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§5.1 ,\
K O�=T/��W��W$>O5Æ�
{T>	��>D�� CTL �H` CTL e}G���e}�aEE`O5�"I,IWJ[y>lu���XE�j`e}�
§5.1.1 
K�(I�UW {¬,∨}g'N�D�8�/>�i��"Iu*Bj1N�D�8�/�UW {EX,EG,EU}g' CTL O���>�i��"Iu*Bj1O����aE AP t> Kripke�g 〈S,R, I, L〉 tE` CTL e} ϕ �[�s�Q>~C	+�}�1) L {= L(s) �pH`
 s E�> ϕ >�e}��vH`���XE� ϕ >�e}H ��o�SF ��H`���XE� ϕ "IVI&b/�� 1 �q ϕ = p a p �N��fKH` s � p �X
 L(s) H V%�aE�#:���� 2 �q ϕ = ¬ϕ0 �fKH` s �q ϕ0 6∈ L(s) �f� ϕ �p L(s) �� 3 �q ϕ = ϕ0 ∨ ϕ1 �fKH` s �q ϕ0 ∈ L(s) � ϕ1 ∈ L(s) �f� ϕ0 �p L(s) �� 4�q ϕ = EXϕ0 �fKH` s �q3
 t {= R(s, t) a ϕ0 ∈ L(t) �f� ϕ �p L(s) �� 5 �q ϕ = E(ϕ0Uϕ1) �f� 5a �KH` s �q ϕ1 ∈ L(s) �f� ϕ �p L(s) �� 5b �KH` s �q3
 t {= R(s, t) a ϕ ∈ L(t) �a ϕ0 ∈ L(s) �f� ϕ �p L(s) �� 5c �|Z (5b) pv L �\�{�� 6 �q ϕ = EGϕ0 �f� 6a ��� S′ = {s | ϕ0 ∈ L(s)} �� 6b ��� 〈S,R〉 >:+�� 〈S′, R′〉 >VYR`9�W�>DB�v S′′ ��KH`
s ∈ S′′ �� ϕ �p L(s) �� 6c �KH` s ∈ S′ �q3
 t {= R(s, t) a ϕ ∈ L(t) �f� ϕ �p L(s) �� 6d �|Z (6c) pv L �\�{�ky"I,Ip�b%H ��+> L e=%�>*|���XE� ϕ ��

M, s |= ϕ 9a�9 ϕ ∈ L(s) �
M |= ϕ 9a�9 ϕ ∈

⋂
s∈I L(s) �

§5.1.2 !(=T/�_8YsO5Æ���7
K���v>��t�~C���E`e}
R1��t'7��Wj`	A�E`e},I)��E�j`e}>%���>�v�E`%�E�P`��e}�#��%�>*|���pWj`e}
6�>���v�aEE` AP t> Kripke �g M = 〈S,R, I, L〉 �ELq� ex : 2S → 2S o&�
ex(A) = {s | (s, s′) ∈ ∆, s′ ∈ A}



§5 � ���� 2T [[p]] �~ M yE� p >��>�v�� [[p]] = {s |M, s |= p} �"IW 6 {b/��E`e} p 
 M y>R1��t'7�
(1) p �℄�N�� f [[p]] = {s | p ∈ L(s)}

(2) p � ¬p0 � f [[p]] = ∼ [[p0]]

(3) p � p0 ∨ p1 � f [[p]] = [[p0]] ∪ [[p1]]

(4) p � EXp0 � f [[p]] = ex([[p0]])

(5) p � EGp0 � f [[p]] = νZ.([[p0]] ∩ ex(Z))

(6) p � E(p0Up1) � f [[p]] = µZ.([[p1]] ∪ ([[p0]] ∩ ex(Z)))"IV
M, s |= ϕ 9a�9 s ∈ [[ϕ]] �
M |= ϕ 9a�9 I ⊆ [[ϕ]] �!(=T	 Φ(V )  �UN��;�v� V >��>N�D�e}>�v�q V  �;�v�f

V ′  �;�v�ELo&� v′ ∈ V ′ 9a�9 v ∈ V �
Definition 5.1 vr�u��{z AP ��u AP �pty�Æ��u
��

〈V,R,Θ, N〉�� V 
��g}{z� R 
 V ∪ V ′ �pw�� Θ 
 V �pw�� N : AP → Φ(V ) 
 APn V �w�{z Φ(V ) p���%���U�; x1, ..., xn 'E�E`%���T n \� (a1, ..., an) �~� (a1, ..., an) |= q9a�9 qa1,...,an

x1,...,xn
= 1 �%���>�v {0, 1}n �^Gj%U R(x1, ..., xn, x

′
1, ..., x

′
n) 'E�%�>*|���vU Θ(x1, ..., xn) 'E�v AP = {p1, ..., pk} �E� pi >��U N(pi) 'E�:4"IT s→s′ �~3
2 s ; s′ >^G�� (s, s′) |= R �YsO5 〈V,R,Θ, N〉 t>E�A!���� {0, 1}n t>E`#d<=

s0s1s2...[yKlK i ≥ 0, si→si+1 �aVYsO5 〈V,R,Θ, N〉 t>E1a7�[YsO5t>AE`��E� Θ >E�A!�!(=T℄ Kripke 2$aEYsO5 (V,R,Θ, N) �[O5KQW AP = {p1, ..., pk} t> Kripke �g M =

〈S,∆, I, L〉 [y S,∆, I, L ELo&�
S = {(a1, ..., an) | ai ∈ {0, 1}}

∆ = {((a1, ..., an), (a′1, ..., a
′
n)) | (a1, ..., an, a

′
1, ..., a

′
n) |= R(V, V ′)}

I = {(a1, ..., an)) | (a1, ..., an) |= Θ}

L((a1, ..., an)) = {pi ∈ AP | (a1, ..., an) |= N(pi)}



§5 � ���� 3

Kripke 2$℄!(=TaE Kripke �g M = 〈S,∆, I, L〉 �"I,I� S �s�q S V ≤ 2n `\��f,IT
n `N� x1, ..., xn 2�~� S y>A i `\�	 s(i− 1) �T (a1, ..., an)�~ x1, ..., xn gr> n\��f[ n\��~ s(a1 ·2n + · · ·+an−1 ·2+an)�E` x1, ..., xn t>e}�~E`�v��E�[e}> x1, ..., xn gr> n \�>�v���>�{j%>�vEB,ITe}�~�"I:O� n `3�;�	� x′1, ..., x

′
n �T (a1, ..., an, a

′
1, ..., a

′
n) �~ x1, ..., xn, x

′
1, ..., x

′
n gr> 2n \��f[ 2n \��~ (s(a1 · 2n +

· · · + an−1 · 2 + an), s(a′1 · 2
n + · · · + a′n−1 · 2 + a′n)) ∈ ∆ �E` x1, ..., xn, x

′
1, ..., x

′
n t>e}�~E`^G�v��E�[e}> a1, ..., an, a

′
1, ..., a

′
ngr> 2n \�>�v�KW�sq� L : S → 2AP �"IEL N : AP → 2S o&�s ∈ N(p)9a�9 p ∈ L(s)�f L t N � %�O5yL���E�R1��N�>�T�?
>�UW N(p) �E`���v� N(p) ,ITE`e}�~�aEAP = {p1, ..., pk}t>Kripke�gM = 〈S,∆, I, L〉�[O5KQWYsO5 (V,R,Θ, N)�[y V,R,Θ, N ELo&�

V = {a1, ..., an}

(a1, ..., an, a
′
1, ..., a

′
n) |= R(V, V ′) 9a�9 (s(a1, ..., an), s(a′1, ..., a

′
n)) ∈ ∆

(a1, ..., an) |= Θ 9a�9 s(a1, ..., an) ∈ I

N(pi) = Θi a Θi ELo&� (a1, ..., an) |= Θi 9a�9 pi ∈ L(s(a1, ..., an))!(=T/�E` (V,R,Θ, N)�~>%��XE�E`y<D�e}��%�
KQ> Kripke�g M�XE�E`y<D�e}�EL ∃x.ϕ = (ϕ0
x ∨ ϕ1

x) �ELq� ex : Φ(V ) → Φ(V ) o&�
ex(ϕ) = ∃x′1...x

′
n.(R(x1, ..., xn, x

′
1, ..., x

′
n) ∧ ϕ

x′

1,...,x′

n

x1,...,xn
)T [[q]] �~E� q >��>�v�"IW 6 {b/��E`e} q 
 M y>R1��t'7�

(1) q = pi �℄�N�� f [[q]] = N(pi)

(2) q � ¬q0 � f [[q]] = ¬[[q0]]

(3) q � q0 ∨ q1 � f [[q]] = [[q0]] ∨ [[q1]]

(4) q � EXq0 � f [[q]] = ex([[q0]])

(5) q � EGq0 � f [[q]] = νZ.([[q0]] ∧ ex(Z))

(6) q � E(q0Uq1) � f [[q]] = µZ.([[q1]] ∨ ([[q0]] ∧ ex(Z)))"IV
M |= ϕ 9a�9 Θ → [[ϕ]]��6�L

Definition 5.2 vr�ug}{z V ��u V �psk|j� (BDD) ��u
��
〈S,E, s0, L〉



§5 � ���� 4�� S 
qp{z� E ⊆ S × S × S 
skfp{z�~� (a, b, c) ∈ E � (a, b′, c′) ∈ E �
b = b′ � c = c′ � s0 
�pl�q� L : S → V ∪ {0, 1} 
qphyx	�~� L(s) ∈ {0, 1}�im� b, c �o (s, b, c) ∈ E �[X��6�L (OBDD)aEE` V t�;>V< x1, ..., xn �� x1 < x2 < · · · < xn �_E xi < 0 a xi < 1 �E`O!'�� 〈S,E, s0, L〉 �V<>�9a�9 (a, b, c) ∈ E f L(a) < L(b) a L(a) < L(c) �aEE` V t�;>V< x1, ..., xn �aE V t>E`e} ϕ �[e},ITE`V<O!'��

〈S,E, s0, L〉�~�[geo&�
1. S = {s0}, E = {}, L(s0) = x1, L

′(s0) = ϕ.

2. KlK s ∈ S �q L(s) = xi �f
 S y��:`3>B s′, s′′ a� E = E ∪ {(s, s′, s′′)} �q i < n � f� L(s′) = L(s′′) = xi+1, L
′(s′) = [L′(s)]0xi

, L′(s′′) = [L′(s)]1xi
�q i = n � f� L(s′) = [L′(s)]0xn

, L(s′′) = [L′(s)]1xn
�q:`e}�?
>�f�I>jBge>V<O!'����g>�[X��6�L)��'GE`e},I)'�E`�Nq��N0E`V<O!'��KQWE`�Nq��T

T (f(x1, ..., xn)) �~Y�Nq� f(x1, ..., xn) KQ>V<O!'���v T (f(x1, ..., xn)) = 〈S,E, s0, L〉 a x1 < · · · < xn � f
T (f(0, x2, ..., xn)) = 〈S,E, s′0, L〉 E�3
 z ∈ S {= (s0, s

′
0, z) ∈ E �

T (f(x1, ..., xi−1, 0, xi+1, xn)) = 〈S,E′, s0, L〉 [y
E′ = (E − {(s, s1, s2) | L(s1) = xi ∨ L(s2) = xi})∪

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′1) = L(s′2) = xi, (s

′
1, s1, z) ∈ E, (s′2, s2, y) ∈ E}

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′1) = xi, L(s′2) 6= xi, (s

′
1, s1, z) ∈ E, s′2 = s2}

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′2) = xi, L(s′1) 6= xi, (s

′
2, s2, y) ∈ E, s′1 = s1}

T (f(1, x2, ..., xn)) = 〈S,E, s′0, L〉 E�3
 z ∈ S {= (s0, z, s
′
0) ∈ E �

T (f(x1, ..., xi−1, 1, xi+1, xn)) = 〈S,E′, s0, L〉 [y
E′ = (E − {(s, s1, s2) | L(s1) = xi ∨ L(s2) = xi})∪

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′1) = L(s′2) = xi, (s

′
1, z, s1) ∈ E, (s′2, y, s2) ∈ E}

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′1) = xi, L(s′2) 6= xi, (s

′
1, z, s1) ∈ E, s′2 = s2}

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′2) = xi, L(s′1) 6= xi, (s

′
2, y, s2) ∈ E, s′1 = s1}e1[X��6�L (ROBDD)Itge> OBDD >�gt5/*9WE`kr��VwLnX�W�O!'��{�>kfo&�q u t v �D�Ba L(u) = L(v) �fv�j:`�B�q u t v ��D�B� (u, a, b), (v, a, b) ∈ E a L(u) = L(v) �fv�j:`�B�q v ��D�B� (v, a, a) ∈ E �fs, v B��s- v >� (� s0) s; a �



§5 � ���� 5�nX�WTItkf{�p;�Ub�{y=;>'��& 	�V<O!'���q:`e}�?
>�f�I>	�V<O!'����g>�T	�V<O!'���~>e}>?
8mJWE�qE`e} Sk}�f[e}> ROBDD  uVE`D�B>�a[D�B>r 1 �qE`e} S�}�f[e}> ROBDD  uVE`D�B>�a[D�B>r 0 �Æ9?X�;V<KROBDD>5/Vw5>R,�KWE1!����>�;V<
#x>ROBDD>5/>f��s�>�v ϕ =
∨n

i=1(x2i−1 ∧x2i) �aE�;>V< x1, x3, ..., x2n−1, x2, x4, ..., x2n �f ϕ> ROBDD�B� 2n+1 �aE�;>V< x1, x2, ..., x2n �f ϕ > ROBDD �B� 2(n+ 1) �UW>i	
V<� NP T>!��,T℄P}>�Q��E`�r>�;V<�9�SCv f  OBDD a[t�;>< U/�b�B�;5�D�B��f f |x=0 t f |x=1 >�Qo&� q f �D�B�f f |x=0 = fq L(f) = x a (f, s0, s1) �f f |x=0 = s0q L(f) 6= x a (f, s0, s1) �f f |x=0 = f, s0 = s0|x=0, s1 = s1|x=0q f �D�B�f f |x=1 = fq L(f) = x a (f, s0, s1) ∈ E �f f |x=1 = s1q L(f) 6= x a (f, s0, s1) �f f |x=1 = f, s0 = s0|x=1, s1 = s1|x=1"IV ∃x∃y1...yn.f = ∃y1...yn.(f |x=0 ∨ f |x=1) � OBDD t>�a�I�[Æa�ELo&�
OBDD E�aIq (s, s′, s′′) ∈ E a L(s) = x ∈ V �f� s, s′, s′′ W��~ (¬x∧s′)∨(x∧s′′), s|x=0, s|x=1 �q L(s) = 0 � L(s) = 1 �fT 0 � 1 p��~[�B�N�D�9�Y,I)'� OBDD t>a��v ◦  O\a�Y� f t g  OBDD a[t�;>< U/�b�B�;5�D�B��f f ◦ g >�Qo&�q f t g G�D�B�f f ◦ g = L(f) ◦ L(g)q L(f) = L(g) = x f f ◦ g = ((¬x ∧ (f |x=0 ◦ g|x=0) ∨ (x ∧ (f |x=1 ◦ g|x=1))q x = L(f) < L(g) f f ◦ g = ((¬x ∧ (f |x=0 ◦ g) ∨ (x ∧ (f |x=1 ◦ g))q L(f) > L(g) = y f f ◦ g = ((¬y ∧ (f ◦ g|y=0) ∨ (y ∧ (f ◦ g|y=1))$T>O\a�V ∧,∨,→,↔ �E\a� ¬ ℄ft,T → z(�� ¬p ⇔ (p → false) �[���n#��D�B> 0 t 1 >rz}�e} ϕ0 t ϕ1 �X?
,Ib% ϕ0 ↔ ϕ1 >
ROBDD �X 1 2WJ�9�SC�Z+�;T x̄ �~ x1, ..., xn �f ex(ϕ) = ∃x′1...x

′
n.(R(x̄, x̄′) ∧ ϕx̄′

x̄ ) ��� ex(ϕ) > ROBDD :C�7;/.h��YsO5Æ�y��;w5>���"IQT?
�}��,U�3
;/�TW�/>�e}�^Gj% R(x̄, x̄′) ,U�E�e}>$g�vg�I&W�Kj:{
/�7W$�



§5 � ���� 6OB%Pv R(x̄, x̄′) = R1(x̄, x̄′) ∨ · · · ∨Rm(x̄, x̄′) �"IQT?} ∃x.(p(x) ∨ q(x)) = ∃x.p(x) ∨ ∃x.q(x)) 2�{ ROBDD >���"IV
∃x′1...x

′
n.(R(x̄, x̄′) ∧ ϕ

x′

1,...,x′

n

x1,...,xn
) = ∃x′1...x

′
n.(R1(x̄, x̄′) ∧ ϕ

x̄′

x̄ ) ∨ · · · ∨ ∃x′1...x
′
n.(Rn(x̄, x̄′) ∧ ϕx̄′

x̄ )*B%Pv R(x̄, x̄′) = R1(x̄, x̄′) ∧ · · · ∧Rm(x̄, x̄′) �q x �
 p(x) y+(�"IV ∃x.(p(x) ∧ q(x)) = p(x)∧∃x.q(x)) �"IQT[?}2�{
ROBDD >��� U�\��v R0(x̄, x̄′) = ϕ

x′

1,...,x′

n

x1,...,xn
�f

∃x′1...x
′
n.(R(x̄, x̄′) ∧ ϕ

x′

1,...,x′

n

x1,...,xn
) = ∃x′1...x

′
n.(R0(x̄, x̄′) ∧ · · · ∧Rm(x̄, x̄′)"I� x′1, ..., x

′
n W' k `�*��� d1, ..., dk �� R0, ...., Rm W' k `�*�V.��

D1, ..., Dk �onKW
V 1 ≤ i < j ≤ k � dj y>�;�
 Di y+(�f
∃x′1...x

′
n.(R0(x̄, x̄′) ∧ · · · ∧Rm(x̄, x̄′) = ∃d1.(D1 ∧ ∃d2.(D2 ∧ · · · ∧ ∃dk.(Dk) · · ·))[y di �~ di y�;>=$� Di �~ Di ye}>vg�KWaE>e}�v {R0, ..., Rm}t�;�v {x′1, ..., x

′
n} �"I,IF%��>��2�� d1, ..., dk t D1, ..., Dk �℄ft"IQ[V d1 `/`rM D1 `5`r�

§5.2 ,\:4 O�=T/�E`%�,I)��[,Ua7>A!>�v�E`%�E�P`A!e}�#��%�>
Va7GE�j`e}�APt> PLTLe},I
E`�Q� 2AP >�Y.t���v ϕ � PLTL e}�v ζ = ζ0ζ1 · · · ∈ (2AP )ω �f PLTL e}>ZLo&�
ζ |= p q p = ⊤, � p ∈ AP a p ∈ ζ0

ζ |= ¬ϕ q ζ 6|= ϕ

ζ |= ϕ ∨ ψ q ζ |= ϕ � ζ |= ψ

ζ |= ϕ ∧ ψ q ζ |= ϕ a ζ |= ψ

ζ |= ϕ→ ψ q ζ |= ϕ f ζ |= ψ

ζ |= ϕ↔ ψ q ζ |= ϕ→ ψ a ζ |= ψ → ϕ

ζ |= Oϕ q ζ1 |= ϕ

ζ |= 2ψ q ∀i ≥ 0, ζi |= ψ

ζ |= 3ϕ q ∃i ≥ 0, ζi |= ϕ

ζ |= ϕUψ q ∃i ≥ 0, ζi |= ψ a ∀0 ≤ j < i, ζj |= ϕ

ζ |= ϕRψ q ∀i ≥ 0, ζi |= ψ � ∃i ≥ 0, ζi |= ϕ a ∀0 ≤ j ≤ i, ζj |= ψaE%� M = 〈S,R, I, L〉 �v a = a1a2 · · ·  E`A!�EL L(a) = L(a1)L(a2) · · · �f
M,π |= ϕ 9a�9 L(π) |= ϕ �EL [[ϕ]] = {ζ | ζ |= ϕ} �EL [[M ]]  M >a7�v�v A  A!�v�EL L(A) =

⋃
a∈A L(a) �f

M |= ϕ 9a�9 L([[M ]]) ⊆ [[ϕ]]



§5 � ���� 7

§5.2.1 PLTL #F℄ B
..
uchi d�-KlK PLTL e} ϕ �3
E` B

..
uchi �F� A = 〈2AP , S,∆, I, F 〉 {= L(A) = [[ϕ]] �UWH` PLTL e}?
WE` NNF T}a 2 t 3 ,T R t U �~�"Iu*B�p 2 t

3 > NNF T}�UW B
..
uchi �F�,�o1g B

..
uchi �F�>�}=;�"I�uE`geZ�?
W [[ϕ]] >1g B

..
uchi �F� Bϕ = 〈2AP , S,∆, I, F 〉 >UQ�

1. �'ge�� x = ({ϕ}, {}, {}) �	 a(x) = {ǫ} ��[�p��� S �
2. KlK x = (b, c, d) ∈ S �q b = ∅ �ge�� y = (d, {}, {}) �q y ∈ S �f9\ a(y) = a(y) ∪ {x} �q y 6∈ S �	

a(y) = {x} ��� y �p��� S �q b = b0 ∪ {ϕ} �"IWI&�{b/�q ϕ = ϕ0Uϕ1 �ge�� (b0 ∪ {ϕ0}, c ∪ {ϕ}, d ∪ {ϕ}) t (b0 ∪ {ϕ1}, c ∪ {ϕ}, d) �q ϕ = ϕ0Rϕ1 �ge�� (b0 ∪ {ϕ1}, c ∪ {ϕ}, d ∪ {ϕ}) t (b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d) �q ϕ = ϕ0 ∨ ϕ1 �ge�� (b0 ∪ {ϕ0}, c ∪ {ϕ}, d) t (b0 ∪ {ϕ1}, c ∪ {ϕ}, d) �q ϕ = ϕ0 ∧ ϕ1 �ge�� (b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d) �q ϕ = Oϕ0 �ge�� (b0, c ∪ {ϕ}, d ∪ {ϕ0}) �q ϕ = p � ϕ = ¬p �a p ∈ AP �ge�� (b0, c ∪ {ϕ}, d) �T3ge>���6℄�� x ��'KH`3ge>�� y �q y ∈ S �f9\ a(y) =

a(y) ∪ a(x) �q y 6∈ S �	 a(y) = a(x) ��� y �p��� S �ky�
V a(z) y+( x >�UT3ge>���6�	y
 S ysh℄�� x �KH`3ge>�� y = (b, c, d) ∈ S �q c yN�>�v��,E�>�f2 S ys,
y �q c ∩ b 6= ∅ �f2 b ys,ef�W c ∩ b �S~AO�pvGV3ge>���

3. KlK x = (b, c, d) ∈ S �q y ∈ a(x) a y = (b′, c′, d′) ∈ S �ge^G (y, σ, x) ���[�p^G�v ∆ �[y σ ∈ 2AP E� ∀p ∈ AP.({p,¬p} 6⊆ σ ∪ c′) ∧ (p ∈ c′ → p ∈ σ) �
4. KlK x = (b, c, d) ∈ S �q ǫ ∈ a(x) �f� x �p*|���v I �
5. KH`e} ϕ �q ϕ = ϕ0Uϕ1 �ge fϕ = {(b, c, d) ∈ S | ϕ ∈ c→ ϕ1 ∈ c} ���[�p������v F �

§5.2.2 Kripke 2$℄ B
..
uchi d�-aE AP t> Kripke �g M = 〈S,∆, I, L〉 �EL

Σ = 2AP

(s, a, s′) ∈ ∆′ 9a�9 (s, s′) ∈ ∆ a a = L(s)

F = S� AM = (Σ, S,∆′, I, F ) �f L(AM ) = L([[M ]]) �& AM  AP t> Kripke �g M = 〈S,∆, I, L〉 
KQ>�F��
§5.2.3 =T/�_8UIt
�� Kripke �gt PLTL e}G,I�}'KQ>�F��O5Æ�!�,�{ :`�F�>Z�>�pj%�E`�F�>Z��X .>!��T Aϕ �~e} ϕ KQ> B

..
uchi �F�� E`aE>%� M E�E` AP t>y<D�e} ϕ ���

M |= ϕ� L([[M ]] ⊆ [[ϕ]]



§5 � ���� 8� L([[M ]] ∩ ((2AP )ω \ [[ϕ]]) = ∅� L([[M ]] ∩ [[¬ϕ]] = ∅� L(AM ) ∩ L(A¬ϕ) = ∅� AM ∩A¬ϕ >Z� .�O5Æ�!��{ �F�V.!���K=T/�_8UW��0C>!��AnE`%���'ge%�> Kripke �g��� AM ∩A¬ϕ �X .>�Q,I
 A¬ϕ H 3
>b/&��ge AM ��� AM ∩A¬ϕ �E�V6>N��
b%%�O5>^ L�ge3>%���y�,IWJj13>���XY A¬ϕ Vf��W�'E�X:CKj1���E�1g�?�#�"IuCWE AM ∩A¬ϕ �X .�N0i;E�E� AM ∩A¬ϕ >a7#,�+��
EE?;�' AM >ge�J��.℄�X&`:�#dA! π t π′ ���?
>9_�93
:�l�t>#d<= 0 = i0 < i1 <

i2 < · · · t 0 = j0 < j1 < j2 < · · · {=KlK k ≥ 0 �
L(πik

) = L(πik+1) = · · · = L(πik+1−1) = L(π′
jk

) = L(π′
jk+1) = · · · = L(π′

jk+1−1)E`e} ϕ �����>9_�9KlK��?
> π t π′ �
π |= ϕ⇔ π′ |= ϕ�+( O ��> PLTL e}>�v	 PLTL−X �[�v>e}G�����>�vCAn>8x ϕ ∈ PLTL−X a ϕ y>N��;>�v AP ′ ��v%�>a7�v�p π = s0...sisi+1si+2... t π′ = s0...sis
′
i+1si+2... �on L(si) ∩ AP ′ = L(si+1) ∩ AP ′ a L(s′i+1) ∩ AP

′ = L(si+2) ∩ AP ′, f π |= ϕ 9a�9
π′ |= ϕ �N0KWAn%��XE� ϕ �"I,I�*B π′ �X<l_>~C	+#�b%E1WJ���
F�O5Æ�>{TyÆJ3
W s′i+1 jB>��>x'I�K π′ >Æ"�
§5.3 R3=T/�)�O5Æ�>~C	A�K�YÆ�>A!
)w�on
�YÆ�>A!%H�IyUo<E`e}�XE��f[UQV�r>0C�jE�
V>e}G
;� NNF T}�q+(>e}�� NNF T}�f�[)'�Y[?
>e}> NNF T}�
§5.3.1 CTL #F�R3=T/�aE AP t> Kripke�gM = 〈S,R, I, L〉�M > k�O5��& kO5Mk = 〈S, Pk, I, L〉[y Pk  M y%H k + 1 >A!>�v�v π ∈ Pk �jB>A!& k A!�EL

lp(π) =

|π|−2∨

i=0

|π|−1∨

j=i+1

πi = πj

CTL #F�R3^Y
NNF T}> CTL e} ϕ >)�ZL Mk, s |= ϕ o&�
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Mk, s |= p q p = ⊤, � p ∈ AP a p ∈ L(s)

Mk, s |= ¬p q Mk, s 6|= p

Mk, s |= ϕ ∨ ψ q Mk, s |= ϕ � Mk, s |= ψ

Mk, s |= ϕ ∧ ψ q Mk, s |= ϕ a Mk, s |= ψ

Mk, s |= Aϕ qKW
V Pk yI s  \B>A! π � Mk, π |= ϕ

Mk, s |= Eϕ q3
 Pk yI s  \B>A! π � Mk, π |= ϕ

Mk, π |= Xϕ q k ≥ 1 a Mk, π1 |= ϕ

Mk, π |= Gψ q lp(π) a ∀i ≤ k,Mk, πi |= ψ

Mk, π |= Fϕ q ∃i ≤ k,Mk, πi |= ϕ

Mk, π |= ϕUψ q ∃i ≤ k,Mk, πi |= ψ a ∀j < i,Mk, πj |= ϕ

Mk, π |= ϕRψ q ∀i ≤ k, q ∀j < i,Mk, πj 6|= ϕ f Mk, πi |= ψ, aq ∀i ≤ k,Mk, πi 6|= ϕ f lp(π)R3^Y�bDW)M
W"IV
M, s |= ϕ 9a�93
 k ≥ 0 {= Mk, s |= ϕ �EL Mk |= ϕ 9a�9 K
V s ∈ I � Mk, s |= ϕ �"IV
M |= ϕ 9a�93
 k ≥ 0 {= Mk |= ϕ �R3=T/�I�aEO5 M te} ϕ �)�O5Æ��Qo&�
(1) k = 0

(2) q Mk |= ϕ '7�f M |= ϕ ��Q��
(3) q Mk |= ¬ϕ '7�f M 6|= ϕ ��Q��
(4) k = k + 1 �~; (2)�K�j5> ¬ϕ 6�Y[?
> CTL e}> NNF T}�_K>8x	n<�QEEUhztt�=mj4��

§5.3.2 PLTL #F�R3=T/�KW PLTL �"I>j��X3
E`a7E�aE>e}�KW k A!�"I:C*Bj�A!>zB�XV,U~;H  o>B6'E`|�jB>|PpE�#dA!�,I9'#dA!K7�EL
s(i, k, n) = [if (i < k) then (i+ 1) else (n)]

PLTL #F�R3^YEL Mk, π |=i
n ϕ o&�
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Mk, π |=i
n p q p = ⊤, � p ∈ AP a p ∈ L(πi)

Mk, π |=i
n ¬p q Mk, π 6|=i

n p

Mk, π |=i
n ϕ ∧ ψ q Mk, π |=i

n ϕ a Mk, π |=i
n ψ

Mk, π |=i
n ϕ ∨ ψ q Mk, π |=i

n ϕ � Mk, π |=i
n ψ

Mk, π |=i
n Xϕ q Mk, π |=

s(i,k,n)
n ϕ

Mk, π |=i
n Gϕ q ∀j ∈ {min(i, n), ..., k},Mk, π |=j

n ϕ

Mk, π |=i
n ϕUψ q ∃j ∈ {min(i, n), ..., k},Mk, π |=j

n ψ a
i ≤ j ∧ ∀m ∈ {i, ..., j − 1},Mk, π |=m

n ϕ � i > j ∧ ∀m ∈ {n, ..., j − 1, i, ..., k},Mk, π |=m
n ϕEL Mk, π |=−1

n ϕ  S��EL R(πk, π−1)  Sk�NNF T}> LTL e} ϕ >)�ZL
Mk, π |= ϕ o&�

Mk, π |= ϕ 9a�93
 n ∈ {−1, 0, ..., k},R(πk, πn) a Mk, π |=0
n ϕ �R3^Y�bDW)M
W"IV

∃π ∈M,π0 ∈ I.(M,π |= ϕ) 9a�93
 k,∃π ∈Mk, π0 ∈ I.(Mk, π |= ϕ) �EL Mk |= ϕ 9a�9�3
|W I >A! π ∈ Pk E� Mk, π |= ¬ϕ �"IV
M |= ϕ 9a�9 ∀k ≥ 0, Mk |= ϕ �

PLTL #F�R3=T/�"IV Mk 6|= ϕ fK
V i ≥ 0, Mk+i 6|= ϕ �EL (M,ϕ) >���r ct(M,ϕ)  	/>E�It��> k �Klu M t ϕ ����r ct(M,ϕ) 3
��M"IV
M |= ϕ 9a�9K k = ct(M,ϕ), Mk |= ϕ �aEO5 M � ϕ t m ≥ ct(M,ϕ) �)�O5Æ��Qo&�

(1) k = 0

(2) q Mk 6|= ϕ �f M 6|= ϕ ��Q��
(3) q k = m �f M |= ϕ ��Q��
(4) k = k + 1 �~; (2)�� Mk 6|= ϕ �b%)�ZL���X3
*|��+P> k A! π {= Mk, π |= ¬ϕ ��E"I�oi�Uhmj��= m ≥ ct(M,ϕ) �_K>8x	n<�QEEUhztt�=mj4��
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§5.4 #AW�h_K�;>%�O5I Kripke�g �-���U�(eY8_��E�M��eY8,IT���v�T���v>O\��~�M���v,Te}�~�KV1��>eY8,IT��>wM�~��v%�Uq℄�(�'��(Uq℄^G�'�"I,IwM�(reY8� qP�(��,q7>�f[�(
;q7E1�^GreY8� qP^G��,q7>�f[^G
;q7E1��(`eY8� qP�(�V,q7>yx�f[�(
;q7E1�^G`eY8� qP^G�V,q7>yx�f[^G
;q7E1�KWaE>e}�v�e}O\��v�E�eY8>��o&�aE>e}�v {ϕ1, ..., ϕn} �eY8�KH` i �E`a7
;#)1E� ϕi �aE>e}O\��v {(ϕ1, ψ1), ..., (ϕn, ψn)} �
(1) reY8���KH` i �onE`a72P��\��E� ϕi �f[a7
[��y
;V��E� ψi �
(2) `eY8���KH` i �onE`a7#)1E� ϕi �f[a7
;#)1E� ψi �UWj1eY8
%�O5y&VEE>Z�8�wL%�O5L�UQYO5Æ�
&�dL�E{�L{It
�eY8>�8UQ��z(*jO5Æ��Q�

§5.5 =T/�"5�WYsO5Æ�>
&V SMV t NuSMV ?� SMV 	dU CMU 5=(P�~CQT>[�0C�CAAn?UK��WA!W$>O5Æ�
&V SPIN ?� SPIN U
NzA�(P�~CQT>[�0�42MAn?UK�
§5.6 H<�h�uO5Æ�UQt
&�YsO5Æ�tO5Æ�
& SMV ,�* [McM93] ��W�F�℄4>5Æ�tO5Æ�
& SPIN ,�* [Hol90, Hol03] ��7NQ
[McM93] K. L. McMillan. Symbolic Model Checking. Kluwer Publisher, 1993.

[Hol90] G. J. Holzmann. Design and Validation of Computer Protocols. New Jersey: Prentice Hall, 1990.

[Hol03] G. J. Holzmann. The SPIN Model Checker. Boston: Addison-Wesley, 2003.


