1, y2) := (y1 + 11, y2 + 1); goto test-1;

upd-2: (y1, y2) := (y1 − 10, y2 − 1); goto test-1;

res: z := y1 − 10; goto endILh79I.GeH��d�H?7LO7�9I����!6ke����	U�#qk�6P2��J
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?&!~*���?&wo�P2��℄!a!
ia��&wdBYP2�����+
beg, (test1, ((upd1)|(test2, upd2)))

∗, test1, test2, res, end��?&wJ0/1(?0<W!�CYT!<*DWyz03\Q?0<W!�C��g�&w_dBWy�6�aJ!3\�B
P2��>dB1�
(beg), ((test1, upd1)

∗, (test1, test2, upd2)
∗)∗, (test1, test2, res, end)&wdB
nB+�C6k

(beg, test1)

(test1, test2, upd2, test1)

(test1, upd1, test1)

(test1, test2, res, end)&wY�C6k�%m^�SÆ
∀σ.(ϕ(σ) ∧ (beg, σ)⇒(test1, σ

′) → ζ(σ′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(test2, σ
′)⇒(upd2, σ

′′)⇒(test1, σ
′′′) → ζ(σ′′′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(upd1, σ
′)⇒(test1, σ

′′) → ζ(σ′′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(test2, σ
′)⇒(res, σ′′)⇒(end, σ′′′) → ψ(σ′′′))S {ϕ}T2{ψ} �g�,LU<!1(�&wJh70x4=R7�p!�$?�"8m^!0/�NT<�W&w
nj�JG5
n!m^�$.�m^V�3!Wy0/�NT<Wym^,L8&!:��V�!�w	o�qp�gr%
&��n

(1) �&�CME C

(2) % C ℄v7�C"8+:
(3) �&4=Wy!m^
(4) Wym^V�3

Example 4.5 F I = (NAT, I0) �Q:A4M76W�
{x = c}T1{y1 =

√
c} �Wy1�7�_�

• �&�CME C = {beg, test, end}�
• "8+: qbeg, qend, qtest

qbeg x = c

qend y1 =
√
c

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• �&4=Wy!m^
(beg, test)

(test, loop, inloop, test)

(test, end)
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• Wym^V�3
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

|=I vc(qtest, (test, end), qend)w	o�qp�+) (1)&��n
(1) �&�CME C �
(2) % C ℄v7�C"8+:
(3) �&4=Wy!m^
(4) Wym^V�3 (a)

(5) �&�CME C′ �
(6) "8 (W,⊑)

(7) % C′ ℄v7�C"8B� gc : Σ →W

(8) �&4=Wy!m^
(9) Wym^V�3 (b)

Example 4.6 W�/K T1 T>H I = (NAT, I0) J5SB4M x = c ∧ c ≥ 0 GYX2�Wy�
• �&�CME C = {beg, test} �
• "8+: qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• �&4=Wy!m^
(beg, test)

(test, loop, inloop, test)

• Wym^V�3
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• �&�CME C′ = {test} �
• "8 (W,⊑) = ({0, 1, 2, ...},≤)

• "8B� gtest : Σ →W

gtest(σ) = σ(x) + 1 − σ(y3)

• �&4=Wy!m^
(test, loop, inloop, test)
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• Wym^V�3
I(qtest)(σ) = true ∧MI(test, loop, inloop, test)(σ) ↓
→
gtest(MI(test, loop, inloop, test)(σ)) < gtest(σ)N�U��V�oj3C σ �
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ (y3 ≤ x)

→
x+ 1 − (y2 + y3 + 2) < x+ 1 − y3w	o�qp�+) (2)

Example 4.7 W�/K T1 T>H I = (INT, I0) J5SB4M x = c ∧ c ≥ 0 GYX2�Wy�
• �&�CME C = {beg, test} �
• "8+: qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest y2 ≥ 0

• �&4=Wy!m^
(beg, test)

(test, loop, inloop, test)

• Wym^V�3
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• �&�CME C′ = {test} �
• "8 (W,⊑) = ({0, 1, 2, ...},≤)

• "8B� gtest : Σ →W

gtest(σ) =
{ σ(x) + 1 − σ(y3) � σ(y3) ≤ σ(x)

0 2S�
• �&4=Wy!m^

(test, loop, inloop, test)

• Wym^V�3
I(qtest)(σ) = true ∧MI(test, loop, inloop, test)(σ) ↓
→
gtest(MI(test, loop, inloop, test)(σ)) < gtest(σ)N

y2 ≥ 0 ∧ (y3 ≤ x)

→ x+ 1 − (y2 + y3 + 2) < x+ 1 − y3L
y2 ≥ 0 ∧ (y3 ≤ x)

→ 0 < x+ 1 − y3
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z!�ltÆm+)�&� (1)&��n
(1) �&�CME C �
(2) % C ℄v7�C"8+: qc

(3) �&4=Wy!m^
(4) Wym^V�3 (a)

(5) �&�CME C′

(6) "8 (W ⊆ D, I0(⊑)) �"8 w ÆWy W =

{σ(x) | I(w)(σ) = true}
(7) % C ℄v7�C"8/ tc ÆWy qc → wtc

x

(8) �&4=Wy!m^
(9) Wym^V�3 (b)

Example 4.8 W�/K T1 T>H I = (NAT, I0) J5SB4M x = c ∧ c ≥ 0 GYX2�Wy�
• �&�CME C = {beg, test} �
• "8+: qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• �&4=Wy!m^
(beg, test)

(test, loop, inloop, test)

• Wym^V�3
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• �&�CME C′ = {test} �
• "8 (W,⊑) = ({0, 1, 2, ...},≤)"8 w = trueWy W = {σ(x) | I(w)(σ) = true}

• "8/ ttest = x+ 1 − y3 �Wy qtest → wttest

x

• �&4=Wy!m^
(test, loop, inloop, test)

• Wym^V�3
|=I vc(qtest ∧ ttest = v, (test, loop, inloop, test), ttest < v)N
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ x+ 1 − y3 = v

→
((y3 ≤ x) → x+ 1 − (y2 + y3 + 2) < v)
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z!�ltÆm+)�&� (2)

Example 4.9 W�/K T1 T>H I = (INT, I0) J5SB4M x = c ∧ c ≥ 0 GYX2�Wy�
• �&�CME C = {beg, test} �
• "8+: qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ y2 ≥ 1

• �&4=Wy!m^
(beg, test)

(test, loop, inloop, test)

• Wym^V�3
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• "8 (W,⊑) = ({0, 1, 2, ...},≤)"8 w = (x ≥ 0)Wy W = {σ(x) | I(w)(σ) = true}

• �&�CME C′ = {test} �
• "8/ ttest = x+ 1 − y3 + y2 �Wy qtest → wttest

x

• �&4=Wy!m^
(test, loop, inloop, test)

• Wym^V�3
|=I vc(qtest ∧ ttest = v, (test, loop, inloop, test), ttest < v)N
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ y2 ≥ 1 ∧ x+ 1 − y3 + y2 = v

→
((y3 ≤ x) → x+ 1 − (y2 + y3 + 2) + (y2 + 2) < v)

§4.3 }uxk�m���-�|jB+�?7P�Z�![;H�6�Q% Tjc �
y := 1; while x > 0 do y := y ∗ x;x := x− 1 od8& a, b ∈ NAT �&D gcd(a, b) �+�� a, b > 0 S gcd(a, b) % a, b !d�:N��2S

gcd(a, b) u&D�B+�?7P� gcd(x, y) !�6�Q% Tgcd �
while ¬(x = y) do if (x > y) then x := x− y else y := y − x fi od
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§4.3.1 (i"��-� 1 �
Example 4.10 W�EMI(Tjc)(σ)R3P�UMI(Tjc)(σ)(y) =

σ(x)! �Wy�[4WyMω
I (Tjc)(σ)(y) ⊑ (σ)(x)! �ILJ

Mω
I (T1;T2) = Mω

I (T2)Mω
I (T1)&wdB1
1( Mω

I (y := 1)(σ)DMω
I (while (x >

0) do y := y ∗ x;x := x− 1 od)(σ) �Æ
σ1 = Mω

I (y := 1)(σ) = σ[y/1][4Wy Mω
I (while (x > 0) do y := y ∗ x;x := x − 1

od)(σ1)(y) ⊑ (σ)(x)! �&D Φ : [Σω → Σω] → [Σω → Σω] �+�
Φ(f)(σ) =

{ ω � σ = ω

ite(I(x > 0)(σ), f(Mω
I (y := y ∗ x;x := x− 1)(σ)), σ) � σ 6= ωS

Mω
I (Tjc)(σ) = µΦ(σ1)&w4=Wy
µΦ(σ1)(y) ⊑ σ(x)!&D g : [Σω → Σω] �+

g(σ) =
{ ω � σ = ω

σ[x/0][y/σ(x)! · σ(y)] � σ 6= ω&wWy µΦ ⊑ g ��,&wWy g � Φ!?7�'%�N Φ(g)(σ) = g(σ) ��+�
(1) � σ = ω �S Φ(g)(σ) = ω = g(σ) �
(2) � σ 6= ω � σ(x) = 0 �S Φ(g)(σ) = σ =

σ[x/0][y/σ(x)! · σ(y)] = g(σ) �
(3) � σ 6= ω � σ(x) > 0 �S

Φ(g)(σ)

= g(Mω
I (y := y ∗ x;x := x− 1)(σ))

= g(Mω
I (x := x− 1)Mω

I (y := y ∗ x)(σ))

= g(Mω
I (x := x− 1)(σ[y/σ(y) · σ(x)])

= g(σ[y/σ(y) · σ(x)][x/σ(x) − 1])Æ σ2 = σ[y/σ(y) · σ(x)][x/σ(x) − 1] �S g(σ2) =

σ2[x/0][y/σ2(x)! · σ2(y)] �4=Wy σ2[x/0][y/σ2(x)! · σ2(y)] = σ[x/0][y/σ(x)! ·
σ(y)] �4=Wy,
C z � σ2[x/0][y/σ2(x)! · σ2(y)](z) =

σ[x/0][y/σ(x)! · σ(y)](z) �
11



� z �� x,y Sh�("L σ(z) �� z � x Sh�("L 0 �� z � y Sh�("L σ(x)! · sigma(y) �E�"��g�E� g � Φ !?7�'%�E�
µΦ ⊑ gE�

µΦ(σ1)(y) ⊑ g(σ1)(y) = σ1(x)! · σ1(y) = σ(x)!�-� 2 �
Example 4.11 W�EMI(Tjc)R3P�UMI(Tjc)(σ)(y) =

σ(x)! �Wy�[4Wy Mω
I (Tjc)(σ)(y) ⊑ (σ)(x)! �ILJ

Mω
I (T1;T2) = Mω

I (T2)Mω
I (T1)�&wdB1
1(Mω

I (y :=

1)(σ) D Mω
I (while (x > 0) do y := y ∗ x;x := x − 1od

od)(σ) �Æ
σ1 = Mω

I (y := 1)(σ) = σ[y/1][4Wy Mω
I (while (x > 0) do y := y ∗ x;x := x − 1

od)(σ1)(y) ⊑ (σ)(x)! �Æ S1 %
y := y ∗ x;x := x− 1&D

ϕ(σ, σ′) = true ��℄� σ′(y) = σ(x)! · σ(y).� I(x > 0)(σ) = false S ϕ(σ, σ) = true ��℄�
σ(y) = σ(x)! · σ(y) �IL x = 0 � ϕ(σ, σ) = true �g�� I(x > 0)(σ) = true�MI(S1)(σ) ↓� ϕ(MI(S1)(σ), σ′) =

true �IL MI(S1)(σ) = σ[y/σ(y) · σ(x)][x/σ(x) − 1] �
σ′(y) = σ(y) · σ(x) · (σ(x) − 1)! = σ(y) · σ(x)! �E�
ϕ(σ, σ′) = true �E� ∀σ ∈ Σ, ϕ(σ,MI(while (x > 0) do S1 od)(σ)) ⊑
true �E� ϕ(σ1,MI(while (x > 0) do S1 od)(σ1)) ⊑ true �E�� MI(while (x > 0) do S1 od)(σ1) J&D�S
MI(while (x > 0) do S1 od)(σ1)(y) = σ1(x)!·σ1(y) = σ(x)!.�-� 3 �
Example 4.12 W� Mω

I (Tjc) 00R3P�
MI(Tjc) = Mω

I (while (x > 0) do y := y∗x;x := x−1od

od) ◦Mω
I (y := 1) �AX Mω

I (while (x > 0) do y := 1;x := x − 1od od) ◦
Mω

I (y := 1) ��J&D�&D Φ : [Σω → Σω] → [Σω → Σω] �+�
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Φ(f)(σ) =
{ ω � σ = ω

ite(I(x > 0)(σ), f(Mω
I (y := y ∗ x;x := x− 1)(σ)), σ) � σ 6= ω&D Φ′ : [Σω → Σω] → [Σω → Σω] �+�

Φ′(f)(σ) =
{ ω � σ = ω

ite(I(x > 0)(σ), f(Mω
I (y := 1;x := x− 1)(σ)), σ) � σ 6= ω[4Wy µΦ′ ◦Mω

I (y := 1) ⊑ one ◦ µΦ ◦Mω
I (y := 1)

(1) Φ′(⊥) ◦Mω
I (y := 1) ⊑ one ◦ Φ(⊥) ◦Mω

I (y := 1)

(1a) x = 0: Mω
I (y := 1) ⊑ one ◦Mω

I (y := 1)

(1b) x > 0: ⊥ ◦Mω
I (y := 1) ⊑ one ◦ ⊥ ◦Mω

I (y := 1)

(2) SÆ
f ′ ◦Mω

I (y := 1) ⊑ one ◦ f ◦Mω
I (y := 1)|t4=

Φ′(f ′) ◦Mω
I (y := 1) ⊑ one ◦ Φ(f) ◦Mω

I (y := 1)

(2a) x = 0: Mω
I (y := 1) ⊑ one ◦Mω

I (y := 1)

(2b) x > 0: f ′(Mω
I (y := 1;x := x − 1)) ◦ Mω

I (y :=

1) ⊑ one ◦ f(Mω
I (y := y := y ∗x;x := x− 1)) ◦Mω

I (y := 1)

f ′(Mω
I (y := 1;x := x − 1) ◦ Mω

I (y := 1) ⊑ one ◦
f(Mω

I (y := y ∗ x;x := x− 1) ◦Mω
I (y := 1)

(2b1) f ′(Mω
I (y := 1;x := x − 1) ◦ Mω

I (y := 1)(σ) =

f ′(σ[y/1][x/σ(x)− 1]) = f ′ ◦Mω
I (y := 1)(σ[x/σ(x) − 1]) ⊑

one ◦ f ◦Mω
I (y := 1)(σ[x/σ(x) − 1])

one ◦ f(Mω
I (y := y ∗ x;x := x − 1) ◦ Mω

I (y := 1) =

one ◦ f(σ[y/σ(x)][x/σ(x) − 1])4=
one◦f◦Mω

I (y := 1)(σ[x/σ(x)−1]) = one◦f(σ[y/σ(x)][x/σ(x)−
1]) H>}/Wy,
C f = Φn(⊥)�
C z1, z2 �,
C y �
C x >

0�one◦f(σ[y/z1][x/σ(x)−1]) = one◦f(σ[y/z2][x/σ(x)−1])H>}/Wy
(a) σ(x) = 1 �
one◦Φn(⊥)◦f(σ[y/z1][x/σ(x)−1]) = one◦f(σ[y/z1][x/σ(x)−

1]) = σ[x/σ(x) − 1][y/1]

one◦Φn(⊥)(σ[y/z2][x/σ(x)−1]) = one(σ[y/z2][x/σ(x)−
1]) = σ[x/σ(x) − 1][y/1]

(b) SÆ σ(x) = k �gWy σ(x) = k + 1 �g
(b1) f = ⊥
one ◦ (⊥)(σ[y/z1][x/σ(x) − 1]) = ω

one ◦ (⊥)(σ[y/z2][x/σ(x) − 1]) = ω

(b2)

one ◦ Φ(f)(σ[y/z1][x/σ(x) − 1]) = one ◦ f(σ[y/z1 ∗
(σ(x) − 1)][x/σ(x) − 2])

one ◦ Φ(f)(σ[y/z2][x/σ(x) − 1]) = one ◦ f(σ[y/z2 ∗
(σ(x) − 1)][x/σ(x) − 2])
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§4.3.2 Hoare �{�- f\ I({p}T {q})(σ) = true !AD
I({x > 5}x := 2 ∗ x{x > 10})(σ) = true

I(x > 5)(σ) → I(x > 10)(MI(x := 2 ∗ x)(σ)) = true

σ(x) > 5 → I(x > 10)(σ[x/2 ∗ σ(x)]) = true

σ(x) > 5 → 2 ∗ σ(x) > 10 = true

I({x > 5}x := 2 ∗ x{x > 20})(σ) = true

I(x > 5)(σ) → I(x > 20)(MI(x := 2 ∗ x)(σ)) = true

σ(x) > 5 → I(x > 20)(σ[x/2 ∗ σ(x)]) = true

σ(x) > 5 → 2 ∗ σ(x) > 20 = true

σ(x) ≤ 5 ∨ σ(x) > 10

I({true}while x 6= 10 do x := x+ 1 od{x = 10})(σ)=true

I({true}x := y + 1{x > y})(σ) = true

I(x > y)(MI(x := y + 1)(σ)) = true

I(x > y)(σ[x/σ(y) + 1]) = true

I(y + 1 > y)σ

y + 1 > y |= {true}x := y + 1{x > y}�-&D Tjc �+�
y := 1; while x > 0 do y := y ∗ x;x := x− 1 od�-

Example 4.13 W� PA ⊢ {x = n∧x ≥ 0}Tjc{y = n!} �Y�61%h7�1�Q% S1, S2 �&wJ
{x = n ∧ x ≥ 0}S1{x = n ∧ x ≥ 0 ∧ y = 1}9`�64E=S�J4=Wy
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{x = n ∧ x ≥ 0 ∧ y = 1}S2{y = x!}&wJ
{y ∗ x ∗ (x − 1)! = n!}y := y ∗ x{y ∗ (x− 1)! = n!}
{y ∗ (x− 1)! = n!}x := x− 1{y ∗ x! = n!}E�

{y ∗ x ∗ (x− 1)! = n!}y := y ∗ x;x := x− 1{y ∗ x! = n!}KJ
(y ∗ x! = n!) ∧ x > 0 → y ∗ x ∗ (x− 1)! = n!�
x = n ∧ x ≥ 0 ∧ y = 1 → (y ∗ x! = n!)

(y ∗ x! = n!) ∧ ¬(x > 0) → y = x!E�9`9I=S�J
{x = n ∧ x ≥ 0 ∧ y = 1}S2{y = x!}�-Wy

{x = n ∧ y = 1}
while x > 0 do y := y ∗ x;x := x− 1 od

{y = n!}Æ r % y′ = x! ∗ y.9`=S4W
¬x > 0 → y = x! ∗ y
{x > 0 ∧ ¬y′ = x! ∗ y}y:=y*x; x:=x-1{¬y′ = x! ∗ y}
(x = n ∧ y = 1 ∧ y′ = x! ∗ y) → y′ = n!�$m Hoare �{

Example 4.14 W� PA ⊢ [x ≥ 0]Tjc[y = x!] �Y�61%h7�1�Q% S1, S2 �&wJ
[x = n ∧ x ≥ 0]S1[x = n ∧ x ≥ 0 ∧ y = 1]9`�64E=S�J4=Wy

[x = n ∧ x ≥ 0 ∧ y = 1]S2[y = x!]
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� w = true � t = x&wJ
[y ∗ x ∗ (x− 1)! = n! ∧ x− 1 < a]y := y ∗ x[y ∗ (x− 1)! = n! ∧ x− 1 < a]

{y ∗ (x− 1)! = n! ∧ x− 1 < a}x := x− 1{y ∗ x! = n! ∧ x < a}E�
[y ∗ x ∗ (x− 1)! = n! ∧ x− 1 < a]y := y ∗ x;x := x− 1[y ∗ x! = n!]KJ
(y ∗ x! = n!) ∧ x > 0 ∧ x = a→ y ∗ x ∗ (x− 1)! = n! ∧ x− 1 < a�

(y ∗ x! = n!) ∧ x > 0 → w[x/x]E�9`9I=S�J
[y ∗ x! = n!]S2[y ∗ x! = n! ∧ ¬(x > 0)]KJ
x = n ∧ x ≥ 0 ∧ y = 1 → (y ∗ x! = n!)

(y ∗ x! = n!) ∧ ¬(x > 0) → y = x!E�
[x = n ∧ x ≥ 0 ∧ y = 1]S2[y = x!]

§4.4 s��-��
q�J�+:�F+:D9I�
�! XYZ/SE 6�!�6�
{x=c}
%PROC wl(%INP/x:INT;%IOP/y1:INT)==

%LOC [y2,y3:INT]

%STM [

LB=START => $Oy1=0 ∧ $Oy2=1 ∧ $Oy3=1 ∧ $OLB=l2;

*[

LB=l2 ∧ (le(y3,x)) => ($OLB=l3 | $OLB=END)

LB=l3 => $Oy1=+(y1,1) ∧ $Oy2 = +(y2,2) ∧ $OLB=l4;

LB=l4 => $Oy3=+(y2,y3) ∧ $OLB=l2;

{x = c ∧ le(∗(y1, y1), x)∧ y3 = ∗(+(y1, 1),+(y1, 1))∧ y2 = +(∗(2, y1), 1)}
]

]

{le(∗(y1, y1), c)∧ lt(c, ∗(+(y1, 1),+(y1, 1)))}%O)0	�&w le, lt,+, ∗ "��%&w�)!1/�IU7�6�&wdBH XYZ/VERI-II K�B+;W#X
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y3 ≤ x ∧ x = c ∧ y1 ∗ y1 ≤ x ∧ y3 = (y1 + 1) ∗ (y1 + 1) ∧ y2 = 2 ∗ y1 + 1

→
x = c ∧ (y1 + 1) ∗ (y1 + 1) ≤ x

∧(y2 + 2) + y3 = ((y1 + 1) + 1) ∗ ((y1 + 1) + 1)

∧y2 + 2 = 2 ∗ (y1 + 1) + 1

¬y3 ≤ x ∧ x = c ∧ y1 ∗ y1 ≤ x ∧ y3 = (y1 + 1) ∗ (y1 + 1) ∧ y2 = 2 ∗ y1 + 1

→
y1 ∗ y1 ≤ c ∧ c < (y1 + 1) ∗ (y1 + 1)

x = c

→ x = c ∧ 0 ∗ 0 ≤ x ∧ 1 = (0 + 1) ∗ (0 + 1) ∧ 1 = 2 ∗ 0 + 1$�b'HU �B+#X�
(y1 + 1) ∗ (y1 + 1) ≤ c, y1 ∗ y1 ≤ c→ 2 + (1 + y1 ∗ 2) = 1 + 2 ∗ (y1 + 1)

y1 ∗ y1 ≤ c→ c < (y1 + 1) ∗ (y1 + 1), (y1 + 1) ∗ (y1 + 1) ≤ c

T → 1 = 1 + 2 ∗ 0

(y1 + 1) ∗ (y1 + 1) ≤ c, y1 ∗ y1 ≤ c

→ (2 + (1 + y1 ∗ 2)) + (y1 + 1) ∗ (y1 + 1) = (1 + (y1 + 1)) ∗ (1 + (y1 + 1))

T → 0 ∗ 0 ≤ c

T → 1 = (1 + 0) ∗ (1 + 0)
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