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zy

§4.1 
{����x�|��� E B = ({x, y, n, a}, {s0, s1, s2, s3, s4, 0, 1, 2, 3, ...,+,−, ∗}, {<

,=, >})��� B D
;bUQ (T,Θ)�:u ΘS a = s0= T S
V;b�
a = s0 −→ (x, y, a) := (0, 0, s1)

a = s1 ∧ x < n −→ (a) := (s2)

a = s2 −→ (y, x, a) := (y + x ∗ (x+ 1), x+ 1, s1)

a = s1 ∧ ¬(x < n) −→ (a) := (s3)

a = s3 −→ (y, a) := (3 ∗ y, s4)�� I S B mpID
q�&G�r5
V6N	,�
(1) (T,Θ) ⊢I n ≥ 0 → 2(a = s4 → y = n ∗ n ∗ n− n)

(2) (T,Θ) ⊢I n ≥ 0 → 3(a = s4)�� (1))1r5
(T,Θ) ⊢I n ≥ 0∧a = s0 ⇒ 2(a = s4 → y = n∗n∗n−n) (a)i (a) ni
(T,Θ) ⊢I n ≥ 0 ∧ a = s0 → 2(a = s4 → y = n ∗ n ∗ n− n)hj

(T,Θ) ⊢I a = s0e�
(T,Θ) ⊢I n ≥ 0 → 2(a = s4 → y = n ∗ n ∗ n− n)g 2 �n�

ζ ⇒ ϕ

∀t ∈ T, {ϕ}t{ϕ}

ϕ⇒ ϕ′

ζ ⇒ 2ϕ′/
ζ = (a = s0 ∧ n ≥ 0)

ϕ = (a = s0 ∧ n ≥ 0)∨

(a = s1 ∧ 3 ∗ y = (x ∗ x ∗ x− x) ∧ x ≤ n)∨

(a = s2 ∧ 3 ∗ y = (x ∗ x ∗ x− x) ∧ x < n)∨

(a = s3 ∧ 3 ∗ y = (x ∗ x ∗ x− x) ∧ x = n)∨

(a = s4 ∧ y = (n ∗ n ∗ n− n))

ϕ′ = (a = s4 → y = (n ∗ n ∗ n− n))



�����Æ�� (2)g
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨ CONDT ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}

ϕ⇒ 3ψ�d g

g(s0, x) = 2 ∗ n+ 2

g(s1, x) = 2 ∗ (n− x) + 1

g(s2, x) = 2 ∗ (n− x)

g(s3, x) = 2 ∗ (n− x)

g(s4, x) = 2 ∗ (n− x)/
W = ({0, 1, 2, 3, ...},≤)

w = (0 ≤ x)

e = g(a, x)

ϕ = (a = s0 ∧ n ≥ 0)

ψ = (a = s4)

ζ = (n ≥ 0)∧

((a = s0) ∨ ((x ≤ n) ∧ (a = s1 ∨ a = s3 ∨ a = s4))∨

((x < n) ∧ a = s2))\a
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (CONDT ∨ ψ)

ζ ⇒ we
x

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}T4i ϕ⇒ (ψ ∨ ζ)T4i ζ ⇒ (CONDT ∨ ψ)T4i ζ ⇒ we
x�" (n ≥ 0)∧((a = s0)∨((x ≤ n)∧(a =

s1∨a = s3∨a = s4))∨ ((x < n)∧a = s2)) ⇒ g(a, x) ≥ 0�
V`r
∀t ∈ T, {ζ ∧ e = v}t{ψ ∨ (ζ ∧ e < v)} �
(1)

{ζ ∧ e = v}a = s0 −→ (x, y, a) := (0, 0, s1){ψ ∨ (ζ ∧ e < v)}t\�
ζ∧g(a, x) = v∧a = s0 → n ≥ 0∧x ≤ n∧g(s1, 0) < v)}t\�
n ≥ 0 ∧ g(s0, x) = v → n ≥ 0 ∧ 0 ≤ n ∧ g(s1, 0) < v)}

(2)

{ζ ∧ e = v}a = s1 ∧ x < n −→ (a) := (s2){ψ ∨ (ζ ∧ e < v)}t\�
ζ ∧ g(a, x) = v ∧ a = s1 ∧ x < n → n ≥ 0 ∧ x <

n ∧ g(s2, x) < v)}t\�
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n ≥ 0 ∧ x ≤ n ∧ g(s0, x) = v ∧ x < n → n ≥ 0 ∧ x <

n ∧ g(s1, x) < v)}

(3)

{ζ ∧ e = v}a = s2 −→ (y, x, a) := (y + x ∗ (x + 1), x +

1, s1){ψ ∨ (ζ ∧ e < v)}t\�
ζ ∧g(a, x) = v∧a = s2 → n ≥ 0∧x+1 ≤ n∧g(s1, x+

1) < v)}t\�
n ≥ 0∧x < n∧g(s2, x) = v → n ≥ 0∧x < n∧g(s1, x+

1) < v)}

(4)

{ζ∧e = v}a = s1∧¬(x < n) −→ (a) := (s3){ψ∨(ζ∧e < v)}t\�
ζ ∧ g(a, x) = v ∧ a = s1 ∧ ¬(x < n) → n ≥ 0 ∧ x ≤

n ∧ g(s3, x) < v)}t\�
n ≥ 0∧x ≤ n∧ g(s1, x) = v∧¬(x < n) → n ≥ 0∧x ≤

n ∧ g(s3, x) < v)}

(5)

{ζ ∧ e = v}a = s3 −→ (y, a) := (3 ∗ y, s4){ψ ∨ (ζ ∧ e < v)}t\�
ζ ∧ g(a, x) = v ∧ a = s3 → s4 = s4

§4.2 ~w�w�x�|�� � E
B = ({x, y, n, a}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})��
℄ T �
beg: (x, y) := (0, 0) goto l1

l1: if (x < n) goto l2 else goto l3

l2: (y, x) := (y + x ∗ (x+ 1), x+ 1) goto l1

l3: (y) := (3 ∗ y) goto end�� I S B mpID
q�&G�r5
V6N	,�
(1) T �j<�_ n ≥ 0 ���_ y = n ∗ n ∗ n− n ��q��
(2) T �j<�_ n ≥ 0 9�vs�
(3) T �j<�_ n ≥ 0 ���_ y = n ∗ n ∗ n− n R?q���� (1)#E
℄lZ�
AV�

(beg, σ0)(l1, σ1)(l2, σ2)(l1, σ3)(l2, σ4) · · · (l1, σk−2)(l3, σk−1)(end, σk) · · ·T4i
σk(y) = 3 ∗ σk−1(y)

σk(n) = σk−1(n)tar5 3*σk−1(y) = σk−1(n) ∗ σk−1(n) ∗ σk−1(n) −

σk−1(n)



�����Ætar5 3*σk−1(y) = σk−1(x) ∗ σk−1(x) ∗ σk−1(x) −

σk−1(x) ∧ σk−1(x) = σk−1(n)T4i
σk−1(y) = σk−2(y)

σk−1(n) = σk−2(n) =
σk−2(x) ≥ σk−2(n)tar5
σk−2(y) = σk−2(x) ∗ σk−2(x) ∗ σk−2(x) − σk−2(x)∧

σk−2(x) ≤ σk−2(n)�(lZ�
��m i ≥ 0, σk−2 = σ2∗i+1g�8�r5��Li i ≥ 0,

σ2i+1(y) = σ2i+1(x) ∗ σ2i+1(x) ∗ σ2i+1(x) − σ2i+1(x)∧

σ2i+1(x) ≤ σ2i+1(n)�� (2)#E
℄lZ�vs��
AV�
(beg, σ0)(m1, σ1)(m2, σ2)(m3, σ3)(m4, σ4) · · · (m2i+1, σ3)(m2i+2, σ4) · · ·T4i

m2i+1 = l1, m2i+2 = l2 = σ2i+1(x) < σ2i+1(n)g�8�r5��Li i ≥ 0,

σ2i+1(n) = σ0(n), σ2i+1(x) = i> i = σ0(n), n σ2i+1(x) ≥ σ0(n) = σ2i+1(n)k
℄�vs2���� (3)� otFJ<-YX%�"r5.ÆCY�HWr5f+��Li 0 ≤ i ≤ σ0(n) �
(l0 = beg, σ0)

∗

⇒(l2i+1, σ2i+1)=
σ2i+1(n) = σ0(n)

σ2i+1(x) = i

σ2i+1(y) = (i ∗ i ∗ i− i)/373E i = σ0(n)n σ2i+1(x) = σ2i+1(n) �e�
(l0 = beg, σ0)

∗

⇒(l2i+1, σ2i+1) ⇒ (l2i+2, σ2i+2) ⇒ (l2i+3 = end, σ2i+3)= σ2i+3(y) = 3 ∗ σ2i+2(y) = 3 ∗ σ2i+1(y) = (i ∗ i ∗ i− i) =

σ0(n)3 − σ0(n) ��� � E
B = ({x, y, n, a}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})��
V LB

1 u

℄ T �
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beg: (i, j, k, l) := (1, 0, 0, 1) goto l1

l1: if ¬(x = y) goto l2 else goto end

l2: if (x > y) goto l3 else goto l4

l3: (x, i, j) := (x− y, i− k, j − l) goto l1

l4: (y, k, l) := (y − x, k − i, l− j) goto l1�� I S B mpID
q�&G�r5
V6N	,�
(1) T �j<�_ x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0 ���_ x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b ��q��
(2) T �j<�_ x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0 9�vs��� (1)

• ����!� C = {beg, l1, end} �
• O^�_ qbeg, ql1 , qend

qbeg x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0

ql1 x = i ∗ a+ j ∗ b ∧ y = k ∗ a+ l ∗ b ∧ gcd(x, y) = gcd(a, b)

qend x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b

• ��\ar5
0'
(beg, l1)

(l1, l2, l3, l1)

(l1, l2, l4, l1)

(l1, end)

• r50'q�[
|=I vc(qbeg, (beg, l1), ql1)

|=I vc(ql1 , (l1, l2, l3, l1), ql1)

|=I vc(ql1 , (l1, l2, l4, l1), ql1)

|=I vc(ql1 , (l1, end), qend)

a. "
x = a∧y = b∧a ≥ 0∧b ≥ 0 → [x = i∗a+j∗b∧y = k∗a+l∗b∧gcd(x, y) = gcd(a, b)]1,0,0,1

i,j,k,l

b. "
x = i ∗ a+ j ∗ b ∧ y = k ∗ a+ l ∗ b ∧ gcd(x, y) = gcd(a, b) →

¬x = y → x > y → [x = i ∗ a+ j ∗ b ∧ y = k ∗ a+ l ∗ b ∧ gcd(x, y) = gcd(a, b)]x−y,i−k,j−l
x,i,j

c. "
x = i ∗ a+ j ∗ b ∧ y = k ∗ a+ l ∗ b ∧ gcd(x, y) = gcd(a, b) →

¬x = y → ¬x > y → [x = i ∗ a+ j ∗ b ∧ y = k ∗ a+ l ∗ b ∧ gcd(x, y) = gcd(a, b)]y−x,k−i,l−j
x,k,l

d. "
x = i ∗ a+ j ∗ b ∧ y = k ∗ a+ l ∗ b ∧ gcd(x, y) = gcd(a, b) →

¬(¬x = y) → x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b



�����Æ�� (2a)

• ����!� C = {beg, l1} �
• O^�_ qbeg, ql1

qbeg x = a ∧ y = b ∧ a > 0 ∧ b > 0

ql1 x > 0 ∧ y > 0

• O^ (W,⊑) = ({0, 1, 2, ...},≤)

• / w = (x ≥ 0) n W = {σ(x) | I(w)(σ) = true}

• ����!� C′ = {l1} �
• / tl1 = x+ y n ql1 → w

tl1

x

• ��\ar5
0'
(beg, l1)

(l1, l2, l3, l1)

(l1, l2, l4, l1)

• r50'q�[
|=I vc(qbeg, (beg, l1), ql1)

|=I vc(ql1 , (l1, l2, l3, l1), ql1)

|=I vc(ql1 , (l1, l2, l4, l1), ql1)

• ��\ar5
0'
(l1, l2, l3, l1)

(l1, l2, l4, l1)

• r50'q�[
|=I vc(ql1 ∧ tl1 = v, (l1, l2, l3, l1), tl1 < v)

|=I vc(ql1 ∧ tl1 = v, (l1, l2, l4, l1), tl1 < v)�� (2b)

• ����!� C = {beg, l1} �
• O^�_ qbeg, ql1

qbeg x = a ∧ y = b ∧ a > 0 ∧ b > 0

ql1 x > 0 ∧ y > 0

• O^ (W,⊑) = ({0, 1, 2, ...},≤)

• ����!� C′ = {l1} �
• O^Y gl1 : Σ →W

gl1(σ) =
{ σ(x) + σ(y) B σ(y) > 0 ∧ σ(x) > 0

0 �n�
• ��\ar5
0'

(beg, l1)

(l1, l2, l3, l1)

(l1, l2, l4, l1)
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• r50'q�[

|=I vc(qbeg, (beg, l1), ql1)

|=I vc(ql1 , (l1, l2, l3, l1), ql1)

|=I vc(ql1 , (l1, l2, l4, l1), ql1)

• ��\ar5
0'
(l1, l2, l3, l1)

(l1, l2, l4, l1)

• r50'q�[
(1)I(ql1)(σ) = true ∧MI(l1, l2, l3, l1)(σ) ↓→ gl1(MI(l1, l2, l3, l1)(σ)) < gl1(σ)

(2)I(ql1)(σ) = true ∧MI(l1, l2, l4, l1)(σ) ↓→ gl1(MI(l1, l2, l4, l1)(σ)) < gl1(σ)

(1)

σ(x) > 0 ∧ σ(y) > 0 ∧ ¬σ(x) = σ(y) ∧ σ(x) > σ(y) →

gl1(σ[x/σ(x) − σ(y)]) < gl1(σ)h<MP$�T4i σ(x) > 0 ∧ σ(y) > 0 =
(σ[x/σ(x) − σ(y)])(x) > 0∧ (σ[x/σ(x) − σ(y)])(y) > 0e�t\r�

σ(x) > 0 ∧ σ(y) > 0 ∧ ¬σ(x) = σ(y) ∧ σ(x) > σ(y) →

(σ(x) − σ(y)) + σ(y) < σ(x) + σ(y)

(2) *K�


