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§5.1 .ahN"S��Y1��Y��W&>P7Æ�Æ|V>���>E��
CTL �I` CTL e~G���e~�aEG`P7�$J,KXJ\{>mu���XF	l`e~�
§5.1.1 hN�*L�WY {¬,∨}g'O�E�8�/>!j��$Jw*Bl3O�E�8�/�WY {EX,EG,EU} g' CTLP�
�>!j��$Jw*Bl3P�
��aE AP u> Kripke �g 〈S,R, I, L〉 tG` CTLe~ ϕ �[�s
Q>�E
-���1) L |= L(s)�pI`e s F	> ϕ >�e~��wI`���XF	 ϕ >�e~J �
o�TG"�
I`���XF	 ϕ $JXK(
/�� 1 �r ϕ = p b p �O��hKI` s � p �Xe
L(s) J X'�aE�%<�
�� 2 �r ϕ = ¬ϕ0 �hKI` s �r ϕ0 6∈ L(s) �h� ϕ �q L(s) �� 3 �r ϕ = ϕ0 ∨ϕ1 �hKI` s �r ϕ0 ∈ L(s) �
ϕ1 ∈ L(s) �h� ϕ0 �q L(s) �� 4 �r ϕ = EXϕ0 �hKI` s �r3e t |=
R(s, t) b ϕ0 ∈ L(t) �h� ϕ �q L(s) �� 5 �r ϕ = E(ϕ0Uϕ1) �h� 5a�KI` s �r ϕ1 ∈ L(s) �h� ϕ �q L(s) �� 5b�KI` s�r3e t|= R(s, t)b ϕ ∈ L(t)�b ϕ0 ∈ L(s) �h� ϕ �q L(s) �� 5c �~Z (5b) rx L �℄�{�� 6 �r ϕ = EGϕ0 �h� 6a ��
 S′ = {s | ϕ0 ∈ L(s)} �� 6b ��
 〈S,R〉 >:+�� 〈S′, R′〉 >VZRa9�W�>DB�v S′′ ��KI` s ∈ S′′ �� ϕ �q
L(s) �� 6c �KI` s ∈ S′ �r3e t |= R(s, t) b
ϕ ∈ L(t) �h� ϕ �q L(s) �� 6d �~Z (6c) rx L �℄�{�ly$J,Kr�b%J �
+> L f='�>*}���XF	 ϕ ��

M, s |= ϕ 9b�9 ϕ ∈ L(s) �
M |= ϕ 9b�9 ϕ ∈

⋂
s∈I L(s) �



#&!� �
§5.1.2 #*�Y1�d:YsP7Æ���7eK���v>�
u��E��
G`e~eS3��u'7��Yl`
A�G`e~,K)
�F	l`e~>'���>�v�G`'�F	Q`��e~�#�	'�>*}���pYl`e~Æ6�>���v�aEG` AP u> Kripke �g M = 〈S,R, I, L〉 �ENq� ex : 2S → 2S p(�

ex(A) = {s | (s, s′) ∈ ∆, s′ ∈ A}V [[p]] �� M {F	 p >��>�v�� [[p]] =

{s |M, s |= p} �$JW 6 }
/�
G`e~ p e M {>S3��u'7�
(1) p �_�O�� h [[p]] = {s | p ∈ L(s)}

(2) p � ¬p0 � h [[p]] = ∼ [[p0]]

(3) p � p0 ∨ p1 � h [[p]] = [[p0]] ∪ [[p1]]

(4) p � EXp0 � h [[p]] = ex([[p0]])

(5) p � EGp0 � h [[p]] = νZ.([[p0]] ∩ ex(Z))

(6) p � E(p0Up1) � h [[p]] = µZ.([[p1]] ∪ ([[p0]] ∩ ex(Z)))$JX
M, s |= ϕ 9b�9 s ∈ [[ϕ]] �
M |= ϕ 9b�9 I ⊆ [[ϕ]] �#*�Y;i � YsP7	 Φ(V ) "�WO��;�v� V >��>O�E�e~>�v�r V "�;�v�h V ′ "�;�v�ENp(� v′ ∈ V ′ 9b�9 v ∈ V �

Definition 5.1 |x�{���� AP ��{ AP 	vz���Æ�{���
〈V,R,Θ, N〉�� V ���m���� R � V ∪ V ′ 	v}
� Θ �

V 	v}
� N : AP → Φ(V ) � AP t V 	}
��
Φ(V ) v�
�'���W�; x1, ..., xn 'E�G`'���V n^
 (a1, ..., an) ��� (a1, ..., an) |= q 9b�9 qa1,...,an

x1,...,xn
=

1 �'���>�v" {0, 1}n �_Ij'W R(x1, ..., xn, x
′
1, ..., x

′
n)'E�'�>*}���vW Θ(x1, ..., xn)'E�w AP =

{p1, ..., pk} �F	 pi >��W N(pi) 'E�=6$JV s→s′ ��3e2 s ; s′ >_I�� (s, s′) |=

R �YsP7 〈V,R,Θ, N〉 u>G�A!���� {0, 1}nu>G`%e>=
s0s1s2...\{KmM i ≥ 0, si→si+1 �



#&!� �f[YsP7 〈V,R,Θ, N〉 u>G1
9�[YsP7u>AG`��F	 Θ >G�A!�#*�Yb Kripke 4&aEYsP7 (V,R,Θ, N) �[P7KSY AP =

{p1, ..., pk}u>Kripke�gM = 〈S,∆, I, L〉\{ S,∆, I, LENp(�
S = {(a1, ..., an) | ai ∈ {0, 1}}

∆ = {((a1, ..., an), (a′1, ..., a
′
n)) | (a1, ..., an, a

′
1, ..., a

′
n) |= R(V, V ′)}

I = {(a1, ..., an)) | (a1, ..., an) |= Θ}

L((a1, ..., an)) = {pi ∈ AP | (a1, ..., an) |= N(pi)}

Kripke 4&b#*�YaE Kripke�gM = 〈S,∆, I, L〉�$J,K� S �s�r S X ≤ 2n `^��h,KV n `O� x1, ..., xn 2��� S {>A i `^�	" s(i− 1) �V (a1, ..., an) �� x1, ..., xn ht> n ^
�h[ n^
�� s(a1 · 2n + · · · + an−1 · 2 + an) �G` x1, ..., xn u>e~��G`�v��F	[e~> x1, ..., xn ht> n ^
>�v���>�{j'>�vGD,KVe~���$J<Q� n`5�;�	
 x′1, ..., x
′
n �V (a1, ..., an, a

′
1, ..., a

′
n)�� x1, ..., xn, x

′
1, ..., x

′
nht> 2n^
�h[ 2n^
��

(s(a1 ·2
n+· · ·+an−1 ·2+an), s(a′1 ·2

n+· · ·+a′n−1 ·2+a′n)) ∈

∆ �G` x1, ..., xn, x
′
1, ..., x

′
nu>e~��G`_I�v��F	[e~> a1, ..., an, a
′
1, ..., a

′
n ht> 2n ^
>�v�KY�sq� L : S → 2AP �$JEN N : AP → 2Sp(� s ∈ N(p) 9b�9 p ∈ L(s) � h L t N 
"'�P7{M���F	S3��O�>
V�?
>�WY N(p) �G`���v� N(p) ,KVG`e~���aEAP = {p1, ..., pk}u>Kripke�gM = 〈S,∆, I, L〉�[P7KSYYsP7 (V,R,Θ, N) �\{ V,R,Θ, N ENp(�

V = {a1, ..., an}

(a1, ..., an, a
′
1, ..., a

′
n) |= R(V, V ′) 9b�9 (s(a1, ..., an), s(a′1, ..., a

′
n)) ∈ ∆

(a1, ..., an) |= Θ 9b�9 s(a1, ..., an) ∈ I

N(pi) = Θi b Θi ENp(� (a1, ..., an) |= Θi 9b�9 pi ∈ L(s(a1, ..., an))#*�Y1�G` (V,R,Θ, N) ��>'��XF	G`z>E�e~��'�ÆKS> Kripke�g M �XF	G`z>E�e~�EN ∃x.ϕ = (ϕ0
x ∨ϕ

1
x) �ENq� ex : Φ(V ) → Φ(V )p(�



#&!� �
ex(ϕ) = ∃x′1...x

′
n.(R(x1, ..., xn, x

′
1, ..., x

′
n) ∧ ϕ

x′

1,...,x′

n

x1,...,xn
)V [[q]] ��F	 q >��>�v�$JW 6 }
/�
G`e~ q e M {>S3��u'7�

(1) q = pi �_�O�� h [[q]] = N(pi)

(2) q � ¬q0 � h [[q]] = ¬[[q0]]

(3) q � q0 ∨ q1 � h [[q]] = [[q0]] ∨ [[q1]]

(4) q � EXq0 � h [[q]] = ex([[q0]])

(5) q � EGq0 � h [[q]] = νZ.([[q0]] ∧ ex(Z))

(6) q � E(q0Uq1) � h [[q]] = µZ.([[q1]] ∨ ([[q0]] ∧ ex(Z)))$JX
M |= ϕ 9b�9 Θ → [[ϕ]]��8�P;i � O!'��

Definition 5.2 |x�{m��� V ��{ V 	vyq�p� (BDD) Æ�{���
〈S,E, s0, L〉�� S �wv��� E ⊆ S × S × S �yqlv����� (a, b, c) ∈ E � (a, b′, c′) ∈ E � b = b′ � c = c′ � s0��vr�w� L : S → V ∪ {0, 1} �wvn�~���� L(s) ∈ {0, 1} �os� b, c �u (s, b, c) ∈ E �`℄��8�P (OBDD)aEG` V u�;>W> x1, ..., xn �� x1 < x2 <

· · · < xn �aE xi < 0 b xi < 1 �G`O!'��
〈S,E, s0, L〉 �X>>�9b�9 (a, b, c) ∈ E h L(a) <

L(b) b L(a) < L(c) �aEG` V u�;>W> x1, ..., xn �aE V u>G`e~ ϕ �[e~,KVG`X>O!'��
〈S,E, s0, L〉���\ggp(�

1. S = {s0}, E = {}, L(s0) = x1, L
′(s0) = ϕ.

2. KmM s ∈ S �r L(s) = xi �he S {��:`5>B s′, s′′ b� E = E ∪ {(s, s′, s′′)} �r i < n � h� L(s′) = L(s′′) = xi+1, L
′(s′) = [L′(s)]0xi

, L′(s′′) = [L′(s)]1xi
�r i = n � h� L(s′) = [L′(s)]0xn

, L(s′′) = [L′(s)]1xn
�r:`e~�?
>�h�J>lDgg>X>O!'����g>�



#&!� �`℄��8�P+��)JG`e~,K)'�G`�Nq��P0G`X>O!'��KSYG`�Nq��V
T (f(x1, ..., xn)) ��[�Nq� f(x1, ..., xn) KS>X>O!'���w T (f(x1, ..., xn)) = 〈S,E, s0, L〉 b x1 < · · · < xn �h

T (f(0, x2, ..., xn)) = 〈S,E, s′0, L〉 F	3e z ∈ S |= (s0, s
′
0, z) ∈ E �

T (f(x1, ..., xi−1, 0, xi+1, xn)) = 〈S,E′, s0, L〉 \{
E′ = (E − {(s, s1, s2) | L(s1) = xi ∨ L(s2) = xi})∪

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′1) = L(s′2) = xi, (s

′
1, s1, z) ∈ E, (s′2, s2, y) ∈ E}

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′1) = xi, L(s′2) 6= xi, (s

′
1, s1, z) ∈ E, s′2 = s2}

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′2) = xi, L(s′1) 6= xi, (s

′
2, s2, y) ∈ E, s′1 = s1}

T (f(1, x2, ..., xn)) = 〈S,E, s′0, L〉 F	3e z ∈ S |= (s0, z, s
′
0) ∈ E �

T (f(x1, ..., xi−1, 1, xi+1, xn)) = 〈S,E′, s0, L〉 \{
E′ = (E − {(s, s1, s2) | L(s1) = xi ∨ L(s2) = xi})∪

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′1) = L(s′2) = xi, (s

′
1, z, s1) ∈ E, (s′2, y, s2) ∈ E}

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′1) = xi, L(s′2) 6= xi, (s

′
1, z, s1) ∈ E, s′2 = s2}

{(s, s1, s2) | (s, s′1, s
′
2) ∈ E,L(s′2) = xi, L(s′1) 6= xi, (s

′
2, y, s2) ∈ E, s′1 = s1}k3`℄��8�P (ROBDD)Kugg>OBDD>�gt51,9YG`mt��XwLoZ�W�O!'��{�>khp(�r u t v �F�Bb L(u) = L(v) �hv�l:`�B�r u t v ��F�B� (u, a, b), (v, a, b) ∈ E b L(u) = L(v) �hv�l:`�B�r v ��F�B� (v, a, a) ∈ E �ht, v B��u/ v >� (� s0) u; a ��oZ�WVKukh{�r;�Vd�{z=;>'��&"��X>O!'���r:`e~�?
>�h�J>��X>O!'����g>�V��X>O!'����>e~>?
:nLXE�rG`e~"Um~�h[e~> ROBDD "wXG`F�B>�b[F�B>t" 1 �rG`e~"U�~�h[e~>

ROBDD "wXG`F�B>�b[F�B>t" 0 ��<B℄�;W>K ROBDD >51Xw5>T.�KYG3#����>�;W>Æ#y> ROBDD >51>g��u�>�w ϕ =
∨n

i=1(x2i−1∧x2i)�aE�;>W> x1 , x3, ..., x2n−1, x2, x4, ..., x2n�h ϕ>ROBDD�B�" 2n+1�aE�;>W> x1 , x2, ..., x2n�h ϕ > ROBDD �B�" 2(n+ 1) �WY�k�
W>� NPU>#��,V^P~>
Q�
G`�r>�;W>�TO � �e~
(a1 ↔ b1) ∧ (a2 ↔ b2){'�� OBDD���D���;>K�� OBDD51>T.�



#&!� �<�XFw f " OBDD b\u�;>>"W1�b�B�;5�F�B��h f |x=0 t f |x=1 >
Qp(�r f �F�B�h f |x=0 = fr L(f) = x b (f, s0, s1) �h f |x=0 = s0r L(f) 6= x b (f, s0, s1) �h f |x=0 = f, s0 = s0|x=0, s1 = s1|x=0r f �F�B�h f |x=1 = fr L(f) = x b (f, s0, s1) ∈ E �h f |x=1 = s1r L(f) 6= x b (f, s0, s1) �h f |x=1 = f, s0 = s0|x=1, s1 = s1|x=1$JX ∃x∃y1 ...yn.f = ∃y1...yn.(f |x=0∨f |x=1)�OBDDu>�

K�\�

ENp(�
OBDD H�fLr (s, s′, s′′) ∈ E b L(s) = x ∈ V �h� s, s′, s′′ W���" (¬x∧ s′)∨ (x∧ s′′), s|x=0, s|x=1 �r L(s) = 0 �
L(s) = 1 �hV 0 � 1 r���[�B�O�E�9�Y,K)'� OBDD u>

�w ◦"O^

Y� f t g " OBDD b\u�;>>"W1�b�B�;5�F�B��h f ◦ g >
Qp(�r f t g G�F�B�h f ◦ g = L(f) ◦ L(g)r L(f) = L(g) = x h f ◦ g = ((¬x ∧ (f |x=0 ◦ g|x=0) ∨ (x ∧ (f |x=1 ◦ g|x=1))r x = L(f) < L(g) h f ◦ g = ((¬x ∧ (f |x=0 ◦ g) ∨ (x ∧ (f |x=1 ◦ g))r L(f) > L(g) = y h f ◦ g = ((¬y ∧ (f ◦ g|y=0) ∨ (y ∧ (f ◦ g|y=1))$V>O^

X ∧,∨,→,↔ �G^

 ¬ _hu,V → {*�� ¬p ⇔ (p → false) �\�
�n#��F�B> 0 t 1 >tz}�e~ ϕ0 t ϕ1 �X?
,Kb% ϕ0 ↔ ϕ1 > ROBDD �X" 1 2XJ�<�XF�_-�>V x̄ �� x1, ..., xn �h ex(ϕ) = ∃x′1...x

′
n.(R(x̄, x̄′) ∧

ϕx̄′

x̄ ) ��
 ex(ϕ) > ROBDD<E�9;/0i��YsP7Æ�{�
;w5>�
�$JSV?
�}��,V�3e;/
VY�1>�e~� _Ij' R(x̄, x̄′) ,V�G
e~>&h�vh�K(W�Kl:}d/�9W&�SE'Uw R(x̄, x̄′) = R1(x̄, x̄′) ∨ · · · ∨Rm(x̄, x̄′) �$JSV?~ ∃x.(p(x) ∨ q(x)) = ∃x.p(x) ∨ ∃x.q(x))2�{ ROBDD >�
�$JX
∃x′1...x

′
n.(R(x̄, x̄′)∧ϕ

x′

1,...,x′

n

x1,...,xn
) = ∃x′1...x

′
n.(R1(x̄, x̄′)∧ϕ

x̄′

x̄ )∨· · ·∨∃x′1...x
′
n.(Rn(x̄, x̄′)∧ϕx̄′

x̄ )



#&!� �,E'Uw R(x̄, x̄′) = R1(x̄, x̄′) ∧ · · · ∧Rm(x̄, x̄′) �r x �e p(x) {+*�$JX ∃x.(p(x) ∧ q(x)) =

p(x) ∧ ∃x.q(x)) �$JSV[?~2�{ ROBDD >�
�"U�℄��w R0(x̄, x̄′) = ϕ
x′

1,...,x′

n

x1,...,xn
�h

∃x′1...x
′
n.(R(x̄, x̄′)∧ϕ

x′

1,...,x′

n

x1,...,xn
) = ∃x′1...x

′
n.(R0(x̄, x̄′)∧· · ·∧Rm(x̄, x̄′)$J� x′1, ..., x

′
n W' k `�,��� d1, ..., dk ��

R0, ...., Rm W' k `�,�V.�� D1, ..., Dk �pnKYÆX 1 ≤ i < j ≤ k � dj {>�;�e Di {+*�h
∃x′1...x

′
n.(R0(x̄, x̄′) ∧ · · · ∧Rm(x̄, x̄′) = ∃d1.(D1 ∧ ∃d2.(D2 ∧ · · · ∧ ∃dk.(Dk) · · ·))\{ di �� di {�;>=$� Di �� Di {e~>vh�KYaE>e~�v {R0 , ..., Rm}t�;�v {x′1, ..., x

′
n}�$J,KH%��>��2�
 d1, ..., dk t D1, ..., Dk �_hu$JS[X d1 b1brM D1 b5br�

§5.2 .a=6"S��Y1�G`'�,K)
�\,V
9>A!>�v�G`'�F	Q`A!e~�#�	'�>ÆX
9GF	l`e~� AP u> PLTL e~,KeG`�R�" 2AP>�Y.u���w ϕ � PLTL e~�w ζ = ζ0ζ1 · · · ∈ (2AP )ω �h
PLTL e~>\Np(�
ζ |= p r p = ⊤, � p ∈ AP b p ∈ ζ0

ζ |= ¬ϕ r ζ 6|= ϕ

ζ |= ϕ ∨ ψ r ζ |= ϕ � ζ |= ψ

ζ |= ϕ ∧ ψ r ζ |= ϕ b ζ |= ψ

ζ |= ϕ→ ψ r ζ |= ϕ h ζ |= ψ

ζ |= ϕ↔ ψ r ζ |= ϕ→ ψ b ζ |= ψ → ϕ

ζ |= Oϕ r ζ1 |= ϕ

ζ |= 2ψ r ∀i ≥ 0, ζi |= ψ

ζ |= 3ϕ r ∃i ≥ 0, ζi |= ϕ

ζ |= ϕUψ r ∃i ≥ 0, ζi |= ψ b ∀0 ≤ j < i, ζj |= ϕ

ζ |= ϕRψ r ∀i ≥ 0, ζi |= ψ � ∃i ≥ 0, ζi |= ϕ b ∀0 ≤ j ≤ i, ζj |= ψaE'� M = 〈S,R, I, L〉�w a = a1a2 · · · "G`A!�EN L(a) = L(a1)L(a2) · · · �h
M,π |= ϕ 9b�9 L(π) |= ϕ �EN [[ϕ]] = {ζ | ζ |= ϕ} �EN [[M ]] " M >
9�v�w A "A!�v�EN L(A) =

⋃
a∈A L(a) �h

M |= ϕ 9b�9 L([[M ]]) ⊆ [[ϕ]]

§5.2.1 PLTL %Ib B
..
uchi j�/KmM PLTL e~ ϕ �3eG` B

..
uchi �F� A =

〈2AP , S,∆, I, F 〉 |= L(A) = [[ϕ]] �



#&!� �;i �
2p

pUq

pU(qUr)WYI` PLTL e~?
YG` NNF T~b 2 t 3 ,V Rt U ���$Jw*B�p 2t 3> NNFT~�WY B
..
uchi �F�,�o1i B

..
uchi �F�>�}=;�$J�vG`gg\B?
Y [[ϕ]] >1i B

..
uchi �F�

Bϕ = 〈2AP , S,∆, I, F 〉 >UQ�
1. �)gg�� x = ({ϕ}, {}, {})�	 a(x) = {ǫ} ��\�q��� S �
2. KmM x = (b, c, d) ∈ S �r b = ∅ �gg�� y = (d, {}, {}) �r y ∈ S �h;\ a(y) = a(y) ∪ {x} �r y 6∈ S �	 a(y) = {x} ��� y�q��� S �r b = b0 ∪ {ϕ} �$JWK(�}
/�r ϕ = ϕ0Uϕ1 �gg�� (b0 ∪ {ϕ0}, c ∪ {ϕ}, d ∪ {ϕ}) t (b0 ∪ {ϕ1}, c ∪ {ϕ}, d) �r ϕ = ϕ0Rϕ1 �gg�� (b0 ∪ {ϕ1}, c ∪ {ϕ}, d ∪ {ϕ}) t (b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d) �r ϕ = ϕ0 ∨ ϕ1 �gg�� (b0 ∪ {ϕ0}, c ∪ {ϕ}, d) t (b0 ∪ {ϕ1}, c ∪ {ϕ}, d) �r ϕ = ϕ0 ∧ ϕ1 �gg�� (b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d) �r ϕ = Oϕ0 �gg�� (b0, c ∪ {ϕ}, d ∪ {ϕ0}) �r ϕ = p � ϕ = ¬p �b p ∈ AP �gg�� (b0, c ∪ {ϕ}, d) �V5gg>���6_�� x��)KI`5gg>�� y �r y ∈ S �h;\ a(y) = a(y)∪a(x) �r y 6∈ S �	 a(y) = a(x) ��� y �q��� S �ly�ÆX a(z){+* x >�UV5gg>���6��ye S {ti_�� x �KI`5gg>�� y = (b, c, d) ∈ S �r c {O�>�v��,F	>�h2 S {t, y �r c ∩ b 6= ∅ �h2 b {t,ef�W c ∩ b �S~AO�rxHX5gg>���
3. KmM x = (b, c, d) ∈ S �r y ∈ a(x) b y =

(b′, c′, d′) ∈ S �gg_I (y, σ, x) ���\�q_I�v
∆ �\{ σ ∈ 2AP F	 ∀p ∈ AP.({p,¬p} 6⊆ σ ∪ c′) ∧ (p ∈

c′ → p ∈ σ) �
4. KmM x = (b, c, d) ∈ S �r ǫ ∈ a(x) �h� x �q*}���v I �
5. KI`e~ ϕ �r ϕ = ϕ0Uϕ1 �gg fϕ =

{(b, c, d) ∈ S | ϕ ∈ c → ϕ1 ∈ c} ���\�q������v F �;i �
2p

pUq

pU(qUr)



#&!� �TO � �e~
2(p → (aUb)){'?
>�F��

§5.2.2 Kripke 4&b B
..
uchi j�/aE AP u> Kripke �g M = 〈S,∆, I, L〉 �EN

Σ = 2AP

(s, a, s′) ∈ ∆′ 9b�9 (s, s′) ∈ ∆ b a = L(s)

F = S� AM = (Σ, S,∆′, I, F ) �h L(AM ) = L([[M ]]) �& AM " AP u> Kripke �g M = 〈S,∆, I, L〉 ÆKS>�F��
§5.2.3 �Y1�d:WKuÆ��Kripke�gt PLTLe~G,K�}'KS>�F��P7Æ�#�,�{":`�F�>\B>�pj'�G`�F�>\B�X".>#��V Aϕ��e~ ϕKS> B

..
uchi�F��G`aE>'� M F	G` AP u>z>E�e~ ϕ ���

M |= ϕ� L([[M ]] ⊆ [[ϕ]]� L([[M ]] ∩ ((2AP )ω \ [[ϕ]]) = ∅� L([[M ]] ∩ [[¬ϕ]] = ∅� L(AM ) ∩ L(A¬ϕ) = ∅� AM ∩A¬ϕ >\B".�P7Æ�#��{"�F�V.#���N�Y1�d:WY�
2C>#��CpG`'���)gg'�> Kripke �g��
 AM ∩ A¬ϕ �X".>
Q,Ke
A¬ϕ J 3e>
/(��gg AM ��
 AM ∩A¬ϕ �G�X6>P��eb%'�P7>^ M�gg5>'���z�,KXJl35>���X[ A¬ϕ Xf��W�'E�X<EKl3���G�1i�? #�$JwEXE AM ∩ A¬ϕ �X".�P0k;G�F	
AM ∩A¬ϕ >
9#,�+��
GE?;!' AM >gg�M��0bC℄(e:�%eA! π t π′ ���?
>9`�93e:�n�u>%e>= 0 = i0 < i1 < i2 < · · · t 0 = j0 <

j1 < j2 < · · · |=KmM k ≥ 0 �
L(πik

) = L(πik+1) = · · · = L(πik+1−1) = L(π′
jk

) = L(π′
jk+1) = · · · = L(π′

jk+1−1)G`e~ ϕ �����>9`�9KmM��?
> π t π′ �
π |= ϕ⇔ π′ |= ϕ



#&!� ��+* O 
�> PLTLe~>�v	" PLTL−X �[�v>e~G�����>�wECp>:z" ϕ ∈ PLTL−X b ϕ {>O��;>�v"AP ′ ��w'�>
9�v�p π = s0...sisi+1si+2...t π′ = s0...sis
′
i+1si+2... �pn L(si)∩AP ′ = L(si+1)∩AP ′ b L(s′i+1)∩AP

′ =

L(si+2) ∩ AP ′, h π |= ϕ 9b�9 π′ |= ϕ �P0KYCp'��XF	 ϕ �$J,K�*B π′ �Y>la>�E
-#�b%G3XJ���eF�P7Æ�>|V{ÆK3�Y s′i+1 lD>��>y'K�K π′ >Æ"�
§5.3 W5�Y1�+�P7Æ�>�E
A�K�[Æ�>A!�+y�pne�[Æ�>A!%H�IzVq<G`e~�XF	�h[UQX�r>2C�lG�ÆX>e~G
=� NNF T~�r+*>e~�� NNFT~�h�\)'�[\?
>e~> NNFT~�
§5.3.1 CTL %I�W5�Y1�aE AP u> Kripke �g M = 〈S,R, I, L〉 � M >
k �P7��& k P7 Mk = 〈S, Pk, I, L〉 \{ Pk " M{%H" k + 1 >A!>�v�w π ∈ Pk �lD>A!&" k A!�EN

lp(π) =

|π|−2∨

i=0

|π|−1∨

j=i+1

πi = πj

CTL %I�W5
^
NNF T~> CTL e~ ϕ >+�\N Mk, s |= ϕ p(�

Mk, s |= p r p = ⊤, � p ∈ AP b p ∈ L(s)

Mk, s |= ¬p r Mk, s 6|= p

Mk, s |= ϕ ∨ ψ r Mk, s |= ϕ � Mk, s |= ψ

Mk, s |= ϕ ∧ ψ r Mk, s |= ϕ b Mk, s |= ψ

Mk, s |= Aϕ rKYÆX Pk {K s "℄B>A! π � Mk, π |= ϕ

Mk, s |= Eϕ r3e Pk {K s "℄B>A! π � Mk, π |= ϕ

Mk, π |= Xϕ r k ≥ 1 b Mk, π1 |= ϕ

Mk, π |= Gψ r lp(π) b ∀i ≤ k,Mk, πi |= ψ

Mk, π |= Fϕ r ∃i ≤ k,Mk, πi |= ϕ

Mk, π |= ϕUψ r ∃i ≤ k,Mk, πi |= ψ b ∀j < i,Mk, πj |= ϕ

Mk, π |= ϕRψ r ∀i ≤ k, r ∀j < i,Mk, πj 6|= ϕ h Mk, πi |= ψ, br ∀i ≤ k,Mk, πi 6|= ϕ h lp(π)W5
^�gG\+Q�\$JX
M, s |= ϕ 9b�93e k ≥ 0 |= Mk, s |= ϕ �EN Mk |= ϕ 9b�9



#&!� �KÆX s ∈ I � Mk, s |= ϕ �$JX
M |= ϕ 9b�93e k ≥ 0 |= Mk |= ϕ �W5�Y1�L�aEP7 M te~ ϕ �+�P7Æ�
Qp(�
(1) k = 0

(2) r Mk |= ϕ '7�h M |= ϕ �
Q��
(3) r Mk |= ¬ϕ '7�h M 6|= ϕ �
Q��
(4) k = k + 1 �~; (2)�M�l5> ¬ϕ 6�[\?
> CTL e~> NNFT~�̀ L>:z	p<
QGEVh|vt�=ok4��

§5.3.2 PLTL %I�W5�Y1�KY PLTL�$J>j��X3eG`
9F	aE>e~�KY k A!�$J<E*Bl�A!>|B�XX,V~;J  o>B8'G`|�lD>|RpG�%eA!�,K9'%eA!K7�EN
s(i, k, n) = [if (i < k) then (i+ 1) else (n)]

PLTL %I�W5
^EN Mk, π |=i
n ϕ p(�

Mk, π |=i
n p r p = ⊤, � p ∈ AP b p ∈ L(πi)

Mk, π |=i
n ¬p r Mk, π 6|=i

n p

Mk, π |=i
n ϕ ∧ ψ r Mk, π |=i

n ϕ b Mk, π |=i
n ψ

Mk, π |=i
n ϕ ∨ ψ r Mk, π |=i

n ϕ � Mk, π |=i
n ψ

Mk, π |=i
n Xϕ r Mk, π |=

s(i,k,n)
n ϕ

Mk, π |=i
n Gϕ r ∀j ∈ {min(i, n), ..., k},Mk, π |=j

n ϕ

Mk, π |=i
n ϕUψ r ∃j ∈ {min(i, n), ..., k},Mk, π |=j

n ψ b
i ≤ j ∧ ∀m ∈ {i, ..., j − 1},Mk, π |=m

n ϕ � i > j ∧ ∀m ∈ {n, ..., j − 1, i, ..., k},Mk, π |=m
n ϕENMk, π |=−1

n ϕ"U��EN R(πk, π−1)"Um�
NNF T~> LTL e~ ϕ >+�\N Mk, π |= ϕ p(�
Mk, π |= ϕ 9b�93e n ∈ {−1, 0, ..., k},R(πk, πn) b

Mk, π |=0
n ϕ �W5
^�gG\+Q�\$JX

∃π ∈M,π0 ∈ I.(M,π |= ϕ) 9b�93e
k,∃π ∈Mk, π0 ∈ I.(Mk, π |= ϕ) �EN Mk |= ϕ 9b�9�3e}Y I >A! π ∈ Pk F	 Mk, π |= ¬ϕ �$JX

M |= ϕ 9b�9 ∀k ≥ 0, Mk |= ϕ �



#&!� �
PLTL %I�W5�Y1�$JX Mk 6|= ϕ hKÆX i ≥ 0, Mk+i 6|= ϕ �EN (M,ϕ) >!�Æt ct(M,ϕ) "�1>F	Ku��>
k �Kmu M t ϕ �!�Æt ct(M,ϕ) 3e��M$JX

M |= ϕ 9b�9K k = ct(M,ϕ), Mk |= ϕ �aEP7 M � ϕ t m ≥ ct(M,ϕ) �+�P7Æ�
Qp(�
(1) k = 0

(2) r Mk 6|= ϕ �h M 6|= ϕ �
Q��
(3) r k = m �h M |= ϕ �
Q��
(4) k = k + 1 �~; (2)�
 Mk 6|= ϕ �b%+�\N�
�X3e*}��+P> k A! π |= Mk, π |= ¬ϕ �

.�E$J�oi
Vhok��= m ≥ ct(M,ϕ) �`L>:z	p<
QGEVh|vt�=ok4��
§5.4 %D\�j`L�;>'�P7K Kripke �g"�-���V�*eZ:a��G�MB�eZ:,KV���v�V���v>O^
���M���v,Ve~���KX3��>eZ:,KV��>xN����w'�Wr℄�(
'��(Wr℄_I
'�$J,KxN�(seZ:� rQ�(��,s9>�h[�(
=s9G1�_IseZ:� rQ_I��,s9>�h[_I
=s9G1��(aeZ:� rQ�(�X,s9>zx�h[�(
=s9G1�_IaeZ:� rQ_I�X,s9>zx�h[_I
=s9G1�KYaE>e~�v�e~O^
�v�G�eZ:>��p(�aE>e~�v {ϕ1, ..., ϕn} �eZ:�KI` i �G`
9
=%+1F	 ϕi �aE>e~O^
�v {(ϕ1, ψ1), ..., (ϕn, ψn)} �
(1) seZ:���KI` i �pnG`
92Q��℄��F	 ϕi �h[
9e[��y
=X��F	 ψi �
(2) aeZ:���KI` i �pnG`
9%+1F	 ϕi �h[
9
=%+1F	 ψi �WYl3eZ:e'�P7{&XGE>[�:�wL'�P7M�UQ[P7Æ�
&�dM�G}�L}KuÆ�eZ:>�8UQ��{*,jP7Æ�
Q�



�"$%
§5.5 �Y1�$7�YYsP7Æ�>
&X SMV t NuSMV ?�
SMV �fW CMU 5?(P��ESV>℄�0C�CACp?UL� �YA!W&>P7Æ�
&X SPIN?� SPIN W
N{C�(P��ESV>℄�0�64OCp?UL�;i � ...TO ��e~
2((a == s1&&!b == t1&&!b == t2) →!(!a == s2Ub == t2)){'?
>�F��
§5.6 K?�j�vP7Æ�UQt
&�YsP7Æ�tP7Æ�
& SMV ,�* [McM93] ��Y�F�_4>7Æ�tP7Æ�
& SPIN ,�* [Hol90, Hol03] ��9RV
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