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§4 G0U_��EmNF[!;z!;P5�Q��Q28y�%K&JS�3:MH�%K*�sF[F�8:�3MH�b�sF2��25!;:�3MH�

§4.1 J=8VMD�F/���sJ#|\H(�!!;P5�F�.8x;C|!!;8y:ZA:�3MH�
.u (T,Θ) ! (B, V ) q:#|\H(��\> B q:��

I �(T,Θ)E�F�.8x;C|`| ϕ��
 (T,Θ) |=I

ϕ �Z>Mm)�
(T,Θ) |=I ϕ6_�6D�U I ��): (T,Θ) :`7 π, π |=I ϕ

Definition 4.1 
$v�op%���
Q ::= {p}t{q}	. p, q ∈WFFB �v�� t ∈ T �
$�\H`|:ZMLj��
 I �
I[\H`| {p}t{q}Rt8F[ Σ → Bool :j
� I({p}t{q}) : Σ → Bool >Mm)�

I({p}t{q})(σ) = true6_�6
I(p)(σ) = true ∧ σ

t
→σ′ → I(q)(σ′) = trueF[`| {p}t{q}
 I :��)�5��DkL σ �

I({p}t{q})(σ) = true ��
 |=I {p}t{q} � >M |=I

{ϕ}T {ψ} 6_�6D�U t ∈ T � |=I {ϕ}t{ψ} �5�
§4.1.1 8VMD�F/![\> (B, V ) q:#|\H(� (T,Θ)�u t ! p −→

(x1, ..., xn) = (e1, ..., en) ∈ T �>M CONDt = p m
CONDT =

∨

t∈T CONDt �
• \H`3�

{p→ ψ[x1/e1] · · · [xn/en]} p −→ (x1, ..., xn) := (e1, ..., en) {ψ}

• Θ de�
Θ ⇒ ϕ

ϕ
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• O de�

ϕ⇒ (ψ ∨ CONDT )

{ϕ}T {ψ}

ϕ⇒ Oψ

• �Cde�
ϕ′ ⇒ ϕ {ϕ}t{ψ} ψ ⇒ ψ′

{ϕ′}t{ψ′}

§4.1.2 ��![TJqdemF�.8x;C|:�3&J7%J)de�
• \Hde�

ϕ ∧ p→ ψ[x1/e1] · · · [xn/en]

{ϕ} p −→ (x1, ..., xn) := (e1, ..., en) {ψ}

• R de�
ζ ⇒ ϕ′

{ϕ′ ∧ ¬ψ}T {ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 de�
ζ ⇒ ϕ′

{ϕ′}T {ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ

• U de�u ⊑∈ P !G\"*Rl�w ∈ QFFB !F\"*`| (�Z�:! x) _W = ({σ(x)|I(w)(σ) =

true}, I0(⊑)) !8{}n� e ∈ TB !0�e
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧w
e
x ∧ (ψ ∨CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}

ϕ⇒ ζ0Uψ

• 3 de�
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}

ϕ⇒ 3ψ1d 4.1.1 � r"3N1d 4.1.2 � !YM
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B = ({x, y, n, a}, {s0, s1, s2, s3, s4, 0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})\> B q:\H(� (T,Θ) �Zz Θ ! a = s0 _ T !J)\H�
a = s0 −→ (x, y, a) := (0, 0, s1)

a = s1 ∧ x < n −→ (a) := (s2)

a = s2 −→ (y, x, a) := (y + x ∗ (x+ 1), x+ 1, s1)

a = s1 ∧ ¬(x < n) −→ (a) := (s3)

a = s3 −→ (y, a) := (3 ∗ y, s4)\> I ! B 
k
q:l����mNJ)O��5�
(1) (T,Θ) ⊢I n ≥ 0 → 2(a = s4 → y = n ∗ n ∗ n− n)

(2) (T,Θ) ⊢I n ≥ 0 → 3(a = s4)

§4.1.3 �2 O ![S/f:F�.8x;C|�%K&J
\H eS`|(s�u V = {x1, ..., xn}�\>F[\H t : p→ (x1, ..., xk) =

(e1, ..., ek) �>M x̄(t) = (x1, ..., xk, xk+1, ..., xn) � ē(t) =

(e1, ..., ek, xk+1, ..., xn) �%K&J>MJ)de�
ϕ⇒ CONDT

ϕ⇒
∨

t∈T (CONDt ∧Ox̄(t) = ē(t))

ϕ⇒ ¬CONDT

ϕ⇒ Ox̄(t) = x̄(t)F/MD�-,YH�&$8�suUlg:`|UbT�3(�:`3mde�79%��
⊢I ϕe
|=I ϕ

.(�&$8:mNF�U9[ML���UT`3�v:`|��lg:_DW�U�7de�uE℄�lg�e�Blg�

. �8�s�Ulg:`|UbT�3(�:`3mde�79%��
|=I ϕ
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⊢I ϕF[� �:�3(�&JS0mNQ2lg:`|�5ZzSUo1�-8:�

.!;:�3(�T9[ML�F[�U
!;Z�z\H:�3�=F[�!;�G1:{'C|:�3�

.TWC|:Va8�Q2C|��&UU �:�3(�:�
m�h
[q:F�C|��&UU �:�3(�:�

.VTWC|M�:ZH-x��3h!z9ES8:Q28y&UHH�0�

.
m\>F[F�C|�F[G\��Q�WF[G\"*:)<Æ	�j[C|HH�0:�

.{WJq℄O!;:�3(�oTU �:�!;UbP`Y!;/
:�3mZ�G1:{'C|:�3�%K
F[!;�3:�����PP!�Pn/D �8:XV�

.F[!;�3(��/D �:��
)<�u:℄�)�(�� �:�{'C|:lg8y�
!!;�3(�:`3�!;�3h!z9ES8:{'C|:8y�U/Q:`|&J�0�{WF�.8x;C|:!;�3(�:/D �8:mN�&J�w�!;8y:Cm���Sx;C|`|�0�&T!;U
:�3de98:mN��*�%K&JSx;C|(s (T,Θ) �
Φ = Θ ∧ 2(CONDT →

∨

t∈T (CONDt ∧Ox̄(t) = ē(t))) ∧ 2(¬CONDT → Ox̄(t) = x̄(t))+h�j[`|�&JT!;�3de�7%:��
(T,Θ) ⊢I Φw):��mN (T,Θ) |= ϕ e |=I Φ → ϕ �TW Φ e(s; (T,Θ) :${��m���w
(�&J℄�ZMmNj��5:�
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§4.2 I�8VMD�F/���sJ"*\H(�!!;P5�F�.8x;C|!!;8y:ZA:�3MH�

.u (ρ,Θ) ! (B, V ) q:"*\H(��\> B q:��
I �(ρ,Θ)E�F�.8x;C|`| ϕ ��
 (ρ,Θ) |=I

ϕ �Z>Mm)�
(ρ,Θ) |=I ϕ6_�6D�U I ��): (ρ,Θ) :`7 π, π |=I ϕ

Definition 4.2 
$v�op%���
Q ::= {p}ρ{q}	. p, q ∈WFFB �v��\H`|:ZMLj��
 I �
I[\H`| {p}ρ{q}Rt8F[ Σ → Bool :j
�I({p}ρ{q}) : Σ → Bool >Mm)�

I({p}ρ{q})(σ) = true6_�6
I(p)(σ) = true ∧ σ→σ′ → I(q)(σ′) = trueF[`| {p}ρ{q}
 I :��)�5��DkL σ �

I({p}ρ{q})(σ) = true ��
 |=I {p}ρ{q} �
§4.2.1 8VMD�F/![\> (B, V )q:"*\H(� (ρ,Θ)�u V = {v1, ..., vn}�u ϕ, ψ ! Φ(V ) q:`|�

• \H`3�
{∀v′1, ..., v

′
n.(ρ→ ψ

v′

1
,...,v′

n

v1,...,vn
)} ρ {ψ}

• Θ de�
Θ ⇒ ϕ

ϕ

• O de�
ϕ⇒ (ψ ∨ ∃v′1...v

′
n.ρ)

{ϕ}ρ{ψ}

ϕ⇒ Oψ

• �Cde�
ϕ′ ⇒ ϕ {ϕ}ρ{ψ} ψ ⇒ ψ′

{ϕ′}ρ{ψ′}
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§4.2.2 ��![TJqdemF�.8x;C|:�3&J7%J)de�

• \Hde�
ϕ ∧ ρ→ ψ

v′

1
,...,v′

n

v1,...,vn

{ϕ} ρ {ψ}

• R de�
ζ ⇒ ϕ′

{ϕ′ ∧ ¬ψ}ρ{ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 de�
ζ ⇒ ϕ′

{ϕ′}ρ{ϕ′}

ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ

• U de�u ⊑∈ P !G\"*Rl�w ∈ QFFB !F\"*`| (�Z�:! x) _W = ({σ(x)|I(w)(σ) =

true}, I0(⊑)) !8{}n� e ∈ TB !0�e
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ w
e
x ∧ (ψ ∨ ∃v′1...v

′
n.ρ))

{ζ ∧ e = v}ρ{ψ ∨ (ζ ∧ e < v)}

ϕ⇒ ζ0Uψ

• 3 de�
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨ ∃v′1...v

′
n.ρ))

{ζ ∧ e = v}ρ{ψ ∨ (ζ ∧ e < v)}

ϕ⇒ 3ψ1d 4.2.1 � r"3N
§4.3 3�E�Q�F/DW?!�!;�)�:8y	.�Plgm elg�j28y_	:�!;`7{tx!;:�:���J~!;�QUb{t�\>!; T ∈ L

(B,V )
←֓ m B :�� I �>M!;:ZMj
!�:��8�:��:Wj
 MI(T ) : Σ →֒ Σm)�

MI(T )(σ) =
{ σ′ o (beg, σ)

∗
→(end, σ′) �&>M o�.
 σ′ z9 (beg, σ)

∗
→(end, σ′) �

MI(T )(σ)U>Mzi�!; T 
${�:��! σx:`7{t�
MI(T )(σ) ↓�Joe�
MI (T )(σ) ↑�
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Definition 4.3 � ϕ y ψ ��t�k�	. ϕ h��q"� ψ h�{q"� T ( I ��+�r' ϕ y ψ �gs*�o�� ∀σ ∈ Σ, ϕ(σ) = true → (MI(T )(σ) ↓→

ψ(MI(T )(σ))) �
Definition 4.4 � ϕ �t�k� ϕ h��q"� T (
I ��+�r' ϕ �/-o�� ∀σ ∈ Σ, ϕ(σ) = true →

MI(T )(σ) ↓ �
Definition 4.5 � ϕ y ψ ��t�k�	. ϕ h��q"� ψ h�{q"� T ( I ��+�r' ϕ y ψ��Æ*�o�� ∀σ ∈ Σ, ϕ(σ) = true → MI(T )(σ) ↓

∧ψ(MI(T )(σ)) ��Q�X���=�℄;P�6>
Definition 4.6 � T �i �p y q ��tv��T ( I��+�r' p y q �gs*�o��2 |=I {p}T {q}�� T ( I ��+�r' I(p) y I(q) �gs*�o�
|=I {p}T {q}6_�6 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓→ I(q)(MI(T )(σ))) �

Definition 4.7 � T �i � p �v�� T ( I ��+�r' p �/-o��2 |=I [p]T [true] �� T ( I ��+�r' I(p) �/-o�
|=I [p]T [true] 6_�6 ∀σ ∈ Σ, I(p)(σ) = true→ MI(T )(σ) ↓ �

Definition 4.8 � T �i � p y q ��tv�� T (
I ��+�r' p y q ��Æ*�o��2 |=I [p]T [q] �� T ( I ��+�r' I(p) y I(q) ��Æ*�o�
|=I [p]T [q] 6_�6 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓ ∧I(q)(MI(T )(σ))) ��Q℄;P�A�uB = (F, P )m I = (NAT, I0)�Zz F = {0, 1,+}, P =

{=}�NAT !�h
�I0 
Rl 0, 1,+��!�h
q: 0, 1 m�H�
Rl = ��!�h
q:/;
(�J)}n��<d&G�:�
PC = {(ϕ, T, ψ) | T ∈ LB

←֓ , ϕ, ψ ∈ WFFB, |=I {ϕ}T {ψ}}

TE = {(ϕ, T ) | T ∈ LB
←֓ , ϕ ∈WFFB , |=I [ϕ]T [true]}

TC = {(ϕ, T, ψ) | T ∈ LB
←֓ , ϕ, ψ ∈ WFFB, |=I [ϕ]T [ψ]}
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Definition 4.9 � T �i � ϕ y ψ ��t�k�	.
ϕ h��q"� ψ h�{q"�up�� I �
ϕ � T y ψ o1����q"�
ϕ(σ) = true m
�m (MI(T )(σ) ↓→ ψ(MI(T )(σ)))

ϕ � T y ψ o1��q"�
ϕ(σ) = true m
�m MI(T )(σ) ↓ ∧ψ(MI(T )(σ))

ψ � T y ϕ o1�{q"�
ψ(σ) = true m
�ml(0� σ′ �n ϕ(σ′) = true ∧MI(T )(σ′) = σ%KUJ)8y�o ϕ � T m ψ :�p+Æ℄CA�eD�U ϕ′ � T DW ϕ′ m ψ ��Plg:6_�6 ϕ′ → ϕ �o ϕ � T m ψ :�p℄CA�eD�U ϕ′ � T DW ϕ′ m ψ � elg:6_�6 ϕ′ → ϕ �o ψ � T m ϕ :�^qCA�eD�U ψ′ � T DW ϕ m ψ′ ��Plg:6_�6 ψ → ψ′ �^7 � ...F/^7DW�PlgFA�o℄CA! ϕ �qCA! ψ �mN!;E�WD℄qCA:F|����u!;:`7!

(beg, σ0), (l1, σ1), ..., (ln−1, σn−1), (end, σn)hqmNo ϕ(σ0) e ψ(σn) �1d 4.3.2a � !YMDW{tFA�F|mN����u!;:`7�{t
(beg, σ0), (l1, σ1), ...,RF�yUQ[ l ∈ LB 
`7z%,&-E,�hqmNo ϕ(σ0) �5e l 
Q,%,q�YZ�DQ: σ�E�vUbxdq7>M l :s>:���1d 4.3.2b � !YM elg8&JP��Plgm{t9ML:mN�mgN
F[mN�F|����u!;:`7!
(beg, σ0), (l1, σ1), ...,RFo ϕ(σ0) �5e�h n ,� n Y${�:��

σ0 /
����tq� ln = end _ ψ(σn) �5�1d 4.3.2c � !YM
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(B, V ) = (({0, 1, 2, 3, ...,+,−, ∗}, {<,=, >}), {x, y, n, a})\>J) L

(B,V )
←֓ z:!; T �

beg: (x, y) := (0, 0) goto l1

l1: if (x < n) goto l2 else goto l3

l2: (y, x) := (y + x ∗ (x+ 1), x+ 1) goto l1

l3: (y) := (3 ∗ y) goto end\> I ! B 
k
q:l����mNJ)O��5�
(1) T DW℄CA n ≥ 0 mqCA y = n ∗ n ∗ n− n �Plg�
(2) T DW℄CA n ≥ 0 Ub{t�
(3) T DW℄CA n ≥ 0 mqCA y = n ∗ n ∗ n− n  elg�&X4)�F/Jq::mN���{WD!;h!:P'�9E�*g>;!;:`7h!�DW�4:!;�W���&7:�5DWVa:!;�g>!;`7h!UF>:TA�

.OF%K9E^k:MH�F[}E:℄e�
F[1:$�P��1:$��DW?!�!;�%K&J
!;:`7P���:XB�Tj2XB:lg8�7k[!;:lg8�1d 4.3.3 � T91

.!;XBS�l;<(s���l;<!���
Definition 4.10 upi T �fx � (l0, l1, ..., ln) �
T o��m
�m n > 0 
r�& 0 ≤ i < n � li+1 ( liop%.j��u α = (l0, l1, ..., ln) !F�����:ZM>Mm)�
MI(α)(σ0) =

{

σn o.
 {σ1, ..., σn} ⊆ Σz9 (l0, σ0) → (l1, σ1) → · · · → (ln, σn) �&>M o�.
jD:��}�o l0 = beg _ ln = end e α = (l0, l1, ..., ln) �! k��� MI(T )(σ) = σ′ 6_�6.
 k�� α z9
MI(α)(σ) = σ′ �2
W!;lg8�%K&J>M��:�Plg8�
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Definition 4.11 � p y q ��tv�� α ( I ��+�r' p y q �gs*�o��2 |=I {p}α{q} �� ∀σ ∈

Σ, I(p)(σ) = true→ (MI(α)(σ) ↓→ I(q)(MI(α)(σ))) �
Definition 4.12 � α ����p y q ��tv��p �
α y q o1����q"��

I(p)(σ) = true m
�m
MI(α)(σ) ↓→ I(q)(MI(α)(σ)) �

Definition 4.13 � α = (l0, ..., lk)�#���p% wlp(α, q)���
k = 1

l( T .,� l0: (v1, ..., vn) := (e1, ..., en) goto l1) wlp(α, q) = q[v1/e1] · · · [vn/en].l( T .,� l0: if (b) goto l else goto l′) wlp(α, q) =
{ b→ q � l = l1;

¬b→ q � l′ = l1 �
k > 1 � α0 = (l0, l1), α1 = (l1, ..., lk) �) wlp(α, q) = wlp(α0, wlp(α1, q))

I(wlp(α, q)) ��� α m q :�p+Æ℄CA�^7 � ...

Definition 4.14 � α = (l0, ..., lk)�#���p% vc(p, α, q) =

p→ wlp(α, q) �o |=I vc(p, α, q) e |=I {p}α{q} �^7 � ...

Definition 4.15 � T �i �C �fx~z�p% γT (C)���
(l0, ..., lk) ∈ γT (C) m
�m (l0, ..., lk) � T o���
l0, lk ∈ C 
 l1, ..., lk−1 6∈ C �
�℄;P^7u C ��l}n� beg, end ∈ C, T :I[?uvrUF[�l	iW C _ C z:I[�l l UF[DQ:`| ql �o ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk) �e |= {qbeg}T {qend} �^7 � ...1d 4.3.2d � !YM
aP�A�{t8��F�8y�J)!;
F��� PA (Peano

Arithmetic):��P5)DkL�nUb{t�5
 PA:O��P5��F>{t�
beg: (x) := (0); goto test;

test: if x = y then goto end else goto loop fi;

loop: (x) := (x+ 1); goto test;
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aP^7u C ��l}n� beg ∈ C, T :I[?uvrUF[�l	iW C _ C z:I[�l l UF[DQ:`| ql � (W,⊑) �F WFS � C′ ⊆ C ��l}n� T:I[?uvrUF[�l	iW C′ _ C′ z:I[�l l UF[DQ:j
 gl : Σ → W �oJ)���5e
|= [qbeg]T [true]:

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)

(b) ∀α = (l0, ..., lk) ∈ γT (C), I(ql0 )(σ) = true ∧MI(α)(σ) ↓→ glk(MI(α)(σ)) < ql0(σ)1d 4.3.2e � !YM&XI��=�
aP^7u C ��l}n� beg ∈ C, T :I[?uvrUF[�l	iW C _ C z:I[�l l UF[DQ:`|
ql �(W ⊆ D, I0(⊑))�FWFS_ ⊑∈ P �w!�EUF[�T�::`|_ W = {σ(x) |I(w)(σ) = true}�C′ ⊆ C��l}n�T :I[?uvrUF[�l	iW C′ �C′z:I[�l l UF[DQ:0 tl _ |=I ql → w[x/tl] �oJ)���5e |= [qbeg]T [true]:

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)

(b) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 ∧ tl0 = a, α, tlk < a)j[MH/DW℄L:MHUF>:�-8��WFS:=d�-W W ⊆ D m"*Rl�:
 P z�1d 4.3.2f � !YMLB � u
B = ({x, y, n, a}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})\>J) L

(B,V )
←֓ z:!; T �

beg: (i, j, k, l) := (1, 0, 0, 1) goto l1

l1: if ¬(x = y) goto l2 else goto end

l2: if (x > y) goto l3 else goto l4

l3: (x, i, j) := (x− y, i− k, j − l) goto l1

l4: (y, k, l) := (y − x, k − i, l− j) goto l1\> I ! B 
k
q:l����mNJ)O��5�
(1) T DW℄CA x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0 mqCA x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b �Plg�
(2) T DW℄CA x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0 Ub{t�
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§4.4 ( $R%�Q�F/?!�!;:F[f=�?u:n*m%*�dK�-4!;:
A��lK%/�-mN:
A���3
ÆVa�-!;�a0��&�n8Æ���at?u!;&J'Sj2f=�\>!; T ∈ L

(B,V )
© m B :�� I �>M!;:ZMj
!�:��8�:��:Wj
 MI(T ) : Σ →֒ Σm)�

MI(T )(σ) =
{ σ′ o (T, σ)

∗
→σ′ �&>M o!;
${�:��! σ x:`7�{t�TW�at?u!;&J"��?!�!;:��6|�?!�!;:mNMH�D�SW�at?u!;�=��TW�at?u!;�U�n8�%K&J℄�s�ZMm`3ZMmN!;8y�

§4.4.1 `�ZW�at?u!;�U�n8�
m\>!; T1 m
T2 �%K&
Z�n� T1;T2 �b\F[`| e �%K&
Z�n� if e then T1 else T2 fi;�jD�T1;T2 :ZM�&J	5
 T1 m T2 :ZMq�
m MI(T1;T2)(σ) =

MI(T2)MI(T1)(σ) �
.TW MI(T1)(σ) �F>U>M�O+Jq4H�F>�8>M:�!ihj[$��%KDM :>M[mr[�7/#�>M Σω = Σ ∪ {ω} �/#q:ZMLj�!

Mω
I �\>�at?u!; T �Mω

I (T )� Σω q:j
�>M ite : Bool × Σω × Σω → Σω m)
ite(true, σ, σ′) = σ

ite(false, σ, σ′) = σ′>M Φe,h : [Σω → Σω] → [Σω → Σω] m)
Φe,h(f)(σ) =

{ ω o σ = ω

ite(I(e)(σ), f(h(σ)), σ) o σ 6= ω>M Σω q:W;
( ≤ m)� a ≤ b 6_�6
a = ω � (Σω,≤) � �W;�>MMω

I (T ) : Σω → Σω m)�
Mω

I (x := t)(σ) =
{ ω

MI(x := t)(σ) = σ[x/I(t)(σ)]

Mω
I (T1;T2) = Mω

I (T2)M
ω
I (T1)

Mω
I (if (e) then T1 else T2 fi)(σ) =

{ ω

ite(I(e)(σ),Mω
I (T1)(σ),Mω

I (T2)(σ))

Mω
I (while e do T1 od) = µΦe,Mω

I
(T1)



87;<54 o σ = ωo σ 6= ωo σ = ωo σ 6= ωDWkL�at?u!; T �Mω
I (T )�8>M_7<:�{W Mω

I (T ) �%K&J>M MI(T ) : Σ →֒ Σ m)�
MI(T )(σ) =

{ Mω(T )(σ) o Mω
I (T )(σ) 6= ω&>M o Mω
I (T )(σ) = ωj[>Mm�
ZMzD MI(T ):>M�Fw:�Jh0�%KU

Mω
I (T )(σ) =

{

ω o σ = ω �
ω oMI(T )(σ) &>M
σ′ oMI(T )(σ) = σ′
�℄;P�Plg8 {ϕ}T {ψ}�}! ϕ(σ) → (MI(T )(σ) ↓→

ψ(MI(T )(σ))) �
.mgUbp��h���MI(T ) �}�F[�4j
�emN�lK;���TW�Plg�Eb!;F>{t�%KuE��E� Mω

I (T ) ⊑ h :F[ Σ q:j

h �hqmN ϕ(σ) → ψ(h(σ)) �1d 4.4.4a � � 

.
jD:JmNz��-T:�P�?uZ�:ZM�
mNz��9E>MF[�?= g 0DQ?uZ�:ZM�JmN?uZ�${x:��m�	x:��:
(�%K&Jp�>MF[mN?uZ�${x:��m�	x:��:
(:MH�u ϕ : Σ2 → Bool !"*�u T=while e do T1 od�oJ)O��5�e ∀σ ∈ Σ,MI(T )(σ) ↓→ ϕ(σ,MI(T )(σ))�
∀σ ∈ Σ, I(¬e)(σ) → ϕ(σ, σ)

∀σ, σ′ ∈ Σ, I(e)(σ) ∧MI(T1)(σ) ↓ ∧ϕ(MI(T1)(σ), σ′) → ϕ(σ, σ′)jD%Ku�� MI(T1)(σ)F�!;�?=�O+WMH:QS&J�tF2?uZ�lg8:mN�^7 � ...



87;<541d 4.4.4b � � 
aP!; T :{t8&J℄�In!; T ′ :{t80mN�o MI(T
′)(σ) !((U>M:j
_ MI(T )(σ) ⊑

MI(T
′)(σ) e MI(T )(σ) ((U>M�1d 4.4.4c � � 

§4.4.2 Hoare 5'&;{Ws�ZM:!;mN�%Kv&JSC|:MH0mN!;:8y� Hoare C|��jD:F[&JS0mN!;:8y:(�� Hoare C|ZA	5
"*C|m�at?u!;:{'q�\> (B, V ) �
Definition 4.16 Hoare v�op%���

H ::= {p}T {q}	. p, q ∈WFFB �v�� T ∈ L
(B,V )
© ��w|!}i �u I �{�Rl} B :��� Hoare `|:ZMLj��
 I �
I[ Hoare `| {p}T {q} Rt8F[

Σ → Bool :j
� I({p}T {q}) : Σ → Bool >Mm)�
I({p}T {q})(σ) = true6_�6

I(p)(σ) = true ∧MI(T )(σ) ↓→ I(q)(MI(T )(σ)) = true.F[`| {p}T {q}
 I :��)�5��DkL σ �
I({p}T {q})(σ) = true ��! |=I {p}T {q} �oZ
kL��)�5��! |= {p}T {q}�oZ
E� W :��)�5��! W |= {p}T {q} �1d 4.4.5 � `| I({p}T {q})(σ)

Hoare T�C|`|�F[M�8y:MH�%K9E
j{'q�7�3�%KUJ)`3m�3de�
(1) Ur`3�u p ∈ WFFB, x ∈ V, t ∈ TB �

{pt
x}x := t{p}

(2) �nde�u p, q, r ∈ WFFB, T1, T2 ∈ L
(B,V )
© �

{p}T1{r}, {r}T2{q}

{p}T1;T2{q}

(3) ��de�u p, q ∈ WFFB , e ∈ QFFB, T1, T2 ∈

L
(B,V )
© �

{p ∧ e}T1{q}, {p ∧ ¬e}T2{q}

{p}if e then T1 else T2 fi{q}
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(4)?ude�u p ∈WFFB , e ∈ QFFB, T1 ∈ L

(B,V )
© �

{p ∧ e}T1{p}

{p}while e do T1 od{p ∧ ¬e}

(5) �Bde�u p, q, r, s ∈ WFFB, T ∈ L
(B,V )
© �

p→ q, {q}T {r}, r→ s

{p}T {s}F[Hoare`| {p}T {q}&TJqdem`398��
 ⊢ {p}T {q} �!;�3:M�%K&JzS7%de�7%de&J"
�{�de:�nQS�oSJqdem`3&J-`| s1, s2, ..., sn �7% s �e&J�vJ)7%de�
s1, s2, ..., sn

sJ)��[�S:7%de�
U2xp&JS0�2℄U:Ur`3��nde���dem?ude:zS�
(1’) u p, q ∈WFFB , x ∈ V, t ∈ TB.

p→ qt
x

{p}x := t{q}

(2’) u p0, ..., pn ∈WFFB , T1, ..., Tn ∈ L
(B,V )
© , n ≥ 2.

{p0}T1{p1}, {p1}T2{p2}, ..., {pn−1}Tn{pn}

{p0}T1;T2; ...;Tn{pn}

(3’)u p1, p2, q ∈WFFB, e ∈ QFFB, T1, T2 ∈ L
(B,V )
© �

p→ (p1 ∧ e) ∨ (p2 ∧ ¬e), {p1}T1{q}, {p2}T2{q}

{p}if e then T1 else T2 fi{q}

(4’) u p, q, r ∈ WFFB, e ∈ QFF, T1 ∈ L
(B,V )
© .

p→ r, {r ∧ e}T1{r}, (r ∧ ¬e) → q,

{p}while e do T1 od{q}TW�7z9ES8 p → r ;`|�%Kv9EF��7j2`|:MH�!;�!j2DI���WY!;p�/
:8y�%K��
j2�5:|�eWF[3B�
j3Bo)�%K&J
j26�`30"3��S:3B	.�h
3B PA ;�F/^7!;:�3mN
!;:I[Z�℄qNqn�:CA�QSJqdemN!;:I[Z�DWj2CA��D:�U2CA�&J-9EmN:℄qCA�h�4�798:�U2�E���hP'!;��:�



87;<541d 4.4.4d � � -,P�3(�:&$s:��7%:`|gy��5:��� o W ⊢ {p}T {q} e W |= {p}T {q} � \> I ��
th(I) !
 I :��)�5:�U`|�%K9E
mo th(I) ⊢ {p}T {q} e |=I {p}T {q} �%KUJ)8y�
|=I {qt

x}x := t{q}

|=I {p}T1{r} _ |=I {r}T2{q} �e |=I {p}T1;T2{q}

|=I {p ∧ e}T1{q} _ |=I {p ∧ ¬e}T2{q} �e |=I {p}if e then T1 else T2 fi{q}

|=I {p ∧ e}T1{p} �e |=I {p} while e do T1 od{p ∧ ¬e}

|=I {q}T {r} � |=I p→ q _ |=I r → s �e |=I {p}T {q}j28yDQW℄L:F[`3m 4 [�3de�
m;�3(�:&$�^7 � ...O��H�P>M ϕ ! T m ψ :�p+Æ℄CAm)�
ϕ(σ) = true 6_�6

MI(T )(σ) ↓→ ψ(MI(T )(σ)) = true.%KUJ)8y�
|=I {p}x := t{q} �e |=I p→ qt

x

|=I {p}T1;T2{q} _ I(r) ! T2 m I(q) :�p�T℄CA� e |=I {p}T1{r} _ |=I {r}T2{q}

|=I {p}if e then T1 else T2 fi{q} �e |=I {p ∧ e}T1{q} _ |=I {p ∧ ¬e}T2{q}

|=I {p} while e do T1 od{q} �e |=I {p} if (e) T1; while e do T1 od else x := x fi {q}DW �8�%K9E�U�b^�0U6: I �
I :�0U6�b^:iM��DkL:!; T m`|
q �.
`| r z9 I(r) ! T m I(q) :�p�T℄CA�
+a,)�%K�"* I(r) �&�0:�1d � {x = 0 ∧ y = 0}

while x < n do y := y + n;x = x+ 1 od

while x > 0 do y := y − n;x = x− 1 od

{x = 0 ∧ y = 0}

.\> I _�> I :�0U6�b^�D T 	�aeS�%KU
|=I {p}T {q}e th(I) ⊢ {p}T {q}� Hoare B�(��U/D �8�^7 � ...



87;<54R%![�C�![?udez: p �!?u��|�QS Hoare B�mN!;:8y:T=
W��n�:?u��|�TWj�T=�%K&J#A-���LmN?uZ�:lg8�F[�2?ude:MH&J�-s�ZMmN?uZ�:MHz7%�s�ZMmN?uZ�:MHz:"* ϕ(σ, σ′) ��F|��|�u T=while e do T1

od _ T J σ !${���h m , T1 :q7q{t�u σ′ = MI(T1)
m(σ) �#A ϕ(σ, σ′) !℄q��o�:
(�_�

(1) e ��5x ϕ(MI(T1)
m(σ),MI(T1)

m(σ)) �5�
(2) e�5xe ϕ(MI(T1)

m−1(σ),MI(T1)
m(σ))�ϕ(MI(T1)

m−2(σ),MI(T1)
m(σ))�pv ϕ(σ,MI(T1)

m(σ)) �5�%KS`| r �} ϕ(σ, σ′) �\> σ, σ′ � r m ϕ UJ)
(�
ϕ(σ, σ′) = I(r)(σ[x′1/σ

′(x1)] · · · [x
′
n/σ

′(xn)])u p, q, r ∈WFFB, e ∈ QFF, T1 ∈ L
(B,V )
© �e

¬e→ rx1,...,xn

x′

1
,...,x′

n

, {¬r ∧ e}T1{¬r}, (p ∧ r) → q
x′

1
,...,x′

n

x1,...,xn
,

{p}while e do T1 od{q}dez p, q uS x, y jD:�:�F rzS x, y, x′, y′0�}?uZ�!{m�	x:��:
(�1d 4.4.4e � � .\� Hoare 5'
HoareC|uUmN!;:�Plg��UmN!;:{t8m elg�!;mN!;:{t8m elg�U�ED Hoare C|�7/f�\> (B, V ) �

Definition 4.17 Hoare v�op%���
H ::= [p]T [q]	. p, q ∈WFFB �v�� T ∈ L

(B,V )
© ��w|!}i �u I �{�Rl} B :���/f: Hoare `|:ZMLj��
 I �
I[/f: Hoare `| [p]T [q] Rt8F[ Σ → Bool :j
� I([p]T [q]) : Σ → Bool >Mm)�

I([p]T [q])(σ) = true6_�6
I(p)(σ) = true→ MI(T )(σ) ↓ ∧I(q)(MI(T )(σ)) = true.�at?u!;:�Q{t
 W?uZ��!;
m?uZ�:{t�%KPn WFS }n:QS��*%
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mUbS`|>M9E: WFS }n�jD�D
B m I = (D, I0) UJ)Eb

(1) B 	iF[G\"*Rl��
 ≤ �
(2) D 	iF[�} W _ (W, I0(≤)) !F WFS �
(3) .
 w ∈ WFFB _ w 	i�EWF[�:��! x �z9 W = {σ(x) | I(w)(σ) = true} �?ude!

(p ∧ e) → w[x/t], [p ∧ e ∧ t = y]T1[p ∧ t < y]

[p]while e do T1 od[p ∧ ¬e]DWUr��nm��Z�:de�&Jh HoareB�z:de� {p}T {q}�w� [p]T [q] �&�1d 4.4.4f � � LB � u
B = ({i, j, k, l, x, y, a, b}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})\>J) L

(B,V )
© z:!; T �

i:=1; j:=0; k:=0; l:=1;

while ¬(x = y) do

if x > y then

x:=x-y; i:=i-k; j:=j-1;

else

y:=y-x; k:=k-i; l:=l-j;

fi

od\> I ! B 
k
q:l����mNJ)O��5�
(1) ⊢I {x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0} T {x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b} �
(2) ⊢I [x = a ∧ y = b ∧ a > 0 ∧ b > 0] T [x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b]

§4.5 �*!;Cm�oI�:~a�9E_�:�~�J XYZ/VERI-II !4�
 XYZ/SE Z|:�at?u!;�℄CA�qCAJ~?u��|
!�n�%K&J98�at?u!;lg:Cm���
+{'q&J�7�t�ZX�P:Cm_
&Tj_ �z�\�J:>3mN_�3~Cm�1d 4.5.2 � !YM
§4.6 ?7�g�s!;Y!;P5:�3CmMH�#|\H(�:�3Cm�# [Pel01, MP83] �?!�!;m�at?u!;:�3Cm�# [LS84, Fra92] ��at?u!;CmT~_� XYZ/VERI-II :�s�# [Zha95] �
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