
§4 *�2=
§4.1 -$!4.'�)��C 4.1.1 �M�AV
T

a = s0 −→ (y, t, a) := (1, 1, s1)

a = s1 ∧ (x = 0 ∨ t = 0) −→ (a) := (s2)

a = s2 −→ (y, a) := (0, s3)

a = s3 −→ (y, t, a) := (1, 1, s1)

b = t0 −→ (x, t, b) := (1, 0, t1)

b = t1 ∧ (y = 0 ∨ t = 1) −→ (b) := (t2)

b = t2 −→ (x, b) := (0, t3)

b = t3 −→ (x, t, b) := (1, 0, t1)

Θ (a = s0 ∧ b = t0 ∧ x = 0 ∧ y = 0 ∧ t = 0)z"/��M�AV{wS;Dn�
(T,Θ) |=I 2(a = s1 ∧ b 6= t1 ∧ b 6= t2 → a = s2Rb 6= t2)B3%6
9sN!ZAe�;

ζ ⇒ ϕ′

{ϕ′ ∧ ¬ψ}T {ϕ′}
ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ}& 1���}&�u
ζ ≡ (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ψ ≡ (a = s2)

ϕ ≡ (b 6= t2)

ϕ′ ≡ ϕEN ζ ⇒ ϕ H ∀t ∈ T, {ϕ′ ∧ ¬ψ}t{ϕ′} �#i�
{ϕ′ ∧ ¬ψ}t6{ϕ′} �EN

(b 6= t2) ∧ (a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1) → (t2 6= t2)i����
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}& 2���{��u
ζ ≡ (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ψ ≡ (a = s2)

ϕ ≡ (b 6= t2)

ϕ′ ≡ (a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ b 6= t2)#i�
{ϕ′ ∧ ¬ψ}t6{ϕ′} �EN

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ b 6= t2))∧
(a 6= s2)∧
b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ t2 6= t2)

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0)))∧
(a 6= s2)∧
b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ t2 6= t2)

((a = s1 ∧ ((b = t1 ∧ x = 1 ∧ t = 0))) ∧ (y = 0)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ t2 6= t2)i����}& 3��	{��u
ζ ≡ (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ψ ≡ (a = s2)

ϕ ≡ (b 6= t2)

ϕ′ ≡ (a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2)#i�
{ϕ′ ∧ ¬ψ}t6{ϕ′} �EN

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2))∧
(a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ t2 6= t2)

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1)))∧
(a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ t2 6= t2)W� a = s1 ∧ b 6= t1 ∧ b 6= t2 ⇒ a = s2Rb 6= t2 �T 2(a = s1 ∧ b 6= t1 ∧ b 6= t2 → a = s2Rb 6= t2) �5qq�lmi��58%�Kk�4���6�\ ζ → ζ1 ∨ ζ2 �
o ζ1 = (a = s1 ∧ b = t0), ζ2 = (a = s1 ∧ b = t3),
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u
ϕ1 = (a = s1 ∧ (b = t0 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2)e ζ1 ⇒ ψRϕ1 �W� ζ1 ⇒ a = s2Rb 6= t2 �3n ζ2 ⇒ a = s2Rb 6= t2 �W� ζ ⇒ a = s2Rb 6= t2 �

· · ·�//��M�AV{wS;Dn�
(T,Θ) |=I 2(a = s1 → 3a = s2)B3%6
9sN!ZAe�;
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ (we

x ∧ (ψ ∨ E(T )))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}
ϕ⇒ 3ψ}& 1���}&�Id f {w

I(f(t0, 0)) = 1 I(f(t1, 0)) = 0 I(f(t2, 0)) = 2 I(f(t3, 0)) = 1

I(f(t0, 1)) = 1 I(f(t1, 1)) = 3 I(f(t2, 1)) = 2 I(f(t3, 1)) = 1u
W = ({0, 1, 2, 3},≤)

w = (0 ≤ x ≤ 3)

e = f(b, t)

ϕ = (a = s1)

ψ = (a = s2)

ζ = (a = s1)EN
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ we

x ∧ (ψ ∨ E(T ))

∀t ∈ T, {ζ ∧ e = v}t{ψ ∨ (ζ ∧ e < v)}#i�
{ζ ∧ e = v}t6{ψ ∨ (ζ ∧ e < v)} �EN
((a = s1 ∧ f(b, t) = v) ∧ b = t1 ∧ (y = 0 ∨ t = 1))

→ (a = s2 ∨ (a = s1 ∧ f(t2, t) < v))

((a = s1 ∧ f(t1, t) = v) ∧ b = t1 ∧ (y = 0 ∨ t = 1))

→ (a = s2 ∨ (a = s1 ∧ f(t2, t) < v))

((a = s1) ∧ b = t1 ∧ (y = 0 ∨ t = 1))

→ (a = s2 ∨ (a = s1 ∧ f(t2, t) < f(t1, t)))
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}& 2u
W = ({0, 1, 2, 3},≤)

w = (0 ≤ x ≤ 3)

e = f(b, t)

ϕ = (a = s1)

ψ = (a = s2)

ζ = (a = s1 ∧ y = 1)W� ϕ⇒ 3ψ �
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�C 4.1.2 �i	4
T

a = s0 −→ (y1, y2, y3, a) := (0, 1, 1, s1)

a = s1 ∧ (y3 ≤ x) −→ (a) := (s2)

a = s1 ∧ ¬(y3 ≤ x) −→ (a) := (s4)

a = s2 −→ (y1, y2, a) := (y1 + 1, y2 + 2, s3)

a = s3 −→ (y3, a) := (y3 + y2, s1)

Θ (a = s0)z"/��
(T,Θ) |=I x > 0 → 2(a = s4 → y1 =

√
x)mEi�

(T,Θ) |=I 2(x > 0 ∧ a = s0 → 2(a = s4 → y1 =
√
x))B3%6
9sN!ZAe�;

ζ ⇒ ϕ′

{ϕ′}T {ϕ′}
ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ}&u
ζ ≡ (x > 0 ∧ a = s0)

ϕ ≡ (a = s4 → y1 =
√
x)

ϕ′ ≡ (a = s0 ∧ ϕ0) ∨ (a = s1 ∧ ϕ1) ∨ (a = s2 ∧ ϕ2) ∨ (a = s3 ∧ ϕ3) ∨ (a = s4 ∧ ϕ4)
o ϕ′ 5
ϕ0 ≡ (x > 0)

ϕ1 ≡ (y2
1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2)

ϕ2 ≡ ((y1 + 1)2 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2)

ϕ3 ≡ (y2
1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = y2

1)

ϕ4 ≡ (y1 =
√
x)

≡ (y2
1 ≤ x ∧ x < (y1 + 1)2EN ζ ⇒ ϕ H ∀t ∈ T, {ϕ′}t{ϕ′} ��//��{wS;Dn�

(T,Θ) |=I x > 0 → 3a = s4mEi�
(T,Θ) |=I 2(x > 0 ∧ a = s0 → 3(a = s4)
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B3%6
9sN!ZAe�;
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ (we

x ∧ (ψ ∨ E(T ))

{ζ ∧ e = v}T {ψ ∨ (ζ ∧ e < v)}
ϕ⇒ 3ψ}& 1Id f {w

I(f(s0, x, y)) = 3x+ 1

I(f(si, x, y)) = 3(x− y3 + 1) + 1 − i (i = 1, 2, 3)

I(f(s4, x, y)) = 0u
W = (NAT,≤)

w = true

e = f(a, x, y)

ϕ = (x > 0 ∧ a = s0)

ψ = (a = s4)

ζ = ϕ′EN
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ we

x ∧ (ψ ∨ E(T ))

∀t ∈ T, {ζ ∧ e = v}t{ψ ∨ (ζ ∧ e < v)}
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§4.2 ,�!4.'�)��C 4.2.1 �M�AV
ρ

∨

[a = s0 ∧ a′ = s1 ∧ b′ = b ∧ x′ = x ∧ y′ = 1 ∧ t′ = 1]

[a = s1 ∧ (x = 0 ∨ t = 0) ∧ a′ = s2 ∧ b′ = b ∧ x′ = x ∧ y′ = y ∧ t′ = t]

[a = s2 ∧ a′ = s3 ∧ b′ = b ∧ x′ = x ∧ y′ = 0 ∧ t′ = t]

[a = s3 ∧ a′ = s1 ∧ b′ = b ∧ x′ = x ∧ y′ = 1 ∧ t′ = 1]

[b = t0 ∧ a′ = a ∧ b′ = t1 ∧ x′ = 1 ∧ y′ = y ∧ t′ = 0]

[b = t1 ∧ (y = 0 ∨ t = 1) ∧ a′ = a ∧ b′ = t2 ∧ x′ = x ∧ y′ = y ∧ t′ = t]

[b = t2 ∧ a′ = a ∧ b′ = t3 ∧ x′ = 0 ∧ y′ = y ∧ t′ = t]

[b = t3 ∧ a′ = a ∧ b′ = t1 ∧ x′ = 1 ∧ y′ = y ∧ t′ = 0]

Θ (a = s0 ∧ b = t0 ∧ x = 0 ∧ y = 0 ∧ t = 0)z"/��M�AV{wS;Dn�
(T,Θ) |=I 2(a = s1 ∧ b 6= t1 ∧ b 6= t2 → a = s2Rb 6= t2)B3%6
9sN!ZAe�;

ζ ⇒ ϕ′

{ϕ′ ∧ ¬ψ}ρ{ϕ′}
ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ}&u
ζ ≡ (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ψ ≡ (a = s2)

ϕ ≡ (b 6= t2)

ϕ′ ≡ (a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2)EN
{ϕ′ ∧ ¬ψ}ρ{ϕ′} �T
((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2))∧
¬(a = s2) ∧ ρ→
((a′ = s1 ∧ (b′ = t0 ∨ b′ = t3 ∨ (b′ = t1 ∧ x′ = 1 ∧ t′ = 0 ∧ y′ = 1))) ∨ (a′ = s2 ∧ b′ 6= t2))T
(a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1)))∧
¬(a = s2) ∧ ρ→
((a′ = s1 ∧ (b′ = t0 ∨ b′ = t3 ∨ (b′ = t1 ∧ x′ = 1 ∧ t′ = 0 ∧ y′ = 1))) ∨ (a′ = s2 ∧ b′ 6= t2))T
(a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1)))∧
ρ→
((a′ = s1 ∧ (b′ = t0 ∨ b′ = t3 ∨ (b′ = t1 ∧ x′ = 1 ∧ t′ = 0 ∧ y′ = 1))) ∨ (a′ = s2 ∧ b′ 6= t2))

· · ·
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�//��M�AV{wS;Dn�
(T,Θ) |=I 2(a = s1 → 3a = s2)B3%6
9sN!ZAe�;
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ (we

x ∧ (ψ ∨ ∃v′1...v′n.ρ))
{ζ ∧ e = v}ρ{ψ ∨ (ζ ∧ e < v)}
ϕ⇒ 3ψ}&Id f {w

I(f(t0, 0)) = 1 I(f(t1, 0)) = 0 I(f(t2, 0)) = 2 I(f(t3, 0)) = 1

I(f(t0, 1)) = 1 I(f(t1, 1)) = 3 I(f(t2, 1)) = 2 I(f(t3, 1)) = 1u
W = ({0, 1, 2, 3},≤)

w = (0 ≤ x ≤ 3)

e = f(b, t)

ϕ = (a = s1)

ψ = (a = s2)

ζ = (a = s1 ∧ y = 1)6�\
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ we

x ∧ (ψ ∨ ∃v′1...v′n.ρ)Æ
(a = s1 ∧ y = 1 ∧ f(b, t) = v)∧
ρ→
(a′ = s2) ∨ (a′ = s1 ∧ y′ = 1 ∧ f(b′, t′) < v)W� ϕ⇒ 3ψ �
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§4.3 ��(�0�)��C 4.3.2 �� ��
(B, V ) = (({0, 1, 2, 3, ...,+, ∗}, {≤}), {x, y1, y2, y3})

beg: (y1, y2, y3) := (0, 1, 1); goto test

test: if (y3 ≤ x) goto loop else goto end

loop: (y1, y2) := (y1 + 1, y2 + 2); goto inloop

inloop: y3 := y3 + y2; goto test

3.2a |	;#i��G T0 

" I = (NAT, I0) ;0^
/K
x ≥ 0 HL/K y1 =

√
x  �5h�%�Y��GbCD��;�

(beg, σ0)(test, σ1)(loop, σ2)(inloop, σ3)(test, σ4)(loop, σ5) · · · (test, σn−1)(end, σn) · · ·g��Q;&5 n �T ln = end �6�ENi�% (y1 =
√
x)(σn) T σn(y1) =

√

σn(x) �[^ σn = σn−1 Æ (test, σn−1) ⇒ (end, σn) e
¬(σn(y3) ≤ σn(x))W���C�
 ϕ′ ��$ ϕ′(σn−1) �pÆ

¬(σn(y3) ≤ σn(x)) ∧ ϕ′(σn) → σn(y1) =
√

σn(x)e
σn(y1) =

√

σn(x)� ϕ′ 5
x = σ0(x) ∧ y2

1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2

¬(σn(y3) ≤ σn(x)) ∧ ϕ′(σn) → σn(y1) =
√

σn(x)  �p%�6�Ei ϕ′(σn−1) �T
σn−1(x) = σ0(x)∧
σn−1(y1)

2 ≤ σn−1(x)∧
σn−1(y2) = 2 ∗ σn−1(y1) + 1∧
σn−1(y3) = (σn−1(y1) + 1)26�ZB�3i�S�>��[^ n− 1 �+0Y%
G� test �6�mNi�0�T k " σk +0Y%t,

G5

test �
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2�p�

• k = 0 ��[^
G5 beg �7Fi��
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• k = 1 ��
G5 test �[^ σ1(y1) = 0, σ1(y2) =

1, σ1(y3) = 1, σ1(x) = σ0(x) Æ σ0(x) ≥ 0 �W�
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2�p�

• Y� k ≤ i ���
�p�" k = i+ 1 Æ i ≥ 1 ���
G�5 teste7Fi���
G5 teste k ≥ 4Æ
(test, σk−3) ⇒ (loop, σk−2)

(loop, σk−2) ⇒ (inloop, σk−1)

(inloop, σk−1) ⇒ (test, σk)W�
σk = σk−1[y3/I(y2 + y3)(σk−1)]

σk−1 = σk−2[y1/I(y1 + 1)(σk−2][y2/I(y2 + 2)(σk−2)]

σk−2 = σk−3 ∧ I(y3 ≤ x)(σk−3)W�
σk(x) = σk−3(x) = σ0(x)

(σk(y1))
2 = (σk−3(y1) + 1)2 = σk−3(y3) ≤ σk−3(x) = σk(x)

σk(y2) = σk−3(y2) + 2 = 2 ∗ σk−2(y1) + 3 = 2 ∗ σk(y1) + 1

σk(y3) = σk−3(y2) + σk−3(y3) + 2 = (σk−3(y1) + 2)2 = (σk(y1) + 1)2W�0�T k " σk +0Y%t,

G5 test �
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2�p�

3.2b �A?i��G T0 

" I = (NAT, I0) ;0^
/K
true  pl%�Y��G�pl�e�G%bCD�5

(l0, σ0)(l1, σ1)(l2, σ2)(l3, σ3)(l4, σ4)(l5, σ5) · · ·
o l0 = beg, 0+\ k ≥ 0 \
l3k+1 = test, l3k+2 = loop,l3k+3 = inloopÆ σ3k+1(y3) ≤

x S;6�i�0+\ k ≥ 0\ σ3k+1(y3) ≥ k Æ σ3k+1(x) = σ0(x) �
10



• [^ σ1(y3) = 1 Æ σ1(x) = σ0(x) �W� σ3∗0+1(y3) ≥ 0 Æ σ3∗0+1(x) = σ0(x) �
• Y� k = i �\ σ3i+1(y3) ≥ i Æ σ3i+1(x) = σ0(x) �6�Ei k = i + 1 �\ σ3(i+1)+1(y3) ≥ i + 1 Æ
σ3i+1(x) = σ0(x) �=g
�%586�\
σ3(i+1)+1(x) = σ3(i+1)+1−3(x) = σ0(x)

σ3(i+1)+1(y3) = σ3(i+1)+1−3(y2) + σ3(i+1)+1−3(y3) + 2 ≥ i+ 1W� k = i+ 1 �\
σ3(i+1)+1(y3) ≥ i+ 1 Æ σ3i+1(x) = σ0(x) �W�0+\ k ≥ 0\ σ3k+1(y3) ≥ kÆ σ3k+1(x) = σ0(x)�� k = σ0(x) + 1 �e σ3k+1(y3) ≤ σ3k+1(x) ��p�_�G�pl%
.|1�

3.2c �+";#i��G T0 

" I = (NAT, I0) ;0^
/K
x ≥ 0 HL/K y1 =

√
x  4�h�%�$<i�Xn�0+\t, σ ∈ Σ H+\ 0 ≤ k ≤

√

σ0(x) �
(l0 = beg, σ0) ⇒ (l3k+1, σ3k+1)Æ

l3k+1 = test

σ3k+1(x) = σ0(x)

σ3k+1(y1) = k

σ3k+1(y2) = 2k + 1

σ3k+1(y3) = (k + 1)2Xn%i��ZB�3�;�
• k = 0 ��=�Xn�p�
• Y� k = i Æ k ≤

√

σ0(x) �\
l3k+1 = test

σ3k+1(x) = σ0(x)

σ3k+1(y1) = k

σ3k+1(y2) = 2k + 1

σ3k+1(y3) = (k + 1)2e k = i+ 1 Æ k ≤
√

σ0(x) �\
l3(i+1)+1 = test

σ3(i+1)+1(x) = σ3i+1(x) = σ0(x)

σ3(i+1)+1(y1) = σ3i+1(y1) + 1 = i+ 1 = k

σ3(i+1)+1(y2) = σ3i+1(y2) + 2 = 2(i+ 1) + 1 = 2k + 1

σ3(i+1)+1(y3) = σ3i+1(y3) + σ3i+1(y2) + 2 = (i+ 2)2 = (k + 1)2
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W�Xn�p�� k =
√

σ0(x)e σ3k+1(y3) = (k + 1)2 = (
√

σ0(x) + 1)2 > σ0(x) =

σ3k+1(x) �W�
(l0 = beg, σ0)

∗⇒(l3k+1, σ3k+1)⇒(end, σ3k+2)Æ σ3k+2(y1) = σ3k+1(y1) = k =
√

σ0(x) �
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�C 4.3.3 � T910^i	4�G
beg: (y1, y2, y3) := (0, 1, 1) goto test

test: if (y3 ≤ x) goto loop else goto end

loop: (y1, y2) := (y1 + 1, y2 + 2) goto inloop

inloop: (y3) := (y3 + y2) goto test
bCD�5�;Gt�
(beg = l0, σ0)(test, σ1)(loop, σ2)(inloop, σ3)(test, σ4)(loop, σ5) · · · · · ·g;ouJ[ �m\P;JO�P�m`��*�GbCD�\P*%�.��

(B, v) = (({0, 1, 2, 3, ...,+,−}, {=, >}), {x, y1, y2, z})
LB = {beg, end, test1, test2, upd1, upd2, res}S; P;�\q;JO%�G�W5 T91 �
beg: (y1, y2) := (x, 1); goto test-1;

test-1: if y1 > 100 then goto test-2 else upd-1 fi;

test-2: if y2 6= 1 then goto upd-2 else res fi;

upd-1: (y1, y2) := (y1 + 11, y2 + 1); goto test-1;

upd-2: (y1, y2) := (y1 − 10, y2 − 1); goto test-1;

res: z := y1 − 10; goto end[^q;JO>MyZ��k�ZP;RU;�JO�&�&%GtmÆ��*�[ 'zt�GbCD�\P*%�.�!�C6�x�bCD�o%h/�rt,�6�kS_bCD�Æ��;
beg, (test1, ((upd1)|(test2, upd2)))

∗, test1, test2, res, end!�C6�\4358P��℄%
GkZ%�:Hi���Dn
P��℄%
G��p�6�fkSi��G+h\%Dn�S�bCD�OkSB�
(beg), ((test1, upd1)

∗, (test1, test2, upd2)
∗)∗, (test1, test2, res, end)6�kSjwS;
GGt

(beg, test1)

(test1, test2, upd2, test1)

(test1, upd1, test1)

(test1, test2, res, end)6�_
GGt�5ve�Y�
∀σ.(ϕ(σ) ∧ (beg, σ)⇒(test1, σ

′) → ζ(σ′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(test2, σ
′)⇒(upd2, σ

′′)⇒(test1, σ
′′′) → ζ(σ′′′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(upd1, σ
′)⇒(test1, σ

′′) → ζ(σ′′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(test2, σ
′)⇒(res, σ′′)⇒(end, σ′′′) → ψ(σ′′′))

13



e {ϕ}T2{ψ} �p�0^gM%58�6�\q;4�ENXH-y%�(P�0Ive%43�TfM	i6�jws+\Y9jw%ve�(2�veh�D%i�43�TfMi�ve0^<*%>� h�%�
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�C 4.3.2d �� �� I = (NAT, I0)�ZB�/K43i� {x = c}T1{y1 =
√
c} �Æ��1���|	;#<�3�

(1) �*
GSI C

(2) 5 C o�;
G0I/K
(3) �*ENi�%ve
(4) i�veh�Di�5(;�r�

• �*
GSI C = {beg, test, end}�
• 0I/K qbeg, qend, qtest

qbeg x = c

qend y1 =
√
c

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• �*ENi�%ve
(beg, test)

(test, loop, inloop, test)

(test, end)

• i�veh�D
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

|=I vc(qtest, (test, end), qend)
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�C 4.3.2e1 �� �i��G T1 

" I = (NAT, I0) ;0^
/K
x = c ∧ c ≥ 0  pl%�Æ��1���A? (1)<�3�

(1) �*
GSI C �
(2) 5 C o�;
G0I/K
(3) �*ENi�%ve
(4) i�veh�D (a)

(5) �*
GSI C′ �
(6) 0I (W,⊑)

(7) 5 C′ o�;
G0IF& gc : Σ →W

(8) �*ENi�%ve
(9) i�veh�D (b)i��

• �*
GSI C = {beg, test} �
• 0I/K qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• �*ENi�%ve
(beg, test)

(test, loop, inloop, test)

• i�veh�D
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• �*
GSI C′ = {test} �
• 0I (W,⊑) = ({0, 1, 2, ...},≤)

• 0IF& gtest : Σ →W

gtest(σ) = σ(x) + 1 − σ(y3)

• �*ENi�%ve
(test, loop, inloop, test)

• i�veh�D
I(qtest)(σ) = true ∧MI(test, loop, inloop, test)(σ) ↓
→
gtest(MI(test, loop, inloop, test)(σ)) < gtest(σ)T�[ �\�xs7G σ �
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ (y3 ≤ x)

→
x+ 1 − (y2 + y3 + 2) < x+ 1 − y3

16



�C 4.3.2e2 �� �i��G T1 

" I = (INT, I0);0^
/K x =

c ∧ c ≥ 0  pl%�Æ��1���A? (2)i��
• �*
GSI C = {beg, test} �
• 0I/K qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest y2 ≥ 0

• �*ENi�%ve
(beg, test)

(test, loop, inloop, test)

• i�veh�D
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• �*
GSI C′ = {test} �
• 0I (W,⊑) = ({0, 1, 2, ...},≤)

• 0IF& gtest : Σ →W

gtest(σ) =
{ σ(x) + 1 − σ(y3) � σ(y3) ≤ σ(x)

0 6e�
• �*ENi�%ve

(test, loop, inloop, test)

• i�veh�D
I(qtest)(σ) = true ∧MI(test, loop, inloop, test)(σ) ↓
→
gtest(MI(test, loop, inloop, test)(σ)) < gtest(σ)T

y2 ≥ 0 ∧ (y3 ≤ x)

→ x+ 1 − (y2 + y3 + 2) < x+ 1 − y3R
y2 ≥ 0 ∧ (y3 ≤ x)

→ 0 < x+ 1 − y3

17



�C 4.3.2f1 �� �i��G T1 

" I = (NAT, I0) ;0^
/K
x = c ∧ c ≥ 0  pl%��7,��$�A?/<� (1)<�3�

(1) �*
GSI C �
(2) 5 C o�;
G0I/K qc

(3) �*ENi�%ve
(4) i�veh�D (a)

(5) �*
GSI C′

(6) 0I (W ⊆ D, I0(⊑)) �0I w �i� W =

{σ(x) | I(w)(σ) = true}
(7) 5 C o�;
G0I? tc �i� qc → wtc

x

(8) �*ENi�%ve
(9) i�veh�D (b)i��

• �*
GSI C = {beg, test} �
• 0I/K qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• �*ENi�%ve
(beg, test)

(test, loop, inloop, test)

• i�veh�D
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• �*
GSI C′ = {test} �
• 0I (W,⊑) = ({0, 1, 2, ...},≤)0I w = truei� W = {σ(x) | I(w)(σ) = true}

• 0I? ttest = x+ 1 − y3 �i� qtest → wttest

x

• �*ENi�%ve
(test, loop, inloop, test)

• i�veh�D
|=I vc(qtest ∧ ttest = v, (test, loop, inloop, test), ttest < v)T
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ x+ 1 − y3 = v

→
((y3 ≤ x) → x+ 1 − (y2 + y3 + 2) < v)
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�C 4.3.2f2 �� �i��G T1 

" I = (INT, I0);0^
/K x =

c ∧ c ≥ 0  pl%��7,��$�A?/<� (2)i��
• �*
GSI C = {beg, test} �
• 0I/K qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ y2 ≥ 1

• �*ENi�%ve
(beg, test)

(test, loop, inloop, test)

• i�veh�D
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• 0I (W,⊑) = ({0, 1, 2, ...},≤)0I w = (x ≥ 0)i� W = {σ(x) | I(w)(σ) = true}

• �*
GSI C′ = {test} �
• 0I? ttest = x+ 1 − y3 + y2 �i� qtest → wttest

x

• �*ENi�%ve
(test, loop, inloop, test)

• i�veh�D
|=I vc(qtest ∧ ttest = v, (test, loop, inloop, test), ttest < v)T
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ y2 ≥ 1 ∧ x+ 1 − y3 + y2 = v

→
((y3 ≤ x) → x+ 1 − (y2 + y3 + 2) + (y2 + 2) < v)
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§4.4 ����0�)��C 4.4.4 ���S; P;V)a�%b?N�G�W5 Tjc �
y := 1; while x > 0 do y := y ∗ x;x := x− 1 od<* a, b ∈ NAT �*U gcd(a, b) �;�� a, b > 0 e gcd(a, b) 5 a, b %x�>`&�6e

gcd(a, b) ~*U�S; P;V) gcd(x, y) %�G�W5 Tgcd �
while ¬(x = y) do if (x > y) then x := x− y else y := y − x fi od

20



§4.4.1 >~85�C 4.4.4ai��MI (Tjc)(σ)\*U�eMI (Tjc)(σ)(y) = σ(x)!�i��mEi�Mω
I (Tjc)(σ)(y) ⊑ (σ)(x)! �[^\

Mω
I (T1;T2) = Mω

I (T2)Mω
I (T1)6�kS5�58 Mω

I (y := 1)(σ)HMω
I (while (x >

0) do y := y ∗ x;x := x− 1 od)(σ) ��
σ1 = Mω

I (y := 1)(σ) = σ[y/1]mEi� Mω
I (while (x > 0) do y := y ∗ x;x := x − 1

od)(σ1)(y) ⊑ (σ)(x)! �*U Φ : [Σω → Σω] → [Σω → Σω] �;�
Φ(f)(σ) =

{ ω � σ = ω

ite(I(x > 0)(σ), f(Mω
I (y := y ∗ x;x := x− 1)(σ)), σ) � σ 6= ωe

Mω
I (Tjc)(σ) = µΦ(σ1)6�ENi�
µΦ(σ1)(y) ⊑ σ(x)!*U g : [Σω → Σω] �;

g(σ) =
{ ω � σ = ω

σ[x/0][y/σ(x)! · σ(y)] � σ 6= ω6�i� µΦ ⊑ g �$<6�i� g  Φ%P;�+)�T Φ(g)(σ) = g(σ) ��;�
(1) � σ = ω �e Φ(g)(σ) = ω = g(σ) �
(2) � σ 6= ω Æ σ(x) = 0 �e Φ(g)(σ) = σ =

σ[x/0][y/σ(x)! · σ(y)] = g(σ) �
(3) � σ 6= ω Æ σ(x) > 0 �e

Φ(g)(σ)

= g(Mω
I (y := y ∗ x;x := x− 1)(σ))

= g(Mω
I (x := x− 1)Mω

I (y := y ∗ x)(σ))

= g(Mω
I (x := x− 1)(σ[y/σ(y) · σ(x)])

= g(σ[y/σ(y) · σ(x)][x/σ(x) − 1])� σ2 = σ[y/σ(y) · σ(x)][x/σ(x) − 1] �e g(σ2) =

σ2[x/0][y/σ2(x)! · σ2(y)] �ENi� σ2[x/0][y/σ2(x)! · σ2(y)] = σ[x/0][y/σ(x)! ·
σ(y)] �ENi�0�T z � σ2[x/0][y/σ2(x)! · σ2(y)](z) =

σ[x/0][y/σ(x)! · σ(y)](z) �
21



� z � x,y eq
,&^ σ(z) �� z  x eq
,&^ 0 �� z  y eq
,&^ σ(x)! · sigma(y) �W�&��p�W� g  Φ %P;�+)�W�
µΦ ⊑ gW�

µΦ(σ1)(y) ⊑ g(σ1)(y) = σ1(x)! · σ1(y) = σ(x)!

22



�C 4.4.4bi�� MI(Tjc) \*U�e MI(Tjc)(σ)(y) = σ(x)! �i��mEi� Mω
I (Tjc)(σ)(y) ⊑ (σ)(x)! �[^\

Mω
I (T1;T2) = Mω

I (T2)Mω
I (T1)�6�kS5�58Mω

I (y :=

1)(σ) H Mω
I (while (x > 0) do y := y ∗ x;x := x − 1od

od)(σ) ��
σ1 = Mω

I (y := 1)(σ) = σ[y/1]mEi� Mω
I (while (x > 0) do y := y ∗ x;x := x − 1

od)(σ1)(y) ⊑ (σ)(x)! �� S1 5
y := y ∗ x;x := x− 1*U

ϕ(σ, σ′) = true "Æd" σ′(y) = σ(x)! · σ(y).� I(x > 0)(σ) = false e ϕ(σ, σ) = true "Æd"
σ(y) = σ(x)! · σ(y) �[^ x = 0 � ϕ(σ, σ) = true �p�� I(x > 0)(σ) = true�MI(S1)(σ) ↓Æ ϕ(MI(S1)(σ), σ′) =

true �[^ MI(S1)(σ) = σ[y/σ(y) · σ(x)][x/σ(x) − 1] �
σ′(y) = σ(y) · σ(x) · (σ(x) − 1)! = σ(y) · σ(x)! �W�
ϕ(σ, σ′) = true �W� ∀σ ∈ Σ, ϕ(σ,MI(while (x > 0) do S1 od)(σ)) ⊑
true �W� ϕ(σ1,MI(while (x > 0) do S1 od)(σ1)) ⊑ true �W�� MI(while (x > 0) do S1 od)(σ1) \*U�e
MI(while (x > 0) do S1 od)(σ1)(y) = σ1(x)!·σ1(y) = σ(x)!.
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�C 4.4.4ci� Mω
I (Tjc) ��\*U�

MI(Tjc) = Mω
I (while (x > 0) do y := y∗x;x := x−1od

od) ◦Mω
I (y := 1) �Rj Mω

I (while (x > 0) do y := 1;x := x − 1od od) ◦
Mω

I (y := 1) ��\*U�*U Φ : [Σω → Σω] → [Σω → Σω] �;�
Φ(f)(σ) =

{ ω � σ = ω

ite(I(x > 0)(σ), f(Mω
I (y := y ∗ x;x := x− 1)(σ)), σ) � σ 6= ω*U Φ′ : [Σω → Σω] → [Σω → Σω] �;�

Φ′(f)(σ) =
{ ω � σ = ω

ite(I(x > 0)(σ), f(Mω
I (y := 1;x := x− 1)(σ)), σ) � σ 6= ωmEi� µΦ′ ◦Mω

I (y := 1) ⊑ one ◦ µΦ ◦Mω
I (y := 1)

(1) Φ′(⊥) ◦Mω
I (y := 1) ⊑ one ◦ Φ(⊥) ◦Mω

I (y := 1)

(1a) x = 0: Mω
I (y := 1) ⊑ one ◦Mω

I (y := 1)

(1b) x > 0: ⊥ ◦Mω
I (y := 1) ⊑ one ◦ ⊥ ◦Mω

I (y := 1)

(2) Y�
f ′ ◦Mω

I (y := 1) ⊑ one ◦ f ◦Mω
I (y := 1)�}EN

Φ′(f ′) ◦Mω
I (y := 1) ⊑ one ◦ Φ(f) ◦Mω

I (y := 1)

(2a) x = 0: Mω
I (y := 1) ⊑ one ◦Mω

I (y := 1)

(2b) x > 0: f ′(Mω
I (y := 1;x := x − 1)) ◦ Mω

I (y :=

1) ⊑ one ◦ f(Mω
I (y := y := y ∗x;x := x− 1)) ◦Mω

I (y := 1)

f ′(Mω
I (y := 1;x := x − 1) ◦ Mω

I (y := 1) ⊑ one ◦
f(Mω

I (y := y ∗ x;x := x− 1) ◦Mω
I (y := 1)

(2b1) f ′(Mω
I (y := 1;x := x − 1) ◦ Mω

I (y := 1)(σ) =

f ′(σ[y/1][x/σ(x)− 1]) = f ′ ◦Mω
I (y := 1)(σ[x/σ(x) − 1]) ⊑

one ◦ f ◦Mω
I (y := 1)(σ[x/σ(x) − 1])

one ◦ f(Mω
I (y := y ∗ x;x := x − 1) ◦ Mω

I (y := 1) =

one ◦ f(σ[y/σ(x)][x/σ(x) − 1])EN
one◦f◦Mω

I (y := 1)(σ[x/σ(x)−1]) = one◦f(σ[y/σ(x)][x/σ(x)−
1]) ZB�3i�0�T f = Φn(⊥)��T z1, z2 �0�T y ��T x >

0�one◦f(σ[y/z1][x/σ(x)−1]) = one◦f(σ[y/z2][x/σ(x)−1])ZB�3i�
(a) σ(x) = 1 �
one◦Φn(⊥)◦f(σ[y/z1][x/σ(x)−1]) = one◦f(σ[y/z1][x/σ(x)−

1]) = σ[x/σ(x) − 1][y/1]

one◦Φn(⊥)(σ[y/z2][x/σ(x)−1]) = one(σ[y/z2][x/σ(x)−
1]) = σ[x/σ(x) − 1][y/1]

(b) Y� σ(x) = k �pi� σ(x) = k + 1 �p
24



(b1) f = ⊥
one ◦ (⊥)(σ[y/z1][x/σ(x) − 1]) = ω

one ◦ (⊥)(σ[y/z2][x/σ(x) − 1]) = ω

(b2)

one ◦ Φ(f)(σ[y/z1][x/σ(x) − 1]) = one ◦ f(σ[y/z1 ∗
(σ(x) − 1)][x/σ(x) − 2])

one ◦ Φ(f)(σ[y/z2][x/σ(x) − 1]) = one ◦ f(σ[y/z2 ∗
(σ(x) − 1)][x/σ(x) − 2])
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§4.4.2 Hoare ���C 4.4.5 ��$n
 I({p}T {q})(σ) = true %EU
I({x > 5}x := 2 ∗ x{x > 10})(σ) = true

I(x > 5)(σ) → I(x > 10)(MI(x := 2 ∗ x)(σ)) = true

σ(x) > 5 → I(x > 10)(σ[x/2 ∗ σ(x)]) = true

σ(x) > 5 → 2 ∗ σ(x) > 10 = true

I({x > 5}x := 2 ∗ x{x > 20})(σ) = true

I(x > 5)(σ) → I(x > 20)(MI(x := 2 ∗ x)(σ)) = true

σ(x) > 5 → I(x > 20)(σ[x/2 ∗ σ(x)]) = true

σ(x) > 5 → 2 ∗ σ(x) > 20 = true

σ(x) ≤ 5 ∨ σ(x) > 10

I({true}while x 6= 10 do x := x+ 1 od{x = 10})(σ)=true

I({true}x := y + 1{x > y})(σ) = true

I(x > y)(MI(x := y + 1)(σ)) = true

I(x > y)(σ[x/σ(y) + 1]) = true

I(y + 1 > y)σ

y + 1 > y |= {true}x := y + 1{x > y}
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�C 4.4.4d ���*U Tjc �;�
y := 1; while x > 0 do y := y ∗ x;x := x− 1 odi� PA ⊢ {x = n ∧ x ≥ 0}Tjc{y = n!} �_�G55q;�5�W5 S1, S2 �6�\
{x = n ∧ x ≥ 0}S1{x = n ∧ x ≥ 0 ∧ y = 1}=g'G8IAe�PENi�

{x = n ∧ x ≥ 0 ∧ y = 1}S2{y = x!}6�\
{y ∗ x ∗ (x − 1)! = n!}y := y ∗ x{y ∗ (x− 1)! = n!}
{y ∗ (x− 1)! = n!}x := x− 1{y ∗ x! = n!}W�

{y ∗ x ∗ (x− 1)! = n!}y := y ∗ x;x := x− 1{y ∗ x! = n!}℄\
(y ∗ x! = n!) ∧ x > 0 → y ∗ x ∗ (x− 1)! = n!Æ
x = n ∧ x ≥ 0 ∧ y = 1 → (y ∗ x! = n!)

(y ∗ x! = n!) ∧ ¬(x > 0) → y = x!W�=gJOAe�\
{x = n ∧ x ≥ 0 ∧ y = 1}S2{y = x!}

27



�C 4.4.4ei�
{x = n ∧ y = 1}
while x > 0 do y := y ∗ x;x := x− 1 od

{y = n!}� r 5 y′ = x! ∗ y.=gAeEi
¬x > 0 → y = x! ∗ y
{x > 0 ∧ ¬y′ = x! ∗ y}y:=y*x; x:=x-1{¬y′ = x! ∗ y}
(x = n ∧ y = 1 ∧ y′ = x! ∗ y) → y′ = n!
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�:� Hoare ���C 4.4.4fi� PA ⊢ [x ≥ 0]Tjc[y = x!] �_�G55q;�5�W5 S1, S2 �6�\
[x = n ∧ x ≥ 0]S1[x = n ∧ x ≥ 0 ∧ y = 1]=g'G8IAe�PENi�

[x = n ∧ x ≥ 0 ∧ y = 1]S2[y = x!]� w = true � t = x6�\
[y ∗ x ∗ (x− 1)! = n! ∧ x− 1 < a]y := y ∗ x[y ∗ (x− 1)! = n! ∧ x− 1 < a]

{y ∗ (x− 1)! = n! ∧ x− 1 < a}x := x− 1{y ∗ x! = n! ∧ x < a}W�
[y ∗ x ∗ (x− 1)! = n! ∧ x− 1 < a]y := y ∗ x;x := x− 1[y ∗ x! = n!]℄\
(y ∗ x! = n!) ∧ x > 0 ∧ x = a→ y ∗ x ∗ (x− 1)! = n! ∧ x− 1 < aÆ

(y ∗ x! = n!) ∧ x > 0 → w[x/x]W�=gJOAe�\
[y ∗ x! = n!]S2[y ∗ x! = n! ∧ ¬(x > 0)]℄\
x = n ∧ x ≥ 0 ∧ y = 1 → (y ∗ x! = n!)

(y ∗ x! = n!) ∧ ¬(x > 0) → y = x!W�
[x = n ∧ x ≥ 0 ∧ y = 1]S2[y = x!]

29



§4.5 
��C 4.5.2 �� ��\
/K�L/KHJO���% XYZ/SE :�%�G�
{x=c}
%PROC wl(%INP/x:INT;%IOP/y1:INT)==

%LOC [y2,y3:INT]

%STM [

LB=START => $Oy1=0 ∧ $Oy2=1 ∧ $Oy3=1 ∧ $OLB=l2;

*[

LB=l2 ∧ (le(y3,x)) => ($OLB=l3 | $OLB=END)

LB=l3 => $Oy1=+(y1,1) ∧ $Oy2 = +(y2,2) ∧ $OLB=l4;

LB=l4 => $Oy3=+(y2,y3) ∧ $OLB=l2;

{x = c ∧ le(∗(y1, y1), x)∧ y3 = ∗(+(y1, 1),+(y1, 1))∧ y2 = +(∗(2, y1), 1)}
]

]

{le(∗(y1, y1), c)∧ lt(c, ∗(+(y1, 1),+(y1, 1)))}5a-4��6� le, lt,+, ∗ &Æ�56�%9%B3�[g;�G�6�kSZ XYZ/VERI-II Q�S;Li1^
y3 ≤ x ∧ x = c ∧ y1 ∗ y1 ≤ x ∧ y3 = (y1 + 1) ∗ (y1 + 1) ∧ y2 = 2 ∗ y1 + 1

→
x = c ∧ (y1 + 1) ∗ (y1 + 1) ≤ x

∧(y2 + 2) + y3 = ((y1 + 1) + 1) ∗ ((y1 + 1) + 1)

∧y2 + 2 = 2 ∗ (y1 + 1) + 1

¬y3 ≤ x ∧ x = c ∧ y1 ∗ y1 ≤ x ∧ y3 = (y1 + 1) ∗ (y1 + 1) ∧ y2 = 2 ∗ y1 + 1

→
y1 ∗ y1 ≤ c ∧ c < (y1 + 1) ∗ (y1 + 1)

x = c

→ x = c ∧ 0 ∗ 0 ≤ x ∧ 1 = (0 + 1) ∗ (0 + 1) ∧ 1 = 2 ∗ 0 + 12Dv+N[$#S;1^�
(y1 + 1) ∗ (y1 + 1) ≤ c, y1 ∗ y1 ≤ c→ 2 + (1 + y1 ∗ 2) = 1 + 2 ∗ (y1 + 1)

y1 ∗ y1 ≤ c→ c < (y1 + 1) ∗ (y1 + 1), (y1 + 1) ∗ (y1 + 1) ≤ c

T → 1 = 1 + 2 ∗ 0

(y1 + 1) ∗ (y1 + 1) ≤ c, y1 ∗ y1 ≤ c

→ (2 + (1 + y1 ∗ 2)) + (y1 + 1) ∗ (y1 + 1) = (1 + (y1 + 1)) ∗ (1 + (y1 + 1))

T → 0 ∗ 0 ≤ c

T → 1 = (1 + 0) ∗ (1 + 0)
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