
§4 %�-8
§4.1 (��/)"�$��> 4.1.1 �L��U
T

a = s0 −→ (y, t, a) := (1, 1, s1)

a = s1 ∧ (x = 0 ∨ t = 0) −→ (a) := (s2)

a = s2 −→ (y, a) := (0, s3)

a = s3 −→ (y, t, a) := (1, 1, s1)

b = t0 −→ (x, t, b) := (1, 0, t1)

b = t1 ∧ (y = 0 ∨ t = 1) −→ (b) := (t2)

b = t2 −→ (x, b) := (0, t3)

b = t3 −→ (x, t, b) := (1, 0, t1)

Θ (a = s0 ∧ b = t0 ∧ x = 0 ∧ y = 0 ∧ t = 0)y�*;�L��UzvR:Cm�
(T,Θ) |=I 2(a = s1 ∧ b 6= t1 ∧ b 6= t2 → a = s2Rb 6= t2)=. 1	4rM Y�d�:

ζ ⇒ ϕ′

{ϕ′ ∧ ¬ψ}T {ϕ′}
ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ{! 1t
ζ ≡ (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ψ ≡ (a = s2)

ϕ ≡ (b 6= t2)

ϕ′ ≡ ϕDM ζ ⇒ ϕ G ∀t ∈ T, {ϕ′ ∧ ¬ψ}t{ϕ′} �"h�
{ϕ′ ∧ ¬ψ}t6{ϕ′} �DM

(b 6= t2) ∧ (a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1) → (t2 6= t2)h����
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{! 2t
ζ ≡ (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ψ ≡ (a = s2)

ϕ ≡ (b 6= t2)

ϕ′ ≡ (a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ b 6= t2)"h�
{ϕ′ ∧ ¬ψ}t6{ϕ′} �DM

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ b 6= t2))∧
(a 6= s2)∧
b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ t2 6= t2)

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0)))∧
(a 6= s2)∧
b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ t2 6= t2)

((a = s1 ∧ ((b = t1 ∧ x = 1 ∧ t = 0))) ∧ (y = 0)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ t2 6= t2)h����{! 3t
ζ ≡ (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ψ ≡ (a = s2)

ϕ ≡ (b 6= t2)

ϕ′ ≡ (a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2)"h�
{ϕ′ ∧ ¬ψ}t6{ϕ′} �DM

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2))∧
(a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ t2 6= t2)

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1)))∧
(a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ t2 6= t2)V� a = s1 ∧ b 6= t1 ∧ b 6= t2 ⇒ a = s2Rb 6= t2 �S 2(a = s1 ∧ b 6= t1 ∧ b 6= t2 → a = s2Rb 6= t2) �4ppÆklh��47$�Jj�3�?�5�[ ζ → ζ1 ∨ ζ2 �	n ζ1 = (a = s1 ∧ b = t0), ζ2 = (a = s1 ∧ b = t3),
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t
ϕ1 = (a = s1 ∧ (b = t0 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2)d ζ1 ⇒ ψRϕ1 �V� ζ1 ⇒ a = s2Rb 6= t2 �2m ζ2 ⇒ a = s2Rb 6= t2 �V� ζ ⇒ a = s2Rb 6= t2 �

· · ·�**;�L��UzvR:Cm�
(T,Θ) |=I 2(a = s1 → 3a = s2)=. 1	4rM Y�d�:
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ (we

x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}
ϕ⇒ 3ψ{! 1H
 f zv

I(f(t0, 0)) = 1 I(f(t1, 0)) = 0 I(f(t2, 0)) = 2 I(f(t3, 0)) = 1

I(f(t0, 1)) = 1 I(f(t1, 1)) = 3 I(f(t2, 1)) = 2 I(f(t3, 1)) = 1t
W = ({0, 1, 2, 3},≤)

w = (0 ≤ x ≤ 3)

e = f(b, t)

ϕ = (a = s1)

ψ = (a = s2)

ζ = (a = s1)DM
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ we

x ∧ (ψ ∨ ∨

t∈T CONDt)

∀t ∈ T, {ζ ∧ e = v}t{ψ ∨ (ζ ∧ e < v)}"h�
{ζ ∧ e = v}t6{ψ ∨ (ζ ∧ e < v)} �DM
((a = s1 ∧ f(b, t) = v) ∧ b = t1 ∧ (y = 0 ∨ t = 1))

→ (a = s2 ∨ (a = s1 ∧ f(t2, t) < v))

((a = s1 ∧ f(t1, t) = v) ∧ b = t1 ∧ (y = 0 ∨ t = 1))

→ (a = s2 ∨ (a = s1 ∧ f(t2, t) < v))

((a = s1) ∧ b = t1 ∧ (y = 0 ∨ t = 1))

→ (a = s2 ∨ (a = s1 ∧ f(t2, t) < f(t1, t)))
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{! 2t
W = ({0, 1, 2, 3},≤)

w = (0 ≤ x ≤ 3)

e = f(b, t)

ϕ = (a = s1)

ψ = (a = s2)

ζ = (a = s1 ∧ y = 1)V� ϕ⇒ 3ψ �
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�> 4.1.2 �h�3
T

a = s0 −→ (y1, y2, y3, a) := (0, 1, 1, s1)

a = s1 ∧ (y3 ≤ x) −→ (a) := (s2)

a = s1 ∧ ¬(y3 ≤ x) −→ (a) := (s4)

a = s2 −→ (y1, y2, a) := (y1 + 1, y2 + 2, s3)

a = s3 −→ (y3, a) := (y3 + y2, s1)

Θ (a = s0)y�*;�
(T,Θ) |=I x > 0 → 2(a = s4 → y1 =

√
x)lDh�

(T,Θ) |=I 2(x > 0 ∧ a = s0 → 2(a = s4 → y1 =
√
x))=. 1	4rM Y�d�:

ζ ⇒ ϕ′

{ϕ′}T {ϕ′}
ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ{!t
ζ ≡ (x > 0 ∧ a = s0)

ϕ ≡ (a = s4 → y1 =
√
x)

ϕ′ ≡ (a = s0 ∧ ϕ0) ∨ (a = s1 ∧ ϕ1) ∨ (a = s2 ∧ ϕ2) ∨ (a = s3 ∧ ϕ3) ∨ (a = s4 ∧ ϕ4)	n ϕ′ 4
ϕ0 ≡ (x > 0)

ϕ1 ≡ (y2
1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2)

ϕ2 ≡ ((y1 + 1)2 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2)

ϕ3 ≡ (y2
1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = y2

1)

ϕ4 ≡ (y1 =
√
x)

≡ (y2
1 ≤ x ∧ x < (y1 + 1)2DM ζ ⇒ ϕ G ∀t ∈ T, {ϕ′}t{ϕ′} ��**;�zvR:Cm�

(T,Θ) |=I x > 0 → 3a = s4lDh�
(T,Θ) |=I 2(x > 0 ∧ a = s0 → 3(a = s4)
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=. 1	4rM Y�d�:
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ (we

x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}
ϕ⇒ 3ψ{! 1H
 f zv

I(f(s0, x, y)) = 3x+ 1

I(f(si, x, y)) = 3(x− y3 + 1) + 1 − i (i = 1, 2, 3)

I(f(s4, x, y)) = 0t
W = (NAT,≤)

w = true

e = f(a, x, y)

ϕ = (x > 0 ∧ a = s0)

ψ = (a = s4)

ζ = ϕ′DM
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ we

x ∧ (ψ ∨ CONDT )

∀t ∈ T, {ζ ∧ e = v}t{ψ ∨ (ζ ∧ e < v)}
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§4.2 '��/)"�$��> 4.2.1 �L��U
ρ

∨

[a = s0 ∧ a′ = s1 ∧ b′ = b ∧ x′ = x ∧ y′ = 1 ∧ t′ = 1]

[a = s1 ∧ (x = 0 ∨ t = 0) ∧ a′ = s2 ∧ b′ = b ∧ x′ = x ∧ y′ = y ∧ t′ = t]

[a = s2 ∧ a′ = s3 ∧ b′ = b ∧ x′ = x ∧ y′ = 0 ∧ t′ = t]

[a = s3 ∧ a′ = s1 ∧ b′ = b ∧ x′ = x ∧ y′ = 1 ∧ t′ = 1]

[b = t0 ∧ a′ = a ∧ b′ = t1 ∧ x′ = 1 ∧ y′ = y ∧ t′ = 0]

[b = t1 ∧ (y = 0 ∨ t = 1) ∧ a′ = a ∧ b′ = t2 ∧ x′ = x ∧ y′ = y ∧ t′ = t]

[b = t2 ∧ a′ = a ∧ b′ = t3 ∧ x′ = 0 ∧ y′ = y ∧ t′ = t]

[b = t3 ∧ a′ = a ∧ b′ = t1 ∧ x′ = 1 ∧ y′ = y ∧ t′ = 0]

Θ (a = s0 ∧ b = t0 ∧ x = 0 ∧ y = 0 ∧ t = 0)y�*;�L��UzvR:Cm�
(T,Θ) |=I 2(a = s1 ∧ b 6= t1 ∧ b 6= t2 → a = s2Rb 6= t2)=. 1	4rM Y�d�:

ζ ⇒ ϕ′

{ϕ′ ∧ ¬ψ}ρ{ϕ′}
ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ{!t
ζ ≡ (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ψ ≡ (a = s2)

ϕ ≡ (b 6= t2)

ϕ′ ≡ (a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2)DM
{ϕ′ ∧ ¬ψ}ρ{ϕ′} �S
((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2))∧
¬(a = s2) ∧ ρ→
((a′ = s1 ∧ (b′ = t0 ∨ b′ = t3 ∨ (b′ = t1 ∧ x′ = 1 ∧ t′ = 0 ∧ y′ = 1))) ∨ (a′ = s2 ∧ b′ 6= t2))S
(a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1)))∧
¬(a = s2) ∧ ρ→
((a′ = s1 ∧ (b′ = t0 ∨ b′ = t3 ∨ (b′ = t1 ∧ x′ = 1 ∧ t′ = 0 ∧ y′ = 1))) ∨ (a′ = s2 ∧ b′ 6= t2))S
(a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1)))∧
ρ→
((a′ = s1 ∧ (b′ = t0 ∨ b′ = t3 ∨ (b′ = t1 ∧ x′ = 1 ∧ t′ = 0 ∧ y′ = 1))) ∨ (a′ = s2 ∧ b′ 6= t2))

· · ·
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�**;�L��UzvR:Cm�
(T,Θ) |=I 2(a = s1 → 3a = s2)=. 1	4rM Y�d�:
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ (we

x ∧ (ψ ∨ ∃v′1...v′n.ρ))
{ζ ∧ e = v}ρ{ψ ∨ (ζ ∧ e < v)}
ϕ⇒ 3ψ{!H
 f zv

I(f(t0, 0)) = 1 I(f(t1, 0)) = 0 I(f(t2, 0)) = 2 I(f(t3, 0)) = 1

I(f(t0, 1)) = 1 I(f(t1, 1)) = 3 I(f(t2, 1)) = 2 I(f(t3, 1)) = 1t
W = ({0, 1, 2, 3},≤)

w = (0 ≤ x ≤ 3)

e = f(b, t)

ϕ = (a = s1)

ψ = (a = s2)

ζ = (a = s1 ∧ y = 1)5�[
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ we

x ∧ (ψ ∨ ∃v′1...v′n.ρ)

(a = s1 ∧ y = 1 ∧ f(b, t) = v)∧
ρ→
(a′ = s2) ∨ (a′ = s1 ∧ y′ = 1 ∧ f(b′, t′) < v)V� ϕ⇒ 3ψ �
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§4.3 �~#~+�$��> 4.3.2 �����
(B, V ) = (({0, 1, 2, 3, ...,+, ∗}, {≤}), {x, y1, y2, y3})

beg: (y1, y2, y3) := (0, 1, 1); goto test

test: if (y3 ≤ x) goto loop else goto end

loop: (y1, y2) := (y1 + 1, y2 + 2); goto inloop

inloop: y3 := y3 + y2; goto test

3.2a z�6�h��F T0 bb! I = (NAT, I0) :/℄�.J
x ≥ 0 GK.J y1 =

√
x ��4g�$�X��FaBC��:�

(beg, σ0)(test, σ1)(loop, σ2)(inloop, σ3)(test, σ4)(loop, σ5) · · · (test, σn−1)(end, σn) · · ·f��P:%4 n �S ln = end �5�DMh�$� (y1 =
√
x)(σn) S σn(y1) =

√

σn(x) �Z℄ σn = σn−1 
 (test, σn−1) ⇒ (end, σn) d
¬(σn(y3) ≤ σn(x))V���B ϕ′(σn−1) �o


¬(σn(y3) ≤ σn(x)) ∧ ϕ′(σn) → σn(y1) =
√

σn(x)d
σn(y1) =

√

σn(x)� ϕ′ 4
x = σ0(x) ∧ y2

1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2

¬(σn(y3) ≤ σn(x)) ∧ ϕ′(σn) → σn(y1) =
√

σn(x) ��o$�5�Dh ϕ′(σn−1) �S
σn−1(x) = σ0(x)∧
σn−1(y1)

2 ≤ σn−1(x)∧
σn−1(y2) = 2 ∗ σn−1(y1) + 1∧
σn−1(y3) = (σn−1(y1) + 1)25�YA�2h�R�=��Z℄ n− 1 �*/X$
F� test �5�lMh�/�S k ! σk */X$s+	
F4

test �
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2�o�

• k = 0 ��Z℄
F4 beg �6Eh��
9



• k = 1 ��
F4 test �Z℄ σ1(y1) = 0, σ1(y2) =

1, σ1(y3) = 1, σ1(x) = σ0(x) 
 σ0(x) ≥ 0 �V�
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2�o�

• X� k ≤ i ���
�o�! k = i+ 1 
 i ≥ 1 ���
F�4 testd6Eh���
F4 testd k ≥ 4

(test, σk−3) ⇒ (loop, σk−2)

(loop, σk−2) ⇒ (inloop, σk−1)

(inloop, σk−1) ⇒ (test, σk)V�
σk = σk−1[y3/I(y2 + y3)(σk−1)]

σk−1 = σk−2[y1/I(y1 + 1)(σk−2][y2/I(y2 + 2)(σk−2)]

σk−2 = σk−3 ∧ I(y3 ≤ x)(σk−3)V�
σk(x) = σk−3(x) = σ0(x)

(σk(y1))
2 = (σk−3(y1) + 1)2 = σk−3(y3) ≤ σk−3(x) = σk(x)

σk(y2) = σk−3(y2) + 2 = 2 ∗ σk−2(y1) + 3 = 2 ∗ σk(y1) + 1

σk(y3) = σk−3(y2) + σk−3(y3) + 2 = (σk−3(y1) + 2)2 = (σk(y1) + 1)2V�/�S k ! σk */X$s+	
F4 test �
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2�o�

3.2b �<:h��F T0 bb! I = (NAT, I0) :/℄�.J
true �ok$�X��F�ok�d�F$aBC�4

(l0, σ0)(l1, σ1)(l2, σ2)(l3, σ3)(l4, σ4)(l5, σ5) · · ·	n l0 = beg, /*[ k ≥ 0 [
l3k+1 = test, l3k+2 = loop,l3k+3 = inloop
 σ3k+1(y3) ≤

x R:5�h�/*[ k ≥ 0[ σ3k+1(y3) ≥ k 
 σ3k+1(x) = σ0(x) �
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• Z℄ σ1(y3) = 1 
 σ1(x) = σ0(x) �V� σ3∗0+1(y3) ≥ 0 
 σ3∗0+1(x) = σ0(x) �
• X� k = i �[ σ3i+1(y3) ≥ i 
 σ3i+1(x) = σ0(x) �5�Dh k = i + 1 �[ σ3(i+1)+1(y3) ≥ i + 1 

σ3i+1(x) = σ0(x) �<f��$475�[
σ3(i+1)+1(x) = σ3(i+1)+1−3(x) = σ0(x)

σ3(i+1)+1(y3) = σ3(i+1)+1−3(y2) + σ3(i+1)+1−3(y3) + 2 ≥ i+ 1V� k = i+ 1 �[
σ3(i+1)+1(y3) ≥ i+ 1 
 σ3i+1(x) = σ0(x) �V�/*[ k ≥ 0[ σ3k+1(y3) ≥ k
 σ3k+1(x) = σ0(x)�� k = σ0(x) + 1 �d σ3k+1(y3) ≤ σ3k+1(x) ��o�^�F�ok$�-{0�

3.2c �&�6�h��F T0 bb! I = (NAT, I0) :/℄�.J
x ≥ 0 GK.J y1 =

√
x �3�g�$�#;h�Wm�/*[s+ σ ∈ Σ G*[ 0 ≤ k ≤

√

σ0(x) �
(l0 = beg, σ0) ⇒ (l3k+1, σ3k+1)


l3k+1 = test

σ3k+1(x) = σ0(x)

σ3k+1(y1) = k

σ3k+1(y2) = 2k + 1

σ3k+1(y3) = (k + 1)2Wm$h��YA�2�:�
• k = 0 ��<�Wm�o�
• X� k = i 
 k ≤

√

σ0(x) �[
l3k+1 = test

σ3k+1(x) = σ0(x)

σ3k+1(y1) = k

σ3k+1(y2) = 2k + 1

σ3k+1(y3) = (k + 1)2d k = i+ 1 
 k ≤
√

σ0(x) �[
l3(i+1)+1 = test

σ3(i+1)+1(x) = σ3i+1(x) = σ0(x)

σ3(i+1)+1(y1) = σ3i+1(y1) + 1 = i+ 1 = k

σ3(i+1)+1(y2) = σ3i+1(y2) + 2 = 2(i+ 1) + 1 = 2k + 1

σ3(i+1)+1(y3) = σ3i+1(y3) + σ3i+1(y2) + 2 = (i+ 2)2 = (k + 1)2
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V�Wm�o�� k =
√

σ0(x)d σ3k+1(y3) = (k + 1)2 = (
√

σ0(x) + 1)2 > σ0(x) =

σ3k+1(x) �V�
(l0 = beg, σ0)

∗⇒(l3k+1, σ3k+1)⇒(end, σ3k+2)
 σ3k+2(y1) = σ3k+1(y1) = k =
√

σ0(x) �
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�> 4.3.3 � T91/℄h�3�F
beg: (y1, y2, y3) := (0, 1, 1) goto test

test: if (y3 ≤ x) goto loop else goto end

loop: (y1, y2) := (y1 + 1, y2 + 2) goto inloop

inloop: (y3) := (y3 + y2) goto test	aBC�4�:Fs�
(beg = l0, σ0)(test, σ1)(loop, σ2)(inloop, σ3)(test, σ4)(loop, σ5) · · · · · ·f:ntIZ��l[O:IN�O�l_��)�FaBC�[O)$�-��

(B, v) = (({0, 1, 2, 3, ...,+,−}, {=, >}), {x, y1, y2, z})
LB = {beg, end, test1, test2, upd1, upd2, res}R:�O:�[p:IN$�F�V4 T91 �
beg: (y1, y2) := (x, 1); goto test-1;

test-1: if y1 > 100 then goto test-2 else upd-1 fi;

test-2: if y2 6= 1 then goto upd-2 else res fi;

upd-1: (y1, y2) := (y1 + 11, y2 + 1); goto test-1;

upd-2: (y1, y2) := (y1 − 10, y2 − 1); goto test-1;

res: z := y1 − 10; goto endZ℄p:IN=LxY��j�YO:QT:�IN�%�%$FslÆ��)�Z�&ys�FaBC�[O)$�-� �B5�w�aBC�n$g.�qs+�5�jR^aBC�Æ��:
beg, (test1, ((upd1)|(test2, upd2)))

∗, test1, test2, res, end �B5�[3247O??\$
FjY$?9Gh��?CmbO??\$
F��o�5�ejRh��F*g[$Cm�R�aBC�NjRA�
(beg), ((test1, upd1)

∗, (test1, test2, upd2)
∗)∗, (test1, test2, res, end)5�jRivR:
FFs

(beg, test1)

(test1, test2, upd2, test1)

(test1, upd1, test1)

(test1, test2, res, end)5�^
FFs�4ud�X�
∀σ.(ϕ(σ) ∧ (beg, σ)⇒(test1, σ

′) → ζ(σ′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(test2, σ
′)⇒(upd2, σ

′′)⇒(test1, σ
′′′) → ζ(σ′′′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(upd1, σ
′)⇒(test1, σ

′′) → ζ(σ′′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(test2, σ
′)⇒(res, σ′′)⇒(end, σ′′′) → ψ(σ′′′))
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d {ϕ}T2{ψ} �o�/℄fL$47�5�[p:3�DMWG,x$�'O�/Hud$32�SeL	h5�ivr*[X8iv$ud�'1�udg�C$h�32�SeLh�ud/℄;)$=��g�$�
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�> 4.3.2d ����� I = (NAT, I0)�YA�.J32h� {x = c}T1{y1 =
√
c} �
��,���z�6�7�.�

(1) �)
FRH C

(2) 4 C n~:
F/H.J
(3) �)DMh�$ud
(4) h�udg�Ch�4':�q�

• �)
FRH C = {beg, test, end}�
• /H.J qbeg, qend, qtest

qbeg x = c

qend y1 =
√
c

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• �)DMh�$ud
(beg, test)

(test, loop, inloop, test)

(test, end)

• h�udg�C
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

|=I vc(qtest, (test, end), qend)
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�> 4.3.2e1 ����h��F T1 bb! I = (NAT, I0) :/℄�.J
x = c ∧ c ≥ 0 �ok$�
��,���<: (1)7�.�

(1) �)
FRH C �
(2) 4 C n~:
F/H.J
(3) �)DMh�$ud
(4) h�udg�C (a)

(5) �)
FRH C′ �
(6) /H (W,⊑)

(7) 4 C′ n~:
F/HE% gc : Σ →W

(8) �)DMh�$ud
(9) h�udg�C (b)h��

• �)
FRH C = {beg, test} �
• /H.J qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• �)DMh�$ud
(beg, test)

(test, loop, inloop, test)

• h�udg�C
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• �)
FRH C′ = {test} �
• /H (W,⊑) = ({0, 1, 2, ...},≤)

• /HE% gtest : Σ →W

gtest(σ) = σ(x) + 1 − σ(y3)

• �)DMh�$ud
(test, loop, inloop, test)

• h�udg�C
I(qtest)(σ) = true ∧MI(test, loop, inloop, test)(σ) ↓
→
gtest(MI(test, loop, inloop, test)(σ)) < gtest(σ)S�Z�
[�wr6F σ �
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ (y3 ≤ x)

→
x+ 1 − (y2 + y3 + 2) < x+ 1 − y3

16



�> 4.3.2e2 ����h��F T1 bb! I = (INT, I0):/℄�.J x =

c ∧ c ≥ 0 �ok$�
��,���<: (2)h��
• �)
FRH C = {beg, test} �
• /H.J qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest y2 ≥ 0

• �)DMh�$ud
(beg, test)

(test, loop, inloop, test)

• h�udg�C
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• �)
FRH C′ = {test} �
• /H (W,⊑) = ({0, 1, 2, ...},≤)

• /HE% gtest : Σ →W

gtest(σ) =
{ σ(x) + 1 − σ(y3) � σ(y3) ≤ σ(x)

0 5d�
• �)DMh�$ud

(test, loop, inloop, test)

• h�udg�C
I(qtest)(σ) = true ∧MI(test, loop, inloop, test)(σ) ↓
→
gtest(MI(test, loop, inloop, test)(σ)) < gtest(σ)S

y2 ≥ 0 ∧ (y3 ≤ x)

→ x+ 1 − (y2 + y3 + 2) < x+ 1 − y3Q
y2 ≥ 0 ∧ (y3 ≤ x)

→ 0 < x+ 1 − y3

17



�> 4.3.2f1 ����h��F T1 bb! I = (NAT, I0) :/℄�.J
x = c ∧ c ≥ 0 �ok$�
2'����<:*7� (1)7�.�

(1) �)
FRH C �
(2) 4 C n~:
F/H.J qc

(3) �)DMh�$ud
(4) h�udg�C (a)

(5) �)
FRH C′

(6) /H (W ⊆ D, I0(⊑)) �/H w �h� W =

{σ(x) | I(w)(σ) = true}
(7) 4 C n~:
F/H> tc �h� qc → wtc

x

(8) �)DMh�$ud
(9) h�udg�C (b)h��

• �)
FRH C = {beg, test} �
• /H.J qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• �)DMh�$ud
(beg, test)

(test, loop, inloop, test)

• h�udg�C
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• �)
FRH C′ = {test} �
• /H (W,⊑) = ({0, 1, 2, ...},≤)/H w = trueh� W = {σ(x) | I(w)(σ) = true}

• /H> ttest = x+ 1 − y3 �h� qtest → wttest

x

• �)DMh�$ud
(test, loop, inloop, test)

• h�udg�C
|=I vc(qtest ∧ ttest = v, (test, loop, inloop, test), ttest < v)S
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ x+ 1 − y3 = v

→
((y3 ≤ x) → x+ 1 − (y2 + y3 + 2) < v)

18



�> 4.3.2f2 ����h��F T1 bb! I = (INT, I0):/℄�.J x =

c ∧ c ≥ 0 �ok$�
2'����<:*7� (2)h��
• �)
FRH C = {beg, test} �
• /H.J qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ y2 ≥ 1

• �)DMh�$ud
(beg, test)

(test, loop, inloop, test)

• h�udg�C
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• /H (W,⊑) = ({0, 1, 2, ...},≤)/H w = (x ≥ 0)h� W = {σ(x) | I(w)(σ) = true}

• �)
FRH C′ = {test} �
• /H> ttest = x+ 1 − y3 + y2 �h� qtest → wttest

x

• �)DMh�$ud
(test, loop, inloop, test)

• h�udg�C
|=I vc(qtest ∧ ttest = v, (test, loop, inloop, test), ttest < v)S
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ y2 ≥ 1 ∧ x+ 1 − y3 + y2 = v

→
((y3 ≤ x) → x+ 1 − (y2 + y3 + 2) + (y2 + 2) < v)
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§4.4 ���~+�$��> 4.4.4 ��}R:�O:U(`�$a>M�F�V4 Tjc �
y := 1; while x > 0 do y := y ∗ x;x := x− 1 od;) a, b ∈ NAT �)T gcd(a, b) �:�� a, b > 0 d gcd(a, b) 4 a, b $w�=_%�5d

gcd(a, b) })T�R:�O:U( gcd(x, y) $�F�V4 Tgcd �
while ¬(x = y) do if (x > y) then x := x− y else y := y − x fi od

20



§4.4.1 9|30�> 4.4.4ah��MI (Tjc)(σ)[)T�dMI (Tjc)(σ)(y) = σ(x)!�h��lDh�Mω
I (Tjc)(σ)(y) ⊑ (σ)(x)! �Z℄[

Mω
I (T1;T2) = Mω

I (T2)Mω
I (T1)5�jR4�47 Mω

I (y := 1)(σ)GMω
I (while (x >

0) do y := y ∗ x;x := x− 1 od)(σ) ��
σ1 = Mω

I (y := 1)(σ) = σ[y/1]lDh� Mω
I (while (x > 0) do y := y ∗ x;x := x − 1

od)(σ1)(y) ⊑ (σ)(x)! �)T Φ : [Σω → Σω] → [Σω → Σω] �:�
Φ(f)(σ) =

{ ω � σ = ω

ite(I(x > 0)(σ), f(Mω
I (y := y ∗ x;x := x− 1)(σ)), σ) � σ 6= ωd

Mω
I (Tjc)(σ) = µΦ(σ1)5�DMh�
µΦ(σ1)(y) ⊑ σ(x)!)T g : [Σω → Σω] �:

g(σ) =
{ ω � σ = ω

σ[x/0][y/σ(x)! · σ(y)] � σ 6= ω5�h� µΦ ⊑ g �#;5�h� g � Φ$O:�*(�S Φ(g)(σ) = g(σ) ��:�
(1) � σ = ω �d Φ(g)(σ) = ω = g(σ) �
(2) � σ 6= ω 
 σ(x) = 0 �d Φ(g)(σ) = σ =

σ[x/0][y/σ(x)! · σ(y)] = g(σ) �
(3) � σ 6= ω 
 σ(x) > 0 �d

Φ(g)(σ)

= g(Mω
I (y := y ∗ x;x := x− 1)(σ))

= g(Mω
I (x := x− 1)Mω

I (y := y ∗ x)(σ))

= g(Mω
I (x := x− 1)(σ[y/σ(y) · σ(x)])

= g(σ[y/σ(y) · σ(x)][x/σ(x) − 1])� σ2 = σ[y/σ(y) · σ(x)][x/σ(x) − 1] �d g(σ2) =

σ2[x/0][y/σ2(x)! · σ2(y)] �DMh� σ2[x/0][y/σ2(x)! · σ2(y)] = σ[x/0][y/σ(x)! ·
σ(y)] �DMh�/�S z � σ2[x/0][y/σ2(x)! · σ2(y)](z) =

σ[x/0][y/σ(x)! · σ(y)](z) �
21



� z �� x,y dp
+%℄ σ(z) �� z � x dp
+%℄ 0 �� z � y dp
+%℄ σ(x)! · sigma(y) �V�%��o�V� g � Φ $O:�*(�V�
µΦ ⊑ gV�

µΦ(σ1)(y) ⊑ g(σ1)(y) = σ1(x)! · σ1(y) = σ(x)!
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�> 4.4.4bh�� MI(Tjc) [)T�d MI(Tjc)(σ)(y) = σ(x)! �h��lDh� Mω
I (Tjc)(σ)(y) ⊑ (σ)(x)! �Z℄[

Mω
I (T1;T2) = Mω

I (T2)Mω
I (T1)�5�jR4�47Mω

I (y :=

1)(σ) G Mω
I (while (x > 0) do y := y ∗ x;x := x − 1od

od)(σ) ��
σ1 = Mω

I (y := 1)(σ) = σ[y/1]lDh� Mω
I (while (x > 0) do y := y ∗ x;x := x − 1

od)(σ1)(y) ⊑ (σ)(x)! �� S1 4
y := y ∗ x;x := x− 1)T

ϕ(σ, σ′) = true !

! σ′(y) = σ(x)! · σ(y).� I(x > 0)(σ) = false d ϕ(σ, σ) = true !

!
σ(y) = σ(x)! · σ(y) �Z℄ x = 0 � ϕ(σ, σ) = true �o�� I(x > 0)(σ) = true�MI(S1)(σ) ↓
 ϕ(MI(S1)(σ), σ′) =

true �Z℄ MI(S1)(σ) = σ[y/σ(y) · σ(x)][x/σ(x) − 1] �
σ′(y) = σ(y) · σ(x) · (σ(x) − 1)! = σ(y) · σ(x)! �V�
ϕ(σ, σ′) = true �V� ∀σ ∈ Σ, ϕ(σ,MI(while (x > 0) do S1 od)(σ)) ⊑
true �V� ϕ(σ1,MI(while (x > 0) do S1 od)(σ1)) ⊑ true �V�� MI(while (x > 0) do S1 od)(σ1) [)T�d
MI(while (x > 0) do S1 od)(σ1)(y) = σ1(x)!·σ1(y) = σ(x)!.
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�> 4.4.4ch� Mω
I (Tjc) ��[)T�

MI(Tjc) = Mω
I (while (x > 0) do y := y∗x;x := x−1od

od) ◦Mω
I (y := 1) �Qi Mω

I (while (x > 0) do y := 1;x := x − 1od od) ◦
Mω

I (y := 1) ��[)T�)T Φ : [Σω → Σω] → [Σω → Σω] �:�
Φ(f)(σ) =

{ ω � σ = ω

ite(I(x > 0)(σ), f(Mω
I (y := y ∗ x;x := x− 1)(σ)), σ) � σ 6= ω)T Φ′ : [Σω → Σω] → [Σω → Σω] �:�

Φ′(f)(σ) =
{ ω � σ = ω

ite(I(x > 0)(σ), f(Mω
I (y := 1;x := x− 1)(σ)), σ) � σ 6= ωlDh� µΦ′ ◦Mω

I (y := 1) ⊑ one ◦ µΦ ◦Mω
I (y := 1)

(1) Φ′(⊥) ◦Mω
I (y := 1) ⊑ one ◦ Φ(⊥) ◦Mω

I (y := 1)

(1a) x = 0: Mω
I (y := 1) ⊑ one ◦Mω

I (y := 1)

(1b) x > 0: ⊥ ◦Mω
I (y := 1) ⊑ one ◦ ⊥ ◦Mω

I (y := 1)

(2) X�
f ′ ◦Mω

I (y := 1) ⊑ one ◦ f ◦Mω
I (y := 1)�|DM

Φ′(f ′) ◦Mω
I (y := 1) ⊑ one ◦ Φ(f) ◦Mω

I (y := 1)

(2a) x = 0: Mω
I (y := 1) ⊑ one ◦Mω

I (y := 1)

(2b) x > 0: f ′(Mω
I (y := 1;x := x − 1)) ◦ Mω

I (y :=

1) ⊑ one ◦ f(Mω
I (y := y := y ∗x;x := x− 1)) ◦Mω

I (y := 1)

f ′(Mω
I (y := 1;x := x − 1) ◦ Mω

I (y := 1) ⊑ one ◦
f(Mω

I (y := y ∗ x;x := x− 1) ◦Mω
I (y := 1)

(2b1) f ′(Mω
I (y := 1;x := x − 1) ◦ Mω

I (y := 1)(σ) =

f ′(σ[y/1][x/σ(x)− 1]) = f ′ ◦Mω
I (y := 1)(σ[x/σ(x) − 1]) ⊑

one ◦ f ◦Mω
I (y := 1)(σ[x/σ(x) − 1])

one ◦ f(Mω
I (y := y ∗ x;x := x − 1) ◦ Mω

I (y := 1) =

one ◦ f(σ[y/σ(x)][x/σ(x) − 1])DM
one◦f◦Mω

I (y := 1)(σ[x/σ(x)−1]) = one◦f(σ[y/σ(x)][x/σ(x)−
1]) YA�2h�/�S f = Φn(⊥)��S z1, z2 �/�S y ��S x >

0�one◦f(σ[y/z1][x/σ(x)−1]) = one◦f(σ[y/z2][x/σ(x)−1])YA�2h�
(a) σ(x) = 1 �
one◦Φn(⊥)◦f(σ[y/z1][x/σ(x)−1]) = one◦f(σ[y/z1][x/σ(x)−

1]) = σ[x/σ(x) − 1][y/1]

one◦Φn(⊥)(σ[y/z2][x/σ(x)−1]) = one(σ[y/z2][x/σ(x)−
1]) = σ[x/σ(x) − 1][y/1]

(b) X� σ(x) = k �oh� σ(x) = k + 1 �o
24



(b1) f = ⊥
one ◦ (⊥)(σ[y/z1][x/σ(x) − 1]) = ω

one ◦ (⊥)(σ[y/z2][x/σ(x) − 1]) = ω

(b2)

one ◦ Φ(f)(σ[y/z1][x/σ(x) − 1]) = one ◦ f(σ[y/z1 ∗
(σ(x) − 1)][x/σ(x) − 2])

one ◦ Φ(f)(σ[y/z2][x/σ(x) − 1]) = one ◦ f(σ[y/z2 ∗
(σ(x) − 1)][x/σ(x) − 2])
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§4.4.2 Hoare �Æ�> 4.4.5 ���mb I({p}T {q})(σ) = true $DT
I({x > 5}x := 2 ∗ x{x > 10})(σ) = true

I(x > 5)(σ) → I(x > 10)(MI(x := 2 ∗ x)(σ)) = true

σ(x) > 5 → I(x > 10)(σ[x/2 ∗ σ(x)]) = true

σ(x) > 5 → 2 ∗ σ(x) > 10 = true

I({x > 5}x := 2 ∗ x{x > 20})(σ) = true

I(x > 5)(σ) → I(x > 20)(MI(x := 2 ∗ x)(σ)) = true

σ(x) > 5 → I(x > 20)(σ[x/2 ∗ σ(x)]) = true

σ(x) > 5 → 2 ∗ σ(x) > 20 = true

σ(x) ≤ 5 ∨ σ(x) > 10

I({true}while x 6= 10 do x := x+ 1 od{x = 10})(σ)=true

I({true}x := y + 1{x > y})(σ) = true

I(x > y)(MI(x := y + 1)(σ)) = true

I(x > y)(σ[x/σ(y) + 1]) = true

I(y + 1 > y)σ

y + 1 > y |= {true}x := y + 1{x > y}
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�> 4.4.4d ��})T Tjc �:�
y := 1; while x > 0 do y := y ∗ x;x := x− 1 odh� PA ⊢ {x = n ∧ x ≥ 0}Tjc{y = n!} �^�F44p:�4�V4 S1, S2 �5�[
{x = n ∧ x ≥ 0}S1{x = n ∧ x ≥ 0 ∧ y = 1}<f&F7H�d�ODMh�

{x = n ∧ x ≥ 0 ∧ y = 1}S2{y = x!}5�[
{y ∗ x ∗ (x − 1)! = n!}y := y ∗ x{y ∗ (x− 1)! = n!}
{y ∗ (x− 1)! = n!}x := x− 1{y ∗ x! = n!}V�

{y ∗ x ∗ (x− 1)! = n!}y := y ∗ x;x := x− 1{y ∗ x! = n!}\[
(y ∗ x! = n!) ∧ x > 0 → y ∗ x ∗ (x− 1)! = n!

x = n ∧ x ≥ 0 ∧ y = 1 → (y ∗ x! = n!)

(y ∗ x! = n!) ∧ ¬(x > 0) → y = x!V�<fIN�d�[
{x = n ∧ x ≥ 0 ∧ y = 1}S2{y = x!}
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�> 4.4.4eh�
{x = n ∧ y = 1}
while x > 0 do y := y ∗ x;x := x− 1 od

{y = n!}� r 4 y′ = x! ∗ y.<f�dDh
¬x > 0 → y = x! ∗ y
{x > 0 ∧ ¬y′ = x! ∗ y}y:=y*x; x:=x-1{¬y′ = x! ∗ y}
(x = n ∧ y = 1 ∧ y′ = x! ∗ y) → y′ = n!

28



�5� Hoare �Æ�> 4.4.4fh� PA ⊢ [x ≥ 0]Tjc[y = x!] �^�F44p:�4�V4 S1, S2 �5�[
[x = n ∧ x ≥ 0]S1[x = n ∧ x ≥ 0 ∧ y = 1]<f&F7H�d�ODMh�

[x = n ∧ x ≥ 0 ∧ y = 1]S2[y = x!]� w = true � t = x5�[
[y ∗ x ∗ (x− 1)! = n! ∧ x− 1 < a]y := y ∗ x[y ∗ (x− 1)! = n! ∧ x− 1 < a]

{y ∗ (x− 1)! = n! ∧ x− 1 < a}x := x− 1{y ∗ x! = n! ∧ x < a}V�
[y ∗ x ∗ (x− 1)! = n! ∧ x− 1 < a]y := y ∗ x;x := x− 1[y ∗ x! = n!]\[
(y ∗ x! = n!) ∧ x > 0 ∧ x = a→ y ∗ x ∗ (x− 1)! = n! ∧ x− 1 < a


(y ∗ x! = n!) ∧ x > 0 → w[x/x]V�<fIN�d�[
[y ∗ x! = n!]S2[y ∗ x! = n! ∧ ¬(x > 0)]\[
x = n ∧ x ≥ 0 ∧ y = 1 → (y ∗ x! = n!)

(y ∗ x! = n!) ∧ ¬(x > 0) → y = x!V�
[x = n ∧ x ≥ 0 ∧ y = 1]S2[y = x!]
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§4.5 ���> 4.5.2 �����[�.J�K.JGIN���$ XYZ/SE 9�$�F�
{x=c}
%PROC wl(%INP/x:INT;%IOP/y1:INT)==

%LOC [y2,y3:INT]

%STM [

LB=START => $Oy1=0 ∧ $Oy2=1 ∧ $Oy3=1 ∧ $OLB=l2;

*[

LB=l2 ∧ (le(y3,x)) => ($OLB=l3 | $OLB=END)

LB=l3 => $Oy1=+(y1,1) ∧ $Oy2 = +(y2,2) ∧ $OLB=l4;

LB=l4 => $Oy3=+(y2,y3) ∧ $OLB=l2;

{x = c ∧ le(∗(y1, y1), x)∧ y3 = ∗(+(y1, 1),+(y1, 1))∧ y2 = +(∗(2, y1), 1)}
]

]

{le(∗(y1, y1), c)∧ lt(c, ∗(+(y1, 1),+(y1, 1)))}4`,3��5� le, lt,+, ∗ %Æ�45�$8$A2�Zf:�F�5�jRY XYZ/VERI-II P�R:Kh0℄
y3 ≤ x ∧ x = c ∧ y1 ∗ y1 ≤ x ∧ y3 = (y1 + 1) ∗ (y1 + 1) ∧ y2 = 2 ∗ y1 + 1

→
x = c ∧ (y1 + 1) ∗ (y1 + 1) ≤ x

∧(y2 + 2) + y3 = ((y1 + 1) + 1) ∗ ((y1 + 1) + 1)

∧y2 + 2 = 2 ∗ (y1 + 1) + 1

¬y3 ≤ x ∧ x = c ∧ y1 ∗ y1 ≤ x ∧ y3 = (y1 + 1) ∗ (y1 + 1) ∧ y2 = 2 ∗ y1 + 1

→
y1 ∗ y1 ≤ c ∧ c < (y1 + 1) ∗ (y1 + 1)

x = c

→ x = c ∧ 0 ∗ 0 ≤ x ∧ 1 = (0 + 1) ∗ (0 + 1) ∧ 1 = 2 ∗ 0 + 11Cu*MZ#"R:0℄�
(y1 + 1) ∗ (y1 + 1) ≤ c, y1 ∗ y1 ≤ c→ 2 + (1 + y1 ∗ 2) = 1 + 2 ∗ (y1 + 1)

y1 ∗ y1 ≤ c→ c < (y1 + 1) ∗ (y1 + 1), (y1 + 1) ∗ (y1 + 1) ≤ c

T → 1 = 1 + 2 ∗ 0

(y1 + 1) ∗ (y1 + 1) ≤ c, y1 ∗ y1 ≤ c

→ (2 + (1 + y1 ∗ 2)) + (y1 + 1) ∗ (y1 + 1) = (1 + (y1 + 1)) ∗ (1 + (y1 + 1))

T → 0 ∗ 0 ≤ c

T → 1 = (1 + 0) ∗ (1 + 0)
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