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§4.1 C72NE=�?*�Æ�oF�xXD$�� 7M1�B
*4t7�y� 74t8U=8�0KF�q (T,Θ) � (B, V ) m8�xXD$��Z< B m8�} I � (T,Θ) B�B
*4t7�y^x ϕ ��� (T,Θ) |=I ϕ �V<Ii%�
(T,Θ) |=I ϕ4[�4B
P I �}%8 (T,Θ) 8[3 π, π |=I ϕ

Definition 4.1 ��m�fg����
Q ::= {p}t{q}�% p, q ∈WFFB 
m�� t ∈ T 
���XD^x8UIJh��� I ��FYXD^x {p}t{q} Mp6BY Σ → Bool 8h��

I({p}t{q}) : Σ → Bool <Ii%�
I({p}t{q})(σ) = true4[�4

I(p)(σ) = true ∧ σ
t
→σ′ → I(q)(σ′) = trueBY^x {p}t{q} ^ I 8�}%�2�|BgH σ � I({p}t{q})(σ) = true ��� |=I

{p}t{q} � <I |=I {ϕ}T {ψ} 4[�4B
P t ∈ T � |=I {ϕ}t{ψ} �2�
§4.1.1 2NE=�?*�SZ< (B, V ) m8�xXD$� (T,Θ) �q t � p −→ (x1, ..., xn) = (e1, ..., en) ∈ T �<I
CONDt = p k CONDT =

∨

t∈T CONDt �
• XD^0�

{p→ ψ[x1/e1] · · · [xn/en]} p −→ (x1, ..., xn) := (e1, ..., en) {ψ}

• Θ b`�
Θ ⇒ ϕ

ϕ
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• O b`�
ϕ⇒ (ψ ∨CONDT )

{ϕ}T {ψ}

ϕ⇒ Oψ

• �Ab`�
ϕ′ ⇒ ϕ {ϕ}t{ψ} ψ ⇒ ψ′

{ϕ′}t{ψ′}

§4.1.2 ���SOFmb`kB
*4t7�y8�0#F5#F%b`�
• XDb`�

ϕ ∧ p→ ψ[x1/e1] · · · [xn/en]

{ϕ} p −→ (x1, ..., xn) := (e1, ..., en) {ψ}

• R b`�
ζ ⇒ ϕ′

{ϕ′ ∧ ¬ψ}T {ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 b`�
ζ ⇒ ϕ′

{ϕ′}T {ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ

• U b`�q ⊑ ∈ P �EW�(Pj� w ∈ QFFB �BW�(^x (�V�7� x) [
W = ({σ(x) | I(w)(σ) = true}, I0(⊑)) �5xzl� e ∈ TB �,�`

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ w
e
x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}

ϕ⇒ ζ0Uψ

• 3 b`�
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}

ϕ⇒ 3ψ

§4.1.3 �, O �SN,a8B
*4t7�y�!H#F�XD�aN^x%p�q V = {x1, ..., xn} �Z<BYXD t : p → (x1, ..., xk) = (e1, ..., ek) �<I x̄(t) =

(x1, ..., xk, xk+1, ..., xn) � ē(t) = (e1, ..., ek, xk+1, ..., xn) �!H#F<IF%b`�
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ϕ⇒ CONDT

ϕ⇒
∨

t∈T (CONDt ∧Ox̄(t) = ē(t))

ϕ⇒ ¬CONDT

ϕ⇒ Ox̄(t) = x̄(t)?*E=�('QA�#!4{npPg
8^xR`O�0$�8^0kb`�57#�|
⊢I ϕ`
|=I ϕ$�#!48hKB�P6YKI�{
PO^0�r8^x>{g
8[BR
P�5b`�pAY�g
�`�?g
���4{n
Pg
8^xR`O�0$�8^0kb`�57#�|
|=I ϕ`
⊢I ϕBY���8�0$�#FN-hKN.g
8^x�3VvNPm/�)48�  78�0$�O6YKI�BY{Pa 7U�wXD8�0�:BY{ 7
C.8x%�y8�0� OR�y8T\4�N.�y{�#RP��8�0$�8�
i�d�Vm8B
�y{�#RP��8�0$�8� QOR�yJ�8UF)s��0f u5AN68N.4t#REF�.� 
iZ<BYB
�y�BYEW�{O�RBYEW�(8':Æ	{eY�yEF�.8� xRFmXJ 78�0$�mQP��8��8R`N\T 7+a8�0kV
C.8x%�y8�0�!H�BY 7�08�����NN��Kj+B��48VS� BY 7�0$�{+B��8�|^%9�q8Y�%�$�{��8� x%�y8g
4t>�� 7�0$�8^0� 7�0f u5AN68x%�y84t>P+L8^x#F�.�xRB
*4t7�y8 7�0$�8+B��48hK�#F|t� 74t8?h���Nt7�y^x�.�#O 7Pa8�0b`768hK�~&�!H#FNt7�y%p (T,Θ) �

Φ = Θ ∧ 2(CONDT →
∨

t∈T (CONDt ∧Ox̄(t) = ē(t))) ∧ 2(¬CONDT → Ox̄(t) = x̄(t))'d�eY^x{#FO 7�0b`�5#8�|
(T,Θ) ⊢I Φs%8�{hK (T,Θ) |= ϕ ` |=I Φ → ϕ �OR Φ �a%p8 (T,Θ) 8"w��k}Æ|ta$�#F[�UIhKe{�28�
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§4.2 B
2NE=�?*�Æ�oF�(XD$�� 7M1�B
*4t7�y� 74t8U=8�0KF�q (ρ,Θ) � (B, V ) m8�(XD$��Z< B m8�} I � (ρ,Θ) B�B
*4t7�y^x ϕ ��� (ρ,Θ) |=I ϕ �V<Ii%�
(ρ,Θ) |=I ϕ4[�4B
P I �}%8 (ρ,Θ) 8[3 π, π |=I ϕ

Definition 4.2 ��m�fg����
Q ::= {p}ρ{q}�% p, q ∈WFFB 
m��XD^x8UIJh��� I ��FYXD^x {p}ρ{q} Mp6BY Σ → Bool 8h��

I({p}ρ{q}) : Σ → Bool <Ii%�
I({p}ρ{q})(σ) = true4[�4

I(p)(σ) = true ∧ σ→σ′ → I(q)(σ′) = trueBY^x {p}ρ{q} ^ I 8�}%�2�|BgH σ � I({p}ρ{q})(σ) = true ��� |=I

{p}ρ{q} �
§4.2.1 2NE=�?*�SZ< (B, V ) m8�(XD$� (ρ,Θ) �q V = {v1, ..., vn} � q ϕ, ψ � Φ(V ) m8^x�

• XD^0�
{∀v′1, ..., v

′
n.(ρ → ψ

v′

1
,...,v′

n

v1,...,vn
)} ρ {ψ}

• Θ b`�
Θ ⇒ ϕ

ϕ

• O b`�
ϕ⇒ (ψ ∨ ∃v′1...v

′
n.ρ)

{ϕ}ρ{ψ}

ϕ⇒ Oψ

• �Ab`�
ϕ′ ⇒ ϕ {ϕ}ρ{ψ} ψ ⇒ ψ′

{ϕ′}ρ{ψ′}
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§4.2.2 ���SOFmb`kB
*4t7�y8�0#F5#F%b`�
• XDb`�

ϕ ∧ ρ→ ψ
v′

1
,...,v′

n

v1,...,vn

{ϕ} ρ {ψ}

• R b`�
ζ ⇒ ϕ′

{ϕ′ ∧ ¬ψ}ρ{ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 b`�
ζ ⇒ ϕ′

{ϕ′}ρ{ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ

• U b`�q ⊑ ∈ P �EW�(Pj� w ∈ QFFB �BW�(^x (�V�7� x) [
W = ({σ(x) | I(w)(σ) = true}, I0(⊑)) �5xzl� e ∈ TB �,�`

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ w
e
x ∧ (ψ ∨ ∃v′1...v

′
n.ρ))

{ζ ∧ e = v}ρ{ψ ∨ (ζ ∧ e < v)}

ϕ⇒ ζ0Uψ

• 3 b`�
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨ ∃v′1...v

′
n.ρ))

{ζ ∧ e = v}ρ{ψ ∨ (ζ ∧ e < v)}

ϕ⇒ 3ψ

§4.3 -�>�I�?*BR< � 7�'�84t	+�Ng
k�ag
�e.4tZ�8{ 7[3vot 78�7}Æ�F{ 7{OR`vo�Z< 7 T ∈ L
(B,V )
←֓ k B 8�} I �<I 78UIh���7}Æ6�7}Æ8Th� MI(T ) : Σ →֒ Σ i%�

MI(T )(σ) =
{ σ′ k (beg, σ)

∗
→(end, σ′) �"<I k�,^ σ′ v7 (beg, σ)

∗
→(end, σ′) �

MI(T )(σ) P<Iwd� 7 T ^"w�7}Æ� σ t8[3vo�� MI(T )(σ) ↓ �Hj`��MI(T )(σ) ↑ �
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+BRZ<8A=D=�VA=8J�N�(w�(^x�
Definition 4.3 
 ϕ p ψ 
|k�b��% ϕ _��h�� ψ _�rh�� T � I xÆ"�i� ϕ p ψ 
^j!�f�� ∀σ ∈ Σ, ϕ(σ) = true→ (MI(T )(σ) ↓→ ψ(MI(T )(σ))) �
Definition 4.4 
 ϕ 
k�b� ϕ _��h�� T � I xÆ"�i� ϕ 
&$f�� ∀σ ∈

Σ, ϕ(σ) = true→ MI(T )(σ) ↓ �
Definition 4.5 
 ϕ p ψ 
|k�b��% ϕ _��h�� ψ _�rh�� T � I xÆ"�i� ϕ p ψ 
��!�f�� ∀σ ∈ Σ, ϕ(σ) = true→ MI(T )(σ) ↓ ∧ψ(MI(T )(σ)) ��I�P���7�U5H�08
Definition 4.6 
 T �`�� p p q 
|km�� T � I xÆ"�i� p p q 
^j!�f�v) |=I {p}T {q} �� T � I xÆ"�i� I(p) p I(q) 
^j!�f�

|=I {p}T {q}4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓→ I(q)(MI(T )(σ))) �
Definition 4.7 
 T �`��p
m��T � I xÆ"�i� p
&$f�v) |=I [p]T [true]�� T � I xÆ"�i� I(p) 
&$f�

|=I [p]T [true] 4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ MI(T )(σ) ↓ �
Definition 4.8 
 T �`�� p p q 
|km�� T � I xÆ"�i� p p q 
��!�f�v) |=I [p]T [q] �� T � I xÆ"�i� I(p) p I(q) 
��!�f�

|=I [p]T [q] 4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓ ∧I(q)(MI(T )(σ))) ��IU5H�;�q B = (F, P ) k I = (NAT, I0) �Vu F = {0, 1,+}, P = {=} � NAT ��d�� I0 �Pj 0, 1,+�}��d�m8 0, 1k�F��Pj = �}��d�m8+9a$�F%zl�{:b#D�8�
PC = {(ϕ, T, ψ) | T ∈ LB

←֓ , ϕ, ψ ∈WFFB , |=I {ϕ}T {ψ}}

TE = {(ϕ, T ) | T ∈ LB
←֓ , ϕ ∈WFFB , |=I [ϕ]T [true]}

TC = {(ϕ, T, ψ) | T ∈ LB
←֓ , ϕ, ψ ∈ WFFB, |=I [ϕ]T [ψ]}\63�K�\4��K

Definition 4.9 
 T �`�� ϕ p ψ 
|k�b��% ϕ _��h�� ψ _�rh��lgxÆ I �
ϕ 
 T p ψ f(	{��h��
ϕ(σ) = true d�yd (MI(T )(σ) ↓→ ψ(MI(T )(σ)))

ϕ 
 T p ψ f(	�h��
ϕ(σ) = true d�yd MI(T )(σ) ↓ ∧ψ(MI(T )(σ))

ψ 
 T p ϕ f(�rh��
ψ(σ) = true d�yd
�'� σ′ �e ϕ(σ′) = true ∧MI(T )(σ′) = σ!HPF%4t�



§4 /.23,+ 7k ϕ { T k ψ 8�l(
YA=�`B
P ϕ′ � T BR ϕ′ k ψ {�Ng
84[�4 ϕ′ → ϕ �k ϕ { T k ψ 8�lYA=�`B
P ϕ′ � T BR ϕ′ k ψ {�ag
84[�4 ϕ′ → ϕ �k ψ { T k ϕ 8�ZoA=�`B
P ψ′ � T BR ϕ k ψ′ {�Ng
84[�4 ψ → ψ′ �?*V1BR�Ng
D=�kYA=� ϕ �oA=� ψ �hK 7B�UBYoA=8Bw�={�q 78[3�
(beg, σ0), (l1, σ1), ..., (ln−1, σn−1), (end, σn)dohKk ϕ(σ0) ` ψ(σn) �BRvoD=�BwhK�={�q 78[3�vo

(beg, σ0), (l1, σ1), ...,OC�vPNY l ∈ LB ^[3u#(")C*�dohKk ϕ(σ0) �2` l ^N*#(o�TV
BL8 σ �B�sR`u`l3<I l 8n;8����ag
4#FN��Ng
kvo6KI8hK�ieL^BWhK�Bw�={�q 78[3�
(beg, σ0), (l1, σ1), ...,OCk ϕ(σ0) �2`�f n *� n T"w�7}Æ σ0 +a�}Æ�qo� ln = end [

ψ(σn) �2�!P.$�?*Fm88hK�={xRB 7f 8N#�5A~&
<8 78[3f �BR�28 7�U�={#38�3BRT\8 7�
< 7[3f PB<8Q?� JD!H5A\i8KF�BYxA8X`{�BY/8 �N��-8 ��BR< � 7�!H#F� 78[3N���8U��Oe.U�8g
4�5fY 78g
4�  7U�N�j79%p���j79�=��
Definition 4.10 lg`� T �℄o�} (l0, l1, ..., ln) 
 T f�zd�yd n > 0 �i��
0 ≤ i < n � li+1 � li fg�%a��q α = (l0, l1, ..., ln) �B=��=�8UI<Ii%�

MI(α)(σ0) =
{

σn k,^ {σ1, ..., σn} ⊆ Σv7 (l0, σ0) → (l1, σ1) → · · · → (ln, σn) �"<I k�,^e�8}Æz�k l0 = beg [ ln = end ` α = (l0, l1, ..., ln) ���f=��MI(T )(σ) = σ′ 4[�4,^�f=� α v7MI(α)(σ) = σ′ �/	R 7g
4�!H#F<I=�8�Ng
4�
Definition 4.11 
 p p q 
|km�� α � I xÆ"�i� p p q 
^j!�f�v)
|=I {p}α{q} �� ∀σ ∈ Σ, I(p)(σ) = true→ (MI(α)(σ) ↓→ I(q)(MI(α)(σ))) �
Definition 4.12 
 α ��z� p p q 
|km�� p 
 α p q f(	{��h���
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I(p)(σ) = true d�yd MI(α)(σ) ↓→ I(q)(MI(α)(σ)) �
Definition 4.13 
 α = (l0, ..., lk) ���z�g� wlp(α, q) ���

k = 1


� T %#~ l0: (v1, ..., vn) := (e1, ..., en) goto l1 wlp(α, q) = q[v1/e1] · · · [vn/en].
� T %#~ l0: if (b) goto l else goto l′ wlp(α, q) =
{ b→ q � l = l1;

¬b→ q � l′ = l1 �
k > 1 
 α0 = (l0, l1), α1 = (l1, ..., lk) � wlp(α, q) = wlp(α0, wlp(α1, q))

I(wlp(α, q)) {=� α k q 8�l(
YA=�
Definition 4.14 
 α = (l0, ..., lk) ���z�g� vc(p, α, q) = p→ wlp(α, q) �k |=I vc(p, α, q) ` |=I {p}α{q} �
Definition 4.15 
 T �`�� C �℄ouq�g� γT (C) ���
(l0, ..., lk) ∈ γT (C) d�yd (l0, ..., lk) 
 T f�z� l0, lk ∈ C � l1, ..., lk−1 6∈ C ���U5HV1q C {�jzl� beg, end ∈ C, T 8FY;rqnPBY�j	gR C [ C u8FY�j l PBYBL8^x ql �k ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk) �̀ |= {qbeg}T {qend}�[YH�;�vo4�{B
4t�F% 7^B
�� PA (Peano Arithmetic) 8�~M1%BgH�jR`vo�3^ PA 8M�~M1��B<vo�

beg: (x) := (0); goto test;

test: if x = y then goto end else goto loop fi;

loop: (x) := (x+ 1); goto test;[YHV1q C {�jzl� beg ∈ C, T 8FY;rqnPBY�j	gR C [ C u8FY�j
l PBYBL8^x ql � (W,⊑) {B WFS � C′ ⊆ C {�jzl� T 8FY;rqnPBY�j	gR C′ [ C′ u8FY�j l PBYBL8h� gl : Σ → W �kF%���2`
|= [qbeg]T [true]:

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)

(b) ∀α = (l0, ..., lk) ∈ γT (C), I(ql0 )(σ) = true ∧MI(α)(σ) ↓→ glk(MI(α)(σ)) < ql0(σ)!PB
�7�[YHV1q C {�jzl� beg ∈ C, T 8FY;rqnPBY�j	gR C [ C u8FY�j
l PBYBL8^x ql � (W ⊆ D, I0(⊑)) {B WFS [ ⊑∈ P � w ��CPBY�O�78^x[ W = {σ(x) | I(w)(σ) = true} � C′ ⊆ C {�jzl� T 8FY;rqnPBY�j	gR C′ � C′ u8FY�j l PBYBL8, tl [ |=I ql → w[x/tl] �kF%���2`
|= [qbeg]T [true]:

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)

(b) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 ∧ tl0 = a, α, tlk < a)



§4 /.23,+ 9eYKF+BRYI8KFPB<8�)4�| WFS 89_�)R W ⊆ D k�(Pj�6^ P u�
§4.4 #��J �I�?*< � 78BYb;{;r8j'k#'�bI�+0 78
?��hG#-�+hK8
?���0
�T\�+ 7�_-��#�l4����_q;r 7#F$Qe.b;�Z< 7 T ∈ L

(B,V )
© k B 8�} I �<I 78UIh���7}Æ6�7}Æ8Th� MI(T ) : Σ →֒ Σ i%�

MI(T )(σ) =
{ σ′ k (T, σ)

∗
→σ′ �"<I k 7^"w�7}Æ� σ t8[3�vo�OR�_q;r 7#F��{< � 78��2x�< � 78hKKF��|NR�_q;r 7�:��OR�_q;r 7�P�l4�!H#F[�n�UIk^0UIhK 74t�

§4.4.1 X
RO�_q;r 7�P�l4�
iZ< 7 T1 k T2 �!H#�V�l� T1;T2 �℄ZBY^x e �!H#�V�l� if e then T1 else T2 fi 9�e�� T1;T2 8UI�#F�2^ T1k T2 8UIm�
iMI(T1;T2)(σ) = MI(T2)MI(T1)(σ) � ORMI(T1)(σ) �B<P<I�J)Fm0F�B<{5<I8��efeY ��!HB M 8<IVkmV�3,!�<I Σω = Σ ∪ {ω} �,!o8UIJh�� Mω
I �Z<�_q;r 7 T �Mω

I (T ) { Σω m8h��<I ite : Bool × Σω × Σω → Σω i%
ite(true, σ, σ′) = σ

ite(false, σ, σ′) = σ′<I Φe,h : [Σω → Σω] → [Σω → Σω] i%
Φe,h(f)(σ) =

{ ω k σ = ω

ite(I(e)(σ), f(h(σ)), σ) k σ 6= ω<I Σω m8T7a$ ≤ i%� a ≤ b 4[�4 a = ω � (Σω,≤) {��T7�<I
Mω

I (T ) : Σω → Σω i%�
Mω

I (x := t)(σ) =
{ ω

MI(x := t)(σ) = σ[x/I(t)(σ)]

Mω
I (T1;T2) = Mω

I (T2)M
ω
I (T1)

Mω
I (if (e) then T1 else T2 fi)(σ) =

{ ω

ite(I(e)(σ),Mω
I (T1)(σ),Mω

I (T2)(σ))

Mω
I (while e do T1 od) = µΦe,Mω

I
(T1)

k σ = ωk σ 6= ωk σ = ωk σ 6= ωBRgH�_q;r 7 T � Mω
I (T ) {5<I[488�xR Mω

I (T ) �!H#F<I
MI(T ) : Σ →֒ Σ i%�



§4 /.23,+ 10

MI(T )(σ) =
{ Mω(T )(σ) k Mω

I (T )(σ) 6= ω"<I k Mω
I (T )(σ) = ωeY<Ik��UIuB MI(T ) 8<I{Br8�Hf-�!HP

Mω
I (T )(σ) =

{

ω k σ = ω �
ω kMI(T )(σ) "<I
σ′ kMI(T )(σ) = σ′��U5H�Ng
4 {ϕ}T {ψ} �y� ϕ(σ) → (MI(T )(σ) ↓→ ψ(MI(T )(σ))) � ieR`k��f��� MI(T ) �y�BY�2h��`hK�hG8���OR�Ng
�A^ 7B<vo�!HpA��B� Mω

I (T ) ⊑ h 8BY Σ m8h� h �dohK ϕ(σ) → ψ(h(σ)) �^e�8FhKu��*Q8�N{;rU�8UI�^hKu��5A<IBY�=;
g -BL;rU�8UI�FhK;rU�"wt8}Æk��t8}Æ8a$�!H#Fk�<IBYhK;rU�"wt8}Æk��t8}Æ8a$8KF�q ϕ : Σ2 → Bool��(�q T=while e do T1 od�kF%L��2�̀ ∀σ ∈ Σ,MI(T )(σ) ↓→

ϕ(σ,MI(T )(σ)) �
∀σ ∈ Σ, I(¬e)(σ) → ϕ(σ, σ)

∀σ, σ′ ∈ Σ, I(e)(σ) ∧MI(T1)(σ) ↓ ∧ϕ(MI(T1)(σ), σ′) → ϕ(σ, σ′)e�!Hp�� MI(T1)(σ) D��8�=;�J)UKF8LN#F�qB.;rU�g
48hK�[YH 7 T 8vo4#F[�Ei 7 T ′ 8vo4-hK�k MI(T
′)(σ) �&&P<I8h�[ MI(T )(σ) ⊑MI(T

′)(σ) ` MI(T )(σ) &&P<I�
§4.4.2 Hoare /"$8xRn�UI8 7hK�!Hs#FN�y8KF-hK 784t� Hoare�y�{e�8BY#FN-hK 784t8$��Hoare�yU=�2^�(�yk�_q;r 78x%m�Z< (B, V ) �
Definition 4.16 Hoare m�fg����

H ::= {p}T {q}�% p, q ∈WFFB 
m�� T ∈ L
(B,V )
© 
wns�t`��q I {x�Pjz B 8�}�Hoare^x8UIJh��� I ��FY Hoare^x {p}T {q}Mp6BY Σ → Bool 8h�� I({p}T {q}) : Σ → Bool <Ii%�
I({p}T {q})(σ) = true4[�4

I(p)(σ) = true ∧MI(T )(σ) ↓→ I(q)(MI(T )(σ)) = true.



§4 /.23,+ 11BY^x {p}T {q} ^ I 8�}%�2�|BgH σ � I({p}T {q})(σ) = true ��� |=I

{p}T {q} �kV^gH�}%�2��� |= {p}T {q} �kV^B� W 8�}%�2���
W |= {p}T {q} �
Hoare L:�y^x{BYJ�4t8KF�!H5A^ex%m�3�0�!HPF%^0k�0b`�

(1) Sm^0�q p ∈ WFFB, x ∈ V, t ∈ TB �
{pt

x}x := t{p}

(2) �lb`�q p, q, r ∈ WFFB, T1, T2 ∈ L
(B,V )
© �

{p}T1{r}, {r}T2{q}

{p}T1;T2{q}

(3) ��b`�q p, q ∈ WFFB, e ∈ QFFB, T1, T2 ∈ L
(B,V )
© �

{p ∧ e}T1{q}, {p∧ ¬e}T2{q}

{p}if e then T1 else T2 fi{q}

(4) ;rb`�q p ∈ WFFB, e ∈ QFFB, T1 ∈ L
(B,V )
© �

{p ∧ e}T1{p}

{p}while e do T1 od{p ∧ ¬e}

(5) �?b`�q p, q, r, s ∈ WFFB, T ∈ L
(B,V )
© �

p→ q, {q}T {r}, r→ s

{p}T {s}BY Hoare^x {p}T {q}#OFmb`k^076��� ⊢ {p}T {q}��8�08K�!H#FvN5#b`�5#b`#F��{x�b`8�lLN�kNFmb`k^0#F+^x s1, s2, ..., sn �5# s �`#F�rF%5#b`�
s1, s2, ..., sn

sF%{}Y�N85#b`�^P.tn#FN-�0XP8Sm^0��lb`���b`k;rb`8vN�
(1’) q p, q ∈WFFB , x ∈ V, t ∈ TB.

p→ qt
x

{p}x := t{q}

(2’) q p0, ..., pn ∈WFFB , T1, ..., Tn ∈ L
(B,V )
© , n ≥ 2.

{p0}T1{p1}, {p1}T2{p2}, ..., {pn−1}Tn{pn}

{p0}T1;T2; ...;Tn{pn}
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(3’) q p1, p2, q ∈WFFB , e ∈ QFFB, T1, T2 ∈ L
(B,V )
© �

p→ (p1 ∧ e) ∨ (p2 ∧ ¬e), {p1}T1{q}, {p2}T2{q}

{p}if e then T1 else T2 fi{q}

(4’) q p, q, r ∈ WFFB, e ∈ QFF, T1 ∈ L
(B,V )
© .

p→ r, {r ∧ e}T1{r}, (r ∧ ¬e) → q,

{p}while e do T1 od{q}OR�5u5AN6 p→ r 9^x�!Hs5AB��5e.^x8KF��8��e.AG�{zRT 7k�+a84t�!H���e.�28x�
RBY0?�^e0?j%�!H#F�e.4�^0-�1��N80?	+�d�0? PA 9�?*V1 78�0hK^ 78FYU�YoLml|8A=�LNFmb`hK 78FYU�BRe.A=>{B8�P.A={#F+5AhK8YoA=�f�2�5768�P.{A�~�fN# 7��8�('H�0$�8#!n8{�5#8^x
u{�28�|�kW ⊢ {p}T {q}`W |= {p}T {q}�Z< I �� th(I) �^ I 8�}%�28
P^x�!H5A
hk th(I) ⊢ {p}T {q}` |=I {p}T {q} �!HPF%4t�
|=I {qt

x}x := t{q}

|=I {p}T1{r} [ |=I {r}T2{q} �` |=I {p}T1;T2{q}

|=I {p ∧ e}T1{q} [ |=I {p ∧ ¬e}T2{q} �` |=I {p}if e then T1 else T2 fi{q}

|=I {p ∧ e}T1{p} �` |=I {p} while e do T1 od{p ∧ ¬e}

|=I {q}T {r} � |=I p→ q [ |=I r → s �` |=I {p}T {q}e.4tBLRYI8BY^0k 4 Y�0b`�
h8�0$�8#!�G��A�H<I ϕ � T k ψ 8�l(
YA=i%�
ϕ(σ) = true 4[�4 MI(T )(σ) ↓→ ψ(MI(T )(σ)) = true.!HPF%4t�

|=I {p}x := t{q} �` |=I p→ qt
x

|=I {p}T1;T2{q} [ I(r) � T2 k I(q) 8�l�OYA=� ` |=I {p}T1{r} [ |=I {r}T2{q}

|=I {p}if e then T1 else T2 fi{q} �` |=I {p ∧ e}T1{q} [ |=I {p ∧ ¬e}T2{q}

|=I {p} while e do T1 od{q} �` |=I {p} if (e) T1; while e do T1 od else x := x fi {q}BR��4�!H5A�P�`Z�.R38 I � I 8�.R3�`Z8gI�{BgH8 7 T k^x q �,^^x r v7 I(r) � T k I(q) 8�l�OYA=�^)℄)%�!H��( I(r) {#�.8�Z< I [�< I 8�.R3�`Z�B T ��_
P�!HP
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|=I {p}T {q} ` th(I) ⊢ {p}T {q}| Hoare >�$��P+B��4�J �S�<Æ�S;rb`u8 p ��;r��x�LN Hoare>�hK 784t8Q;^R��l|8;r��x�ORe{Q;�!H#F >+���IhK;rU�8g
4�BY�0;rb`8KF#F{+n�UIhK;rU�8KFu5#�n�UIhK;rU�8KFu8�( ϕ(σ, σ′) �{Bw��x�q T=while e do T1 od [ T F σ �"w}Æ�f m * T1 8l3ovo�q σ′ = MI(T1)
m(σ) � > ϕ(σ, σ′) �Yo}Æj�8a$�[�

(1) e ��2t ϕ(MI(T1)
m(σ),MI(T1)

m(σ)) �2�
(2) e �2t` ϕ(MI(T1)

m−1(σ),MI(T1)
m(σ)) � ϕ(MI(T1)

m−2(σ),MI(T1)
m(σ)) �kq

ϕ(σ,MI(T1)
m(σ)) �2�!HN^x r �y ϕ(σ, σ′) �Z< σ, σ′ � r k ϕ PF%a$�

ϕ(σ, σ′) = I(r)(σ[x′1/σ
′(x1)] · · · [x

′
n/σ

′(xn)])q p, q, r ∈WFFB, e ∈ QFF, T1 ∈ L
(B,V )
© �`

¬e → rx1,...,xn

x′

1
,...,x′

n

, {¬r ∧ e}T1{¬r}, (p ∧ r) → q
x′

1
,...,x′

n

x1,...,xn
,

{p}while e do T1 od{q}b`u p, q pN x, y e�8�7�D r uN x, y, x′, y′ -�y;rU��wk��t8}Æ8a$�)T� Hoare /"
Hoare �ypRhK 78�Ng
��RhK 78vo4k�ag
��8hK 78vo4k�ag
�P�AB Hoare �y�3,a�Z< (B, V ) �

Definition 4.17 Hoare m�fg����
H ::= [p]T [q]�% p, q ∈WFFB 
m�� T ∈ L

(B,V )
© 
wns�t`��q I {x�Pjz B 8�}�,a8 Hoare^x8UIJh��� I ��FY,a8 Hoare^x [p]T [q] Mp6BY Σ → Bool 8h�� I([p]T [q]) : Σ → Bool <Ii%�

I([p]T [q])(σ) = true4[�4
I(p)(σ) = true→ MI(T )(σ) ↓ ∧I(q)(MI(T )(σ)) = true.�_q;r 78{Ovo_�R;rU���8
h;rU�8vo�!HKj WFSzl8LN�~&!H�6
hR`N^x<I5A8 WFS zl�e��B B k I = (D, I0)PF%A^

(1) B 	gBYEW�(Pj��� ≤ �
(2) D 	gBY�z W [ (W, I0(≤)) �B WFS �
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(3),^ w ∈WFFB [ w	g�CRBY�7��� x�v7W = {σ(x)|I(w)(σ) = true}�;rb`�
(p ∧ e) → w[x/t], [p ∧ e ∧ t = y]T1[p ∧ t < y]

[p]while e do T1 od[p ∧ ¬e]BRSm��lk��U�8b`�#F
 Hoare >�u8b`� {p}T {q}�t� [p]T [q]|#�
§4.5 �% 7?h{mG�8z℄�5A℄�8�y�F XYZ/VERI-II �1�� XYZ/SE Xx8�_q;r 7�YA=�oA=F{;r��x���j�!H#F76�_q;r 7g
8?h���^)x%m#F�3�q�VS�N8?h℄�#Of℄��w	Z{G8<0hK℄�/y?h�
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