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beg: (y1,y2,y3) == (0,1,1) goto test
test: if (y3 < x) goto loop else goto end

loop: (y1,y2) := (y1 + 1,y2 + 2) goto inloop
inloop:  (y3) := (y3 + y2) goto test

Hiz Tt N T 751
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beg: (y1,92) := (x,1); goto test-1;

test-1:  if y; > 100 then goto test-2 else upd-1 fi;
test-2:  if yo # 1 then goto upd-2 else res fi;
upd-1:  (y1,92) := (y1 + 11, y2 + 1); goto test-1;
upd-2:  (y1,y2) := (y1 — 10,y2 — 1); goto test-1;
res: z:=1y1 — 10; goto end
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(beg), ((testy,updq)™, (testy, testa, upda)™)*, (testy, testa, res, end)
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beg, test)
testy, testa, upds, testy)
testy, updy, testy)
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testy, testa, res, end)
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Vo.(p(o) A (beg, o)=(test1,0’) — ((c"))

Vo.(((o) A (testy, o)=(testa, o’ )= (upda, ' )=(test1, ") — ((c""))
Vo.(¢(o) A (testy, o)=(updy, o’ )=(testy, ") — ("))

Vo.(C(0) A (testy, 0)=(testa, 0’ )=(res,a”)=(end, c"") — ("))
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(1) e s&EE C

(2) A C HEAIR T HRIERTS
(3) Ml 7 ZEUE W B B A2

(4) IEWI R A2 IE A
HEI A A BR,

o BN THEEG C = {beg, test,end} ,

L4 ﬁkﬁﬁéﬁ%— Qbegs Gend, Qtest

Gbeg Tr =cC
dend Y1 = \/E
Grest T=cAYi<axAys=(n+1)>Aya=2%y; +1

o T TREIEWIHI AL

(beg, test)
(test,loop, inloop, test)
(test, end)

o IEH AR IERATE

1 ve(gbeg, (beg, test), Grest)
1 ve(qtest, (test, loop, inloop, test), qrest)
':I vc(qtest7 (testa end)v Qend)
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WERARE Y TV 7EfRE [ = (NAT, L)) TXTRIME
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AT E A% K1 (1)
JEBAE R

(1) ERSHEE C.
2) K C RS HRERTE
3) i W EEHIR AR
4) IEH R IERYE (a)
5) W SHEE O,
6) Pkt (W,C)
7 R O HEA RS REER . S > W
8) Wi T EEHIR AR
9) JEHI B AR IERTE (b)
EHA.

o WEITGEE C = {beg, test} .
L4 ﬁkﬁﬁéﬁ%— Qbegs Gtest

Gbeg T=cNc>0

~ o~ o~ o~ o~ o~ o~ o~

Gest T=cAYi <z Ays=(pn+1)>Aya=2xy; +1

o T TR EIE U R AR
(beg, test)
(test, loop, inloop, test)

o IEHIHARIERRTE

=1 ve(Qoeg, (beg, test), Grest)
=1 ve(Gtest, (test, loop, inloop, test), Gest)

o HiENTHRE O = {test} .
o Phit (W.0) = ({0,1,2,..}, <)
o BRIERREL grest : X — W
Gtest(0) = o(x) + 1 —o(ys3)
o HiE T BN A
(test, loop, inloop, test)
o IEHIBE AR IERR

I(gtest)(0) = true A My(test,loop,inloop, test)(o) |

—

Grest (M (test, loop, inloop, test) (o)) < grest(0)

B (fr B LA T 475 0 )

r=chyi<zAys=(n+1)>Aya=2%y1+ 1A (y3 <)

—

z+1l—(ya+ys+2)<z+1—ys
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UERARRF Th TEfFE I = (INT, Ip) TXFHRIES « =
che>0B&IkH.

AT E A LIk (2)
HEHA.
o WEIGEE C = {beg, test} .

L4 @Eiﬂé%ﬁ'g Qbeg, qtest

Gbeg T=cNhc2>0
Qtest y220

o T TREIEWIHI AL

(beg, test)
(test,loop, inloop, test)

o IEHIHARIERRTE

=1 ve(Qoeg, (beg, test), Grest)
=1 ve(Gtest, (test, loop, inloop, test), Gest)

o PRI THE C' = {test} .
o Pk (W.C) = ({0,1,2,..}, )

o Pkik K%L Gest + 22— W
o(x) +1—o(ys) % o(ys) <o)
0 0.

o HiEREILWIH AR

Jtest (U) - {

(test,loop, inloop, test)

o IEH AR IERATE

I(gtest)(0) = true A M(test, loop,inloop, test)(o) |

—

grest (M (test, loop, inloop, test) (o)) < grest(0)

Hp

Y2 > 0A (y3 <)
—r+1—(p+ys+2)<z+1-ys

Yo > 0A (y3 < )
—-0<z+1-ys
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IEIRRF T TEMRE 1 = (NAT, L) TXTHIBE
r=cAc>0E4&IEH.
ETBFAXEAL LM (1)
WEAE R
(1) e TEEG C.
2) A C HEMRFHIERT T ¢
3) B WEIE I R
4) IEFABE R IERAYE (a)
5) HERTHRE O
6) kit (W C D, IH(C)) . Bkik w FFUEH W =
| I(w)(o) = true}
7) R C HEARFHE t. FIER ¢ — wi
8) B e W BEAEHI 1 A2
9) IEHI B AR IEFTE (D)
HEEA.

o HiEMTHES C = {beg, test} .
b ﬁkﬁﬁéﬁ%— Qbeg, Qtest

Gbeg T=cNc>0
Grest. T=cAYI<aAys= (1 +1)>Aya=2xy; +1

(
(
(
(
(
{o(2)
(
(
(

o M RWEIEHIWI AR
(beg, test)
(test,loop, inloop, test)

o IEH AR IERATE

':I 'UC(Qbega (beg, te‘St)a Qtest)
=1 vc(qiest, (test, loop, inloop, test), qiest)

o TR THEE C' = {test} .
o Bk (W.C) = ({0,1,2,..},<)

PRIk w = true

JEE W = {o(2) | I(w)(0) = true}
o BRHET tiesr =2+ 1—ys « TEWT qrew — wh
o Wi E TREIEH K1

(test, loop, inloop, test)
o IEWIBRACIERRME
Er1 ve(Grest A tiest = v, (test, loop, inloop, test), trest < v)
Bp

r=chNyPp <azAys=(p+1)?ANyp=2%xy1 +1Az+1—ys=v
N

(y3<z)—2+1—(y2+ys+2)<v)



Bl¥F 4.3.2f2 : FFEF

UERARRF Th TEfFE I = (INT, Ip) TXFHRIES « =
che>0B&IkH.

ETBFARXEL LM (2)
TEHA,
o THEMTEE C = {beg, test} .
o PREBTT ey, qrest

Gbeg T=cNc>0
Grest T=cAYI<axAys=(n+1)2Apa=2%y1 +1Ay2>1

o T TREIEWIHI AL

(beg, test)
(test,loop, inloop, test)

o IEHIHARIERRTE

=1 ve(Qoeg, (beg, test), Grest)
=1 ve(Gtest, (test, loop, inloop, test), Gest)

o Bkt (W.C) = ({0,1,2,..}, )
ik w = (z > 0)
JEE W = {o(z) | I(w)(0) = true}

. WAEFBRE O = {tost) .
o PEIET tyosr =+ 1 —ys + 42« TEHT grese — wihest
o T TEIEI BRI
(test,loop, inloop, test)
o IEHIBEARIERRTE
1 vc(qrest A tiest = v, (test, loop, inloop, test), tiess < v)

el

x:c/\yfSaz/\ygz(y1+1)2/\y2:2*y1—|—1/\y221/\x+1—y3—|—y2:v

—

(y3<o) —max+1—(yat+ys+2)+(y2+2) <)



§4.4 LEMLIERFIVIEIE
BlF 4.4.4 : Hrik
UTE—MHHEB R EHERTF, iEHh Tje .

y:=1; whilex >0doy:=y*xz;z:=2—1od
%5%E a,be NAT , X gcd(a,b) 40T,
# a,b > 0 ged(a,b) K a,b BRRALZE AN

ged(a, b) B L.
UTE—MHH ged(z,y) R, LA Thea .

while =(z = y) do if (x > y) then x :=xz —y else y := y — z fi od



§4.4.1 FEFRIEX
BIF 4.4.4a
WEHTE M1 (Tje)(o) ARSI M1 (The) (o) (y) = o(x)!.

WEWT: IR MY (The) (o) (y) E (0)(2)! .
A

M7 (Ty; 1) = MT(Te) M7 (T1)

HATAT LA B4 MY (y := 1) (o) Fl M (while (z >
0)doy:=y*x;z:=x—10d)(o),
-4
o1 = Mj(y:=1)(0) = oly/1]
HFEIEH MY (while (z > 0) doy :=y*z;z: =2 —1
od)(a1)(y) E (o) (2)! .
X P [Zy = B] = [P — X WF.

» Fo=w
Mﬁ@?={iwa@>m@yﬂww@:w*mx:x—n@»m)f%o#w
il
M5 (Tje) (o) = p®(o1)
AR EAE Y]

p®(a1)(y) E o(x)!

EX g: Xy — S T

w Ho=w

olz/0)ly/o(x)!-o(y)] & o#w

FATEN p® Cg . HRBRITEN g 2 @ —DAZ)
&, Bl @(g)(0) =g(o) , WIF.

() Fo=w, M &g)(oc)=w=go).

2 #F o #wHo@ =0, 0 &9g)o) =0 =
olz/0][y/o(x)!-o(y)] = g(o) .

B)FHo#wHo(x)>0, N

9(o) = {

®(g)(o)

=gM§(y :=y*z;0 =2 —1)(0))
=gM7(z =z - 1)M7(y ==y *z)(0))
=gM7 (2 =z —1)(oly/o(y) - o(x)])
=g(oly/o(y) - o(z)][z/o(z) — 1])

o2[z/0][y/oa(x)! - o2(y)] .

TEAEH] 02[2/0[y/o2(2)! - 02(y)] = olz/0ly/o(x)! -
o(y)] .
T EE X R

z,  o2fz/0][y/oa(2)! - 02(y)](2) =
olz/0][y/o(z)! - o(y)](2) .



oz AR vy WMPHIBERET o(2) . F 2 & « NPk
HET 0. #F 2 &y MFHBEFET o(x)! - sigma(y) . H
H g & @ — P A3, Bk
p® g
A i

p®(01)(y) CE g(o1)(y) = o1(2)! - o1(y) = o()!



¥ 4.4.4b

EWTE M (Tj) HREX, W Mi(Tic)(o)(y) = o(x)!.
WEWT: HFHEM M7 (Tie)(0)(y) € (0)(@)! . BFH
MG (T1; To) = MY (To) MG (Ty) AT LA A4 MY (y =
1)(o) #1 MY (while (z > 0) do y := y*z;2 := x — lod

od)(o) . %

o1 = M7(y:=1)(0) = oly/1]

HEIEH M9 (while (x >0)doy :=yxx;2:=x—1
od)(o1)(y) E (o) (2)! . & S1 N

y:=yxz;r:=x—1

TE S
o(o,0") = true 24 HAXLY o/ (y) = o(z)! - o(y).

# I(x > 0)(0) = false W ¢(0,0) = true 24 HALY
oly)=c(x)-oly), BT 2=0, ¢lo,0)=true L,

#I(x > 0)(0) =true, M;(S1)(o) | H o(M;(S1)(0),0") =
true , BT Mi(S1)(0) = oly/o(y) - o(a)llz/o(z) — 1],
o(y) = oly) - oz) - (o) — D! = o(y) - o)} . B
o(o,0') = true

HI Vo € X, ¢(o, M (while (z > 0) do S; od)(c)) C
true

FH I p(o1, Mi(while (z > 0) do Sy od)(01)) C true .

HE My (while (x > 0) do Sy od)(o1) BHEX, M

Mj(while (x > 0) do Sy od)(01)(y) = o1(z)!-01(y) = o(x)!.



BI1F 4.4.4c

UERA My (Tje) ZhabF e X

M(Tj.) = MY (while (x > 0) doy := y*x;x := xz—1od
od) o M7 (y:=1) .

251 M9 (while (x > 0) do y := 1;2 := z — lod od) o
MG (y = 1) ks e X,

EX D: X, >, — [Z, — X, WF.

» Ho=w
P o) =
(f)() { ite(l(x>0)(g)7f(/\/1‘f(y ::y*:v;:v:::v—l)(d))aa) %U#w
X @[S0 — B = [Zo — Zu] WF.
- FHo=w
P’ o) =
(f)lo) ={ ite(I(x > 0)(0), f(MY(y := 12 := 2 —1)(0)),0) #Ho#w

HEFER ud’ o M%(y :=1) Cone o u® o M%(y :=1)
(1) @(1) o M3 (y = 1) T one o B(L) o M(y = 1)
(la) x =0: MY(y:=1)C oneo MY (y:=1)
(Ib) 2 >0: LoMY(y:=1)Coneo Lo My(y:=1)
(2) R

J'oMY(y:=1)Coneo foM¥(y:=1)

R TeE

'(f') o M7 (y:=1) Coneo®(f)o M7(y:=1)

(2a) 2 = 0: M7(y:=1) E oneo M7 (y:=1)

(2b) z > 0: f/f(MY(y :=Liz:=a2—1) o MY(y ==
1) Coneo f(MY(y:=y :=y*z;x:=x—1))oMY(y:=1)

MYy == L1z =2 —1) o MY(y := 1) C oneo
fMY(y:=y*xaz;x:=x—1)o MY (y:=1)

(2bl) f/IMY(y := Lz =2 —1) o MY (y := 1)(0) =
flely/Nz/o(x) —1]) = f o M7 (y :=1)(olz/o(x) —1]) E
oneo fo MY (y:=1)(o[x/o(z) —1])

oneo f(MY(y :=yxz;z:=x—1) o MY(y:=1) =
oneo f(oly/o(x)][z/o(x) —1])

oneo foM§(y := 1)(o[z/o(x)=1]) = oneof(aly/o(2)][z/o(x)—

1])

FHVHGEIE

MEE f=0"(L), & 21,22, MMEB vy, EE >
0, oneof(oly/z][x/o(x)—1]) = oneof(oly/z2|[x/o(x)-1])

FVEAGEIE ]

(a) o(z) =1:

oneo®”(L)of(oly/z][x/o(x)—1]) = oneof(aly/z]lx/o(x)—
1)) = olz/o(z) — 1][y/1]

oneo®™(L)(aly/z][z/o(x)—1]) = one(oly/z][x/o(z)—
1)) = olz/o(x) - 1[y/1]

(b) BBt o(x) = k L

W o(x) =k + 1 3L




(bl) f=1
oneo (L)(oly/=][x/o(x) —1]) =
one o (L)(aly/z][z/o(x) —1]) =
(b2)
one o ®(f)(oly/z][x/o(z) — 1]) = one o foly/z *
(0(z) = D][z/o(x) - 2]
one o ®(f)(oly/ 2
2]

]

)

J[z/o(z) = 1]) = one o f(oly/z *
(o(z) = D]fz/o(x) —2])



§4.4.2 Hoare 124
BlF 4.4.5 . AKX

g T({p}T{q})(0) = true B L

I({z > 5}z :=2*x{z > 10})(0) = true

IZ(z > 5)(0) = I(x > 10)(M(z := 2 * x)(0)) = true
o(x) > 5 — I(x > 10)(o[z/2 * o(z)]) = true

() >5 —2%0(x) > 10 = true

Q

I({z > 5}tz :=2*x{z > 20})(0) = true

Z(z > 5)(0) = I(xz > 20)(M(z := 2% x)(0)) = true

o(z) > 5 — I(x > 20)(o[z/2 * o(x)]) = true
(
(

Q

x)>5—2x0(x) > 20 = true

o(x) <5Vo(x)>10

Z({true}while  # 10 do = := x + 1 od{x = 10})(0)=true

I({truetx :=y+ 1{x > y})(o) = true
I(x > y)(Mi(x :==y+ 1)(0)) = true
I(z > y)(o[z/o(y) + 1]) = true
Ily+1>y)o
y+1>ykE{truetz:=y+ 1{z >y}



BIF 4.4.4d . B
ﬁ_’z)\( ch ;ZH—F

y:=1; whilex >0doy:=y*xz;z:=2—1od

JEB] PAF{z =nAxz>0}Tj{y=nl}.

KRR WA, LN 51,52 .

HATAH
{z=nAz>0}S1{zx=nAz>0Ay=1}

RN 7S A, 7 ZEH]

{zx=nAz>0Ay=1}5{y ==z}
®ITH
{yxzx(z -1 =nlly=yxz{yx(x -1 =nl}
{ys(x - =nllz =0z - 1{yxz! =nl}

SN 4

{yszx(x—D=nlly:=yxz;z:=2— {y*xa! =nl}
XK
(yxzl=n)Ax>0—yxzx*(z—1)=n!

H

r=nAx>0Ay=1— (yxz! =n!)
(yxaxl=n)A=(z>0)—y=uz!

PR GEIE SRR, &

{z=nnAnz>0Ay=1}S{y=2a!}



BIlF 4.4.4¢
ERA

{x=nAy=1}
whilez >0doy:=y*x;2: =2 —1 od

{y=n'}

wr Ry =z *xy.
R4 E0 U 5

z>0—y=alxy
{z>0A~y =zl xyly:=y*x; xi=x-1{-y' = a! x y}
(x=nAy=1Ay =z!xy) =y =n!



I By Hoare B
BIF 4.4.4f
JEH PAF [z > 0]y ]y = 2] .

PR APA RSy, LA S1, 82 .
#®ATH

[r=nAz>0]Six=nAx>0Ay=1]

MRYBN 5 H, 3T R

[t=nAxz>0Ay=1]S:[y=2!]
Ww=true, t==2x
#®ATH
[ysz*x(z—1)=nlAz—1<aly=yxzly*x(z—1)!=nlAz—1<aq]

{yx(z-D=nlAz—-1<alz:=z—1{y*xz!=nlAz <a}

it

[yxz*x(z—1)=nlAx—1<ay:=yxx;z:=2— 1y*xz! =nl]
XA
(yxzxl=n)Ax>0Nc=a—y*xzx(z—1)!=nlAz—-1<a

H

(yxax!=n) Az >0— wlx/z

PR GEIE SRR, &

[y * ! = n!|Safy * x! = nl A =(x > 0)]

XK

r=nAx>0Ay=1— (yxz! =n!)
(yxaxl=n)A=(x>0)—y=uz!

it

[t=nAxz>0Ay=1]S:[y = 2!]



§4.5 TH
Bl¥ 4.5.2 . FFH

WHEWE . FEW S HEHRALERXE XYZ/SE #
R
fx=c}
%PROC wl(%INP /x:INT;%IOP /y1:INT)==
%LOC [y2,y3:INT]
%STM |
LB=START => $0y1=0 A $0y2=1 A $Oy3=1 A $OLB=12;
*
LB=I2 A (le(y3,x)) => (30LB=I13 | §OLB=END)
LB=I13 => $0yl=+(y1,1) A $Oy2 = +(y2,2) A $OLB=14;
LB=14 => $0y3=+(y2,y3) A $OLB=I12;
{z=cnle((yl,yl),z) Ay3 = #(+(y1,1), +(y1,1)) Ay2 = +(x(2,91), 1)}

]

{le(+(yl, y1), ¢) Alt(c, #(+(y1,1), +(y1,1)))}

NBEETTE, AT le, it, +,« FRAARNTABNEG
%, ARXAER, BATTLUA XYZ/VERLIL LT 5
UEZ&AF

y3<zAz=cAylxyl<azAyd=(yl+1)*xyl+1)Ay2=2x*xyl+1
—
r=cA(yl+1)x(yl+1) <z
ANy2+2)+y3=(y1+1)+1)*x((y1+1)+1)
Ay2+2=2%(yl +1)+1
y3<zAz=cAylxyl <z Ay3=(yl+1)*xyl+1)Ay2=2xyl+1
—

ylxyl <cAe< (yl+1)x(yl+1)

—-2=cA0x0<zAl=0+1)*x0+1)A1=2%x0+1

i B Sk 15 2 LT 24

(Yl+ D x(yl4+1) <cylxyl<c—24+(14+ylx2)=142x*(yl+1)

ylryl<c—ec<(yl+1)*x(yl+1),(yl+1)*x(yl+1)<c

T—1=14+2x%0

(yl+1)*x(yl+1) <cylxyl<c
—2+0+yl«2)+@l+D)x(yl+ 1) =01+ (yl+1)* 1+ (yl+1))

T—-0x0<¢

T —1=(1+0)#(1+0)




