
§4 -!18
§4.1 2�&3.*�, 
§4.2 "�+�/�, :)'�0�:(��0

1.
(1a) T �� ϕ & ψ X	��I��
(1b) T �� ϕ′ & ψ X	��I��� ϕ′ → ϕ �

2.
(2a) T �� ϕ & ψ XfH�I��
(2b) T �� ϕ′ & ψ XfH�I��� ϕ′ → ϕ �

3.
(3a) T �� ϕ & ψ X	��I��
(3b) T �� ϕ & ψ′ X	��I��� ψ → ψ′ �	A�

(1)b-�ϕ(σ) ↔ (MI(T )(σ) ↑ ∨(MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))

(1a) T �� ϕ & ψ X	��I��~b- (1) �
ϕ(σ) → (MI(T )(σ) ↑ ∨(MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))|�
ϕ(σ) ∧MI(T )(σ) ↓→ ψ(MI(T )(σ))

(1b)

T �� ϕ′ & ψ X	��I�� ϕ′ → ϕ �E`* ϕ′(σ) ∧ (MI(T )(σ) ↓→ ψ(MI(T )(σ))* ϕ′(σ) → (MI(T )(σ) ↑ ∨(MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))~b- (1) * ϕ′(σ) → ϕ(σ)

(2)b-� ϕ(σ) ↔ (MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))

(2a) T �� ϕ & ψ XfH�I��~b- (2) 2�
ϕ(σ) → (MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))

(2b) T �� ϕ′ & ψ XfH�I��� ϕ′ → ϕ �E`* ϕ′(σ) → (MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))~b- (2) * ϕ′(σ) → ϕ(σ)

(3)b-� ψ(σ′) ↔ ∃σ′′.(ϕ(σ′′) ∧MI(T )(σ′′) = σ′)

(3a) T �� ϕ & ψ X	��I��u	 ϕ(σ) ∧MI(T )(σ) ↓→ ψ(MI(T )(σ))* ϕ(σ) ∧MI(T )(σ) = σ′ → ψ(σ′)~b- (3) *
ϕ(σ) ∧MI(T )(σ) = σ′ → ∃σ′′.(ϕ(σ′′) ∧MI(T )(σ′′) = σ′)nJ
;�

(3b) T �� ϕ & ψ′ X	��I��� ψ → ψ′ �E`* ϕ(σ) ∧ (MI(T )(σ) ↓→ ψ′(MI(T )(σ))* ϕ(σ) ∧MI(T )(σ) = σ′ → ψ′(σ′)�~b- (3) � ψ(σ′) → ∃σ′′.(ϕ(σ′′) ∧MI(T )(σ′′) =

σ′) |� ψ(σ′) → ψ′(σ′)
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§4.2.1 �5#��, 
Proposition 4.1 I(wlp(α, q)) _PM α I q ?s[N`WAf�u	A
I(wlp(α, q))(σ) = true↔MI(α)(σ) ↑ ∨(MI(α)(σ) ↓ ∧I(q)(MI(α)(σ))Q α = (l0, l1, ..., ln) gw>1�

(1) n = 0.

(2) n = 1.

(2a) l0: (v1, v2, ..., vn) := (e1, e2, ..., en) goto l1

wlp(α, q) = q[v1/e1] · · · [vn/en].

MI(α)(σ) = σ[v1/e1] · · · [vn/en]

(2b) l0: if (b) goto l else goto l′ �
(2b1) l = l1

wlp(α, q) = b→ q

(a) I(b)(σ) = true

MI(α)(σ) = σ

(b) I(b)(σ) = false

(2b2) l′ = l1

wlp(α, q) = ¬b→ q

(a) I(b)(σ) = true

(b) I(b)(σ) = false

MI(α)(σ) = σ

(3) α0 = (l0, l1), α1 = (l1, ..., lk) �
wlp(α, q) = wlp(α0, wlp(α1, q))u	

I(wlp(α0, wlp(α1, q)))(σ) = true↔MI(α)(σ) ↑ ∨(MI(α)(σ) ↓ ∧I(q)(MI(α)(σ))�
I(wlp(α0, wlp(α1, q)))(σ) = true↔MI(α0)(σ) ↑ ∨(MI(α0)(σ) ↓ ∧I(wlp(α1, q))(MI(α0)(σ))

(1) MI(α0)(σ) ↑ �<����,�
(2) MI(α0)(σ) ↓ u	

MI(α)(σ) ↑ ∨(MI(α)(σ) ↓ ∧I(q)(MI(α)(σ)) ↔ I(wlp(α1, q))(MI(α0)(σ))
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*
MI(α)(σ) ↑ ∨(MI(α)(σ) ↓ ∧I(q)(MI(α)(σ))

↔

(MI(α1)(MI(α0)(σ)) ↑ ∨(MI(α1)(MI(α0)(σ)) ↓ ∧I(q)(MI(α1)(MI(α0)(σ)))nJ
;
Definition 4.1 ℄ α = (l0, ..., lk) agPM�

vc(p, α, q) = p→ wlp(α, q)

Proposition 4.2 Z |=I vc(p, α, q) m |=I {p}α{q} �	A
I(vc(p, α, q))(σ) = true ≡

I(p→ wlp(α, q))(σ) = true ≡

I(p)(σ) → I(wlp(α, q))(σ) ≡

I(p)(σ) → I(MI(α))(σ) ↓→ I(q)(MI(α)(σ))

Proposition 4.3 ℄ C _<HLJ� beg, end ∈ C, T ?RCeKo\kgC<H;Gl C Y C q?RC<H lkgCBj?E^ ql �Z
∀α = (l0, ..., lk) ∈ γ(T,C), |=I vc(ql0 , α, qlk)m

|= {qbeg}T {qend}7%h�m	Aw�!gw��/?�*M la, lb ∈ C F α = (la, ..., lb) g T �>1�� |= {qla}α{qlb} �h�+Q�:�E`
;�Q len(la, ..., lb) g (la, ..., lb) � C ��\��Z�h�}%C�	A |= {qla}α{qlb} �
• M len(la, ..., lb) = 2� 3+Q |=I vc(qla , (la, ..., lb), qlb)
;�|� |=I {qla}(la, ..., lb){qlb} 
;�
• +Q�Kz la, lb ∈ C � len(la, ..., lb) ≤ k S

|=I {qla}(la, ..., lb){qlb} 
;��Kz la, lb � len(la, ..., lb) ≤ k + 1 S�h�7. (la, ..., lb)�
<� (la, ..., lc)& (lc, ..., lb)�D� lc ∈ C F len(la, ..., lc), len(lc, ..., lb) ≤ k � 3+Qh�� |=I {qla}(la, ..., lc){qlc}& |=I {qlc}(lc, ..., lb){qlb}�|� |=I {qla}(la, ..., lb){qlb} 
;�
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 3%C��Kz la, lb ∈ C � |=I {qla}(la, ..., lb), {qlb} 
;�~� l0 = beg ∈ C,ln = end ∈ C �|� |=I {qbeg}(l0, ..., ln){qend} 
;�|��℄�y beg, end g4V&
/��>1 α � |=I

{qbeg}α{qend} 
;�
§4.3 ����/�, 
§4.3.1 9�64
Proposition 4.4 ℄ S =while (e) do S1 od �

∀σ ∈ Σ,MI(S)(σ) ↓⇒ ϕ(σ,MI(S)(σ))Z
∀σ ∈ Σ, I(¬e)(σ) ⇒ ϕ(σ, σ)

∀σ, σ′ ∈ Σ, I(e)(σ) ∧MI(S1)(σ) ↓ ∧ϕ(MI(S1)(σ), σ′) ⇒ ϕ(σ, σ′)	A�. ϕ5�^� ω-9��� ∀σ ∈ Σ,MI(S)(σ) ↓⇒

ϕ(σ,MI(S)(σ)) *
∀σ ∈ Σ, ϕ(σ,Mω

I (S)(σ)) ⊑ true�{ Φ Ll�
Φ(f)(σ) =

{ ω M σ = ω

ite(I(e)(σ), f(Mω
I (S1)(σ)), σ) M σ 6= ω�q	 ∀σ ∈ Σ, ϕ(σ, µΦ(σ)) ⊑ true �}���%C��Ym ∀σ ∈ Σ, ϕ(σ,⊥(σ)) ⊑ true 
;�Rl�2Xu	�Kz�� f : [Σω → Σω] � ∀σ ∈

Σ, ϕ(σ, f(σ)) ⊑ true � ∀σ′ ∈ Σ, ϕ(σ′,Φ(f)(σ′)) ⊑ true �*u	�Kz�� σ′ �
ϕ(σ′, ite(I(e)(σ′), f(Mω

I (S1)(σ
′)), σ′)) ⊑ trueM I(e)(σ′) = false�� ϕ(σ′, ite(I(e)(σ′), f(Mω

I (S1)(σ
′)), σ′)) =

ϕ(σ′, σ′).  3E`b- ϕ(σ′, σ′) ⊑ true 
;�M I(e)(σ′) = true�� ϕ(σ′, ite(I(e)(σ′), f(Mω
I (S1)(σ

′)), σ′)) =

ϕ(σ′, f(Mω
I (S1)(σ

′))). �OÆG8�
• M f(Mω

I (S1)(σ
′)) = ω �� ϕ(σ′, f(Mω

I (S1)(σ
′))) ⊑

true 
;�
• M f(Mω

I (S1)(σ
′)) 6= ω � Mω

I (S1)(σ
′) = ω �~� f�Æ�p� f(Mω

I (S1)(σ
′))) = f(σ′) � 3%C+Q

ϕ(σ′, f((σ′)) ⊑ true 
;�
• M f(Mω

I (S1)(σ
′)) 6= ω F Mω

I (S1)(σ
′) 6= ω � 3%C+Q ϕ(Mω

I (S1)(σ
′), f(Mω

I (S1)(σ
′))) ⊑ true 
;�~� Mω

I (S1)(σ
′) 6= ω F f(Mω

I (S1)(σ
′)) 6= ω �

ϕ(Mω
I (S1)(σ

′), f(Mω
I (S1)(σ

′))) = true � 3E`+Q ϕ(σ′, f(Mω
I (S1)(σ

′))) = true 
;�
Example 4.1 nTZMI(Tjc)k�i�mMI(Tjc)(σ)(y) =

σ(x)! �
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	A��q	A Mω
I (Tjc)(σ)(y) ⊑ (σ)(x)! �~��

Mω
I (T1;T2) = Mω

I (T2)M
ω
I (T1)�h�7y���jMω

I (y :=

1)(σ) & Mω
I (while (x > 0) do y := y ∗ x;x := x − 1od

od)(σ) �Q
σ1 = Mω

I (y := 1)(σ) = σ[y/1]�q	A Mω
I (while (x > 0) do y := y ∗ x;x := x − 1

od)(σ1)(y) ⊑ (σ)(x)! �Q S1 g
y := y ∗ x;x := x− 1�{

ϕ(σ, σ′) = true �F0� σ′(y) = σ(x)! · σ(y).M I(x > 0)(σ) = false � ϕ(σ, σ) = true �F0�
σ(y) = σ(x)! · σ(y) �~� x = 0 � ϕ(σ, σ) = true 
;�M I(x > 0)(σ) = true�MI(S1)(σ) ↓F ϕ(MI(S1)(σ), σ′) =

true �~� MI(S1)(σ) = σ[y/σ(y) · σ(x)][x/σ(x) − 1] �
σ′(y) = σ(y) · σ(x) · (σ(x) − 1)! = σ(y) · σ(x)! �|�
ϕ(σ, σ′) = true �|� ∀σ ∈ Σ, ϕ(σ,MI(while (x > 0) do S1 od)(σ)) ⊑

true �|� ϕ(σ1,MI(while (x > 0) do S1 od)(σ1)) ⊑ true �|�M MI(while (x > 0) do S1 od)(σ1) ��{��
MI(while (x > 0) do S1 od)(σ1)(y) = σ1(x)!·σ1(y) = σ(x)!.

§4.3.2 Hoare $�
Proposition 4.5 bSkh
dp
|=I {qt

x}x := t{q}

|=I {p}S1{r} Y |=I {r}S2{q} �m |=I {p}S1;S2{q}

|=I {p ∧ e}T1{q} Y |=I {p ∧ ¬e}T2{q} �m |=I {p}if e then T1 else T2 fi{q}

|=I {p ∧ e}T1{p} �m |=I {p} while e do T1 od{p ∧ ¬e}

|=I {q}S1{r} � |=I p ⊃ q Y |=I r ⊃ s �m |=I {p}S1{q}Ym��": {pt
x}x := t{p}�* ⊢ {pt

x}x := t{p}�h��r	A |= {pt
x}x := t{p}�*�Kz I � |=I {pt

x}x :=

t{p} �h��r	A�Kz σ � I({pt
x}x := t{p})(σ) =

true � 3�{ I({pt
x}x := t{p})(σ) = true �F0�

I(pt
x)(σ) = true∧MI(x := t)(σ) ↓⇒ I(q)(MI(x := t)(σ)) = true~�
I(pt

x)(σ) = I(p)(σ[x/I(t)(σ)] = I(q)(MI(x := t)(σ))|�
I(pt

x)(σ) = true∧MI(x := t)(σ) ↓⇒ I(q)(MI(x := t)(σ)) = true
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|�
I({pt

x}x := t{p})(σ) = true���'$��h��r	A |=I {p}T1{q} F |=I

{q}T2{r}� |=I {p}T1;T2{r}�M MI(T1;T2)(σ) i�{�� I({p}T1;T2{r})(σ) = true �+Q MI(T1;T2)(σ) ��{F MI(T1;T2)(σ) = σ′ �qu	A�2X I(p)(σ) �
I(r)(σ′) � MI(T1;T2)(σ) = σ′ � (T1;T2, σ)

∗
⇒σ′ �|�
� σ′′ U�

(T1;T2, σ)
∗
⇒(T2, σ

′′)
∗
⇒σ′|�

(T1, σ)
∗
⇒σ′′ F (T2, σ

′′)
∗
⇒σ′ 3 |=I {p}T1{q} & |=I {q}T2{r} �M I(p)(σ) ��

I(q)(σ′′) �� I(r)(σ′) �|�
I({p}T1;T2{r})(σ) = true��b-$��h��r	A |=I {p ∧ e}T1{q} F

|=I {p ∧ ¬e}T2{q} � |=I {p}if e then T1 else T2 fi{q} �M MI(if e then T1 else T2 fi)(σ) i�{��/?
;�M
MI(if e then T1 else T2 fi)(σ) = σ′ �h��<ÆG8_?�M I(e)(σ) 
;�

MI(if e then T1 else T2 fi)(σ) = MI(T1)(σ) 3 |=I {p∧e}T1{q}�M I(p)(σ)� I(q)(MI(T1)(σ))
;�|�
|=I {p}if e then T1 else T2 fi{q}
:�M I(¬e)(σ) 
;� 3 |=I {p ∧ ¬e}T2{q} �yPBav
;���s($��h��r	A |=I {p ∧ e}T1{p} �

|=I {p}while e do T1 od{p ∧ ¬e} �M MI(while e do T1 od)(σ) i�{��/?
;�M MI(while e do T1 od)(σ) = σ′ �� (while e do T1

od, σ)
k
⇒σ′ �h�}%C�	A�Kz σ �I(p)(σ)� I(p∧¬e)(σ)�M k = 1 �� σ′ = σ � I(e)(σ) = false �|�

I(p)(σ) ⇒ I(p ∧ ¬e)(σ′) �M k > 1 �+Q�Kz σ � i < k � (while e do T1

od, σ)
i
⇒σ′ �� I(p)(σ) ⇒ I(p∧¬e)(σ′) �~� (while e do

T1 od, σ)
k
⇒σ′ F k > 1 ��

I(e)(σ) F (while e do T1 od, σ)⇒(T1;while e do T1

od, σ)
k−1
⇒ σ′ �
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� σ′′ U�
(T1, σ)

k1⇒σ′′ F (while e do T1 od, σ′′)
k2⇒σ′ 3 |=I {p∧e}T1{p}�~�x� I(e)(σ)�M I(p)(σ)�� I(p)(σ′′)� 3%C+Q� I(p)(σ′′)� I(p∧¬e)(σ′)�|�

|=I {p}while e do T1 od{p ∧ ¬e}yP	A=kd�76p�
Proposition 4.6 BlD�? I Y I ?=>VOrFX�UQ

|=I {p}T {q} m th(I) ⊢ {p}T {q}	A)� T �/#�h�Ym	AylWT�
|=I {p}S1;S2{q} F I(r) g S2 & I(q) ��N�~E�t� � |=I {p}S1{r} F |=I {r}S2{q}

|=I {p}if e then T1 else T2 fi{q} �� |=I {p ∧ e}T1{q} F |=I {p ∧ ¬e}T2{q}

|=I {p} while e do T1 od{q} �� |=I {p} if (e) T1; while e do T1 od else x := x fi {q}M |=I {p}x := t{q} � 3�{� |=I p ⊃ qt
x �|�

th(I) ⊢ p ⊃ qt
x � 3�
":&e?$�7y��

th(I) ⊢ {p}T {q}M |=I {p}S1;S2{q} �Q I(r) g S2 & I(q) ��N�~E�t�~� |=I {p}S1{r}F |=I {r}S2{q}�� th(I) ⊢

{p}S1{r} F th(I) ⊢ {r}S2{q} � 3�'$�7y��
th(I) ⊢ {p}S1;S2{q}M |=I {p}if e then T1 else T2 fi{q} �~� |=I {p ∧

e}T1{q}F |=I {p∧¬e}T2{q} �� th(I) ⊢ {p∧ e}T1{q} F
th(I) ⊢ {p ∧ ¬e}T2{q} � 3b-$�7y��

th(I) ⊢ {p}if e then T1 else T2 fi{q}M |=I {p}while e do T1 od{q} �Q I(r) g while e do

T1 od & I(q) ��N�~E�t��
|=I p ⊃ r F

|=I {r} if (e) T1; while e do T1 od else x:=x fi {q}�
|=I {r ∧ e}T1;while e do T1 od{q} F

|=I {r ∧ ¬e}x := x{q} ��
|=I {r ∧ e}T1{r} F |=I (r ∧ ¬e) ⊃ q � 3s($�&e?$�7y�� th(I) ⊢ {p}T {q}�yP[ÆG8	A=kd�o�f�p�

7


