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§1 TNUQ 1�{7b�d,��:-$k
§1 L*M?�	*
W�����tI�wT:℄_E���

§1.1 ;B96a4�0w�P��klE)#1��W�;AE���+����t 1� 0��� !>a4� 9_(Ea4�e�a4v!>a4�F'6#+� 8&D℄wi�F'6 ¬�^��Z�F'6 ∧��}�� ∨�F}�� →����� ↔�G �G� n- �F'69j5+�
{0, 1}n B {0, 1} E�%�D℄w ¬1 = 0 � ¬0 = 1 � t A,B,C G!e��a4���jL�
∧,∨, →,↔ E����

A B A ∧B A ∨B A→ B A↔ B

0 0 0 0 1 1

0 1 0 1 1 0

1 0 0 1 0 0

1 1 1 1 1 1a4��*?��p��p���vzhPl�+� � S �F'6E���v S �+Ep��L� �	�a4�����p���v S �+Ep�
 �
�� ϕ � S �E��F'6�� ϕ �v S �+Ep�
 ���� f � S �E n � (n ≥ 1) F'6� ϕ1, ..., ϕn �v S�+Ep��� f(ϕ1, ..., ϕn) �v S �+Ep�� �CtE�t��[�VzZ�F'6�D℄Hv�t���[�D℄yPF'6EuM�j�U=��F'6EuM�Æ(`oM�L� ¬,∧,∨,→,↔ �v�5a4��#+E��B {0, 1} E�%*?��d��� v ����%� � A
v ?

v dn A E��v S �+Ep� ϕ � v LE�Pl�L� �	�� ϕ �a4�� A ��
v(ϕ) = A

v
; �
�� ϕ � S �E��F'6 c �� v(ϕ) = c; ���� ϕ = f(ϕ1, ..., ϕn) �r� f � S �E n � (n ≥ 1) F'6�� v(ϕ) = f(v(ϕ1), ..., v(ϕn)) ��|��d� v �D v(ϕ) = 1 ��* v X" ϕ ��' v |= ϕ ��|w��d� v ��D v |= ϕ ��* ϕ?9X"��a�* ϕ ?r��� 9X"����|Vz\m��d� v �Sw v |= ϕ ��* ϕ ?r����e����|Vz\m��d� v �Sw v(ϕ) = v(ψ) ��* ϕ { ψ W�G ��' ϕ ⇔ ψ �

ϕ⇔ ψ �w+� ϕ↔ ψ �r���^g��d� v � A1, ..., An Ed�? a1, ..., an DBEd��' v[A1/a1, ..., An/an] ��
v
′
= v[A1/a1, ..., An/an] � D℄w

v
′
(A) =

{ ai if A = Ai, i ∈ {1, ..., n}

A
v

if A 6∈ {A1, ..., An}tp� ϕ1, ..., ϕn _�6
p� ϕ �E 9a4�� A1, ..., An DBEp��' ϕ
ϕ1,...,ϕn

A1,...,An

.D℄w
v(ϕ

ϕ1,...,ϕn

A1,...,An

) = v[A1/v(ϕ1), ..., An/v(ϕn)](ϕ)



§1 TNUQ 2� ϕ �v {0, 1,¬,∧,∨}�+Ep��# ϕ �E ∧ { ∨ 

�0 { 1 

GBEp� ϕ
∗ �*? ϕ EVn�� Vz��d� v �rR\E��d� v

′ �D℄w v(ϕ) = ¬v′(ϕ∗
) � � ϕ{ ϕ

∗ 
?Vn�� ψ { ψ
∗ 
?Vn���| ϕ⇔ ψ �� ϕ

∗ ⇔ ψ
∗ �W�p�E�}�F}�a�,X"^GT�'�T�%
T�_pT�G�T�C
oT�VntI��

A ∧A = A

A ∧ (B ∧ C) = (A ∧B) ∧ C

A ∧B = B ∧A

A ∧ (B ∨ C) = A ∧B ∨A ∧ C

A ∧ (A ∨B) = A

¬(A ∧B) = ¬A ∨ ¬B

A ∨A = A

A ∨ (B ∨ C) = (A ∨B) ∨ C

A ∨B = B ∨A

A ∨ (B ∧ C) = A ∨B ∧A ∨ C

A ∨ (A ∧B) = A

¬(A ∨B) = ¬A ∧ ¬B� f � n �F'6� A1, ..., An � 9Ea4����|p� ϕ � /N1 A1, ..., An �<EEa4���w ϕ = f(A1, ..., An) ��* ϕ Pl f � �|:�v S �+Ep�Pl f ��* f 9v S Pl�� S �F'6����\m n � (n ≥ 1) F'6S9v S Pl��* S ?=��� � SE�����S �=����* S ?�W=��� {¬,∧,∨} �=��� {¬,∧} ��W=���� Γ ?p�����|��d� v X" Γ �E\mp���* v X" Γ � �|w��d� v X" Γ ��* Γ �9X"E�a�* Γ � 9X"E�� Γ ?p���� ϕ ?p���|\mX"p��� Γ E��d�SX" ϕ ��* ϕ �
Γ EW�;V��' Γ |= ϕ � Γ |= ϕ  +E�' Γ 6|= ϕ � � Γ = {ϕ1, ..., ϕn} ��# Γ |= ϕ[' ϕ1, ..., ϕn |= ϕ �� ϕ1, ..., ϕn, ϕ, ψ?p��|= ϕ�w+� ϕ�r���ϕ1 , ..., ϕn |= ϕ�w+� ϕ1∧· · ·∧ϕn →

ϕ �r��� ϕ ⇔ ψ �w+� ϕ |= ψ w ψ |= ϕ � Γ ∪ {ϕ} |= ψ �w+� Γ |= ϕ → ψ �
Γ = {ϕ1, ..., ϕn} �9X"E�w+� ϕ1 ∧ · · · ∧ ϕn �9X"E� Γ � 9X"E�w+�\mW�p�S� Γ EW�;V�
§1.2 E-96B6W�9jV.6$Ea4�jJ��_y�6�B6�6Si��m�z<� B6W���tEb�wjL�#� � 1 �m5���!*���wE{Wm�t x, y, z, u, v, w ��� � 2 �m5&��!*&��t a, b, c ��� � 3 ��%b��\mb�Sw{�RFIE�Æ% n ��*fb�? n ��%b��t f, g, h ��� � 4 �B6b��\mb�Sw{�RFIE�Æ% n ��*fb�? n �B6b��t A,B,C ��� � 5 �K6b� ∀� ∃ � � 6 �F'6b� ¬,∧,∨,→,↔ � � 7 �%=���x=���M��R���� F �&���%b�E���v F �+ESPl�L� �	����v F �+ES
�
� F �E&��v F �+ES
 ���� f � F �E n � (n ≥ 1) �%b�� t1, ..., tn�v F �+ES�� f(t1, ..., tn) �v F �+ES�� G �B6b�E���� t1, ..., tn �v F �+ES� A � P �E n �B6b���
A(t1, ..., tn) �v (F,G) �+E��p��

B = (F,G) �Ep�����' LB �Pl�L� �	�v (F,G) �+E��p�� LBEp�
 � 2 �� f � {¬,∧,∨,→,↔} �E n � (n ≥ 1) F'6� ϕ1, ..., ϕn � LB Ep��



§1 TNUQ 3� f(ϕ1, ..., ϕn) � LB Ep�
 � 3 �� ϕ � LB Ep�� x ����� ∀xϕ � ∃xϕ � LBEp��im(� I vJm!_#+�ri�im^;���*?V~�rZ� B �b�BV~�E�+��%�B6E(��qÆ�� � I = (D, I0) � Vz\m&� a � I0(a) ? D �Eim�+
 Vz\m n ��%b� f � I0(f) ? D �Eim n ��%
 Vz\m n �B6b� P � I0(P ) ? D �Eim n �B6�� I �im(��9.w��#+E��BV~ D E�%*? I �Ed�� ^gd� σ� x1, ..., xn Ed�? a1, ..., an DBEd��' σ[x1/a1, ..., xn/an] � D℄w
σ[x1/a1, ..., xn/an](x) =

{ ai if x = xi, i ∈ {1, ..., n}

σ(x) if x 6∈ {x1, ..., xn}(��d�q9yPLS�p�Ekl� � σ � I �Ed��S t �(� I �d� σ LEkl I(t)σ Pl�L� � 1 �� t ��� x �� I(t)σ = σ(x) 
 � 2 �� t �&� a �� I(t)σ = I0(a) 
 � 3 �� t � f(t1, ..., tn) �r� f � n ��%b�� t1, ..., tn �S��
I(t)σ = I0(f)(I(t1)σ, ..., I(tn)σ) �� σ � I �Ed��p� ϕ �(� I �d� σ LEkl I(ϕ)σ Pl�L� � 1 �� ϕ �
P (t1, ..., tn)�r� P � n�B6b��t1 , ..., tn�S�� I(ϕ)σ = I0(P )(I(t1)σ, ..., I(tn)σ);� 2��
ϕ� ¬ψ�ψ�p��� I(ϕ)σ = ¬I(ψ)σ;� 3�� ϕ� ϕ0∧ϕ1 �� I(ϕ)σ = I(ϕ0)σ∧I(ϕ1)σ;� 4��
ϕ� ϕ0∨ϕ1 �� I(ϕ)σ = I(ϕ0)σ∨I(ϕ1)σ;� 5�� ϕ� ϕ0 → ϕ1 �� I(ϕ)σ = I(ϕ0)σ → I(ϕ1)σ;� 6 �� ϕ � ϕ0 ↔ ϕ1 �� I(ϕ)σ = I(ϕ0)σ ↔ I(ϕ1)σ; � 7 �� ϕ � ∀xψ �� I(ϕ)σ = 1 �w+�Vz.w d ∈ D � I(ψ)σ[x/d] = 1 
 � 8 �� ϕ � ∃xψ �� I(ϕ)σ = 1 �w+�:�
d ∈ D �D I(ψ)σ[x/d] = 1 ��|p� ψ �p� ϕ �/N��* ψ ? ϕ E�p�� �� x � ∀xϕ � ∃xϕ �E/N?�$/N��* ∀x � ∃x Ef8/NEK~? ϕ � �|�� x � ϕ �Ed8/N�� ϕ Eim�p��E�$/N��* x Ef8/N?� ϕ �E�$/N� �|�� x � ϕ �Ed8/N ��$/N��*f/N?� ϕ �E�v/N� �p� ϕ �w�v/NE��*?
ϕ E�v����p� ϕ �w�$/NE��*? ϕ E�$��� ϕ ��v��E���?
V ar(ϕ) � /N��ES*?�S� [w�v��Ep�*?|1� [w�$��Ep�*?4p�� � V ar(ϕ) = {x1, ..., xn} ��*p� ∀x1 · · · ∀xnϕ ? ϕ E��� \mp�E���im|1�\m|1E���0���� t ��S��V�k σ, σ

′ w I(t)σ = I(t)σ
′ ���SEkl{d�Et�n7Vz�SD℄9# I(t)σ !�? I(t) � � ϕ �|1��V�k σ, σ

′ w I(ϕ)σ = I(ϕ)σ
′ �n7Vz|1D℄9# I(ϕ)σ !�? I(ϕ) �� x1, ..., xn � 9E��� t1, ..., tn �S��* {x1/t1, ..., xn/tn} ?=
� � t �S��

t{x1/t1, ..., xn/tn} �t t1, ..., tn _�6
 t � x1, ..., xn E.w/NDBES��? t
t1,...,tn

x1,...,xn

�� ϕ �p��� ϕ{x1/t1, ..., xn/tn} �t t1, ..., tn _�6
 t � x1, ..., xn E.w�v/NDBEp���? ϕ
t1,...,tn

x1,...,xn

� �|�p� ϕ � ϕ
t1,...,tn

x1,...,xn

���E�$/N8%R9��* t1, ..., tnVz ϕ �E x1, ..., xn �9=�E� � t1, ..., tn Vz ϕ �E x1, ..., xn �9=�E��w
I(ϕ

t1,...,tn

x1,...,xn

)σ = I(ϕ)σ[x1/I(t1)σ, ..., xn/I(tn)σ]�|(� I � I �Ed� σ �D I(ϕ)σ = 1��*(� I �d� σ X" ϕ ��' σ |=I ϕ��(�nP��!�? σ |= ϕ �



§1 TNUQ 4�|w(� I � I �Ed� σ �D σ |=I ϕ ��* ϕ ?9X"��a�* ϕ ?r��� 9X"��� �| ϕ �\m(��?���* ϕ ?r���W�wY���tB6W�p� ϕ1, ..., ϕi _�6
a4W�p� ϕ �Ea4�� A1, ..., An DBEB6W�p��? ϕ
ϕ1,...,ϕn

A1,...,An

�*? ϕ E6
�D� a4W�r��E6
�D*?�e��� ϕ� ψ �p���|Vz\m(� I � I �Ed� σ�I(ϕ)σ = I(ψ)σ ��* ϕ� ψ W�G ��? ϕ⇔ ψ � ϕ⇔ ψ �w+� ϕ↔ ψ �r��� Vz ∀� ∃�D℄w ∀xϕ⇔ ¬∃x¬ϕ �� Γ ?p����(� I � I �Ed� σ X" Γ �E\mp���* I � σ X" Γ � �|w(� I � I �Ed� σ X" Γ ��* Γ �9X"E�a�* Γ � 9X"E�� Γ ?p���� ϕ ?p���|\mX"p��� Γ E(� I � I �Ed� σ SX"
ϕ ��* ϕ � Γ EW�;V��' Γ |= ϕ � Γ |= ϕ  +E�' Γ 6|= ϕ � � Γ = {ϕ1, ..., ϕn}��# Γ |= ϕ [' ϕ1, ..., ϕn |= ϕ �� ϕ1, ..., ϕn, ϕ, ψ?p��|= ϕ�w+� ϕ�r���ϕ1 , ..., ϕn |= ϕ�w+� ϕ1∧· · ·∧ϕn →

ϕ �r��� ϕ ⇔ ψ �w+� ϕ |= ψ w ψ |= ϕ � Γ ∪ {ϕ} |= ψ �w+� Γ |= ϕ → ψ �
Γ = {ϕ1, ..., ϕn} �9X"E�w+� ϕ1 ∧ · · · ∧ ϕn �9X"E� Γ � 9X"E�w+�\mW�p�S� Γ EW�;V�
§1.3 75���viZm5#+EÆ5��Zm5*?��E�+� ��EPlwJ��Z.Pl�.UPl� Z.Pl��M/.w!z��E�+��� A = {a, b, c} � .UPl��)`!z��E�+.0wE℄�3
��� A = {x ∈ N | x > 1} � x ∈ A⇔ x > 1 �Jm��RG��' A = B ��w+�/℄0wR9E�+� �� A ��� B E����)�� A ��z�� B ��' A ⊆ B ��w+�.w A E�+S� B E�+�

(A = B) ⇔ ∀x(x ∈ A↔ x ∈ B)

(A ⊆ B) ⇔ ∀x(x ∈ A→ x ∈ B)��tIX"jL℄��
A ⊆ A

A ⊆ B w B ⊆ C � A ⊆ C

A ⊆ B w B ⊆ A � A = B �w���+E��*?;���' ∅�;��$WE����>iE�0��z������� vwPWm�+r+E��*?w{��vEPWm�+r+E��*?E{���� A E�!��E��*? A E^���' ρ(A) � ρ(A) = {X |X ⊆ A} � � a ∈ A ��
{a} ⊆ A �� A ⊆ B �� A ∈ ρ(B) � w{�� A E�+m%*?�%��' |A| �� A �w{���� |ρ(A)| = 2

|A| ���E�,w%���%�% A ∩B = {x | x ∈ A ∧ x ∈ B}� A ∪B = {x | x ∈ A ∨ x ∈ B}% A−B = {x | x ∈ A ∧ x 6∈ B}� A ∩B = ∅ ��* A � B � R%E� �� A � B E%� A− B y* B tz A ERV��� � U ����V~��.w{2VRtE��S�f��E���� A � U E��� A tz U ERV�� U −A �*? A E2V���8&-*����' ∼ A �



§1 TNUQ 5

A ∩A = A

A ∩ (B ∩ C) = (A ∩B) ∩ C

A ∩B = B ∩A

A ∩ (B ∪ C) = A ∩B ∪A ∩ C

A ∩ (A ∪B) = A

∼ (A ∩B) = ∼ A∪ ∼ B

A ∪A = A

A ∪ (B ∪ C) = (A ∪B) ∪ C

A ∪B = B ∪A

A ∪ (B ∩ C) = A ∪B ∩A ∪ C

A ∪ (A ∩B) = A

∼ (A ∪B) = ∼ A∩ ∼ B{W�p�E�}�F}�a�,>*���E%�����,X"^GT�'�T�%
T�_pT�G�T�C
oT��nJmVU x, y �#0℄ÆyPE(`r+E`M�*?w`n��? 〈x, y〉 � w`nwKim�{KZm��_� 〈x, y〉 EKim�� x �KZm�� y �w`n9t�����
〈x, y〉 E����? {{x}, {x, y}} � 〈x, y〉 = 〈u, v〉 �w+� x = u w y = v �w`n9j;xB n�`n�n�`nPl? 〈x1, ..., xn−1, xn〉 = 〈〈x1, ..., xn−1〉, xn〉�〈x1, ..., xn−1, xn〉 =

〈y1, ..., yn−1, yn〉 �w+� x1 = y1 ����� xn−1 = yn−1 w xn = yn ��� A1, ..., An EI3Y,� A1 × · · · × An Pl? A1 × · · · × An = {〈a1, ..., an〉 | a1 ∈

A1, ..., an ∈ An} �Vz�kw{�� A1, ..., An � |A1 × · · · × An| = |A1| · |A2| · · · |An| � �
A = A1 × · · · ×An ��K i _K�% pri : A→ Ai Pl�L� pri(〈a1, ..., an〉) = ai �
§1.4 2G��w`nE��*?Z�tI� 9 X B Y EtI RX" R ⊆ X×Y � � 〈x, y〉 ∈ R����+ xRy �T' x { y wtI R �� 〈x, y〉 6∈ R ����+ xR̄y � imZ�tI9jtimZ�B6�P�Pl R = {〈x, y〉 | P (x, y)} �� xRy �w+� P (x, y) +E�� R �imtI�R �.ww`nEKim�E��*? R EPl~��' dom(R) �R�.ww`nEKZm�E��*? R E�~��' ran(R) � �� X B X EtI*? X �EZ�tI�tIE℄�vtI���E.ww`n.�P� � ∀x1 · · · ∀xn(x1 ∈ X ∧· · ·∧xn ∈

X → ϕ) ? ∀x1, ..., xn ∈ X.ϕ �� R �^;�� X �EtI��\℄ ∀x ∈ X.(xRx)\�\℄ ∀x ∈ X.(xR̄x)V*℄ ∀x, y ∈ X.(xRy → yRx)\V*℄ ∀x, y ∈ X.(xRy ∧ yRx→ x = y)5L℄ ∀x, y, z ∈ X.(xRy ∧ yRz → xRz)�| R � S � X B Y EZ�tI�� R ∩ S � R ∪ S � R− S � ∼ S S� X B Y EZ�tI�w
x(R ∩ S)y ⇔ xRy ∧ xSy

x(R ∪ S)y ⇔ xRy ∨ xSy

x(R − S)y ⇔ xRy ∧ xS̄y

x(∼ S)y ⇔ xS̄y� R� X B Y EtI�R EltI� Y B X EtI��' R
−1 �Pl? R

−1
= {〈y, x〉 ∈

Y ×X | 〈x, y〉 ∈ R} �� R � X B Y EtI� S � Y B Z EtI� R ◦ S � X B Z EtI�*? R � S Ee�tI�Pl? R ◦ S = {〈x, z〉 ∈ X ×Z | ∃y ∈ Y.(xRy ∧ ySz)} � ◦ *?tIEe��,��



§1 TNUQ 6 ps�VEz<L�e�tIE�,b&�U [�tIEe��,X"'�T� � R �
X B Y EtI� S � Y B Z EtI��w (R ◦ S)

−1
= S

−1 ◦R−1 �� R � X �EZ�tI� n ∈ N � R E n 8^��' R
n �Pl�L� R

0
= IX =

{〈x, x〉 | x ∈ X} ��� X �E�GtI
 R
n+1

= R
n ◦R �� R � X �EZ�tI�tI R

′ � R E�\�V*�5L����w+� �	� R
′��\�V*�5L�E
 �
� R ⊆ R

′ 
 ���Vz���\�V*�5L�tI R
′′ ��| R ⊆ R

′′ �� R
′ ⊆ R

′′ � t r(R), s(R), t(R) _��� R E�\���V*���5L���D℄w
r(R) = R ∪ IX

s(R) = R ∪R−1

t(R) =
⋃∞

i=1
R

i? [℄��tI R E5L��8&�? R
+ � R E�\5L��8&�? R

∗ �X"�\℄�V*℄�5L℄Eim^;���EtI*?G tI� � R ��� X �EG tI�Vz�k x ∈ X ��� [x]R Pl�L� [x]R = {y ∈ X | yRx} � * [x]R ?v x.=�EG >�t X/R �� R G >E�� {[x]R | x ∈ X} �* X/R ? X b R E
��� A �^;�� S ��E/��Vz\m�� B ∈ A � B 6= ∅ w ⋃

A = S ��*�� A� S Eim
i� � A � S Eim
i�wV�k B,C ∈ A � B 6= C � B ∩ C = ∅ ��*
A � S Eim�_���im X �EG tI R SPlL X Eim�_�� X/R � �� X Eim�_
A = {A1, ..., An} SPlLimG tI R �� xRy �w+� x, y 9�im Ai ��X"�\℄�\V*℄�5L℄Eim^;���EtI*?q`tI� �| ≤ � X �Eq`tI�gYw`n 〈P,≤〉 ��q`���� 〈P,≤〉 �q`����|Vz\im x, y ∈ P Sw x ≤ y � y ≤ x ��* ≤ �? P �E�`�Q`�* 〈P,≤〉 ?�`���H�� 〈P,≤〉 �q`����w A ⊆ P �� a ∈ A, b ∈ P �

a ? A E$<�� ∀x ∈ A.(x ≤ a)

a ? A E$W�� ∀x ∈ A.(a ≤ x)

a ? A E�<�� ∀x ∈ A.(a 6= x→ a 6≤ x)

a ? A E�W�� ∀x ∈ A.(a 6= x→ x 6≤ a)

b ? A E�)� ∀x ∈ A.(x ≤ b)

b ? A EL)� ∀x ∈ A.(b ≤ x)

b ? A E$W�)� b � A E�)�wVz\im A E�) b
′ �w b ≤ b

′

b ? A E$<L)� b � A EL)�wVz\im A EL) b
′ �w b

′ ≤ bimq`��E$<��$W��$W�)�$<L)��|:����>iE� $W�)�h*��)��' ⊔ � lub � sup �$<L)�h*L�)��' ⊓ � glb � inf �imq`�� 〈P,≤〉 ��|0E\im^;��Swim$W���* ≤ ?I`E�*
〈P,≤〉 ?I`��� \imI`��S��`���?�`��A�S�I`���X\imwPE�`��S�I`���imq`�� 〈P,≤〉 ��|0E\im^;��Swim�W���* ≤ ?I�E (Well

Founded) �* 〈P,≤〉 ?I���� im���I����w+�f��� :�EPL"E`M�



§1 TNUQ 7� 〈P,≤〉 ?I����� x ≤ y w x 6= y ? x < y �jL;Ay�?I����Ezh[
(Noetherian Induction) �� ∀x′ ∈ P.(∀x ∈ P.(x < x

′ → ϕ(x)) → ϕ(x
′
)) � ∀x ∈ P.ϕ(x) �� 〈P1,≤1〉, ..., 〈Pn,≤n〉?q`�P = P1×· · ·×Pn ��q` 〈P1,≤1〉, ..., 〈Pn,≤n〉EI3Y�

〈P,≤〉�imq`�r� ≤Pl�L� V.w a, b ∈ P �a ≤ b�w+�V.w i ∈ {1, ..., n}�w pri(a) ≤i pri(b) � � S ⊆ P1 × · · · × Pn �� ⊔S :��w+�Vz.w i ∈ {1, ..., n} �
⊔pri(S) :��w ⊔S = 〈⊔pr1(S), ...,⊔prn(S)〉 �
§1.5 3�� f ��� X B�� Y EtI��|V\im x ∈ X :�>iE y ∈ Y �D 〈x, y〉 ∈ f ��* f ? X B Y Eim�%��? f : X → Y � X *? f EPl~� Y *? f E�~�Vz�% f : X → Y ��| 〈x, y〉 ∈ f ��* x ?��K� y ��% f � x 4E��h*
y ?� f 'tL x EU�X* x ? y EimU��8&t y = f(x) �� 〈x, y〉 ∈ f ���% f : X → Y w A ⊆ X �� f ∩ (A× Y ) �9 A B Y E�%�*? f �P�z A ��? f |A ��� {f(x) | x ∈ A} *? A � f LEU��? f(A) �� X

′ ⊆ X �w f : X
′ → Y � X

′ B Y E�%��* f ? X B Y Eq�%�?|�zq�%��%y*��%�� f : X → Y � g : Y → Z �Jm�%�� f � g Ee��% g ◦ f �im9 X B Z E�%�wVz.wE x ∈ X � (g ◦ f)(x) = g(f(x)) � �%Ee�X"'�T�� f : X → X �im�%�� f jsV��e��kW8� f V��e��kW8EPl�L� f
0
(x) = IX(x) 
 f

n+1
(x) = f(f

n
(x)) �� ∃x1 · · · ∃xn(x1 ∈ X ∧ · · · ∧ xn ∈ X ∧ϕ) ? ∃x1, ..., xn ∈ X.ϕ �� f : X → Y �im�%�

f �XÆE ∀y ∈ Y.∃x ∈ X.(f(x) = y)

f ��ÆE ∀x1, x2 ∈ X.(f(x1) = f(x2) → x1 = x2)

f �'ÆE f �XÆEw��ÆE� f : X → Y ,g : Y → Z S�XÆ�%�� g ◦ f h�XÆ�%
 � f : X → Y ,g : Y → ZS��Æ�%�� g ◦ f h��Æ�%
 � f : X → Y ,g : Y → Z S�'Æ�%�� g ◦ f h�'Æ�%�� f �'ÆE�0E\�%� f EltI��' f
−1 � � f : X → Y �'ÆE��r\�% f

−1
: Y → X h�'ÆE� � f : X → Y ,g : Y → Z S�'Æ�%�� (g ◦ f)

−1 h�'Æ�%�w (g ◦ f)
−1

= f
−1 ◦ g−1 �� U ���� A ⊆ U � A E3
�% ΨA : U → {0, 1} Pl�L�

ΨA(x) =
{ 1 if x ∈ A

0 if x 6∈ A� U ���� A,B ⊆ U ��V.w x ∈ U �jLG�+E�
ΨA∩B(x) = ΨA(x) · ΨB(x)

ΨA∪B(x) = ΨA(x) + ΨB(x) − ΨA∩B(x)

Ψ∼A(x) = 1 − ΨA(x)

X B Y E.w��%E���' (X → Y ) � � X �im��� 〈Y,≤〉 �imq`�
f, g : X → Y �Jm�%� f ≤ g �w+�Vz.w x ∈ X � f(x) ≤ g(x) � 〈(X → Y ),≤〉 r+imq`�



§1 TNUQ 8� S ⊆ (X → Y ) �im X B Y E�%E���� x ∈ X � Y E�� {f(x) | f ∈ S} �'
S(x)�⊔S :��w+�Vz.w x ∈ X �⊔S(x):��wVz.w x ∈ X �(⊔S)(x) = ⊔S(x)�
§1.6 D=<J41>.+0/imq` 〈X,≤〉 ��|0 X w$W��wVz X �E\i7H S ⊆ X � ⊔S S:���* 〈X,≤〉 ?�q`� X E$W�8&�' ⊥X � ⊥ ���w$W�w���w{HEq`�=�q`��| 〈P1,≤1〉, ..., 〈Pn,≤n〉�=�q`��rI3Y� 〈P1 × · · · ×Pn,≤〉 �=�q`� �| X �im��� 〈Y,≤〉 �im=�q`�� 〈(X → Y ),≤〉 �=�q`�� 〈X,≤〉 �im=�q`� Y ⊆ X � 〈Y,≤〉 � 〈X,≤〉 E�=�q`��w+� 〈Y,≤〉 �im=�q`�wVz Y �E\i7H S �Sw ⊔Y S = ⊔XS �� 〈X,≤1〉� 〈Y,≤2〉�q`�f : X → Y ��%�f �>NE�w+� ∀x1, x2 ∈ X.(x1 ≤1

x2 → f(x1) ≤2 f(x2)) �� 〈X,≤1〉 �q`� 〈Y,≤2〉 �=�q`�9 X B Y E>N�%E��r+ 〈(X → Y ),≤2〉Eim�=�q`�� 〈X,≤1〉 � 〈Y,≤2〉 �=�q`� f : X → Y ��%� f �GaE�w+�V X E\i7H S ⊆ X � ⊔f(S) S:��w ⊔f(S) = f(⊔S) � Ga�%E���' [X → Y ] �� 〈X,≤1〉� 〈Y,≤2〉�=�q`�9X B Y EGa�%E�� [X → Y ]r+ 〈(X → Y ),≤〉Eim�=�q`�� 〈X,≤1〉 � 〈Y,≤2〉 �=�q`� f : X → Y ��%� f �GaE�w+� f �>NEwV X E\i7H S ⊆ X � f(⊔S) ≤ ⊔f(S) � �| X ���w{H�� f �GaE�w+� f �>NE�� 〈X,≤〉 �q`� f : X → X ��%�� f(x) = x ��* x � f E QM� � x � fE QM�wV�k f E QM y �Sw x ≤ y ��* x � f E$W QM� f E$W QM�' µf � � x � f E QM�wV�k f E QM y �Sw y ≤ x ��* x � f E$< QM� f E$< QM�' νf �?Ljsy2J)` f E� QM���$E��K� x � µf w�[+ µx.f � νf [+
νx.f �� 〈X,≤〉 �=�q`� f : X → X �Ga�%�� f w$W QM�w

µf = ⊔{f i
(⊥) | i ∈ N}� 〈X,≤〉 �=�q`� f : X → X �Ga�%� x ∈ X �� f(x) ≤ x �� µf ≤ x �� 〈X,≤〉 �=�q`� ϕ : X → {0, 1} �imB6� ϕ �R�E�w+�V X E\i7H S �� ∧

x∈S ϕ(x) ?��� ϕ(⊔S) ?��� 〈X,≤〉 �=�q`� ϕ : X → {0, 1} �imR�B6�jL;Ay�? QMzh[�� ϕ(⊥) w ∀x ∈ X.(ϕ(x) → ϕ(f(x)) �� ϕ(µf) �imq` 〈X,≤〉��|�kJm X �E�+Sw$W�)�$<L)��* 〈X,≤〉?l�imq` 〈X,≤〉 ��|� X �E�k��Sw$W�)��* 〈X,≤〉 ?=�l�imq` 〈X,≤〉 �=�l�w+�r�k��Sw$<L)�� 〈X,≤〉 �=�l� f : X → X �>N�%�� f w^;E QM��wf�r+im=�l� f w$W�$< QM�
µf = ⊓{x ∈ X | f(x) ≤ x}

νf = ⊔{x ∈ X | x ≤ f(x)}
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§1.7 KICwT: D �iw`n 〈V,E〉 �r� V �i^;���E � V �EimZ�tI�_�*
V � E ?wT: D EOME����E���?��E�u℄��E�� E w�[+ → ��wJm: D = 〈V,E〉 � D

′
= 〈V ′

, E
′〉 �� V ⊆ V

′ w E ⊂ E
′ ��* D ? D

′ E�:����? D ⊆ D
′ � � V ⊆ V

′ w E = {〈u, v〉 ∈ E
′ | u, v ∈ V } ��* D ? D

′ EA/�:��wT: D = 〈V,E〉����Eim`M (e1, ..., en)*?i78Q�r� ei = 〈vi, vi+1〉 ∈ E� i = 1, ..., n �� 8Q (e1, ..., en) E'U?/N�8Q�E�E8%��' |(e1, ..., en)| �8Q
(e1, ..., en) 8&htOM`M (v1, ..., vn+1) ���VzwT:Ei78Q��|\7�E/N (}i8��*f8Q?!>8Q��|\mOME/N (}i8��*f8Q?��8Q���8QiP�!>8Q�8}wT:�.wOME8Q*?=�8Q��|i78QE4���'z9iOM��*f8Q?ÆQ��|fÆQ�\7�E/N (}i8��*fÆQ?!>ÆQ��|fÆQ1~$	imME8Q�\mOME/N (}i8��*fÆQ?��ÆQ�8}wT:�.wOMEÆQ*?=�ÆQ��|:�9OM u BOM v E8Q��*OM u 9jB;OM v �� u, v X" u→+

v ��|:�9OM u BOM v E8Q��:�9OM u BOM v E��8Q� �imw n mOMEwT:������8QE'US (} n− 1 �����ÆQE'US (} n �imwT: D = 〈V,E〉 ��|V0E\iVOM u � v �9j9 u B; v �w9j9 vB; u ��* D ?uG8:�wT: D �uG8E�w+� D w=�ÆQ��wT: D �� A ⊆ D � D Eim�<uG8A/�:��w+� A � D EA/�:� A �uG8E�wVz�kE D EuG8E�: B ⊆ D �� A 6= B � A 6⊆ B � �wT: D �� D Eim�<uG8A/�:�*? D EimuG8_:�� D = 〈V,E〉 ?wT:�� A ⊆ V �9�� A 9;EOME����= A �? {b | a→∗

b, a ∈ A} ��? rh(A) �9; A EOME��? {b | b→∗
a, a ∈ A} ��? rh

b
(A) �� D �uG8:�� rh(A) = rh

b
(A) = V �Pl E(a) = {b | E(a, b)}, E(A) = {b | E(a), a ∈ A} �� V �w{��� A ⊆ V �# E� E

−1 5+� (ρ(V ) → ρ(V )) �E�%�# A ∪ E(Z) � A ∪ E
−1

(Z) 5+���K? Z E
(ρ(V ) → ρ(V )) �E�%��

rh(A) =
⋃∞

i=0
E

i
(A) = µZ.(A ∪ E(Z)).

rh
b
(A) =

⋃∞
i=0

(E
−1

)
i
(A) = µZ.(A ∪ E−1

(Z)).� D1 = 〈V1, E1〉 � D2 = 〈V2, E2〉 ?wT:�imtI σ ⊆ V1×V2 *? D1 B D2 EbktI��|V�k (u, v) ∈ σ�V�k u
′ ∈ V1 ��| E1(u, u

′
)��:� v

′ ∈ V2 �E2(v, v
′
)w (u

′
, v

′
) ∈ σ�σ�bktI�w+� σ

−1
E1 ⊆ E2σ

−1�imtI σ ⊆ V1 × V2 *? D1 � D2 �E
bktI��|V�k (u, v) ∈ σ � �	�V�k u
′ ∈ V1 ��| E1(u, u

′
) ��:� v

′ ∈ V2 � E2(v, v
′
) w (u

′
, v

′
) ∈ σ 
 �
�V�k

v
′ ∈ V2 ��| E2(v, v

′
) ��:� u

′ ∈ V1 � E1(u, u
′
) w (u

′
, v

′
) ∈ σ � σ �
bktI�w+� σ

−1
E1 ⊆ E2σ

−1 w σE2 ⊆ E1σ �� D = 〈V,E〉 ?wT:�
σ ⊆ V ×V *? D�EbkG tI��|V�k (u, v) ∈ σ�:�imbktI σ

′ ⊆ V ×V�D (u, v) ∈ σ
′ w:�imbktI σ

′′ ⊆ V × V �D (v, u) ∈ σ
′′ � σ ⊆ V × V *? D �E
bkG tI��| σ � V �E$<E
bktI�
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§1.8 A:�	EfE��T
V?�%b�{-`g�RtE�3hmw.L(�?�%bERti�#6 [Lu92, YHXT98, ZLL03] � ,8FH
[Lu92] R�)��-�}fF\�}m�8
0��� 1992 �
[YHXT98] o�N�� v�_w��1`x��	&
�jH&�0��� 1998 �
[ZLL03] &XO�B�(�Ps"��	&
��~8
�"CO0��� 2003 �



§2 ����
	Æ 1wh%A_C�w_(%Æ^
§2 �hp^WDd%>>mj1gOt���
k[%>>(�>`:j%E�`D>;v�G�L%>>mj�%J<GK�(�>kz`:j%��(�>`:N9��# (�N9�Æj�u(�N9�

§2.1 A/HkC
R�aJf(>K��!{XI�D}� `D!℄ol	Wn~p F �".Wn~p
P �� B = (F, P ) tI�D}
�~p WFFB � B t>0>~p TB �� WFFB w�69.>
�~p QFFB � (�>R�aJN9�!�dkF>I�D}th�Wn�:Yp�	o>%*u�^w WFFB w>
�&	 >%*u>��� TB w>0&	 Yp[ wp>���
§2.1.1 7#*i+q9C
�duBv[ N9�I�D}>.'� {GN9G
VYp�
>Zp���[ oBv[ � `D B = (F, P ) �%Jh�L)~p>Wn�

{:=, ; , if, then, else, fi, while, do, od, ǫ}

Definition 2.1 �� B = (F, P ) ��3' V �k� (B, V ) F�-�!j"s.<gLk�����?' S �nDa�
S ::= ǫ | T ; ǫ

T ::= x := t |

T ;T |

if e then T else T fi |

while e do T od?| x ∈ V \�u� t ∈ TB \ B F�eA V ar(t) ⊆ V � e ∈ QFFB \k���3���KA V ar(e) ⊆ V �`D B = (F, P ) o�9~p V � (B, V ) t>�duBv[ N9>~p� L
(B,V )

© � �5R��d�Q`_O>e,)�N9�!> ǫ &LxB�5�℄V{SN9>(���V8_�T��N9`:>yY�To�9��� �9��)� V w�9hp>�p Σ = {σ|σ(x) ∈ D,x ∈ V } � (�>��)� N9o V w�9hp>�p
L

(B,V )

© × Σ �{SHk$℄I_N9>`:h!X B >��� `D B >I_�� I �N9(���>aJf( → (L
(B,V )

© × Σ)
2 >I_�~� (S0, σ0)→(S1, σ1) :d�:L)I0$4�



§2 ����
	Æ 2

S0 �� S1 σ1

x := t;S S σ0[x/I(t)(σ0)]

if (e) then S else S
′
fi; S

′′
σ0 |=I e S;S

′′
σ0

if (e) then S else S
′
fi; S

′′
σ0 6|=I e S

′
;S
′′

σ0

while e do S od; S
′

σ0 |=I e S; while (e) do S od; S’ σ0

while e do S od; S
′

σ0 6|=I e S
′

σ0

ǫ ǫ σ0Lt>�sI0�LN9`:yrs���&���sfT [(Si, σi)]i≥0 ��&f(;
(S0, σ0)(S1, σ)(S2, σ2)......N9 T >I_`:���~ L
(B,V )

© × Σ t>I_&f>; [(Si, σi)]i≥0 E� S0 = T dJmN i ≥ 0,

(Si, σi)→(Si+1, σi+1)N9 T d(~�9�� σ0 z`:&;4>��>~p {(T ′, σ)|(T, σ0)
∗
→(T

′
, σ)} �zxN9 T d(~�9�� σ z>`:yr�:d�:2d σ

′ }= (T, σ)
∗
→(ǫ, σ

′
) �C
gyN9>{Æ;v
-N9`:>yr;L�N9>yr��o(~��>f(�v ϕ o ψ�".�I4{Æ>;vK�o)�� 1 �`D(~z>�9��E�>�� ϕ �`D ψ �Ggoiyr�gN9>yrz>�9��E� ψ �k_Gg# N9JX ϕ o ψ >�Tmj;� ϕ # N9>bID� ψ # N9>sID�� 2 �`D(~z>�9��E�>�� ϕ �`D ψ �GgN9Teyr�dN9>yrz>�9��E� ψ �k_Gg# N9JX ϕ o ψ >�imj;�� 3 ��imj;
-:N9>yr;��`D(~z>�9��E�>�� ϕ �GgN9Teyr�C
gy�eM�lv". ϕ  N9 T >(~��E�>��� T JX". ϕ >yr;DOo)�yr;� ϕ(σ) → ((T, σ)

∗
→(ǫ, σ

′
))v". ϕ  N9 T >(~��E�>���". ψ  JN9 T >yr��>Gg� T JX". ϕ o". ψ >�Tmj;o�imj;DOo)��Tmj;� ϕ(σ) → ((T, σ)

∗
→(ǫ, σ

′
) → ψ(σ

′
))�imj;� ϕ(σ) → ((T, σ)

∗
→(ǫ, σ

′
) ∧ ψ(σ

′
)).S�&LDOL
� bsID>N9mj;� JX
� ϕ o ψ �&L	
��j I��$ ".�g&LV0�>;vK�� T JX
� ϕ >yr;� T JX". I(ϕ) >yr;�



§2 ����
	Æ 3yr;� I(ϕ)(σ) → ((T, σ)
∗
→(ǫ, σ

′
))

T JX
� ϕ o
� ψ >�Tmj;o�imj;DOo)��Tmj;� I(ϕ)(σ) → ((T, σ)
∗
→(ǫ, σ

′
) → I(ψ)(σ

′
))�imj;� I(ϕ)(σ) → ((T, σ)

∗
→(ǫ, σ

′
) ∧ I(ψ)(σ

′
))

T JX
� ϕo
� ψ >�Tmj;o�imj;T��	 |=I {ϕ}T {ψ}o |=I [ϕ]T [ψ]�
§2.1.2 ?�XC
>%�N9 �I�D}>.'� >%�N9|GV8z[ �Iz�Yp[ �Iz���[ �k4[ # q=� dI�D}>{+t�%Jh�L)8_~p>Wn�X}Wn~ AX {:=, :, goto, if, else}�nWn~ LB {beg, end, l1, l2, ..., }`D B = (F, P ) o�9~p V �DO (B, V ) t>>%�N9>8zq=o)�

l1: (x1, ..., xn) := (t1, ..., tn) goto l2

l1: if (e) goto l2 else goto l3^w l1, l2, l3 ∈ LB  �n� l1 6= end, t1, ..., tn ∈ TB d ⋃n
i=1

V ar(ti) ⊆ V , e ∈ QFFB d
V ar(e) ⊆ V , x1, ..., xn ∈ V dJ 1 ≤ i < j ≤ n, xi 6= xj � Fn��>�n# 
DO�n�FnW�> �# �nDO�
Definition 2.2 k� (B, V ) F�-5�X<g T \8�maU*�{4' ��� beg �iq�n�� end ���n	bx���n|�
 end Y����iq�n9�������nk
`D B = (F, P ) o�9~p V � (B, V ) t>%�N9>~p� L

(B,V )

←֓ �� LB
←֓  m`�9~p V > L

(B,V )
←֓ >�~�℄V{S>%�N9>(���V8_�T���no�9����n&L1� N9z(�>*u��� �9��)� V w�9hp>�p Σ = {σ|σ(x) ∈ D,x ∈ V } � (�>��)� �no V w�9hp>�p LB × Σ �{SHk$℄`D B >I_�� I �`Dq= t � (li, σi)

t
→(li+1, σi+1) :d�:L)Ize,$4�

t  li: (v1, ..., vn) := (t1, ..., tn) goto li+1 �d σi+1 = σi[v1/I(t1)(σi)] · · · [vn/I(tn)(σi)]

t  li: (if (e) goto l
′
else goto l

′′ �
σi+1 = σi d σi |=I e g li+1 = l

′ �Vg li+1 = l
′′`D>%�N9 T o B >I_�� I �%JDO>%�N9(���>~xf( T

→ o)� (li, σi)
T
→(li+1, σi+1) :d�:L)Ize,$4�
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	Æ 42dq= t ∈ T }= (li, σi)
t
→(li+1, σi+1) z�2dDO�n li >q=d (li, σi) = (li+1, σi+1) �d�Q`y2>zr�%J
 T

→ w> T xB5$ → �sfT [(li, σi)]i≥0 ��&f(;
(l0, σ0)(l1, σ1)(l2, σ2)......>%�N9 T >I_`:���~ LB×Σ t>I_&f>; [(li, σi)]i≥0 E� l0 = beg dJmN i ≥ 0, (li, σi)→(li+1, σi+1) �>%�N9 T d(~�9�� σ0 z`:&;4>��>~p {(l, σ)|(beg, σ0)

∗
→(l, σ)}�zxN9d(~�9�� σ z>`:yr�:d�:2d σ

′ }= (beg, σ)
∗
→(end, σ

′
) �C
gyv". ϕ  N9 T >(~��E�>��� T JX ϕ >yr;DOo)�yr;� ϕ(σ) → ((beg, σ)

∗
→(end, σ

′
))v". ϕ  N9 T >(~��E�>���". ψ  JN9 T >yr��>Gg� T JX ϕ o ψ >�Tmj;o�imj;DOo)��Tmj;� ϕ(σ) → ((beg, σ)

∗
→(end, σ

′
) → ψ(σ

′
))�imj;� ϕ(σ) → ((beg, σ)

∗
→(end, σ

′
) ∧ ψ(σ

′
)).S�&LDOL
� bsID>N9>mj;�

§2.1.3 [MHkC
#�aJN9�I�D}>.'� #�aJN9�K�>aJf(|GV8_G
�#�oYp�*/n��(�w
k(~��>K�� dI�D}>{+t�%Jh�Wn
{−→, :=}`D B = (F, P ) o�9~p V �DO (B, V ) t>aJo)�

p −→ (v1, v2, ..., vn) := (e1, e2, ..., en)^w p ∈ QFFB  I_�69.>
�d V ar(p) ⊆ V �v1, v2, ..., vn ∈ V  �℄�e1, e2, ..., en ∈

TB  B t>0d ⋃n
i=1

V ar(ei) ⊆ V �I_aJ��(�>I_^�E	�
Definition 2.3 k� (B, V ) F�^K�l<gLk��u�

(T,Θ)?| T \ (B, V ) F�l�q
' � Θ ∈ QFFB \�JU*�Lk���3���KA
V ar(Θ) ⊆ V �

B >��jD:aJ(�K�w!℄Wn�l	Wno".Wn>kO� �9>Yp σ7�:(�`:w�9dOIz'>���P/H# σ  �����>~p Σ � L)�v
B >�� I = (D, I0)  K�`D�
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	Æ 5{S<2(�>��)� V w�9hp>�p Σ = {σ|σ(x) ∈ D,x ∈ V } �{SHk$℄aJ ϕ −→ (v1, v2, ..., vn) := (e1, e2, ..., en) d�� σ &o:�:d�: σ |=I ϕ � v
t � ϕ −→ (v1, v2, ..., vn) := (e1, e2, ..., en)  I_aJ�T σ

t
→σ

′ �� t d�� σ &o:d
σ
′
= σ[v1/I(e1)(σ)] · · · [vn/I(en)(σ)] �T σ→σ

′ �� d�� σ 2d&o:aJ t d σ
t
→σ

′d�� σ �2d&o:aJd σ
′
= σsfT [σi]i≥0 ��&f(;

σ0σ1σ2σ3......#�aJN9 (T,Θ) t>I_`:���~ Σ t>I_&f>; [σi]i≥0 E� σ0 |=I Θ dJmN i ≥ 0,

σi→σi+1;�{ST σ → σ
′ ��2d t ∈ T }= σ

t
→σ

′ ���~p A>&4��~p rh(A) {σ′|σ
∗
→σ

′
, σ ∈

A} �(�>&4��~p rh(Θ)  {σ′|σ
∗
→σ

′
, σ |=I Θ} �;�gy`DI_��
� ϕ � ϕ ��d(� M w&4�:d�:(�`:w2dE� ϕ >���� ∃σ ∈ rh(Θ).σ |=I ϕ �
Igy�i;v &4;v>JW;v�`DI_��
� ϕ �(� M E��i;v ϕ ��	

M |= 2ϕ �:d�:(�>I_`:w>I_��FE� ϕ �� ∀σ ∈ rh(Θ).σ |=I ϕ �3�amgy`DI_��
� ϕ �(� M E��8/S;v ϕ ��	 M |= 3ϕ �:d�:(�>I_`:wFV��E� ϕ � � ∀A ⊆ Σ.((∃σ ∈ A.(σ |=I Θ)) ∧ (∀σ ∈ A.∃σ′ ∈ A.(σ → σ
′
)) →

(∃σ ∈ A.(σ |=I ϕ))) �amgy`D��
� ϕ o ψ �(� M E�/S;v (ϕ, ψ) ��	 M |= 2(ϕ→ 3ψ) �:d�:(�>I_`:wI_E� ϕ >��nsz�zV��E� ψ �� ∀A ⊆ rh(Θ).((∀σ ∈ A.∃σ′ ∈

A.(σ → σ
′
)) → (∃σ ∈ A.(σ |=I ϕ))) �
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§2.1.4 Z�HkC
".aJN9�I�D}>.'��� I�D}
�>M℄��`D B = (F, P ) o�9~p V = {v1, ..., vn} � DO V
′
= {v′|v ∈ V } �

Definition 2.4 k� (B, V ) F�℄��l<gLk��u�
(ρ,Θ)?| ρ ∈ QFFB \�l�`�k���3���KA V ar(ρ) ⊆ V ∪ V ′ � Θ ∈ QFFB \�JU*�Lk���3���KA V ar(Θ) ⊆ V �

B >��jD:aJ(�K�w!℄Wn�l	Wno".Wn>kO� �9>Yp σ7�:(�`:w�9dOIz'>���P/H# σ  �����>~p Σ � L)�v
B >�� I = (D, I0)  K�`D�{S<2(�>��)� V w�9hp>�p Σ = {σ|σ(x) ∈ D,x ∈ V } �{SHk$℄aJ ρ d�� σ &o:�:d�:2d a1, ..., an }= σ[v

′
1/a1] · · · [v′n/an] |=I ρ� T σ→σ

′�� 2d a1, ..., an E� σ[v
′
1/a1] · · · [v′n/an] |=I ρ d σ

′
= σ[v1/a1] · · · [vn/an] �z ρ d�� σ �&o:d σ

′
= σ �sfT [σi]i≥0 ��&f(;

σ0σ1σ2σ3......".aJN9 (ρ,Θ) t>I_`:���~ Σ t>I_&f>; [σi]i≥0 E� σ0 |=I Θ dJmN i ≥ 0,

σi→σi+1;�{ST σ → σ
′ ��2d t ∈ T }= σ

t
→σ

′ ���~p A>&4��~p rh(A) {σ′|σ
∗
→σ

′
, σ ∈

A} �(�>&4��~p rh(Θ)  {σ′|σ
∗
→σ

′
, σ |=I Θ} �
Igy'amgy0�X��aJN9�%J&L�C�i;vo/S;v�

§2.1.5 �UC
�$℄Lt�u:�duBv[ N9�>%�N9�#�aJN9oD}aJN9�V4N9&L.t~x�`D�duBv[ N9 S �%J&LdeI_.S>>%�N9� %JT S de6�n>%>�k_de� f �DOo)
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S f(S) �
ǫ end

x := t x := t

T1;T2 f(T1); lT2
: f(T2)

if e then T1 else T2 fi if e then lT1
: f(T1) else lT2

: f(T2) fi

while e do T od while e do lT : f(T ) od%JT6�n>%> S de>%�N9�k_de� g �DOo)�^w l(S)  S >�n�T��
S g(S) �
end {}

lT {}

lT : x:=t; T1 {lT : x := t goto l(T1);} ∪ g(T1)

lT : if e then T1 else T2 fi; T3 {lT : if (e) goto l(T1) else goto l(T2);} ∪ g(T1; l(T3)) ∪ g(T2; l(T3)) ∪ g(T3)

lT : while e do T1 od; T2 {lT : if (e) goto l(T1) else goto l(T2);} ∪ g(T1; lT ) ∪ g(T2)`D�duBv[ N9 S �g g(beg : f(S))  .S>>%�N9�Z7#*i+q9C
'?�XC
��1`D (B, V ) t>�duBv[ N9 S o (B, V ) t>>%�N9 T � oiJmN`D> B >���J S >mNI_`: [(Si, σi)]i≥0 2d T >I_`: [(li, σ
′
i)]i≥0 E� σi = σ

′
i d

Si = ǫ :d�: li = end �PnMk�g#�duBv[ N9 S o>%�N9 T ?��#tvJg`D�duBv[ N9 S �g>%�N9 g(beg : f(S)) Z S ?��
§2.2 _M{SHkC
dR�aJN9>K�w�(�`:>��)�L�(�>`:U�� I �!D�Lj>��)�L���n�aJf(>K�V}X�u(�;v>�E�
§2.2.1 Kripke C
 (KS)L��aJN9z".aJN9 )NC���)��� Σ �*:��)�n��K�(�`:>{ÆG
wV��n�>aJf(�L�(�>(~���
Definition 2.5 k� Kripke <gLk�Eu�

〈S,∆, I〉?| S \~S' � ∆ ⊆ S × S \ S F�ZB�l�`� I ⊆ S \�J~S'��8'sfT s→s
′ ��2d1 s ; s

′ >aJ�� (s, s
′
) ∈ ∆ �T [si]

n
i=0 ��Vf>;

s0s1s2...sn

Kripke N9t>Vf?�� S t>Vf>; [si]
n
i=0 E�JmN 0 ≤ i ≤ n− 1, si→si+1 �

Kripke N9t>&f?�� S t>&f>; [si]i≥0 E�JmN i ≥ 0, si→si+1 �
Kripke N9t>`:� Kripke N9t>&f?� [si]i≥0 E� s0 ∈ I �
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→ �� → >,B�P�
���~p A >&4��~p rh(A)  {s′|s

∗
→s
′
, s ∈ A} �(�>&4��~p rh(I) �
Igy(�>�i;v&T��~p�����~p A �i�:d�:(�>I_`:w>I_��Fd A w�� rh(I) ⊆ A �3�amgy(�>/S;v&T��~p�����~p A ��8/S>�:d�:(�>I_`:wV��d A w� � ∀B ⊆ S.((B ∩ rh(I) 6= ∅) ∧ (∀s ∈ B.∃s′ ∈ B.(s→ s

′
)) → (B ∩A 6= ∅)) �

§2.2.2 �& KSUX KS JX(�>K�jX�u� KS 	 q�N9�T��~��;v+=qZa�oi��;v>~pq5�g^���qZa� :�4o�Æ>�8�&TM���;v� :TeTM���;v�%J�=
�dw>��o{G
�dQ4��t$46(`/� :DOt>�8�%Js#�dI_��tO4�8M��V$4�
Definition 2.6 ��k�v�;T' AP �k� AP F��� KS Lk�Qu�

〈S,∆, I, L〉?| 〈S,∆, I〉 \ Kripke <g� L : S → 2
AP \~S' � AP �:'�oG�dkF>I_�dw� L(s) ��d s t�V s $4>^�M�>~p�^�M� p d st$4:d�: p ∈ L(s) �^�M�D}
�>$4ZV�1M�D}>����^�M�~p AP t�VM�
�>~p LAP �%J&LTM�D}>
���;v�`DI_ AP t>�n Kripke N9 〈S,∆, I, L〉 �I_�� s ∈ S E�;v ϕ ∈ LAP �	

M, s |= ϕ �^DOo)� M, s |= ϕ $4:d�:�
C, s |= p r p ∈ AP d p ∈ L(s) �
M, s |= ¬ψ r M, s 6|= ψ �
M, s |= ψ0 ∨ ψ1 r M, s |= ψ0 z M, s |= ψ1 �
M, s |= ψ0 ∧ ψ1 r M, s |= ψ0 d M, s |= ψ1 �
M, s |= ψ0 → ψ1 r M, s |= ψ0 g M, s |= ψ1 �
M, s |= ψ0 ↔ ψ1 r M, s |= ψ0 :d�: M, s |= ψ1 �v m = {x1, ..., xk} ⊆ AP d AP \m = {y1, ..., yl} �DO m |= ϕ :d�: (ϕ

1,...,1
x1,...,xk

)
0,...,0
y1,...,yl>p 1 �g M, s |= ϕ :d�: L(s) |= ϕ �qj

M >[D� L(M) ⊆ (2
AP

)
ω �DOo)� u = u0u1 · · · ∈ L(M) :d�: M VI_`: r = r0r1 · · · dJ�V i � ui = L(ri) �"Mo{S0(I_
�JSXI_��~p�� ϕ JSX��~p {s|M, s |= ϕ} �T [[ϕ]] ����~p {s|M, s |= ϕ} �
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Igy(�>�i;v&T
����(�E��i;v ϕ �:d�:(�>I_`:w>I_��FE� ϕ �� ∀s ∈ rh(I).(M, s |= ϕ) �� ∀s ∈ rh(I).(L(s) |= ϕ) �� rh(I) ⊆ [[ϕ]] �3�amgy(�>/S;v&T
����(�E�/S;v ϕ �:d�:(�>I_`:wFV��FE� ϕ �� ∀B ⊆ S.((B ∩ rh(I) 6= ∅)∧ (∀s ∈ B.∃s′ ∈ B.(s→ s
′
)) → (∃s ∈ B.(L(s) |= ϕ)) �

§2.2.3 =u�& KS�n KS s#�dI_��tO4�8M��V$4�%J&LJ^�:.i�dI_��t�tO_
��V$4�
Definition 2.7 ��k�v�;T' AP �k� AP F�0y�� KS Lk�Qu�

〈S,∆, I, L〉?| 〈S,∆, I〉 \ Kripke <g� L : S → LAP \~S' �;T7&�K' �oG�`DI_ AP t>.i�n Kripke N9 〈S,∆, I, L〉 �I_�� s ∈ S E�;v ϕ ∈ LAP�	 M, s |= ϕ :d�: L(s) → ϕ �qj
M >[D� L(M) ⊆ (LAP )

ω �DOo)� u = u0u1 · · · ∈ L(M) :d�: M VI_`: r = r0r1 · · · dJ�V i � ui |= L(ri) �
Igy(�E��i;v ϕ ∈ LAP �:d�:(�>I_`:w>I_��FE� ϕ ��
∀s ∈ rh(I).(L(s) → ϕ) �3�amgy(�>/S;v&T
����(�E�/S;v ϕ �:d�:(�>I_`:wFV��FE� ϕ � �

∀B ⊆ S.((B ∩ rh(I) 6= ∅) ∧ (∀s ∈ B.∃s′ ∈ B.(s → s
′
)) → ∃s ∈ B.(L(s) ∧ ϕ �&E�>)) �

§2.2.4 "G�& Kripke C
JX KripkeN9LD�sGE���aJf(>&f��>;��(�>I_`:�Vzr :b�j�K�(�>`:�%J<GJ`:�ID-uLX*I4E���~xf(9�p1>&f��>;� rGgTeX*kF>&f��>;�%J<Gd�dw�p6>$T��vt
℄`:>���DO
℄�n Kripke N9�
Definition 2.8 k��>�� Kripke <gLk�_u�

〈S,∆, I, L, F 〉?| 〈S,∆, I, L〉 Lk� AP F��� Kripke <g� F ⊆ 2
S \�>hwN�' �
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℄�n Kripke N9 〈S,∆, I, L, F 〉 t>I_`:� Kripke N9 〈S,∆, I〉 t>I_`:� DO inf(π)  &-K0),d π w>��>~p�I_
℄�n Kripke N9t>`:
π = [si]i≥0 �
℄>�:d�:J�V f ∈ F �

inf(π) ∩ f 6= ∅qj
M >[D� L(M) ⊆ (2

AP
)
ω �DOo)� u = u0u1 · · · ∈ L(M) :d�: M VI_
℄`: r = r0r1 · · · dJ�V i � ui |= L(si) �qj <gy`D M = 〈S,∆, I, L, F 〉� L(M) 6= ∅:d�: M VI_
℄`: :d�:V1� (S,∆)2dU I &4>
7�T9 C dJ�V f ∈ F � C ∩ f 6= ∅ �

§2.2.5 �UC
�$℄Lt�u: Kripke N9��n Kripke N9�.i�n Kripke N9o
℄�n Kripke N9��TN9n�&L.t~x��TN9&LUR�aJ(�w$��& KS o=u�& KS`D AP t>.i�n KS N9 M = 〈S,∆, I, L〉 �%J&LdeI_.S>�n KS N9� DO M
′
= 〈S′,∆′, I ′, L′〉 o)

S
′
= {(s,m)|s ∈ S,m |= L(s)} �

∆
′
= {((s,m), (s

′
,m
′
))|{(s, s′) ∈ ∆} �

I
′
= {(s,m)|{s ∈ I} �

L
′
: L((s,m)) = m �g L(M

′
) = L(M) �Z�HkC
o�& KS

KS &UVf��>".aJN9z#�aJN9w$�r KS U".aJN9w$� KS>��)�>53U[N9>�9�^hpQ�!D�̀ D (B, V )t>".aJN9 (ρ,Θ)�`D B t>�� I �v V = {v1, ..., vn} d= |v|  v &Thp>_	���)�>53 |v1| · |v2| · · · |vn| �rT n ℄���gI_�� 〈a1, ..., an〉 ^w a1, ..., an T� v1, ..., vn >p�aJ~pU ρ  w�v σ, σ
′ ∈ Σ �r σ→σ

′ �g (〈σ(v1), σ(v2), ..., σ(vn)〉, 〈σ′(v1), σ
′
(v2), ..., σ

′
(vn)〉) ∈ ∆ �(~��~p I a� Θ DO w�r σ |=I Θ  l�g 〈σ(v1), σ(v2), ..., σ(vn)〉 ∈ I �JI_�9 v �v^p\ {a1, ..., a|v|} �%J&Lde |v| _M� {p1, ..., p|v|} �I_M�7� v = a1, v = a2, ..., v = a|v| wJS>I0� v pv,a 7� v = a �DO L o)�

pxi,a ∈ L(〈x1, ..., xn〉) :d�: xi = a �kF�%JVI_^�M�~p AP o^t>�n
Kripke N9 M(ρ,Θ) = 〈S,∆, I, L〉 �
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o�& KS ��1`D (B, V ) t>".aJN9 (ρ,Θ) o B t>�� I = (D, I0) ^w D  Vf~p�`D AP t>�n KS N9 M = 〈S,∆, I, L〉 �̀ DI_ AP �~;".~p {v = d|v ∈ V, d ∈ D}�~>IIJSf( ζ � oiJmN (ρ,Θ) >I_`: σ0σ1 · · · 2d M >I_`: s0s1 · · ·E� σi |= (v = d) :d�: ζ
−1

(v = d) ∈ L(si) �dJmN M >I_`: s0s1 · · · 2d (ρ,Θ)>I_`: σ0σ1 · · · E� p ∈ L(si) :d�: σi |= ζ(p) �g#".aJN9Z�n KS � ζ ?�>�#tvJg`D (B, V ) t>".aJN9 (ρ,Θ) o B t>�� I = (D, I0) ^w D  Vf~p�`D ζ = {(px,a, (x = a))|x ∈ V, a ∈ D} �g".aJN9 (ρ,Θ) Z�n KS N9 M(ρ,Θ) � ζ ?�>��& KS K�CFo)CF$℄v M1 = 〈S1,∆1, I1, L1〉 o M2 = 〈S2,∆2, I2, L2〉  ^�M�~p AP t>�n KS �
σ ⊆ S1 × S2 � M1 ; M2 >NUf(:d�: σ �V1� 〈S1,∆1〉 ; 〈S2,∆2〉 >NUf(d σ E� � 1 �J�V (x, y) ∈ S1 × S2 �r (x, y) ∈ σ g L1(x) = L2(y) � � 2 �J�V

x ∈ I1 �2d y ∈ I2 E� (x, y) ∈ σ � r2dI_kF> σ �g# M2 NU M1 �
σ ⊆ S1 × S2 � M1 o M2 t>tNUf(:d�: σ �V1� 〈S1,∆1〉 o 〈S2,∆2〉 t>tNUf(d σ E� � 1 �J�V (x, y) ∈ S1 ×S2 �r (x, y) ∈ σ g L1(x) = L2(y) � � 2 �J�V x ∈ I1 �2d y ∈ I2 E� (x, y) ∈ σ �dJ�V y ∈ I2 �2d x ∈ I1 E� (x, y) ∈ σ �r2dI_kF> σ �g# M2 Z M1 tNU�

§2.3 �&Hk℄Vo}�.
KripkeN9K�>|G���o��n�>~xf(��f7�{GE	}=��Nw:�u�dO4zrE	H�(�K�wf
>I�T�

§2.3.1 �&Hk℄V (LTS)

Definition 2.9 k����l`WLk�Qu�
〈Σ, S,∆, I〉?| Σ \��' � S \~S' � ∆ ⊆ S × Σ × S Lk�q����l�`� I \�J~S'�sfT s

a
→s
′ ��2d1 s ; s

′ > a aJ�� (s, a, s
′
) ∈ ∆ � LTS t>I_`:���~ S t>I_&f>; [si]i≥0 E� s0 ∈ I dJmN i ≥ 0, 2d a ∈ Σ �}= si

a
→si+1 �~!��n~ Σ t>I_�W-� Σ t>I_&f>;� [ai]i≥1 ∈ Σ

ω ��naJ(� M =

〈Σ, S,∆, I〉 t>I_�W-:d�:2d LTS t>I_`: π = [si]i≥0 }=JmN i ≥ 0,

si
ai+1

→ si+1 � π # �W- ω t>I_`:�qj�naJ(� M t>�W->~p� M >[D�� L(M) �
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	Æ 12P�&Hk℄VZ KS 0��%J&Ld LTS >��t�bI48'�
Definition 2.10 ��k�v�;T' AP �k� AP F����l-�Lk�_u�

〈Σ, S,∆, I, L〉?| 〈Σ, S,∆, I〉 Lk����l`W� L : S → 2
AP \~S'� AP �:'�oG�

§2.3.2 ω }�.JX LTS LD�sGE���aJf(>&f��>;��(�>I_`:�Vzr :b�j�K�(�>`:�%J<GJ`:�ID-uLX*I4E���~xf(9�p1>&f��>;� rGgTeX*kF>&f��>;�%J<Gd�dw�p6>$T�%Jd LTS >{+t� ^`:vt&�����DO ω �E|�
B

..
uchi }�. �8`	�%J*DOsVI_�8����> B

..
uchi �E|�

Definition 2.11 k� B
..
uchi ��%Lk�_u�

〈Σ, S,∆, I, F 〉?| 〈Σ, S,∆, I〉 Lk����l`W� F ⊆ S \��%�,M~S'�;6Osf
B

..
uchi �E| B = 〈Σ, S,∆, I, F 〉 t>`:���naJ(� 〈Σ, S,∆, I〉 t>`:� B t>`: π = [si]i≥0 �&��>:d�:

inf(π) ∩ F 6= ∅qj
B >�n~ Σ t>I_�W- ω = [ai]i≥1 �&��>:d�:2d ω t>&��`:�

B t&���W->~p B >[D��	 L(B) �}�.�sR�E|>`Æ
-���o�� A
′ � A o B >��E|��	 A = A ∪ B �:b�: L(A

′
) = L(A) ∪ L(B) � A

′ � A o B >��E|��	 A = A ∩ B �:b�: L(A
′
) =

L(A) ∩ L(B) � A
′ � A >��E|��	 A

′
= ¬A �:b�: L(A

′
) = Σ

ω \ L(A) �} B
..
uchi }�.�Æ`D8_ B

..
uchi �E| B1 = 〈Σ, S1,∆1, I1, F1〉, B2 = 〈Σ, S2,∆2, I2, F2〉 d S1 ∩ S2 = ∅ �DO B1 ∪ B2 = 〈Σ, S1 ∪ S2,∆1 ∪ ∆2, I1 ∪ I2, F1 ∪ F2〉 �g L(B1 ∪ B2) = L(B1) ∪ L(B2) �



§2 ����
	Æ 13=u B
..
uchi }�. :Te��K_�����%J.i B

..
uchi �E|>DO�
����~p\ ����~>~p�

Definition 2.12 k�0y B
..
uchi ��%Lk�_u�

〈Σ, S,∆, I, F 〉?| 〈Σ, S,∆, I〉 Lk����l`W� F ⊆ 2
S \��%�,M~S'�' �;6Osf.i B

..
uchi �E| B = 〈Σ, S,∆, I, F 〉 t>`:���naJ(� 〈Σ, S,∆, I〉 t>`:�

B t>`: π = [si]i≥0 �&��>�:d�:J�V f ∈ F �
inf(π) ∩ f 6= ∅}�.��1I_�E|?�X<I_�E|:d�:^�DO>[D�.�>�80�E|>�4T5.��:d�:mNI0�E|>I_|3FVI_?�><I0�E|>I_|3� .i B

..
uchi �E|>�4T5o B

..
uchi �E|�IF>�}=u B

..
uchi }�.�Æ'5`D8_.i B

..
uchi�E| B1 = 〈Σ, S1,∆1, I1, F1〉, B2 = 〈Σ, S2,∆2, I2, F2〉d S1∩S2 = ∅�v

F = {f ∪ S2|f ∈ F1} ∪ {f ∪ S1|f ∈ F2}DO B1 ∪ B2 = 〈Σ, S1 ∪ S2,∆1 ∪ ∆2, I1 ∪ I2, F 〉 �g L(B1 ∪ B2) = L(B1) ∪ L(B2) �v
∆ = {((q1, q2), a, (q′1, q

′
2))|(q1, a, q

′
1) ∈ ∆1, (q2, a, q

′
2) ∈ ∆2}

F = {f × S2|f ∈ F1} ∪ {S1 × f |f ∈ F2}DO B1 ∩ B2 = 〈Σ, S1 × S2,∆, I1 × I2, F 〉 �g L(B1 ∩ B2) = L(B1) ∩ L(B2) �.i B
..
uchi �E|� B

..
uchi �E|>Iz.i�d.i B

..
uchi �E|{+t
J^������I�.iz{6DO�%J&L=; Streett �E|� Rabin �E|z Muller �E|�

Streett }�.
Definition 2.13 k� Streett ��%Lk�_u�

〈Σ, S,∆, I, F 〉?| 〈Σ, S,∆, I〉 Lk����l`W� F ⊆ 2
S × 2

S \��%�,M~S'�' �;6Osfv B = 〈Σ, S,∆, I, F 〉 � Streett �E|� B t>`:���naJ(� 〈Σ, S,∆, I〉 t>`:� B t>`: π = [si]i≥0 �&��>�:d�:J�V (f, g) ∈ F �
inf(π) ∩ f 6= ∅ → inf(π) ∩ g 6= ∅
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Rabin }�.
Rabin �E|>�do Streett �E|�iIF�s�����mmo Streett �E|>����.P�`DI_ Rabin �E| B = 〈Σ, S,∆, I, F 〉 � B t>`: π = [si]i≥0 �&��>�:d�:2d (f, g) ∈ F �

inf(π) ∩ f 6= ∅ ∧ inf(π) ∩ g = ∅

Muller }�.
Definition 2.14 k� Muller ��%Lk�_u�

〈Σ, S,∆, I, F 〉?| 〈Σ, S,∆, I〉 \�l`W� F ⊆ 2
S \��%�,M~S'�' �;6Osfv B = 〈Σ, S,∆, I, F 〉 � Muller �E|� B t>`:���naJ(� 〈Σ, S,∆, I〉 t>`:� B t>`: π = [si]i≥0 �&��>�:d�:

inf(π) ∈ F

Muller }�.��`D Muller �E| B = 〈Σ, S,∆, I, F 〉 �DO ¬B = 〈Σ, S,∆, I, 2S \ F 〉 �g L(¬B) = (Σ)
ω \ L(B) �
�E>1[D>�G�B

..
uchi�E|�.i B

..
uchi�E|�Streett �E|�Rabin �E|�Muller�E|Z{XaJ> B

..
uchi .i�E|>�4T5.��dF��U�>�qj <oqj�%

L(A) ⊆ L(B) :d�: L(A) ∩ (Σ
ω \ L(B)) = ∅ :d�: L(A ∩ ¬B) = ∅ �-nHk�=u B

..
uchi }�.Lt�E|>����F���~p�%JH&L
����DOdaJt�L)DO{XaJ>.i B

..
uchi �E|�

Definition 2.15 $r�l�0y B
..
uchi ��%Lk�_u�

〈S,Σ,∆, I, F 〉?| 〈Σ, S,∆, I〉 Lk����l`W� F ⊆ 2
∆ L,M�l' �~!�K�sf

[si]i≥0 ��W- [ai]i≥1 t>I_`:�:d�:J�V i ≥ 0 � (si, ai+1, si+1) ∈ ∆ �
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	Æ 15;6O~sfT [(si, ai+1, si+1)]i≥0 ��
(s0, a1, s1)(s1, a2, s2)(s2, a3, s3) · · ·DO inf([(si, ai+1, si+1)]i≥0)  &-K0),d [(si, ai+1, si+1)]i≥0 w>aJ>~p��W- [ai]i≥1 t>I_`: [si]i≥0 �&��>�:d�:J�V f ∈ F �
inf([(si, ai+1, si+1)]i≥0) ∩ f 6= ∅
�E>�P� Σ t>I_�W- ω �&��>:d�:2d ω t>&��`:�{XaJ>

B
..
uchi �E|Z B

..
uchi �E|>�4T5.��

§2.3.3 �&5�Hk℄Vo5�}�.�naJ(�>I_E	^s?��&TVK_�9I0`:sT1^w�fI_���Jk0aJ(�>Iz.i�l^&L�fK_s?���kF.i>aJ(�>I0`:&L����d��&5�Hk℄V (ATS)

Definition 2.16 k���+Æ�l`WLk�Qu� 〈Σ, S,∆, I〉 �?| Σ \��' �S \~S' � ∆ ⊆ S × Σ × 2
S \����l�`� I \`W�J~S�' �~!�K�sf`DI_ Σ t>&-">�W- ω = a0a1a2... ��n�3aJ(�d ω t>I_`:���~ S t>I$� r �v r(0)  r >a�C>8C~� r(i)  r >A i ��C>~p�

child(x)  �C x >��C>~p�T ∆(x, a) ��~p {y|(x, a, y) ∈ ∆} � r E�L)���
r(0) ⊆ Ir x ∈ r(i)  A i �>I_�C�g child(x) ∈ ∆(x, ai)r ∆(x, ai) 
k)~�g x &LHV��C�sf��~ S t>I$� r ��n�3aJ(� 〈Σ, S,∆, I〉 >I_`::d�:2dI_ Σt>&-">�W- ω = a0a1a2... }= r ��n�3aJ(�d ω t>I_`:�

§2.3.4 P�&5�Hk℄VZ KS 0��%J&Ld ATS >��t�bI48'�
Definition 2.17 ��k�v�;T' AP �k� AP F�P��+Æ�l`WLk�_u�

〈Σ, S,∆, I, L〉?| 〈Σ, S,∆, I〉 Lk���+Æ�l`W� L : S → 2
AP \~S'� AP �:'�oG�
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..
uchi }�.

Definition 2.18 k�+Æ B
..
uchi ��%Lk�_u�

〈Σ, S,∆, I, F 〉?| 〈Σ, S,∆, I〉 Lk���+Æ�l`W� F ⊆ S \��%�,M~S'�;6Osf�3 B
..
uchi �E| B = 〈Σ, S,∆, I, F 〉 �t>`:���n�3aJ(� 〈Σ, S,∆, I〉 t>`:� B >I_`:� r �&��>�:d�: r >�V&f?� ρ E�

inf(ρ) ∩ F 6= ∅
�E>�P� Σ t>I_�W- ω �&��>:d�:2d ω t>&��`:���3 B
..
uchi�E|Z B

..
uchi �E|>�4T5.��

§2.3.5 J�
}�.o J�
}�.
ω- �E|UaJ(�o�����$���>����DO:��>�E|�%JH&LJaJ(�T0�=;jD9�E|oSjD9�E|�jD9�E|>(~��sVI_d^aJf(�L)-u�

(s, a, s
′
), (s, a, s

′′
) ∈ ∆ → s

′
= s
′′`DI_�W-�JjD9�E|/Æ�rVZn[Z>`:�gkF>`:��I>�
�E>jD9Muller�E|��U�>�̂ �4T5ZSjD9Muller�E|.��jD9 B

..
uchi�E|���U�>�

§2.3.6 �UC
�$℄Lt�u:��09>�E|��T�E|N9?�X
℄�n KripkeN9�Lt>SjD9�E|F&Lt.~x��&[D?��"G�& Kripke C
o=u B
..
uchi }�.`D AP t>
℄�n Kripke N9 M = 〈S,∆, I, L, F 〉 �DO

Σ = 2
AP

∆
′

= {(s, a, s)|(s, s′) ∈ ∆, a = L(s)}DO.i B
..
uchi �E| B = 〈Σ, S,∆′, I, F 〉 �g L(B) = L(M) �=u B

..
uchi }�.o B

..
uchi }�.`D.i B

..
uchi �E| B = 〈Σ, S,∆, I, {f1, ..., fn}〉 �DO
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n(s, i) = if (i = n) then 0; else if (s ∈ fi+1) then i+ 1; else i.

S
′

= S × {0, ..., n}

∆
′

= {(s, i), a, (s′, n(s
′
, i))|(s, a, s′) ∈ ∆, i ∈ {0, ..., n}}

I
′

= I × {0}

F
′

= S × {n}DO B
..
uchi �E| B′ = 〈Σ, S′,∆′, I ′, F ′〉 �g L(B′) = L(B) �-nHk�=u B

..
uchi }�.o B

..
uchi }�.`D{XaJ>.i B

..
uchi �E| B = 〈Σ, S,∆, I, F 〉 �DO

n(s, a, s
′
, i) = if (i = n) then 0; else if ((s, a, s

′
) ∈ fi+1) then i+ 1; else i.

S
′

= S × {0, ..., n}

∆
′

= {(s, i), a, (s′, n(s, a, s
′
, i))|(s, a, s′) ∈ ∆, i ∈ {0, ..., n}}

I
′

= I × {0}

F
′

= S × {n}DO B
..
uchi �E| B′ = 〈Σ, S′,∆′, I ′, F ′〉 �g L(B′) = L(B) � U B

..
uchi �E|�H&de[DZn.�>{XaJ>.i B

..
uchi �E|�P/{XaJ>.i B

..
uchi �E|>�4T5o B

..
uchi �E|�IF>�

§2.4 L2Hk℄V',�℄VJI4(��%J*:f((�>*u����&Twf7dI_��&?>z�2z8_��n�>I49�u�
§2.4.1 L2Hk℄V (TTS) :TeK�aJE	n�z�"H>-u�%J<GdN9w�pzx>℄V� z�>-uUz��9t>
����v X  zx�9>~p� Q  z�!9>~p�zx
�>~p Φ(X) UL)[O`)�

φ ::= x ≤ c|c ≤ x|¬φ|φ ∧ φ^w x ∈ X  zx�9� c ∈ Q  z�!9�I_zxYp v �I_ X ; R >l	� T
v + t ��J�V x ∈ X E� v

′
(x) = v(x) + t >zxYp v

′ � T t · v ��J�V x ∈ X E�
v
′
(x) = t · v(x) >zxYp v

′ � T [Y → t]v ��J�V x ∈ X \ Y E� v
′
(x) = v(x) oJ�V

x ∈ Y E� v
′
(x) = t >zxYp v

′ �
Definition 2.19 k�H)�l`WLk�_u�

〈Σ, S,X,∆, I〉?| Σ \�=�� S \~S' � X \H}�3' � ∆ ⊆ S × Σ × 2
X × Φ(X) × S \�l�`� I ∈ S \`W�J~S�' �℄V{S� V = X → R  zxYp>~p�I_(��� S × V >I_℄
�
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	Æ 18L2~!�K�sfI_z��W- Σ × R t>&f>;� R�`	�H5$ (σ, τ) = ([σi]i≥1, [τi]i≥1) ∈

Σ
ω × R

ω ^w^w τ E�J�V i, τi+1 > τi dJmN t ∈ R 2d i, τi > t �VzrP�N<G� τi+1 > τi &Lsu$ τi+1 ≥ τi �DO τ0 = 0 �z�aJ(� 〈Σ, S,X,∆, I〉 dz��W- (σ, τ) = [(σi, τi)]i≥1 ∈ (Σ×R)
ω t>I_`:���~ S × V t>I_&f>; [(si, vi)]i≥0 E�

s0 ∈ I,J�V x ∈ X ,v0(x) = 0,JmN i ≥ 0 �2d λ ⊆ X , ϕ ∈ Φ(X), (si, σi+1, λ, ϕ, si+1) ∈ ∆ }=
(vi + τi+1 − τi) E� ϕ d vi+1 = [λ→ 0](vi + τi+1 − τi) �sf

S × V t>I_&f>; r �z�aJ(� 〈Σ, S,X,∆, I〉 I_`::d�:2dI_z��W- (σ, τ) }= r �z�aJ(�d (σ, τ) t>I_`:�;�{S`Dz�aJ(� 〈Σ, S,X,∆, I〉 �I_�� s &4:d�:2dI_ 〈Σ, S,X,∆, I〉 t>`: [(si, vi)]i≥0 o i ≥ 0 }= s = si � z�aJ(�>��&4;$�>ZaG� PSPACE�i>�
§2.4.2 L2 B

..
uchi }�. (TA)

Definition 2.20 k�H) B
..
uchi ��%Lk�6u�

〈Σ, S,X,∆, I, F 〉?| 〈Σ, S,X,∆, I〉 ��k�H)�l`W� F ⊆ S \��%�,M~S'�;6Osfz� B
..
uchi �E| B = 〈Σ, S,X,∆, I, F 〉 �I_z��W- (σ, τ) t> B >`: r = (s, v)�&��>�:d�: inf(r) ∩ F 6= ∅ �^w inf(r) 7�&-K0),d`: r w>��>~p�;6OL2~!�rI_z��W- (σ, τ) t2d B >&��`:�g# (σ, τ) �&��� B t&��z��W->~p B >[D��	 L(B) � z��E|��o�U�>�9���U�>�z��E|>[DS)$�>ZaG� PSPACE �i>�

§2.4.3 ,�Hk℄Vy$aJ(��z�aJ(�>Iz.'�v X = {x1, ..., xn} |	�9>~p�� Φ(X) X t".>~p�� ⊎(X) : X → (R
n → R)  \l	>~p�� ·

X = {
·
x1, ...,

·
xn} �

Definition 2.21 k�#��l`WLk�6u�
〈Σ, S,X,∆, I, f low〉
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	Æ 19?| Σ \�=�� S \~S' � X \IO�3' � ∆ ⊆ S × Σ×⊎(X) × Φ(X) × S \�l�`� I ∈ S × (2
R
)
n \`W�J~S�' � flow : S → Φ(X ∪

·

X) \9�~S�Fk�`W�3�!�wNU*�℄V{S'{S�Hk� V = X → R  �9Yp>~p�I_(��� S × V >I_℄
� R�`	�T
v ∈ V �� (v(x1), ..., v(xn)) ∈ R

n �J δ ∈ R≥0 �T (s, v)
δ
→(s, v

′
) �� v

′ E�L)���2dI_&�l	 f : [0, δ] → R
n o^I��T .

f : (0, δ) → R
n E� f(0) = v, f(δ) = v

′ d
∀ζ ∈ (0, δ).f low(s)[X/f(ζ)][

.

X/

.

f(ζ)] = true.T (s, v)
σ
→(s

′
, v
′
) �� (s

′
, v
′
) E�L)���2d λ ∈ ⊎(X), ϕ ∈ Φ(X), (s, σ, λ, ϕ, s

′
) ∈ ∆d {z1, ..., zk} = dom(λ) }= v E� ϕ d v

′
= v[z1/λ(z1)(v)] · · · [zk/λ(zk)(v)] �L2~!�K�sfI_z��W- Σ×R t>&f>;�y$aJ(� 〈Σ, S,X,∆, I, f low〉 dz��W-

(σ, τ) = [(σi, τi)]i≥1 ∈ (Σ ×R)
ω t>I_`:���~ S × V t>I_&f>; [(si, vi)]i≥0 E� (s0, v0) ∈ I dJmN i ≥ 0 �2d v

′
i }= (si, vi)

τi+1−τi

→ (si, v
′
i) d (si, v

′
i)

σi+1

→ (si+1, vi+1) �sf
S × V t>I_&f>; r �y$aJ(� 〈Σ, S,X,∆, I, f low〉 I_`::d�:2dI_z��W- (σ, τ) }= r �y$aJ(�d (σ, τ) t>I_`:�

§2.5 Petri Y
Petri �>�C�^&LK�l�N�^{ÆG
V+��aJ�7�+�oaJ>V1��U+��paJ>�&L"$��p���UaJ�p+�>�&L"$�aJ>�)�

Definition 2.22 k� Petri [Lk�Qu�
〈P, T, F,M0〉?| P \/R' � T \�l' � F ⊆ (P × T ) ∪ (T × P ) \��' � M0 : P → N \�J~S�?| N \�CO' �℄V{SI_(��� P → N >I_l	��J�V+�>I_Yp�HkDO ◦

p(t) = {p ∈ P |(p, t) ∈ F} o p
◦
(t) = {p ∈ P |(t, p) ∈ F} �aJ t ∈ T d�� M �&o:>�:d�:�p��E��� ∀p ∈◦ p(t),M(p) ≥ 1 � T M

t
→M

′ �� t ∈ T d�� M�&o:d ∀p ∈ P � M
′
(p) = M(p) − α0(p, t) + α1(p, t) ^w

α0(p, t) = 1 :d�: p ∈◦ p(t)

α1(p, t) = 1 :d�: p ∈ p
◦
(t)



§2 ����
	Æ 20;�{S`D Petri � Q = 〈P, T, F,M0〉 �T M→M
′ ��2d t ∈ T }= M

t
→M

′ $4�g Q>&4��~p&�� {M |M0

∗
→M} � Petri �>��&4;$�>ZaG�&YD>d�

EXPSPACE R>�
I Petri Y
Petri � 〈P, T, F,M0〉 � k �>�:d�:J^�V&4�� M V ∀p ∈ P.M(p) ≤ k � 1� Petri �# �i Petri ���i Petri �>��&4;$�>ZaG� PSPACE ��>�

§2.6 Tb℄V�8(�N9T/�4K_�%�j�<�x8'�:*uo�Æ>j%�I_�%S�V��o��aJ���aJ>^P&L�S���z�p�)�
§2.6.1 T�
Definition 2.23 ��k�1g 〈S,N〉 ?| S \�=��� N \�CO�k�1g\ 〈S,N〉�V� m �(� m ∈ 〈S,N〉 �Lk�zt\ ⋃N

i=0
{〈x1, ..., xi〉|xi ∈ S} ��3��<���b�<>`DYp�� σ �r m ∈ 〈S,N〉 �g σ(m) ∈

⋃N
i=0

{〈x1, ..., xi〉|xi ∈

S} ��<��)� �<��>~p�� Σ �N4r m ∈ 〈S,N〉�gZ m.f>��~p α(m)DO α(m) = {m?s|s ∈ S}∪{m!s|s ∈ S}�v C = {m1, ...,mn}  �<~p�gZ C .f>��~p α(C) = α(m1) ∪ · · · ∪ α(mn) �Z�<&f>S���� {ǫ} �;wfN4JX x = 〈x1, ..., xn〉 �DO |x| = n, x ⊢ s = 〈x1, ..., xn, s〉, HEAD(x) = x1, TAIL(x) =

〈x2, ..., xn〉 �`DI_�<�� σ oI_�< m ∈ 〈S,N〉 �rL)I0$4g a ∈ α(m) ∪ {ǫ}&o:�
a = ǫ

a = m!s d |σ(m)| < N d s ∈ S

a = m?s d |σ(m)| > 0 d s = HEAD(σ(m))`D σ ∈ Σ,m ∈ 〈S,N〉,a ∈ α(m) �T σ
a
→σ

′ �� a d σ &o:dr a = ǫ � g σ
′
= σr a = m!s � g σ
′
= σ[m/σ(m) ⊢ s]r a = m?s � g σ
′
= σ[m/TAIL(σ(m))]
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§2.6.2 Tb�r
Definition 2.24 k�Vf�uLk�Qu�

〈Q,C,∆, q0〉?| Q \~S' � C \V�' � ∆ ⊆ Q× (α(C) ∪ {ǫ}) ×Q \����l�`� q0 ∈ Q\�J~S�℄V{S`DI_�88℄ 〈Q,C,∆, q0〉 �(���U8�T�$ (s, σ) ^w s ∈ Q  *u���
σ ∈ Σ  �<���sfaJ (q, a, q

′
) d (s, σ) &o:�:d�: q = s d a d σ &o:� v C = {m1, ...,mk} �I_`:� Q× Σ t>I_&f>; [(zi, σi)]i≥0 E� z0 = q0, σ0(m1) = · · · = σ0(mk) = 〈〉 dJmN i ≥ 0, 2d (q, a, q

′
) ∈ ∆

(q, a, q
′
) d (zi, σi) &o:

zi+1 = q
′ d σi

a
→σi+1

§2.6.3 Tb℄V
Definition 2.25 k�Vf`W {P1, ..., Pn} LpVf�u P1 = 〈Q1, C1,∆1, q10〉, ..., Pn =

〈Qn, Cn,∆n, qn0〉 ���' �?| Q1, ..., Qn \22�d+�' �℄V{SDO S1 ⊗ · · · ⊗ Sn = {{s1, ..., sn}|s1 ∈ S1, ..., sn ∈ Sn} ��8(�>(���>~p 
(Q1 ⊗ · · · ⊗Qn) × ΣsfI_aJ (q, a, q

′
) ∈ ∆1 ∪ · · · ∪∆n d�� (Q, σ) &o::d�: q ∈ Q d a d σ &o:�v C1 ∪ · · · ∪Cn = {m1, ...,mk} �I_`:� (Q1 ⊗ · · ·⊗Qn)×Σ t>I_&f>; [(zi, σi)]i≥0E� z0 = {q0, ..., qn}, σ0(m1) = · · · = σ0(mk) = 〈〉 dJmN i ≥ 0,2d (q, a, q

′
) ∈ ∆1 ∪ · · · ∪ ∆n

(q, a, q
′
) d (zi, σi) &o:

zi+1 = (zi \ {q}) ∪ {q′} d σi
a
→σi+1



���
 22Æ�R|`D8_�88℄ P1 = 〈Q1, C1,∆1, q10〉, P2 = 〈Q2, C2,∆2, q20〉 d Q1 ∩Q2 = ∅ � P1 o P2>�NDOo)
P1||P2 = 〈Q1 ⊗Q2, C1 ∪ C2,∆, {q10, q20}〉^w

∆ = {({q1, q2}, a, {q
′
1, q2})|(q1, a, q

′
1) ∈ ∆1} ∪ {({q1, q2}, a, {q1, q

′
2})|(q2, a, q

′
2) ∈ ∆2}�NÆ�E��pAo�xA�

§2.7 QBÆj|GSn %>�(�`:>N9�Vf#�aJ(��T&�# [Pel01] � KripkeN9o�E|&�# [CGP99] ��3�E|�T&�# [Var97, AHK97] �z��E|�T&�# [AD94] �y$�E|�T&�# [Hen96] � Petri �>�u&�# [NW96] � �8(��T&�# [Hol90] � �:\`
[AD94] Rajeev Alur and David L. Dill. A Theory of Timed Automata. Theor. Comput. Sci. 126(2): 183-235

(1994).

[AHK97] Rajeev Alur, Thomas A. Henzinger and Orna Kupferman. Alternating-Time Temporal Logic.

COMPOS 1997: 23-60.

[CGP99] E. Clark, O. Grumberg and D. Peled. Model Checking. MIT press, 1999.

[Hen96] Thomas A. Henzinger. The Theory of Hybrid Automata. LICS 1996: 278-292.

[Hol90] Gerard J. Holzmann. Design and Validation of Computer Protocols. Prentice Hall, 1990.

[NW96] Mogens Nielsen and Glynn Winskel. Petri Nets and Bisimulation. Theor. Comput. Sci. 153(1&2):

211-244 (1996).

[Pel01] Doron A. Peled. Software Reliability Methods. Springer-Verlag. 2001.

[Var97] Moshe Y. Vardi. Alternating Automata: Unifying Truth and Validity Checking for Temporal

Logics. CADE 1997: 191-206.
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§3 \��st"7W�)���G��A�<��VH�);�3�G�w.
�1^���G3-��p��*m� ��*m3j!V3i*m���*ma4f*m�3i*ma��*mVt��3>�V�U���G3�JY=� 53i*ma��*m3j!?K�w.#�4f
O�|:^!�X�,Qw|
%�)X31^�	��n3Q�*m�	:�LQ�*m�

§3.1 ��	�~r��Q�*m X�3Vzo3
H3Nf�oe.?w3Xz���Q�*m��{�53i*m�v#*m�o:e1^Nf3*m?K�
§3.1.1 ����	�~r (PLTL)w.|�'{�53i*mK3��Q�*m�p3i��Q�*m�sV PLTL � P9�O/O3inb AP � PLTL TT3nb(�{-CP��

φ ::= ⊥ | ⊤ | p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ |O φ | 3 φ | 2 φ | φ U φ | φ R φ:H p t AP HE 3i�y� 1

AP K3 PLTL TT5�OQ6�t 2
AP 3QI"K�X� O ϕ V PLTL TT�O

ζ = ζ0ζ1 · · · ∈ (2
AP

)
ω �w.' ζ

k ��U ζk 
S3Nf�# ζkζk+1 · · · �7 PLTL TT3-!F{�
ζ |= p H p = ⊤, i p ∈ AP � p ∈ ζ0

ζ |= ¬ϕ H ζ 6|= ϕ

ζ |= ϕ ∨ ψ H ζ |= ϕ i ζ |= ψ

ζ |= ϕ ∧ ψ H ζ |= ϕ � ζ |= ψ

ζ |= ϕ→ ψ H ζ |= ϕ 7 ζ |= ψ

ζ |= ϕ↔ ψ H ζ |= ϕ→ ψ � ζ |= ψ → ϕ

ζ |= Oϕ H ζ
1 |= ϕ

ζ |= 2ψ H ∀i ≥ 0, ζ
i |= ψ

ζ |= 3ϕ H ∃i ≥ 0, ζ
i |= ϕ

ζ |= ϕUψ H ∃i ≥ 0, ζ
i |= ψ � ∀0 ≤ j < i, ζ

j |= ϕ

ζ |= ϕRψ H ∀i ≥ 0, H (∀0 ≤ j < i, ζ
j 6|= ϕ) 7 ζ

i |= ψy� 2P9�` Kripke �V M = 〈S,R, I, L〉 �O π = π0π1π2 · · · ∈ (S)
ω t�Ox~Nf�#�9! L(π) = L(π1)L(π2) · · · �

M,π |= ϕ /��/ L(π) |= ϕ �



§3 /520 2O ϕ t PLTL TT� M t�` Kripke �V�
M |= ϕ/��/ ?d) M 33
 π �) M,π |= ϕ �

G, F , R n U `b�l�X+ R a U �w.)�{4T�
Gq ≡ (q ∧O(Gq))

Fq ≡ (q ∨O(Fq))

pRq ≡ (q ∧ (p ∨O(pRq)))

pUq ≡ (q ∨ (p ∧O(pUq)))���*`e�l�" NNF h
CR'*m��I ∧,∨,¬ �*m��I ¬ C�}53i>03TT�t NNF ET�-O
PLTL TT4v+�O PLTL 3 NNF ET� �O PLTL 3 NNF ET�$'�{?8XzV6�

(2p) ≡ ¬(3¬p)

(pRq) ≡ ¬(¬pU¬q)

(Op) ≡ ¬(O¬p)���*`q���t "�K?83
O?q�w.)�{4T�
2p ≡ (⊥Rp)

3p ≡ (⊤Up)"$ {O,U} V� PLTL 4f
O3�OrCn��Vl�rCn�
§3.1.2 PLTL j
`�}� {O,U,2,3} t PLTL TT34f
On� PLTL 3p�zo�^�{I�G���Gt PLTL TT�X3Q�*mT��$��Gt3i*m3p�zo�6I�GtQ�p�Z7�a�Zi�j}

2¬p↔ ¬3p

2(p→ q) → (2p → 2q)

2p→ p

2p→ Op

2p→ O2p

2(p→ Op) → (p→ 2p)

O¬p↔ ¬Op

O(p→ q) → (Op → Oq)

(pUq) ↔ (q ∨ (p ∧O(pUq))

(pUq) → 3q



§3 /520 3afZi���~r�}��T�� F\ p VK�T�7 p VT��
MP Z7� F\ ⊢ p→ q � ⊢ p �7 ⊢ q �a�Zi�	��}m%F\ ⊢ p �7 ⊢ 2p�Q�pY��{�,�

PLTL TT3�+R�V�993�:99K4�t PSPACE rC� C2�Q�
O 2a 3 3 PLTL TT3Onst PLTL(F) � PLTL(F) 399K4�t NP rC�
§3.1.3 PLTL j
`Yd
X�P9 ζ = ζ0ζ1 · · · ∈ (2

AP
)
ω a PLTL TT ϕ �| N 3On {i | ζk |= ϕ} st [[ϕ]] �9!_a o : 2

N → 2
N F{�

o(A) = {i ∈ N | i+ 1 ∈ A}w.)�{4T�
[[p]] = {i | p ∈ ζi}

[[¬ϕ]] = N \ [[ϕ]]

[[ϕ ∧ ψ]] = [[ϕ]] ∩ [[ψ]]

[[Oϕ]] = {i | i+ 1 ∈ [[ϕ]]}

[[ϕUψ]] = [[ψ]] ∪ ([[ϕ]] ∩ [[O(ϕUψ)]](�K4T> [[ϕUψ]] V τ(Z) = [[ψ]] ∪ ([[ϕ]] ∩ ex(Z)) 3�:7� Q
 PLTL -!> τ )T�aT*�:7�� [[ϕUψ]] V τ 3T��:7�p
[[[[ϕUψ]]]] = µZ([[ψ]] ∪ ([[ϕ]] ∩ ex(Z)))�b5�:e4f
O���'�:7�e�tF
\��w.��| p, q Æ� N 3On�4f
Oa*m��IÆ�V 2

N K3_a�
Fp = µZ(p ∨OZ)

Gp = νZ(p ∧OZ)

pUq = µZ(q ∨ (p ∧OZ))

pRq = νZ(q ∧ (p ∨OZ))P9 ζ = ζ0ζ1 · · · ∈ (2
AP

)
ω a PLTL TT ϕ �w.)
ζ |= ϕ /��/ 0 ∈ [[ϕ]] �

§3.1.4 PLTL j
" B
..
uchi +dps [[ϕ]] ⊆ (2

AP
)
ω t+R ϕ3QI"3nb�?E PLTLTT ϕ�'5�O B

..
uchiP:k

A = 〈2AP
, S,∆, I, F 〉 R2 L(A) = [[ϕ]] � (+-O PLTLTT4v+�O NNF ET� 2 a 3�' Ra U �U�w.C�'�^ 2a 33 NNFET�(+ B

..
uchiP:k�m℄�9 B

..
uchiP:k3Mg20��{V�OV6-�4v+ [[ϕ]] 3�9 B

..
uchi P:k Bϕ = 〈2AP

, S,∆, I, F 〉3FC�
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1. Z|V6Nf x = ({ϕ}, {}, {}) �s a(x) = {ǫ} �|:tGNfn S �
2. ?E x = (b, c, d) ∈ S �H b = ∅ �V6Nf y = (d, {}, {}) �H y ∈ S �7�M a(y) = a(y) ∪ {x} �H y 6∈ S �s

a(y) = {x} ��| y tGNfn S �H b = b0 ∪ {ϕ} �w.G�{qJA��H ϕ = ϕ0Uϕ1 �V6Nf (b0 ∪ {ϕ0}, c ∪ {ϕ}, d ∪ {ϕ}) a (b0 ∪ {ϕ1}, c ∪ {ϕ}, d) �H ϕ = ϕ0Rϕ1 �V6Nf (b0 ∪ {ϕ1}, c ∪ {ϕ}, d ∪ {ϕ}) a (b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d) �H ϕ = ϕ0 ∨ ϕ1 �V6Nf (b0 ∪ {ϕ0}, c ∪ {ϕ}, d) a (b0 ∪ {ϕ1}, c ∪ {ϕ}, d) �H ϕ = ϕ0 ∧ ϕ1 �V6Nf (b0 ∪ {ϕ0, ϕ1}, c ∪ {ϕ}, d) �H ϕ = Oϕ0 �V6Nf (b0, c ∪ {ϕ}, d ∪ {ϕ0}) �H ϕ = p i ϕ = ¬p �� p ∈ AP �V6Nf (b0, c ∪ {ϕ}, d) �'�V63Nfk,/Nf x �Z|?-O�V63Nf y �H y 6∈ S �s a(y) = a(x) ��| y tGNfn S �H y ∈ S � a(y) 6= ∅ �7�M a(y) = a(y)∪a(x); H y ∈ S � a(y) = ∅�7?d)��iw�k, y 3Nf y
′ ∈ S ��M a(y

′
) = a(y

′
) ∪ a(x); D
|d) a(z) H�}

x 35F'�V63Nfk,�T
�M a(x) = ∅ �U x �t�V63Nfdk,�?-O�V63Nf y = (b, c, d) ∈ S �H c H3i3nbV��+R3�7& S HJ 
y �H c ∩ b 6= ∅ �7& b HJ TU�G c ∩ b �Dh6B��D,)�V63Nf�

3. ?E x = (b, c, d) ∈ S �H y ∈ a(x) � y = (b
′
, c

′
, d

′
) ∈ S �V6=� (y, σ, x) ��|:tG=�nb ∆ �:H σ ∈ 2

AP +R ∀p ∈ AP.({p,¬p} 6⊆ σ ∪ c′) ∧ (p ∈ c
′ → p ∈ σ) �

4. ?E x = (b, c, d) ∈ S �H ǫ ∈ a(x) �7| x tG�SNfnb I �
5. ?-OTT ϕ �H ϕ = ϕ0Uϕ1 �V6 fϕ = {(b, c, d) ∈ S | ϕ ∈ c→ ϕ1 ∈ c} ��|:tG�[Nfnnb F �

§3.1.5 �w��	�~r����Q�*m�p'��*m�1^Nf�G��V�993����'5r�3����Q�*m3p�zo�.:�)7��?�7W�)R�3�G���'5Wbp�3���<H� P9�O��*m LB � LB K3����Q�*mTT3nb(�{-CP��
φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ | φ→ φ | φ↔ φ |O φ | 3 φ | 2 φ | φ U φ | φ R φ:H p t LB 3E TT� ����Q�*mTT5x~Nf�#K�X�O S tNfnb� π = π0π1π2 · · · t�Ox~Nf�#� S HNf3�Vo5:?K��3TT�9+��*m LB �����Q�*mTT3-!F{�
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π
k |= p H p V LB 3TT� πk |= p

π
k |= ¬ϕ H π

k 6|= ϕ

π
k |= ϕ ∨ ψ H π

k |= ϕ i π
k |= ψ

π
k |= ϕ ∧ ψ H π

k |= ϕ � π
k |= ψ

π
k |= ϕ→ ψ H π

k |= ϕ 7 π
k |= ψ

π
k |= ϕ↔ ψ H π

k |= ϕ→ ψ � π
k |= ψ → ϕ

π
k |= Oϕ H π

k+1 |= ϕ

π
k |= 2ψ H ∀i ≥ k, π

i |= ψ

π
k |= 3ϕ H ∃i ≥ k, π

i |= ϕ

π
k |= ϕUψ H ∃i ≥ k, π

i |= ψ � ∀k ≤ j < i, π
j |= ϕ

π
k |= ϕRψ H ∀i ≥ k, H ∀k ≤ j < i, π

j 6|= ϕ 7 π
i |= ψ�}m%w.' ϕ⇒ ψ �U 2(ϕ→ ψ) �P9�O B = (F, P ) a B 3�X I �Q
��Q�*mTT3-!�w.)�{p�Z7�

• pYZ7�
⊢ ϕ

2ϕ

ϕ⇒ ψ

ϕ⇒ ϕUψ

ϕ⇒ Oψ

ϕ⇒ ϕUψ

• R Z7�
ζ ⇒ ϕ

ϕ ∧ ¬ψ ⇒ Oϕ

ζ ⇒ ψRϕ

• U Z7�O ⊑ ∈ P tB.v#I`� w ∈ QFFB t�.v#TT (s:Æ!t x) �
W = ({σ(x) | I(w)(σ) = true}, I0(⊑)) t jnb� e ∈ TB t��7

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ we
x)

(ζ ∧ e = v) ⇒ ζ0U(ψ ∨ (ζ ∧ e < v))

ϕ⇒ ζ0Uψ�w��	�~r`|&�K����Q�*m34f
O;VV'5TTK�R����w.��2� O 
O'5�K�;��w.
��M M,π
k |= p 39!�O p V LB 3+) n OÆ!3/OTT�7�

M,π
k |= p(O

i1x1, ..., O
inxn) H O �5 p H3:euE�}� M,π

k |= p(πk+i1 (x1), ..., πk+in
(xn))

M,π
k |= p(..., O

i
f(t1, ..., tm), ...) H M,π

k |= p(..., f(O
i
t1, ..., O

i
tm), ...)
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§3.1.6 �� µ- �� (νTL)(X+ PLTL 3g)w.>1 PLTL TT��'4f
O O, 3iÆ!a�:7�U�5;J�UH�3iÆ!���}5 O,µ, ν ?
�|;O1`B8�w.��20�O�)7�R?3*m��t νTL � P9�O/O3inb AP ��OÆ!nb V � νTL TT3nb(�{-CP��
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ |Oφ | µX.φ | νX.φ:H p t AP HE 3i� X tÆ!��� µX.φ a νX.φ 3 φ H�[W3 X �Æ58aO ¬ I`3V'Es?{�

νTL j
$��xk�`# y�
νTLTT�5���VK�X�7 νTLTT)�{-!�O M = (π, L)t����V�:H π = π0π1 · · · tNf�#�L : {π0, π1, ...} → 2

AP tNfn03i/n3&M�O e : V → 2
NtÆ!0 N On3JA� νTL TT3-!F{�

[[p]]e = {i ∈ N | p ∈ L(πi)}

[[X ]]e = e(X)

[[¬φ]]e = N \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[Oφ]]e = {i ∈ N | i+ 1 ∈ [[φ]]e}

[[µX.φ]]e = ∩{S′ ⊆ N | [[φ]]e[S
′
/X ] ⊆ S

′}

[[νX.φ]]e = ∪{S′ ⊆ N | S′ ⊆ [[φ]]e[S
′
/X ]}

M |= ϕ /��/ 0 ∈ [[ϕ]] ����*`e�l�" NNF h
CR'*m��I ∧,∨,¬ �*m��I ¬ C�}53i>03TT�t NNF ET�-O
νTL TT4v+�O νTL 3 NNF ET� �O νTL 3 NNF ET�$'�{?8XzV6�

µX.φ ≡ ¬(νX.¬φ[¬X/X ])

(Op) ≡ ¬(O¬p)�OTTV[*3�/��/d)Æ!;[:�:7
O{3�O O 
O31`�d)�TT4v+�O NNF [*TT��}��Q
 νTL TT3-!�w.)�{p�Z7�
⊢ Γ, ϕ, ψ

⊢ Γ, ϕ ∨ ψ

⊢ Γ, ϕ ⊢ Γ, ψ

⊢ Γ, ϕ ∧ ψ

⊢ Γ, ϕ[σX.ϕ/X ]

⊢ Γ, σX.ϕ

⊢ Γ

⊢ OΓ,∆�Kp�zo? NNF [*TTV��r�3�
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νTL j
$ KS �`# y�
νTL TT��5 AP K3 KS K�X�O R V KS K�E Nft;73d)3
3nb�O M t AP K3 KS � e : V → 2

R tÆ!0 R On3JA� νTL TT3-!F{�
[[p]]e = {π | p ∈ L(π0)}

[[X ]]e = e(X)

[[¬φ]]e = R \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[Oφ]]e = {π | π1 ∈ [[φ]]e}

[[µX.φ]]e = ∩{R′ ⊆ R | [[φ]]e[R
′
/X ] ⊆ R

′}

[[νX.φ]]e = ∪{R′ ⊆ R | R′ ⊆ [[φ]]e[R
′
/X ]}OM t KS�ϕt�TT�ϕ 5M H3-!��t [[ϕ]]�M,π |= ϕ/��/ π ∈ [[ϕ]]�s M 33
nbt [[M ]] �

M |= ϕ/��/
[[M ]] ⊆ [[ϕ]] �

LTL j
_ νTL j
`)o
LTL TT��Æ�V νTL 3�OO����'�{Z7| LTL TTMg0 νTL TT�

T (p) = p

T (¬ϕ) = ¬T (ϕ)

T (ϕ ∧ ψ) = T (ϕ) ∧ T (ψ)

T (Oϕ) = OT (ϕ)

T (ϕUψ) = µY.(T (ψ) ∨ (T (ϕ) ∧OY ))

§3.2 i'	�~rzo3�733
��Æ�V�O_3�V�p�ONf�7)�O
�Nf��Ozo(��i��_S��G=Q�*m��1^r
_3G=A�aNf3>
Xz� G=Q�*m��{�53i*m�v#*m�o:e1^Nf3*m?K�
§3.2.1 u�Æ~r CTL `#gn# w.�'�Jx-3r
_*m�p CTL � CTL H1^G=A�a1^Nf3>
Xz3
O�?�}�p�O1^G=A�3
O
0�Æ)�O1^Nf3>
Xz3
O� w.�'3i*m?K3r
_*m�P9�O/O3inb AP � CTL TT3nb(�{-CP��

φ ::= ⊤ | ⊥ | p | ¬φ | φ ∧ φ | φ ∨ φ |

EX φ |EF φ |EG φ |E(φ U φ) | E(φ R φ) |

AX φ | AF φ | AG φ | A(φ U φ) |A(φ R φ):H p t AP HE 3i�tw-;y�*m��I → a ↔ ,)�}5K03TT9!H�.w.��Q
:m�3-!P(R'� CTL TT5�O_N�Vi Kripke �VK�X�O M = 〈S,∆, I, L〉 V/O3in AP K3 Kripke �V� CTL TT3-!F{�
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M, s |= p H p = ⊤, i p ∈ AP � p ∈ L(s)

M, s |= ¬ϕ H M, s 6|= ϕ

M, s |= ϕ ∨ ψ H M, s |= ϕ i M, s |= ψ

M, s |= ϕ ∧ ψ H M, s |= ϕ � M, s |= ψ

M, s |= Aϕ H?+d) M H� s t;73%� π � M,π |= ϕ

M, s |= Eϕ H'5 M H� s t;73%� π � M,π |= ϕ

M, π |= Xϕ H M,π1 |= ϕ

M, π |= Gψ H ∀i ≥ 0,M, πi |= ψ

M, π |= Fϕ H ∃i ≥ 0,M, πi |= ϕ

M, π |= ϕUψ H ∃i ≥ 0,M, πi |= ψ � ∀0 ≤ j < i,M, πj |= ϕ

M, π |= ϕRψ H ∀i ≥ 0, H ∀0 ≤ j < i,M, πj 6|= ϕ 7 M,πi |= ψO ϕ t CTL TT� M t Kripke �V�
M |= ϕ/��/ ?d) s ∈ I � M, s |= ϕ �

G, F , R n U `b�l�X+ R a U �w.)�{4T�
EGq ≡ (q ∧ EXEGq))

EFq ≡ (q ∨ EXEFq))

E(pRq) ≡ (q ∧ (p ∨ EXE(pRq)))

E(pUq) ≡ (q ∨ (p ∧ EXE(pUq)))

AGq ≡ (q ∧AXAGq))

AFq ≡ (q ∨AXAFq))

A(pRq) ≡ (q ∧ (p ∨AXA(pRq)))

A(pUq) ≡ (q ∨ (p ∧AXA(pUq)))���*`e�l�" NNF h
*m��I ¬ C�}53i>03TT�t NNF ET�-O CTL TT4v+�O CTL3 NNF ET��O CTL 3 NNF ET�$'�{?8XzV6�
AXp ≡ ¬EX¬p

AGp ≡ ¬EF¬p

AFp ≡ ¬EG¬p

A(pRq) ≡ ¬E(¬pU¬q)

A(pUq) ≡ ¬E(¬pR¬q)���*`q���t "�K?83
O?q�w.)�{4T�
EFp ≡ E(⊤Up)

E(pRq) ≡ E(qU(p ∧ q)) ∨ EGq"$ {EX,EG,EU} V� CTL 4f
O3�OrCn��Vl�rCn�
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§3.2.2 CTL j
`�}� {EX,EU,EG,EF,AX,AU,AG,AF, } t CTL TT34f
On� CTL 3p�zo�^�{I�G���Gt CTL T�X3Q�*mT��$��Gt3i*m3p�zo�6I�GtQ�p�Z7�a�Zi�j}
EFp↔ E(⊤Up)

AGp↔ ¬EF¬p

AFp↔ A(⊤Up)

EGp↔ ¬AF¬p

EX(p ∨ q) ↔ EXp ∨ EXq

AXp↔ ¬EX¬p

E(pUq) ↔ (q ∨ (p ∧ EXE(pUq))

A(pUq) ↔ (q ∨ (p ∧AXA(pUq))

EX⊤∧AX⊤

AG(r → (¬q ∧EXr)) → (r → ¬A(pUq))

AG(r → (¬q ∧EXr)) → (r → ¬AFq)

AG(r → (¬q ∧ (p→ AXr))) → (r → ¬E(pUq))

AG(r → (¬q ∧AXr)) → (r → ¬EFq)

AG(p→ q) → (EXp→ EXq)afZi���~r�}��T�� F\ p VK�T�7 p VT��
MP Z7� F\ ⊢ p→ q � ⊢ p �7 ⊢ q �a�Zi�	��}m%F\ ⊢ p �7 ⊢ AGp�pY��{�,�

CTL TT3�+R�V�993�:99K4�t EXPTIME rC�
§3.2.3 CTL j
`Yd
X�P9�O AP K3 Kripke �V M = 〈S,R, I, L〉 �P93�O CTL TT p � S 3On
{s ∈ S |M, s |= p} st [[p]] �9!_a ex : 2

S → 2
S F{�
ex(A) = {s ∈ S | ∃s′ ∈ S, (s, s

′
) ∈ ∆ ∧ s′ ∈ A}w.)�{4T�

[[p]] = {s | p ∈ L(s)}

[[¬p]] = S \ [[p]]

[[p ∧ q]] = [[p]] ∩ [[q]]

[[EXp]] = ex([[p]])

[[EGp]] = [[p]] ∩ ex([[EGp]])

[[E(pUq)]] = [[q]] ∪ ([[p]] ∩ ex([[E(pUq)]])



§3 /520 10(�K4T> [[EGp]] a [[E(pUq)]] G�V τ1(Z) = [[p]] ∩ ex(Z) a τ2(Z) = [[q]] ∪ ([[p]] ∩

ex(Z)) 3�:7� Q
 CTL -!> τ1 a τ2 )T�aT*�:7�� [[EGp]] V τ1 3T*�:7� [[E(pUq)]] V τ2 3T��:7�p
[[EGp]] = νZ([[p]] ∩ ex(Z))

[[E(pUq)]] = µZ([[q]] ∪ ([[p]] ∩ ex(Z)))�b5�:e4f
O���'�:7�e�tF
\��w.��| p, q Æ� S 3On�4f
Oa*m��IÆ�V 2
S K3_a�
AFp = µZ(p ∨AXZ)

AGp = νZ(p ∧AXZ)

EFp = µZ(p ∨ EXZ)

EGp = νZ(p ∧EXZ)

A(pUq) = µZ(q ∨ (p ∧AXZ))

A(pRq) = νZ(q ∧ (p ∨AXZ))

E(pUq) = µZ(q ∨ (p ∧ EXZ))

E(pRq) = νZ(q ∧ (p ∨ EXZ))O ϕ t CTL TT� M t Kripke �V�w.)
M, s |= ϕ /��/ s ∈ [[ϕ]] �
M |= ϕ /��/ I ⊆ [[ϕ]] �

§3.2.4 CTL j
$ Kripke xk(`�}"v℄ B
..
uchi +dp(+ CTL TT5NfK�X�P9 Kripke�V M = 〈S,∆, I, L〉 a�ONf s �w.��Q
 s i:
�Nf3A��9> s VH+R�OTT�

CTL j
$ Kripke xk(`�}w.9!IJp�Z7
⊤

A

, ∨
A1 · · · An

A

, ∧
A1 · · · An

AG��U�
�>hp�2��) A �) n O>hH3�O>hp�2��) A �) n O>hH3d)>h7�2��) A � w.�' CTL TT3 NNF ET�
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⊤

s ⊢M p

p ∈ L(s)
⊤

s ⊢M ¬p
p ∈ AP \ L(s)

∧
s ⊢M p s ⊢M q

s ⊢M p ∧ q
∨
s ⊢M p s ⊢M q

s ⊢M p ∨ q

∧
s1 ⊢M p · · · sn ⊢M p

s ⊢M AXp

(s1, ..., sn) = {s′ | (s, s′) ∈ ∆}

∨
s1 ⊢M p · · · sn ⊢M p

s ⊢M EXp

(s1, ..., sn) = {s′ | (s, s′) ∈ ∆}

∨
s ⊢M q s ⊢M p ∧AXA(pUq)

s ⊢M A(pUq)
∨
s ⊢M q s ⊢M p ∧EXE(pUq)

s ⊢M E(pUq)

∧
s ⊢M q s ⊢M p ∨AXA(pRq)

s ⊢M A(pRq)
∧
s ⊢M q s ⊢M p ∨EXE(pRq)

s ⊢M E(pRq)?+�O�K3G=�F\LG=IB+5�lZ7�p��S/��/
�3lzV ⊤�F\LG=�IB� p��S/��/LG=Hx~�}3TTH,) EU i AU ��3TT�v℄ B
..
uchi +dp9!

sf0(A(bRc)) = {b ∨AXA(bRc), AXA(bRc)}

sf0(A(bUc)) = {b ∧AXA(bUc), AXA(bUc)}

sf0(E(bRc)) = {b ∨ EXE(bRc), EXE(bRc)}

sf0(E(bUc)) = {b ∧ EXE(bUc), EXE(bUc)}9! sf(ϕ) tTT3nbF{�
a ∈ sf(ϕ) /��/
a 5 ϕ H�}i a

′ 5 ϕ H�}� a ∈ sf0(a
′
) �P9Kripke�VM = 〈S,∆, I, L〉aTT ϕ�V6~( B

..
uchiP:k B(M,ϕ) = 〈Σ, S′

,∆
′
, I

′
, F 〉F{�
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Σ = {a}

S
′

= {s ⊢M ψ | s ∈ S, ψ ∈ sf(ϕ)}

∆
′
(t, a) = {{t1, ..., tn}} ?$ ∧- Z7

∆
′
(t, a) = {{t1}, ..., {tn}} ?$ ∨- Z7

∆
′
(t, a) = {{}} H t = ⊤

∆
′
(t, a) = {{t}} H t V��7� t 6= ⊤

I
′

= {s ⊢M ϕ | s ∈ I}

F = {s ⊢M E(pRq) | s ∈ S,E(pRq) ∈ sf(ϕ)} ∪ {s ⊢M A(pRq) | s ∈ S,A(pRq) ∈ sf(ϕ)}7 B(M,ϕ) ��Æ�V M |= ϕ 3<2�V� B(M,ϕ) t�/��/ M |= ¬ϕ �?+E P9 Kripke �V 〈S,∆, I, L〉 a NNF ET3 CTL TT ϕ �w.7WV6�O�$3~( B
..
uchi P:k 〈Σ, S′

,∆
′
, I

′
, F 〉 � |S′| ≤ |S| · |sf(ϕ)| �

§3.2.5 u�Æ~r CTL*(+ CTL H1^G=A�a1^Nf3>
Xz3
O�?�}�5�9�<K~F"
CTL3�)7��w.��|:�
R'�;O*msV CTL*�P9�O/O3inb AP �
CTL* TT3nb(�{-CP��

φ ::= p | ¬φ | φ ∧ φ | φ ∨ φ |X φ | F φ |G φ | φ U φ | φ R φ | Aφ |Eφ:H p t AP HE 3i�w.��| CTL* H3TTGtNfTTa%�TT�H p ∈ AP � 7 p VNfTTH ϕ a ψ VNfTT� 7 ¬ϕ,ϕ ∨ ψ, ϕ ∧ ψ VNfTTH ϕ V%�TT� 7 Eϕ a Aϕ VNfTTH ϕ VNfTT� 7 ϕ V%�TTH ϕ a ψ V%�TT� 7 ¬ϕ,ϕ ∨ ψ, ϕ ∧ ψ,Xϕ, Fϕ,Gϕ, ϕUψ, ϕRψ V%�TT
CTL* TT5�O_N�Vi Kripke �VK�X�O M = 〈S,R, I, L〉 V/O3in APK3 Kripke �V� CTL* TT3-!F{�
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M, s |= p H p ∈ AP � p ∈ L(s)

M, s |= ¬ϕ H M, s 6|= ϕ

M, s |= ϕ ∨ ψ H M, s |= ϕ i M, s |= ψ

M, s |= ϕ ∧ ψ H M, s |= ϕ � M, s |= ψ

M, s |= Aϕ H?+d) M H� s t;73%� π � M,π |= ϕ

M, s |= Eϕ H'5 M H� s t;73%� π � M,π |= ϕ

M, π |= p H p ∈ AP � M,π0 |= p

M, π |= Aϕ H M,π0 |= Aϕ

M,π |= Eϕ H M,π0 |= Eϕ

M,π |= ¬ϕ H M,π 6|= ϕ

M, π |= ϕ ∨ ψ H M,π |= ϕ i M,π |= ψ

M, π |= ϕ ∧ ψ H M,π |= ϕ � M,π |= ψ

M, π |= Xϕ H M,π
1 |= ϕ

M, π |= Gψ H ∀i ≥ 0,M, π
i |= ψ

M, π |= Fϕ H ∃i ≥ 0,M, π
i |= ϕ

M, π |= ϕUψ H ∃i ≥ 0,M, π
i |= ψ � ∀0 ≤ j < i,M, π

j |= ϕ

M, π |= ϕRψ H ∀i ≥ k, H ∀0 ≤ j < i,M, π
j 6|= ϕ 7 M,π

i |= ψO ϕ t CTL* NfTT� M t Kripke �V�
M |= ϕ/��/ ?d) s ∈ I � M, s |= ϕ �

PLTL a CTL V CTL* 3On�O PLTL � CTL a CTL* ;5 Kripke �VK�X��O
PLTL TT ϕ 4v+�O CTL* TT Aϕ �;� PLTL TT	��Æ�VNfTT� 5;�3�X{�w.��
� PLTL � CTL a CTL* 3NfTT�

PLTL a CTL d�&℄� CTL* *+ PLTL a CTL 3�n�
CTL TT AGEFp �7' PLTL �U�
PLTL TT F (p ∧Xp) �7' CTL �U�
CTL* TT E(GFp) �7' CTL �U��7' PLTL �U�

§3.2.6 µ- ��(X+ CTL3g)w.>1 CTLTT��'4f
O AX ,EX ,3iÆ!a�:7�U�5;J�UH�3iÆ!���}5 AX,EX, µ, ν ?
�|;O1`B8�w.��20�O�)7�R?3*m��t µ- �
� P9�O/O3inb AP ��OÆ!nb V ��Jx-3 µ- �
3TT3nb�(�{-CP��
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ | 〈.〉φ | [.]φ | µX.φ | νX.φ:H p t AP HE 3i� X tÆ!� µX.φ a νX.φ 3 φ H�[W3 X �Æ58aO

¬ I`3V'Es?{�
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` µ- ��?>^x- µ- �
U���8t:V31^�w.��20�J7W1^:V3Q�Xz3Q�*m� P9�O/O3inb AP ��OÆ!nb V �a�O:Vnb A � µ- �
TT3nb(�{-CP��
φ ::= p |X | ¬φ | φ ∧ φ | φ ∨ φ | 〈a〉φ | [a]φ | µX.φ | νX.φ:H p t AP HE 3i� X tÆ!� a t:V��� µX.φ a νX.φ 3 φ H�[W3

X �Æ58aO ¬ I`3V'Es?{�
µ-�
TT5 LTSK�X�OM = 〈Σ, S,∆, I, L〉t/O3in AP K3 LTS�e : V → 2

StÆ!0 S On3JA� µ- �
TT3-!F{�
[[p]]e = {s | p ∈ L(s)}

[[X ]]e = e(X)

[[¬φ]]e = S \ [[φ]]e

[[φ1 ∧ φ2]]e = [[φ1]]e ∩ [[φ2]]e

[[φ1 ∨ φ2]]e = [[φ1]]e ∪ [[φ2]]e

[[〈a〉φ]]e = {s | ∃s′.s
a
→s

′ ∧ s′ ∈ [[φ]]e}

[[[a]φ]]e = {s | ∀s′.s
a
→s

′ ⇒ s
′ ∈ [[φ]]e}

[[µX.φ]]e = ∩{S′ ⊆ S | [[φ]]e[X/S
′
] ⊆ S

′}

[[νX.φ]]e = ∪{S′ ⊆ S | S′ ⊆ [[φ]]e[X/S
′
]}d)Æ!;V[WÆ!3TT�t�TT��TT3-!�[ e 3%��O M t LTS �

ϕ t�TT� ϕ 5 M H3-!��t [[ϕ]] �
M |= ϕ/��/

I ⊆ [[ϕ]] ����*`e�l�" NNF h
*m��I ¬ C�}53i>03TT�t NNF ET�-O µ- �
TT4v+�O µ-�
3 NNF ET��O µ- �
3 NNF ET�$'�{?8XzV6�
[a]φ ≡ ¬〈a〉¬φ

µX.φ ≡ ¬νX.¬φ[X/¬X ]

µ n ν `b�l�X+ µ a ν �w.)�{4T�
µX.φ ≡ φ

µX.φ
X

νX.φ ≡ φ
νX.φ
X

µ- ��j
$ Kripke xk(`�}, CTL TT�b�P9�O Kripke �V M a�ONf s �w.��Q
 s i:
�Nf3A��9> s VH+R�O� NNF ET�3 µ- �
TT�
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⊤

s ⊢M p

p ∈ L(s)
⊤

s ⊢M ¬p
p ∈ AP \ L(s)

∧
s ⊢M p s ⊢M q

s ⊢M p ∧ q
∨
s ⊢M p s ⊢M q

s ⊢M p ∨ q

∨
s1 ⊢M p · · · sn ⊢M p

s ⊢M 〈a〉p
{s1, ..., sn} = {s′ | (s, a, s′) ∈ ∆}

∧
s1 ⊢M p · · · sn ⊢M p

s ⊢M [a]p
{s1, ..., sn} = {s′ | (s, a, s′) ∈ ∆}

s ⊢M ϕ
µX.ϕ
X

s ⊢M µX.ϕ

s ⊢M ϕ
νX.ϕ
X

s ⊢M νX.ϕ?+�O�K3G=�F\LG=IB+5�lZ7�p��S/��/
�3lzV ⊤�F\LG=�IB�p��S/��/5LG=Hx~�}3TTH-O µX.ϕ ��3TT;VLG=H5O νX.ψ ��TT3OTT�
CTL j
_ µ- ��j
`)o(+ CTL TT�<N0:V31^���u9 CTL d1^zoH�C'n�O:V�sV a �;����'�{Z7| CTL TTMg0 µ- �
TT�

T (p) = p

T (¬ϕ) = ¬T (ϕ)

T (ϕ ∧ ψ) = T (ϕ) ∧ T (ψ)

T (EXϕ) = 〈a〉T (ϕ)

T (E(ϕUψ) = µY.(T (ψ) ∨ (T (ϕ) ∧ 〈a〉Y ))

T (EGϕ) = νY.(T (ϕ) ∧ 〈a〉Y )

§3.3 v℄	�~r (ATL)~(Q�*mV�J7W1^:VLjbVr�Ey3*m�P9�O/O3inb AP ��O:VLj3nb Σ � ATL TT3nb(�{-CP��
φ ::= ⊤ | ⊥ | p | ¬φ | φ ∨ φ | 〈〈A〉〉Oφ | 〈〈A〉〉2φ | 〈〈A〉〉φUφ:H p t AP HE 3i� A ⊆ Σ t Σ 3On�

ATL TT5 ATS K�X�O M = 〈Σ, S,∆, I, L〉 t AP K3 ATS �P9 a ∈ Σ ��O a3�( fa V S
+ → 2

S 3�O_a�+R?d) λ ∈ S
∗ ad) s ∈ S �

f(λ · s) ∈ ∆(s, a)P9 A ⊆ Σ � FA = {fa | a ∈ A} �5Nf s $'�( FA 3�\ out(s, FA) +Rlz�
[si]i≥0 ∈ out(s, FA) />�/ s = s0 �?d) i, si+1 ∈ ∩a∈Afa(s0s1 · · · si) �
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ATL TT3-!F{�
M, s |= p H p = ⊤ �i p ∈ AP � p ∈ L(s)

M, s |= ¬ϕ H M, s 6|= ϕ

M, s |= ϕ ∨ ψ H M, s |= ϕ i M, s |= ψ

M, s |= 〈〈A〉〉Oϕ H'5 FA �?d) π ∈ out(s, FA) � M,π1 |= ϕ

M, s |= 〈〈A〉〉2ϕ H'5 FA �?d) π ∈ out(s, FA) �?d) i ≥ 0 � M,πi |= ϕ

M, s |= 〈〈A〉〉ϕUψ H'5 FA �?d) π ∈ out(s, FA) �'5 i ≥ 0 � πi |= ψ �?d) 0 ≤ j < i � M,πj |= ϕ "�Kj	
Oq�f��9!:e
O�F�
3ϕ = ⊤Uϕ

[[A]]Oϕ = ¬〈〈A〉〉O¬ϕ

[[A]]2ϕ = ¬〈〈A〉〉3¬ϕ

§3.4 ��	:L��L��*m���Q�*m�G��� [Peled01] �����Q�*m�G��� [Peled01, MP83] ��� µ- �
�G��� [Kaivola95, BEM96, DHL06] �G=Q�*m�G��� [CGP99, Peled01] �4f µ- �
�G��� [CGP99, BC96] �~(Q�*m�G�G��� [AHK97] � [z��
[AHK97] Rajeev Alur, Thomas A. Henzinger and Orna Kupferman. Alternating-Time Temporal Logic.

COMPOS 1997: 23-60.

[BC96] Girish Bhat and Rance Cleaveland. Efficent Local Model-Checking for Fragments of the Modal

mu-Calculus. TACAS 1996: 107-126.

[BEM96] Julian Bradfield, Javier Esparza and Angelika Mader. An Effective Tableau System for the Linear

Time µ-Calculus. ICALP’96. LNCS 1099:98-109.

[CGP99] E. Clark, O. Grumberg and D. Peled. Model Checking. MIT press, 1999.

[DHL06] Christian Dax, Martin Hofmann and Martin Lange. A Proof System for the Linear Time µ-

Calculus . Lecture Notes in Computer Science 4337 (FSTTCS 2006):273-284.

[Kaivola95] Roope Kaivola. Axiomatising Linear Time µ-Calculus. CONCUR’95. LNCS 962:423-437.

[MP83] Zohar Manna and Amir Pnueli. How to cool a temporal proof system for your pet language. The

10th ACM Symposium on Principles of Programming Languages 141-154. 1983.

[Peled01] Doron A. Peled. Software Reliability Methods. Springer-Verlag. 2001.



§4 1045.- 1wd":Z<�rZ& �W
§4 B-OY��AjKCY 7w 7M1{O��N.4v�!H#GMO�0KF��
&�oGC/t7�y^x� 74vJ�V=8�0KF�^�oGA=� 74vJ�V=8�gB�</1M18�0KF�

§4.1 E94PG?�A,�Æ�oG�xXE$�� 7M1�C
*4t7�y� 74vJ�V=8�0KF� q (T,Θ) � (B, V ) m8�xXE$��Z< B m8�} I � (T,Θ) B�C
*4t7�y^x ϕ ��� (T,Θ) |=I ϕ �V<Ji%�
(T,Θ) |=I ϕ4[�4B
Q I �}%8 (T,Θ) 8\3 π, π |=I ϕ

Definition 4.1 ��oÆhi�	��
Q ::= {p}t{q}�' p, q ∈WFFB �oÆ� t ∈ T ����XE^x8VJJh��� I ��FYXE^x {p}t{q} Np6CY Σ → Bool 8h��

I({p}t{q}) : Σ → Bool <Ji%�
I({p}t{q})(σ) = true4[�4

I(p)(σ) = true ∧ σ
t
→σ

′ → I(q)(σ
′
) = trueCY^x {p}t{q}_�} I %�2�|BgI σ�I({p}t{q})(σ) = true��� |=I {p}t{q}�<J |=I {ϕ}S{ψ}4[�4B
Q t ∈ S �|=I {ϕ}t{ψ}�2�_ I Z<8℄)%�|=I {ϕ}S{ψ}B�� ϕ→ [S]ψ �!HQ�

ϕ→ [S0]ψ

ϕ→ [S1]ψ

ϕ→ [S0 ∪ S1]ψ

§4.1.1 A,�UZ< (B, V ) m8�xXE$� (T,Θ) �q t � p −→ (x1, ..., xn) = (e1, ..., en) ∈ T �<J
E(t) = p k E(T ) =

∨

t∈T E(t) �k E(T ) �2�a T wQ#n38XE�
• XE^0�

(p→ ψ[x1/e1] · · · [xn/en]) → [{p −→ (x1, ..., xn) := (e1, ..., en)}]ψ
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• Θ ba�
Θ ⇒ ϕ

ϕ

• O ba�
ϕ⇒ (ψ ∨ E(T ))

ϕ→ [T ]ψ

ϕ⇒ Oψ

• �Aba�
ϕ
′ ⇒ ϕ ϕ→ [T ]ψ ψ ⇒ ψ

′

ϕ
′ → [T ]ψ

′

§4.1.2 �Æ�UPGmbakC
*4t7�y8�0#G5#G%ba�
• XEba�

ϕ ∧ p→ ψ[x1/e1] · · · [xn/en]

ϕ→ [{p −→ (x1, ..., xn) := (e1, ..., en)}]ψ

• R ba�
ζ ⇒ ϕ

′

(ϕ
′ ∧ ¬ψ) → [T ]ϕ

′

ϕ
′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 ba�
ζ ⇒ ϕ

′

ϕ
′ → [T ]ϕ

′

ϕ
′ ⇒ ϕ

ζ ⇒ 2ϕ

• U ba�q ⊑ ∈ P �EX�(Pj� w ∈ QFFB �CX�(^x (�V�7� x) [
W = ({σ(x) | I(w)(σ) = true}, I0(⊑)) �5xzl� e ∈ TB �,�a

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ we
x ∧ (ψ ∨ E(T )))

(ζ ∧ e = v) → [T ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ ζ0Uψ

• 3 ba�
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (w
e
x ∧ (ψ ∨E(T )))

(ζ ∧ e = v) → [T ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ 3ψ
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§4.1.3 	. O �UO,b8C
*4t7�y�!H#G�XE�aO^x%p�q V = {x1, ..., xn} �Z<CYXE t : p → (x1, ..., xk) = (e1, ..., ek) �<J x̄(t) =

(x1, ..., xk, xk+1, ..., xn) � ē(t) = (e1, ..., ek, xk+1, ..., xn) �!HQG%�0ba�
ϕ⇒ E(T )

ϕ⇒
∨

t∈T (E(t) ∧Ox̄(t) = ē(t))

ϕ⇒ ¬E(T )

ϕ⇒ Ox̄(t) = x̄(t)A,G?�*)SC�#!4{prQi
8^xR`P�0$�8^0kba�57#�|
⊢I ϕa
|=I ϕ$�#!48jKC�Q6YKI�{
QP^0�r8^x>{i
8[BS
Q�5ba�rAY�i
�a�?i
���4{p
Qi
8^xR`P�0$�8^0kba�57#�|
|=I ϕa
⊢I ϕCY���8�0$�#GO-jKN.i
8^x�3VvOQm/�)48�  78�0$�P6YKI�CY{Qa 7V�wXE8�0�:CY{ 7
D.8x%�y8�0� PS�y8T℄4�N.�y{�#RQ��8�0$�8�
i�d�Wm8C
�y{�#RQ��8�0$�8� RPS�yJ�8VF)u��0f w5AO68N.4v#REF�.� 
iZ<CYC
�y�CYEX�{O�SCYEX�(8':Æ	{fY�yEF�.8� xSGmYK 78�0$�mQQ��8��8R`N\U 7+a8�0kV
D.8x%�y8�0�!H�CY 7�08�����NN��Lj+B��48VS� CY 7�0$�{+B��8�|_%9�q8Y�%�$�{��8� x%�y8i
4v>�� 7�0$�8^0� 7�0f w5AO68x%�y84v>Q+M8^x#G�.�xSC
*4t7�y8 7�0$�8+B��48jK�#G~t� 74v8?j���Ot7�y^x�.�#P 7Qa8�0ba768jK�~&�!H#GOt7�y%p (T,Θ) �

Φ = Θ ∧ 2(E(T ) →
∨

t∈T (E(t) ∧Ox̄(t) = ē(t))) ∧ 2(¬E(T ) → Ox̄(t) = x̄(t))'d�fY^x{#GP 7�0ba�5#8�|
(T,Θ) ⊢I Φs%8�{jK (T,Θ) |= ϕ a |=I Φ → ϕ �PS Φ �a%p8 (T,Θ) 8"w��k�Æ~ta$�#G[�VJjKf{�28�
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§4.2 D�4PG?�A,�Æ�oG�(XE$�� 7M1�C
*4t7�y� 74v8V=8�0KF�q (ρ,Θ) � (B, V ) m8�(XE$��Z< B m8�} I � (ρ,Θ) B�C
*4t7�y^x ϕ ��� (ρ,Θ) |=I ϕ �V<Ji%�
(ρ,Θ) |=I ϕ4[�4B
Q I �}%8 (ρ,Θ) 8\3 π, π |=I ϕ

Definition 4.2 ��oÆhi�	��
Q ::= {p}ρ{q}�' p, q ∈WFFB �oÆ�XE^x8VJJh��� I ��FYXE^x {p}ρ{q} Np6CY Σ → Bool 8h��

I({p}ρ{q}) : Σ → Bool <Ji%�
I({p}ρ{q})(σ) = true4[�4

I(p)(σ) = true ∧ σ→σ
′ → I(q)(σ

′
) = trueCY^x {p}ρ{q} _ I 8�}%�2�|BgI σ � I({p}ρ{q})(σ) = true ��� |=I

{p}ρ{q} � _ I Z<8℄)%� |=I {p}ρ{q} B�� p→ [ρ]q �
§4.2.1 A,�UZ< (B, V ) m8�(XE$� (ρ,Θ) �q V = {v1, ..., vn} � q ϕ, ψ � Φ(V ) m8^x�

• XE^0�
∀v′1, ..., v

′
n.(ρ→ ψ

v′

1
,...,v′

n

v1,...,vn
) → [ρ]ψ

• Θ ba�
Θ ⇒ ϕ

ϕ

• O ba�
ϕ⇒ (ψ ∨ ∃v′1...v

′
n.ρ)

ϕ→ [ρ]ψ

ϕ⇒ Oψ

• �Aba�
ϕ
′ ⇒ ϕ ϕ→ [ρ]ψ ψ ⇒ ψ

′

ϕ
′ → [ρ]ψ

′
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§4.2.2 �Æ�UPGmbakC
*4t7�y8�0#G5#G%ba�
• XEba�

ϕ ∧ ρ→ ψ
v′

1
,...,v′

n

v1,...,vn

ϕ→ [ρ]ψ

• R ba�
ζ ⇒ ϕ

′

(ϕ
′ ∧ ¬ψ) → [ρ]ϕ

′

ϕ
′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 ba�
ζ ⇒ ϕ

′

ϕ
′ → [ρ]ϕ

′

ϕ
′ ⇒ ϕ

ζ ⇒ 2ϕ

• U ba�q ⊑ ∈ P �EX�(Pj� w ∈ QFFB �CX�(^x (�V�7� x) [
W = ({σ(x) | I(w)(σ) = true}, I0(⊑)) �5xzl� e ∈ TB �,�a

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ we
x ∧ (ψ ∨ ∃v′1...v

′
n.ρ))

(ζ ∧ e = v) → [ρ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ ζ0Uψ

• 3 ba�
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (w
e
x ∧ (ψ ∨ ∃v′1...v

′
n.ρ))

(ζ ∧ e = v) → [ρ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ 3ψ

§4.3 /
�
K�A,BS< � 7�'�84v	+�Ni
k�ai
�f.4v[�8{ 7\3xqt 78�7�Æ�G{ 7{OR`xq�Z< 7 T ∈ L
(B,V )

←֓ k B 8�} I �<J 78VJh���7�Æ6�7�Æ8Th� MI(T ) : Σ →֒ Σ i%�
MI(T )(σ) =

{ σ
′ k (beg, σ)

∗
→(end, σ

′
) �"<J k�,_ σ

′ v7 (beg, σ)
∗
→(end, σ

′
) �

MI(T )(σ) Q<Jwe� 7 T _"w�7�Æ� σ t8\3xq�� MI(T )(σ) ↓ �Hla��MI(T )(σ) ↑ �
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KJ\ 7{Oi
+BSZ<8A=D=�VA=8J�O�(w�(^x�
Definition 4.3 � ϕ r ψ �~m�d��' ϕ a��j�� ψ a�tj�� T ! I z�$�k ϕ r ψ �`l#�h�
 ∀σ ∈ Σ, ϕ(σ) = true→ (MI(T )(σ) ↓→ ψ(MI(T )(σ))) �
Definition 4.4 � ϕ �m�d� ϕ a��j�� T ! I z�$�k ϕ �(&h�
 ∀σ ∈

Σ, ϕ(σ) = true→ MI(T )(σ) ↓ �
Definition 4.5 � ϕ r ψ �~m�d��' ϕ a��j�� ψ a�tj�� T ! I z�$�k ϕ r ψ ���#�h�
 ∀σ ∈ Σ, ϕ(σ) = true→ MI(T )(σ) ↓ ∧ψ(MI(T )(σ)) �
K�R���9�W7J�2:
Definition 4.6 � T �b�� p r q �~moÆ� T ! I z�$�k p r q �`l#�h�x+ |=I {p}T {q} �
 T ! I z�$�k I(p) r I(q) �`l#�h�

|=I {p}T {q}4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓→ I(q)(MI(T )(σ))) �
Definition 4.7 � T �b��p�oÆ�T ! I z�$�k p�(&h�x+ |=I [p]T [true]�
 T ! I z�$�k I(p) �(&h�

|=I [p]T [true] 4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ MI(T )(σ) ↓ �
Definition 4.8 � T �b�� p r q �~moÆ� T ! I z�$�k p r q ���#�h�x+ |=I [p]T [q] �
 T ! I z�$�k I(p) r I(q) ���#�h�

|=I [p]T [q] 4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓ ∧I(q)(MI(T )(σ))) �
KW7J�=�q B = (F, P ) k I = (NAT, I0) �Vw F = {0, 1,+}, P = {=} � NAT ��d�� I0 �Pj 0, 1,+�}��d�m8 0, 1k�F��Pj = �}��d�m8+9a$�G%zl�{:b#D�8�
PC = {(ϕ, T, ψ) | T ∈ LB

←֓ , ϕ, ψ ∈WFFB , |=I {ϕ}T {ψ}}

TE = {(ϕ, T ) | T ∈ LB
←֓ , ϕ ∈WFFB , |=I [ϕ]T [true]}

TC = {(ϕ, T, ψ) | T ∈ LB
←֓ , ϕ, ψ ∈ WFFB, |=I [ϕ]T [ψ]}^85�M�^6 �M

Definition 4.9 � T �b�� ϕ r ψ �~m�d��' ϕ a��j�� ψ a�tj��niz� I �
ϕ � T r ψ h*�}��j��
ϕ(σ) = true f�{f (MI(T )(σ) ↓→ ψ(MI(T )(σ)))

ϕ � T r ψ h*��j��
ϕ(σ) = true f�{f MI(T )(σ) ↓ ∧ψ(MI(T )(σ))

ψ � T r ϕ h*�tj��
ψ(σ) = true f�{fe!)� σ

′ 
g ϕ(σ
′
) = true ∧MI(T )(σ

′
) = σ!HQG%4v�



§4 1045.- 7k ϕ { T k ψ 8�l(
YA=�aB
Q ϕ
′ � T BS ϕ

′ k ψ {�Ni
84[�4 ϕ
′ → ϕ �k ϕ { T k ψ 8�lYA=�aB
Q ϕ

′ � T BS ϕ
′ k ψ {�ai
84[�4 ϕ

′ → ϕ �k ψ { T k ϕ 8�ZoA=�aB
Q ψ
′ � T BS ϕ k ψ

′ {�Ni
84[�4 ψ → ψ
′ �A,X3BS�Ni
D=�kYA=� ϕ �oA=� ψ �jK 7B�UBYoA=8Cy�={�q 78\3�

(beg, σ0), (l1, σ1), ..., (ln−1, σn−1), (end, σn)dojKk ϕ(σ0) a ψ(σn) �BSxqD=�CyjK�={�q 78\3�xq
(beg, σ0), (l1, σ1), ...,OC�vQNY l ∈ LB _\3w#(")C*�dojKk ϕ(σ0) �2a l _N*#(o�UV
BM8 σ �B�sR`u`n3<J l 8p;8����ai
4#GN��Ni
kxq6KI8jK�ieL_CWjK�Cy�={�q 78\3�
(beg, σ0), (l1, σ1), ...,OCk ϕ(σ0) �2a�f n *� n U"w�7�Æ σ0 +a��Æ�qo� ln = end [

ψ(σn) �2�#R0&�A,Gm88jK�={xSB 7f 8N#�5A~&
<8 78\3f �BS�28 7�U�={#38�3BST℄8 7�
< 7\3f QC<8Q?� KD!H5A\i8KF�CYzA8Ya{�CY/8 �N��-8 ��BS< � 7�!H#G� 78\3N���8U��Pf.U�8i
4�5hY 78i
4�  7U�O�j79%p���j79�=��
Definition 4.10 nib� T �_q�� (l0, l1, ..., ln) � T h�|f�{f n > 0 �k��
0 ≤ i < n � li+1 ! li hi�'
��q α = (l0, l1, ..., ln) �C=��=�8VJ<Ji%�

MI(α)(σ0) =
{

σn k,_ {σ1, ..., σn} ⊆ Σv7 (l0, σ0) → (l1, σ1) → · · · → (ln, σn) �"<J k�,_f�8�Æz�k l0 = beg [ ln = end a α = (l0, l1, ..., ln) ���h=��MI(T )(σ) = σ
′ 4[�4,_�h=� α v7MI(α)(σ) = σ

′ �/	S 7i
4�!H#G<J=�8�Ni
4�
Definition 4.11 � p r q �~moÆ� α ! I z�$�k p r q �`l#�h�x+
|=I {p}α{q} �
 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(α)(σ) ↓→ I(q)(MI(α)(σ))) �
Definition 4.12 � α ��|� p r q �~moÆ� p � α r q h*�}��j��
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I(p)(σ) = true f�{f MI(α)(σ) ↓→ I(q)(MI(α)(σ)) �
Definition 4.13 � α = (l0, ..., lk) ���|�i� wlp(α, q) 	��

k = 1

e! T '%� l0: (v1, ..., vn) := (e1, ..., en) goto l1" wlp(α, q) = q[v1/e1] · · · [vn/en].e! T '%� l0: if (b) goto l else goto l′" wlp(α, q) =
{ b→ q 
 l = l1;

¬b→ q 
 l
′
= l1 �

k > 1 � α0 = (l0, l1), α1 = (l1, ..., lk) �" wlp(α, q) = wlp(α0, wlp(α1, q))

I(wlp(α, q)) {=� α k q 8�l(
YA=�
Definition 4.14 � α = (l0, ..., lk) ���|�i� vc(p, α, q) = p→ wlp(α, q) �k |=I vc(p, α, q) a |=I {p}α{q} �
Definition 4.15 � T �b�� C �_qws�i� γT (C) 	��
(l0, ..., lk) ∈ γT (C) f�{f (l0, ..., lk) � T h�|� l0, lk ∈ C � l1, ..., lk−1 6∈ C �
�W7JX3q C {�jzl� beg, end ∈ C, T 8FY;rsnQCY�j	gS C [ C w8FY�j l QCYBM8^x ql �k ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)�a |= {qbeg}T {qend}�℄[J�=�xq4�{C
4v�G% 7_C
�� PA (Peano Arithmetic) 8��M1%BgI�jR`xq�3_ PA 8M��M1��C<xq�

beg: (x) := (0); goto test;

test: if x = y then goto end else goto loop fi;

loop: (x) := (x+ 1); goto test;℄[JX3q C {�jzl� beg ∈ C, T 8FY;rsnQCY�j	gS C [ C w8FY�j
l QCYBM8^x ql � (W,⊑) {C WFS � C

′ ⊆ C {�jzl� T 8FY;rsnQCY�j	gS C
′ [ C

′ w8FY�j l QCYBM8h� gl : Σ → W �kG%���2a
|= [qbeg]T [true]:

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)

(b) ∀α = (l0, ..., lk) ∈ γT (C), I(ql0 )(σ) = true ∧MI(α)(σ) ↓→ glk(MI(α)(σ)) < ql0(σ)#RD��9�℄[JX3q C {�jzl� beg ∈ C, T 8FY;rsnQCY�j	gS C [ C w8FY�j
l QCYBM8^x ql � (W ⊆ D, I0(⊑)) {C WFS [ ⊑∈ P � w ��CQCY�P�78^x[ W = {σ(x) | I(w)(σ) = true} � C

′ ⊆ C {�jzl� T 8FY;rsnQCY�j	gS C
′ � C

′ w8FY�j l QCYBM8, tl [ |=I ql → w[x/tl] �kG%���2a
|= [qbeg]T [true]:

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)

(b) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 ∧ tl0 = a, α, tlk < a)



§4 1045.- 9fYKF+BSYI8KFQC<8�)4�| WFS 89`�)S W ⊆ D k�(Pj�6_ P w�
§4.4 %�!L"
K�A,< � 78CYb;{;r8j'k#'�bI�+0 78
?��hH#-�+jK8
?���0
�T℄�+ 7�_-��#�l4����_q;r 7#G$Qf.b;�Z< 7 T ∈ L

(B,V )

© k B 8�} I �<J 78VJh���7�Æ6�7�Æ8Th� MI(T ) : Σ →֒ Σ i%�
MI(T )(σ) =

{ σ
′ k (T, σ)

∗
→σ

′ �"<J k 7_"w�7�Æ� σ t8\3�xq�PS�_q;r 7#G��{< � 78��2x�< � 78jKKF��|OS�_q;r 7�:��PS�_q;r 7�Q�l4�!H#G[�p�VJk^0VJjK 74v�
§4.4.1 Z�TQ�_q;r 7�Q�l4�
iZ< 7 T1 k T2 �!H#�V�l� T1;T2 �^ZCY^x e �!H#�V�l� if e then T1 else T2 fi 9�f�� T1;T2 8VJ�#G�2_ T1k T2 8VJm�
iMI(T1;T2)(σ) = MI(T2)MI(T1)(σ) � PSMI(T1)(σ) �C<Q<J�K)Gm0F�C<{5<J8��effY ��!HB M 8<JWkoW�3,!�<J Σω = Σ ∪ {ω} �,!o8VJJh�� Mω

I �Z<�_q;r 7 T �Mω
I (T ) { Σω m8h��<J ite : Bool × Σω × Σω → Σω i%

ite(true, σ, σ
′
) = σ

ite(false, σ, σ
′
) = σ

′<J Φe,h : [Σω → Σω] → [Σω → Σω] i%
Φe,h(f)(σ) =

{ ω k σ = ω

ite(I(e)(σ), f(h(σ)), σ) k σ 6= ω<J Σω m8T7a$ ≤ i%� a ≤ b 4[�4 a = ω � (Σω,≤) {��T7�<J
Mω

I (T ) : Σω → Σω i%�
Mω

I (x := t)(σ) =
{ ω

MI(x := t)(σ) = σ[x/I(t)(σ)]

Mω
I (T1;T2) = Mω

I (T2)Mω
I (T1)

Mω
I (if (e) then T1 else T2 fi)(σ) =

{ ω

ite(I(e)(σ),Mω
I (T1)(σ),Mω

I (T2)(σ))

Mω
I (while e do T1 od) = µΦe,Mω

I
(T1)

k σ = ωk σ 6= ωk σ = ωk σ 6= ωBSgI�_q;r 7 T � Mω
I (T ) {5<J[488�xS Mω

I (T ) �!H#G<J
MI(T ) : Σ →֒ Σ i%�



§4 1045.- 10

MI(T )(σ) =
{ M

ω
(T )(σ) k M

ω
I (T )(σ) 6= ω"<J k M
ω
I (T )(σ) = ωfY<Jk��VJwB MI(T ) 8<J{Ct8�Hf-�!HQ

Mω
I (T )(σ) =

{

ω k σ = ω �
ω kMI(T )(σ) "<J
σ
′ kMI(T )(σ) = σ

′
�W7J�Ni
4 {ϕ}T {ψ} �y� ϕ(σ) → (MI(T )(σ) ↓→ ψ(MI(T )(σ))) � ieR`m��f��� MI(T ) �y�CY�2h��ajK�hH8���PS�Ni
�A^ 7C<xq�!HrA��B� Mω
I (T ) ⊑ h 8CY Σ m8h� h �dojK ϕ(σ) → ψ(h(σ)) �_f�8GjKw��*Q8�N{;rV�8VJ�_jKw��5A<JCY�=;

g -BM;rV�8VJ�GjK;rV�"wt8�Æk��t8�Æ8a$�!H#Gm�<JCYjK;rV�"wt8�Æk��t8�Æ8a$8KF�q ϕ : Σ
2 → Bool��(�q T=while e do T1 od�kG%L��2�a ∀σ ∈ Σ,MI(T )(σ) ↓→

ϕ(σ,MI(T )(σ)) �
∀σ ∈ Σ, I(¬e)(σ) → ϕ(σ, σ)

∀σ, σ′ ∈ Σ, I(e)(σ) ∧MI(T1)(σ) ↓ ∧ϕ(MI(T1)(σ), σ
′
) → ϕ(σ, σ

′
)f�!Hr�� MI(T1)(σ) D��8�=;�K)UKF8MO#G�qC.;rV�i
48jK�℄[J 7 T 8xq4#G[�Fk 7 T

′ 8xq4-jK�k MI(T
′
)(σ) �&&Q<J8h�[ MI(T )(σ) ⊑MI(T

′
)(σ) a MI(T )(σ) &&Q<J�

§4.4.2 Hoare 1$$8xSp�VJ8 7jK�!Hs#GO�y8KF-jK 784v� Hoare�y�{f�8CY#GO-jK 784v8$��Hoare�yV=�2_�(�yk�_q;r 78x%m�Z< (B, V ) �
Definition 4.16 Hoare oÆhi�	��

H ::= {p}T {q}�' p, q ∈WFFB �oÆ� T ∈ L
(B,V )

© �ypu�vb��q I {x�Pjz B 8�}�Hoare^x8VJJh��� I ��FY Hoare^x {p}T {q}Np6CY Σ → Bool 8h�� I({p}T {q}) : Σ → Bool <Ji%�
I({p}T {q})(σ) = true4[�4

I(p)(σ) = true ∧MI(T )(σ) ↓→ I(q)(MI(T )(σ)) = true.



§4 1045.- 11CY^x {p}T {q} _ I 8�}%�2�|BgI σ � I({p}T {q})(σ) = true ��� |=I

{p}T {q} �kV_gI�}%�2��� |= {p}T {q} �kV_B� W 8�}%�2���
W |= {p}T {q} �
Hoare N<�y^x{CYJ�4v8KF�!H5A_fx%m�3�0�!HQG%^0k�0ba�

(1) So^0�q p ∈ WFFB, x ∈ V, t ∈ TB �
{pt

x}x := t{p}

(2) �lba�q p, q, r ∈ WFFB, T1, T2 ∈ L
(B,V )

© �
{p}T1{r}, {r}T2{q}

{p}T1;T2{q}

(3) ��ba�q p, q ∈ WFFB, e ∈ QFFB, T1, T2 ∈ L
(B,V )

© �
{p ∧ e}T1{q}, {p∧ ¬e}T2{q}

{p}if e then T1 else T2 fi{q}

(4) ;rba�q p ∈ WFFB, e ∈ QFFB, T1 ∈ L
(B,V )

© �
{p ∧ e}T1{p}

{p}while e do T1 od{p ∧ ¬e}

(5) �?ba�q p, q, r, s ∈ WFFB, T ∈ L
(B,V )

© �
p→ q, {q}T {r}, r→ s

{p}T {s}CY Hoare^x {p}T {q}#PGmbak^076��� ⊢ {p}T {q}��8�08K�!H#GvO5#ba�5#ba#G��{x�ba8�lMO�kOGmbak^0#G+^x s1, s2, ..., sn �5# s �a#G�rG%5#ba�
s1, s2, ..., sn

sG%{}Y�O85#ba�_Q.tn#GO-�0YQ8So^0��lba���bak;rba8vO�
(1’) q p, q ∈WFFB , x ∈ V, t ∈ TB.

p→ q
t
x

{p}x := t{q}

(2’) q p0, ..., pn ∈WFFB , T1, ..., Tn ∈ L
(B,V )

© , n ≥ 2.

{p0}T1{p1}, {p1}T2{p2}, ..., {pn−1}Tn{pn}

{p0}T1;T2; ...;Tn{pn}
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(3’) q p1, p2, q ∈WFFB , e ∈ QFFB, T1, T2 ∈ L
(B,V )

© �
p→ (p1 ∧ e) ∨ (p2 ∧ ¬e), {p1}T1{q}, {p2}T2{q}

{p}if e then T1 else T2 fi{q}

(4’) q p, q, r ∈ WFFB, e ∈ QFF, T1 ∈ L
(B,V )

© .

p→ r, {r ∧ e}T1{r}, (r ∧ ¬e) → q,

{p}while e do T1 od{q}PS�5w5AO6 p→ r 9^x�!Hs5AC��5f.^x8KF��8��f.AG�}|SU 7m�+a84v�!H���f.�28x�
SCY0?�_f0?l%�!H#G�f.4�^0-�1��O80?	+�d�0? PA 9�A,X3 78�0jK_ 78FYV�YoLml|8A=�MOGmbajK 78FYV�BSf.A=>{B8�Q.A={#G+5AjK8YoA=�f�2�5768�Q.{A�~�fN# 7��8�*)J�0$�8#!p8{�5#8^x
u{�28�|�kW ⊢ {p}T {q}aW |= {p}T {q}�Z< I �� th(I) �_ I 8�}%�28
Q^x�!H5A
jk th(I) ⊢ {p}T {q}a |=I {p}T {q} �!HQG%4v�
|=I {qt

x}x := t{q}

|=I {p}T1{r} [ |=I {r}T2{q} �a |=I {p}T1;T2{q}

|=I {p ∧ e}T1{q} [ |=I {p ∧ ¬e}T2{q} �a |=I {p}if e then T1 else T2 fi{q}

|=I {p ∧ e}T1{p} �a |=I {p} while e do T1 od{p ∧ ¬e}

|=I {q}T {r} � |=I p→ q [ |=I r → s �a |=I {p}T {q}f.4vBMSYI8CY^0k 4 Y�0ba�
j8�0$�8#!�I��C�J<J ϕ � T k ψ 8�l(
YA=i%�
ϕ(σ) = true 4[�4 MI(T )(σ) ↓→ ψ(MI(T )(σ)) = true.!HQG%4v�

|=I {p}x := t{q} �a |=I p→ q
t
x

|=I {p}T1;T2{q} [ I(r) � T2 k I(q) 8�l�PYA=� a |=I {p}T1{r} [ |=I {r}T2{q}

|=I {p}if e then T1 else T2 fi{q} �a |=I {p ∧ e}T1{q} [ |=I {p ∧ ¬e}T2{q}

|=I {p} while e do T1 od{q} �a |=I {p} if (e) T1; while e do T1 od else x := x fi {q}BS��4�!H5A�Q�`Z�.R38 I � I 8�.R3�`Z8gJ�{BgI8 7 T k^x q �,_^x r v7 I(r) � T k I(q) 8�l�PYA=�_)℄)%�!H��( I(r) {#�.8�Z< I [�< I 8�.R3�`Z�B T ��_
P�!HQ
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|=I {p}T {q} a th(I) ⊢ {p}T {q}| Hoare >�$��Q+B��4�L"�U�>��U;rbaw8 p ��;r��x�MO Hoare>�jK 784v8Q;_S��l|8;r��x�PSf{Q;�!H#G >+���IjK;rV�8i
4�CY�0;rba8KF#G{+p�VJjK;rV�8KFw5#�p�VJjK;rV�8KFw8�( ϕ(σ, σ
′
) �{Cy��x�q T=while e do T1 od [ T G σ �"w�Æ�f m * T1 8n3oxq�q σ

′
= MI(T1)

m
(σ) � > ϕ(σ, σ

′
) �Yo�Æl�8a$�[�

(1) e ��2t ϕ(MI(T1)
m

(σ),MI(T1)
m

(σ)) �2�
(2) e �2ta ϕ(MI(T1)

m−1
(σ),MI(T1)

m
(σ)) � ϕ(MI(T1)

m−2
(σ),MI(T1)

m
(σ)) �ms

ϕ(σ,MI(T1)
m

(σ)) �2�!HO^x r �y ϕ(σ, σ
′
) �Z< σ, σ

′ � r k ϕ QG%a$�
ϕ(σ, σ

′
) = I(r)(σ[x

′
1/σ
′
(x1)] · · · [x

′
n/σ

′
(xn)])q p, q, r ∈WFFB, e ∈ QFF, T1 ∈ L

(B,V )

© �a
¬e → r

x1,...,xn

x′

1
,...,x′

n

, {¬r ∧ e}T1{¬r}, (p ∧ r) → q
x′

1
,...,x′

n

x1,...,xn
,

{p}while e do T1 od{q}baw p, q rO x, y f�8�7�D r wO x, y, x
′
, y
′ -�y;rV��wk��t8�Æ8a$�+V� Hoare 1$

Hoare �yrRjK 78�Ni
��RjK 78xq4k�ai
��8jK 78xq4k�ai
�Q�AB Hoare �y�3,b�Z< (B, V ) �
Definition 4.17 Hoare oÆhi�	��

H ::= [p]T [q]�' p, q ∈WFFB �oÆ� T ∈ L
(B,V )

© �ypu�vb��q I {x�Pjz B 8�}�,b8 Hoare^x8VJJh��� I ��FY,b8 Hoare^x [p]T [q] Np6CY Σ → Bool 8h�� I([p]T [q]) : Σ → Bool <Ji%�
I([p]T [q])(σ) = true4[�4

I(p)(σ) = true→ MI(T )(σ) ↓ ∧I(q)(MI(T )(σ)) = true.�_q;r 78{Oxq_�S;rV���8
j;rV�8xq�!HLj WFSzl8MO�~&!H�6
jR`O^x<J5A8 WFS zl�f��B B k I = (D, I0)QG%A^
(1) B 	gCYEX�(Pj��� ≤ �
(2) D 	gCY�z W [ (W, I0(≤)) �C WFS �
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(3),_ w ∈WFFB [ w	g�CSCY�7��� x�v7W = {σ(x)|I(w)(σ) = true}�;rba�
(p ∧ e) → w[x/t], [p ∧ e ∧ t = y]T1[p ∧ t < y]

[p]while e do T1 od[p ∧ ¬e]BSSo��lk��V�8ba�#Gd Hoare >�w8ba� {p}T {q}�t� [p]T [q]|#�
§4.5 �' 7?j{mG�8z℄�5A℄�8�{�G XYZ/VERI-II �1�� XYZ/SE Xx8�_q;r 7�YA=�oA=G{;r��x���j�!H#G76�_q;r 7i
8?j���_)x%m#G�3�q�VT�N8?j℄�#Pf℄��w	Z}G8<0jK℄�/{?j�
§4.6 ;3�
�o 7U 7M18�0?jKF��xXE$�8�0?j� [Pel01, MP83]�< � 7k�_q;r 78�0?j� [LS84, Fra92] ��_q;r 7?jR{℄�
XYZ/VERI-II 8�o� [Zha95] � �(FH
[Fra92] Nissim Francez. Program verification. Addison-Wesley Publishing Company Inc., 1992.

[LS84] Jacques Loeckx and Kurt Sieber. The foundation of program verification. John Wiley & Sons Ltd.,

1984.

[MP83] Zohar Manna and Amir Pnueli. How to cook a temporal proof system for your pet language. The

10th ACM Symposium on Principles of Programming Languages 141-154. 1983.

[Pel01] Doron A. Peled. Software Reliability Methods. Springer-Verlag. 2001.
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o1JmM(�m4)�`
§5 SsD%10Q�TSb)I�)IVB�Y,
W>E	�.P2W_bVB�!VS�VB�!�Qe|;VS�S;�f��?X0�S;�fI'?X0�G*|M)IVB���C6zb`&-!��f�IL�5 iZ?VB�!VS�2[��zb-!?S�('�Æx!�z|;VB�!VS�

§5.1 ?{�g2l(RrC$�f��?X0?,RC���VB?X>��M�X>E	��f��X0?VB�!�bf CTL E	�Sb1'?~rET:f1'24?��?E	�Ob CTL g	H���g	�
FSbVB�.P2W℄Lb
?tw���YM�zbg	�
§5.1.1 �g�;d/df {¬,∨}i(U!L���/?+q��.P�0Jz>U!L���/�df {EX,EG,EU}i( CTL V���?+q��.P�0Jz>V����
F AP ~? Kripke�i 〈S,R, I, L〉 vSb CTL g	 ϕ �\�u�S?�Q�8�Æ�8* L �> L(s) 	rObr s M�? ϕ ?�g	���Ob���YM� ϕ ?�g	V%��q�YN,��Ob���YM� ϕ .PeW2j6�� 1 �z ϕ = p i p �U!�uMOb s � p �Yr L(s) V%e1'
F�/G���� 2 �z ϕ = ¬ϕ0 �uMOb s �z ϕ0 6∈ L(s) �u� ϕ �x L(s) �� 3 �z ϕ = ϕ0 ∨ ϕ1 �uMOb s �z ϕ0 ∈ L(s) � ϕ1 ∈ L(s) �u� ϕ0 �x L(s) �� 4�z ϕ = EXϕ0 �uMOb s �z3r t �> R(s, t) i ϕ0 ∈ L(t) �u� ϕ �x L(s) �� 5 �z ϕ = E(ϕ0Uϕ1) �u� 5a �MOb s �z ϕ1 ∈ L(s) �u� ϕ �x L(s) �� 5b �MOb s �z3r t �> R(s, t) i ϕ ∈ L(t) �i ϕ0 ∈ L(s) �u� ϕ �x L(s) �� 5c �
[ (5b) �� L �
�~�� 6 �z ϕ = EGϕ0 �u� 6a ��� S

′
= {s | ϕ0 ∈ L(s)} �� 6b ��� 〈S,R〉 ?;,�( 〈S′

, R
′〉 ?W_ThA%X(?EC�x S

′′ ��MOb
s ∈ S

′′ �� ϕ �x L(s) �� 6c �MOb s ∈ S
′ �z3r t �> R(s, t) i ϕ ∈ L(t) �u� ϕ �x L(s) �� 6d �
[ (6c) �� L �
�~�s{.P2W��d+V%��,? L m>1'?+����YM� ϕ �

M, s |= ϕ :i": ϕ ∈ L(s) �
M |= ϕ :i": ϕ ∈

⋂

s∈I L(s) �
§5.1.2 3;RrC$�MZuVB�!��?rM���x?��~��Q���Sbg	rX>��~(?��fzb�I�Sbg	2W/��M�zbg	?1'��?�x�Sb1'M�Wb��g	�)��1'?+���	rfzbg	�7�?���x�ZuVB�!?�Æ�8�b
CTL g	?�GC3}W	bU!L�g	�7l�i�
���x�#D7_?p��



§5 BE�=?> 23;Rr� Φ(V ) ,�dU!�C�x� V ?��?U!L�g	?�x�z V ,�C�x�u
V

′ ,�C�x�FZw2� v
′ ∈ V

′ :i": v ∈ V �
Definition 5.1 ��3�"/�� AP �3� AP (���#2,3�.7;

〈V,R,Θ, N〉%9 V 1"/����� R 1 V ∪ V ′ (��+� Θ 1 V (��+� N : AP → Φ(V ) 1 AP� V (�+�� Φ(V ) �5)�1'��d�C x1, ..., xn -F�Sb1'��b n k� (a1, ..., an) �
� (a1, ..., an) |= q:i": q
a1,...,an

x1,...,xn
= 1 �1'��?�x, {0, 1}n �eUl1d R(x1, ..., xn, x

′
1, ..., x

′
n) -F�1'?+����xd Θ(x1, ..., xn) -F�� AP = {p1, ..., pk} �M� pi ?��d N(pi) -F�OI.Pb s→s

′ �
3r2 s < s
′ ?eU�
 (s, s

′
) |= R �ZuVB 〈V,R,Θ, N〉 ~?S$I'���� {0, 1}n ~?Sb/lIE

s0s1s2...b
MtY i ≥ 0, si→si+1 ��tZuVB 〈V,R,Θ, N〉 ~?S1pD�\ZuVB~?BSb��M� Θ ?S$I'�3;Rr| Kripke F7
FZuVB (V,R,Θ, N) �\VBM_f AP = {p1, ..., pk} ~? Kripke �i M =

〈S,∆, I, L〉 b
 S,∆, I, L FZw2�
S = {(a1, ..., an) | ai ∈ {0, 1}}

∆ = {((a1, ..., an), (a
′
1, ..., a

′
n)) | (a1, ..., an, a

′
1, ..., a

′
n) |= R(V, V

′
)}

I = {(a1, ..., an)) | (a1, ..., an) |= Θ}

L((a1, ..., an)) = {pi ∈ AP | (a1, ..., an) |= N(pi)}

Kripke F7|3;Rr
F Kripke �i M = 〈S,∆, I, L〉 �.P2W� S �u�z S e ≤ 2
n bk��u2Wb

n bU! x1, ..., xn 9�
� S 
?B i bk��, s(i− 1) �b (a1, ..., an)�
 x1, ..., xn o�? nk��u\ nk��
 s(a1 ·2n
+ · · ·+an−1 ·2+an)�Sb x1, ..., xn ~?g	�
Sb�x�
M�\g	? x1, ..., xn o�? n k�?�x���?�~l1?�xSP2Wbg	�
�.PG℄# n b��C��� x

′
1, ..., x

′
n �b (a1, ..., an, a

′
1, ..., a

′
n) �
 x1, ..., xn, x

′
1, ..., x

′
n o�? 2n k��u\ 2n k��
 (s(a1 · 2n

+

· · · + an−1 · 2 + an), s(a
′
1 · 2

n
+ · · · + a

′
n−1 · 2 + a

′
n)) ∈ ∆ �Sb x1, ..., xn, x

′
1, ..., x

′
n ~?g	�
SbeU�x�
M�\g	? a1, ..., an, a

′
1, ..., a

′
no�? 2n k�?�x�



§5 BE�=?> 3Mf�us� L : S → 2
AP �.PFZ N : AP → 2

S w2�s ∈ N(p):i": p ∈ L(s)�u L v N �,1'VB
S���M�X>�ÆU!?�b���?�df N(p) �Sb���x� N(p) 2WbSbg	�
�
FAP = {p1, ..., pk}~?Kripke�iM = 〈S,∆, I, L〉�\VBM_fZuVB (V,R,Θ, N)�b
 V,R,Θ, N FZw2�
V = {a1, ..., an}

(a1, ..., an, a
′
1, ..., a

′
n) |= R(V, V

′
) :i": (s(a1, ..., an), s(a

′
1, ..., a

′
n)) ∈ ∆

(a1, ..., an) |= Θ :i": s(a1, ..., an) ∈ I

N(pi) = Θi i Θi FZw2� (a1, ..., an) |= Θi :i": pi ∈ L(s(a1, ..., an))3;RrC$Sb (V,R,Θ, N)�
?1'�YM�Sb�IL�g	�
1'�M_? Kripke�i M�YM�Sb�IL�g	�FZ ∃x.ϕ = (ϕ
0
x ∨ ϕ1

x) �FZs� ex : Φ(V ) → Φ(V ) w2�
ex(ϕ) = ∃x′1...x

′
n.(R(x1, ..., xn, x

′
1, ..., x

′
n) ∧ ϕ

x′

1
,...,x′

n

x1,...,xn
)b [[q]] �
M� q ?��?�x�.PX 6 �j6��Sbg	 q r M 
?X>��~(?�

(1) q = pi �l�U!� u [[q]] = N(pi)

(2) q � ¬q0 � u [[q]] = ¬[[q0]]

(3) q � q0 ∨ q1 � u [[q]] = [[q0]] ∨ [[q1]]

(4) q � EXq0 � u [[q]] = ex([[q0]])

(5) q � EGq0 � u [[q]] = νZ.([[q0]] ∧ ex(Z))

(6) q � E(q0Uq1) � u [[q]] = µZ.([[q1]] ∨ ([[q0]] ∧ ex(Z))).Pe
M |= ϕ :i": Θ → [[ϕ]]

§5.1.3 .~K#i
Definition 5.2 ��3����� V �3� V (��7�
0 (BDD) ,3�.7;

〈N,n0, E, L〉%9 N 1������ E : N → N ×N 1�4��
��$�-�' E(n) = 〈n′
, n

′′〉 �8�
〈n, n′〉 1 n � 0 �� 〈n, n′′〉 1 n � 1 �� n0 10��*�� L : N → V ∪ {0, 1} 1��	��-� : L(n) ∈ {0, 1} Æ&�Æ E(N) !6�4�zv.~K#i (OBDD)
FSb V ~�C?\I x1, ..., xm �
 x1 < x2 < · · · < xm �nF xi < 0 i xi < 1 �SbQk- ( 〈N,n0, E, L〉 �eI?�:i": E(a) = 〈b, c〉 u L(a) < L(b) i L(a) < L(c) �
F V ~?Sbg	 ϕ �\g	2WbSbeIQk- ( 〈N,n0, E, L〉 �
�bitw2�
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1. N = {n0}, L(n0) = x1, L
′
(n0) = ϕ.

2. MtY n ∈ N i E(n) �/FZ�z L(n) = xi �ur N 
#�Bb�?C n
′
, n

′′ iH E(n) = 〈n′
, n

′′〉 �z i < m � uH L(n
′
) = L(n

′′
) = xi+1, L

′
(n

′
) = (L

′
(n))

0
xi
, L

′
(n

′′
) = (L

′
(n))

1
xi
�z i = m � uH L(n

′
) = L

′
(n

′
) = (L

′
(n))

0
xm
, L(n

′′
) = L

′
(n

′′
) = (L

′
(n))

1
xm
�zBbg	���?�u�P?zPit?eIQk- (�&i?��Ezv.~K#i (ROBDD)W~it? OBDD ?�iv6<7:fSb{���eyNvg�X�Qk- (~�?muw2�

u v v �R�C� L(u) = L(v) �ux�zBb�C�
u v v ��R�C� E(u) = E(v) i L(u) = L(v) �ux�zBb�C�
u v v ��R�C� E(v) = 〈a, a〉 �u}- v C���: v ?� (� n0) �< a ��vg�XbW~mu~��<�[q�~�><?- (',��eIQk- (�zBbg	���?�u�P?��eIQk- (�&i?�b��eIQk- (�
?g	?��EuX℄F�zSbg	,a{	�u\g	? ROBDD ,�eSbR�C?(i\R�C?�, 1 �zSbg	,a�	�u\g	? ROBDD ,�eSbR�C?(i\R�C?�, 0 ��NTv�C\IMROBDD?6<ey6?`9�MfS>-!��&?�C\I�$�?ROBDD?6<?n����?�� ϕ =

∨n
i=1

(x2i−1 ∧x2i) �
F�C?\I x1, x3, ..., x2n−1, x2, x4, ..., x2n �u ϕ? ROBDD�C�, 2
n+1 �
F�C?\I x1, x2, ..., x2n �u ϕ ? ROBDD �C�, 2(n+ 1) �dfKy�Æ\I� NP Z?-!�2bdR	?�S��Sb�t?�C\I�zv.~K#i< -:`Sbg	2W/(�Sb�Ps��\0SbeIQk- (M_fSb�Ps��b F |N �
 F �FZj5�r N ?�s��FZ πi(〈a0, a1〉) = ai �b E

i
x �
M�W2E	?%qF℄ E ><?s� E

′ �z L(π0(E(n))) 6= x i L(π1(E(n))) 6= x u E
′
(n) = E(n)z L(π0(E(n))) = x u π0(E

′
(n)) = πi(E(π0(E(n))))z L(π1(E(n))) = x u π1(E
′
(n)) = πi(E(π1(E(n))))b fOBDD(x1, ..., xn)�
h�Ps� f(x1 , ..., xn)M_?eIQk- (�� fOBDD (x1, ..., xn) =

〈N,n0, E, L〉 i x1 < · · · < xn � u
fOBDD(0, x2, ..., xn) = 〈N ′

, n
′
0, E

′
, L

′〉 b

N

′ �d π0(E(n0)) 24?�e�C?�x� n
′
0 = π0(E(n0)) � E

′
= E|N ′ � L

′
= L|N ′ �

fOBDD(x1, ..., xi−1, 0, xi+1, xn) = 〈N ′
, n0, E

′
, L

′〉 b

N

′ �d n0 %q E
0
xi
24?�e�C?�x� E

′
= E

0
xi
|N ′ � L

′
= L|N ′ �

fOBDD(1, x2, ..., xn) = 〈N ′
, n

′
0, E

′
, L

′〉 b

N

′ �d π1(E(n0)) 24?�e�C?�x� n
′
0 = π1(E(n0)) � E

′
= E|N ′ � L

′
= L|N ′ �

fOBDD(x1, ..., xi−1, 1, xi+1, xn) = 〈N ′
, n0, E

′
, L

′〉 b

N

′ �d n0 %q E
1
xi
24?�e�C?�x� E

′
= E

1
xi
|N ′ � L

′
= L|N ′ �



§5 BE�=?> 5N'qZ� f, b, c � OBDD �� n � OBDD ?�C�b top(f) 7� f ?EC�b L(f) 7�
L(top(f)) �b f = (n, b, c) �
 top(f) = n i E(n) = 〈top(b), top(c)〉 � � f , OBDD ib~�C?I,d<�d�C�<6�R�C�� u f |x=0 v f |x=1 ?�Sw2�z f �R�C�u f |x=0 = fz L(f) = x i f = (n, s0, s1) �u f |x=0 = s0z L(f) 6= x i f = (n, s0, s1) �u f |x=0 = (n, s0|x=0, s1|x=0)z f �R�C�u f |x=1 = fz L(f) = x i f = (n, s0, s1) �u f |x=1 = s1z L(f) 6= x i f = (n, s0, s1) �u f |x=1 = (n, s0|x=1, s1|x=1).Pe ∃y1...yn.∃x.f = ∃y1...yn.(f |x=0 ∨ f |x=1) � OBDD ~?�p�W	b�p�FZw2�
OBDD ℄(�dz s = (n, s

′
, s

′′
)i L(s) = x ∈ V �u� s, s

′
, s

′′ X��
, (¬x∧s′)∨(x∧s′′), s|x=0, s|x=1 �z L(s) = 0 � L(s) = 1 �ub 0 � 1 ���
\�C�U!L�A�Z2W/(� OBDD ~?p��� ◦ ,Qkp�Z� f v g , OBDD ib~�C?I,d<�d�C�<6�R�C��u f ◦ g ?�Sw2�z f v g H�R�C�u f ◦ g = L(f) ◦ L(g)z L(f) = L(g) = x u f ◦ g = ((¬x ∧ (f |x=0 ◦ g|x=0) ∨ (x ∧ (f |x=1 ◦ g|x=1))z x = L(f) < L(g) u f ◦ g = ((¬x ∧ (f |x=0 ◦ g) ∨ (x ∧ (f |x=1 ◦ g))z L(f) > L(g) = y u f ◦ g = ((¬y ∧ (f ◦ g|y=0) ∨ (y ∧ (f ◦ g|y=1))%b?Qkp�e ∧,∨,→,↔ �Skp� ¬ lu~2b → �4�
 ¬p ⇔ (p → false) �b���p)��R�C? 0 v 1 ?�|��g	 ϕ0 v ϕ1 �Y��2Wd+ ϕ0 ↔ ϕ1 ?
ROBDD �Y, 1 9℄L�N'qZ(y>#Pb x̄ �
 x1, ..., xn �u ex(ϕ) = ∃x′1...x

′
n.(R(x̄, x̄′) ∧ ϕx̄′

x̄ ) ��� ex(ϕ) ? ROBDD GQ#DC/;p��ZuVB�!
��Cy6?���.P_b�����$2[�3rC/�bf�<?�g	�eUl1 R(x̄, x̄′) 2[�S�g	?0o�xo�W2X�MzB�k6#DX0�lY8m� R(x̄, x̄′) = R1(x̄, x̄
′) ∨ · · · ∨Rm(x̄, x̄′) �.P_b�	 ∃x.(p(x) ∨ q(x)) = ∃x.p(x) ∨ ∃x.q(x)) 9�~ ROBDD ?���.Pe

∃x′1...x
′
n.(R(x̄, x̄′) ∧ ϕ

x′

1
,...,x′

n

x1,...,xn
) = ∃x′1...x

′
n.(R1(x̄, x̄

′) ∧ ϕx̄′

x̄ ) ∨ · · · ∨ ∃x′1...x
′
n.(Rn(x̄, x̄′) ∧ ϕx̄′

x̄ )=Y8m� R(x̄, x̄′) = R1(x̄, x̄
′) ∧ · · · ∧Rm(x̄, x̄′) �z x �r p(x) 
,4�.Pe ∃x.(p(x) ∧ q(x)) = p(x)∧∃x.q(x)) �.P_b\�	9�~

ROBDD ?���,V�
��� R0(x̄, x̄
′) = ϕ

x′

1
,...,x′

n

x1,...,xn
�u

∃x′1...x
′
n.(R(x̄, x̄′) ∧ ϕ

x′

1
,...,x′

n

x1,...,xn
) = ∃x′1...x

′
n.(R0(x̄, x̄

′) ∧ · · · ∧Rm(x̄, x̄′)



§5 BE�=?> 6.P� x
′
1, ..., x

′
n X( k b�7��� d1, ..., dk �� R0, ...., Rm X( k b�7�W5��

D1, ..., Dk �wpMf�e 1 ≤ i < j ≤ k � dj 
?�C�r Di 
,4�u
∃x′1...x

′
n.(R0(x̄, x̄

′) ∧ · · · ∧Rm(x̄, x̄′) = ∃d1.(D1 ∧ ∃d2.(D2 ∧ · · · ∧ ∃dk.(Dk) · · ·))b
 di �
 di 
�C?E*� Di �
 Di 
g	?xo�Mf
F?g	�x {R0, ..., Rm}v�C�x {x′1, ..., x
′
n} �.P2WT+�&?��9�� d1, ..., dk v D1, ..., Dk �lu~.P_\e*"? di o<O Di o6ot�

§5.2 ?{OI2l(RrC$�fI'?X0?,RC�rFVB?O$I'�YM�V>E	��f��X0?VB�!�bf PLTL E	�Sb1'2W/��b2[pD?I'?�x�Sb1'M�WbI'g	�)��1'?�epDHM�zbg	� � M = 〈S,∆, I, L〉 � AP ~?�u Kripke�i� ϕ � AP ~? PLTL g	�
M |= ϕ :i": [[M ]] ⊆ [[ϕ]] �

§5.2.1 Kripke F7| B
..
uchi �+�� M = 〈S,∆, I, L〉 � AP ~?�u Kripke �i�FZ

Σ = 2
AP

∆
′
= {(s, a, s′) | (s, s′) ∈ ∆, a = L(s)}

F = SH AM = (Σ, S,∆
′
, I, F ) �u [[AM ]] = [[M ] �' AM , AP ~? Kripke �i M = 〈S,∆, I, L〉 �M_? B

..
uchi �G��

§5.2.2 RrC$�Mdf Kripke �iv PLTL g	H2W��(M_? B
..
uchi �G��VB�!-!2�~,Bb�G�?iN?	rl1�Sb�G�?iN�Y,5?-!�b Aϕ �
g	 ϕ M_? B

..
uchi �G�� Sb
F?1' M M�Sb AP ~?�IL�g	 ϕ �
�

M |= ϕ
 [[M ]] ⊆ [[ϕ]]
 [[M ]] ∩ ((2
AP

)
ω \ [[ϕ]]) = ∅
 [[M ]] ∩ [[¬ϕ]] = ∅
 [[AM ]] ∩ [[A¬ϕ]] = ∅
 AM ∩A¬ϕ ?iN,5�VB�!-!�~,�G�W5-!�a^,yn
ed/,�9
��.P�bw�,�S?�Æ�+�i�w?|b�Æ��,Lw�)wvIow�~R?Sbk��� W ,Sbw� q ,Sbk��z|b��X��� push(q,W) �

pop(W) � top(W) ��5w, [ ] � 
F B
..
uchi �G� 〈Σ, S,∆, I, F 〉 �biN�Y,52WbW2�S���FZ ∆(q) = {s | ∃a ∈ Σ.(q, a, s) ∈ ∆} , q ?�e{
��?�x�\�SdBbg�?�J
3���S�4�
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start()

{

W = A = B = [ ];

for each s ∈ I, if (s 6∈ A) { push(s,A); push(s,W); dfs1(s); pop(W); }

report(“empty”);

}

dfs1(q)

{

for each s ∈ ∆(q), if (s 6∈ A) { push(s,A); push(s,W); dfs1(s); pop(W); }

if (q ∈ F ) { push(s,B); dfs2(s); }

}

dfs2(q)

{

for each s ∈ ∆(q), { if (s ∈ W ) report(“nonemp”); if (s 6∈ B) { push(s,B); dfs2(s); } }

}
FSb B
..
uchi �G���S�a “nonemp”:i":\�G�?iNW5�\℄F�S?����1�7Mf1'mV�6E?�+gRrC$�M
FSb^	eU1'S�vSb PLTL E	S��df��=K?-!�O�zP?Sb-!��3it1'? Kripke �i��� AM ∩A¬ϕ �Y,5?�S2Wr A¬ϕ V%3r?j62��it AM ��� AM ∩A¬ϕ �S$e>?\��rd+1'VB?_"S�it�?1'����2W℄Lz>�?���Yh A¬ϕ eh&�X�-F�YGQMz>��#S�8v�G*)�.P�Q℄F AM ∩A¬ϕ �Y,5�\0y<S$M� AM ∩A¬ϕ ?pD)2),���SF�<+( AM ?it�f!)B|Uv9�B$/lI' π v π

′ �����?:f":3rB$}�~?/lIE 0 = i0 < i1 <

i2 < · · · v 0 = j0 < j1 < j2 < · · · �>MtY k ≥ 0 �
L(πik

) = L(πik+1) = · · · = L(πik+1−1) = L(π
′
jk

) = L(π
′
jk+1) = · · · = L(π

′
jk+1−1)Sbg	 ϕ �����?:f":MtY����? π v π

′ �
π |= ϕ⇔ π

′ |= ϕ�,4 O ��? PLTL g	?�x�, PLTL−X �\�x?g	H�����?��QO�?E	, ϕ ∈ PLTL−X i ϕ 
?U!�C?�x, AP
′ ���1'?pD�x	r π = s0...sisi+1si+2... v π

′
= s0...sis

′
i+1si+2... �wp L(si) ∩ AP ′

= L(si+1) ∩ AP ′ i L(s
′
i+1) ∩ AP

′
= L(si+2) ∩ AP ′

, u π |= ϕ :i":
π
′ |= ϕ �\0MfO�1'�YM� ϕ �.P2W�0J π

′ �^Inn?�Q�8)�d+S>℄L$��rG�VB�!?�b
�Q;�f s
′
i+1 zP?��?�(W	M π

′ ?�#�
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§5.3 pGRrC$5 VB�!?�Q�I�M�h�!?I'�5��wpr�h�!?I'&J�K�[�=Sbg	�YM��u\VSe�t?=K�zS��e?g	H�H� NNF U	�z,4?g	�� NNF U	�u�b/(�hb��?g	? NNF U	�
§5.3.1 CTL 6_(pGRrC$
F AP ~? Kripke�iM = 〈S,R, I, L〉�M ? k VB��' kVBMk = 〈S, Pk, I, L〉b
 Pk , M 
&J, k + 1 ?I'?�x�� π ∈ Pk �zP?I'', k I'�FZ

rs(π) =

|π|−2
∨

i=0

|π|−1
∨

j=i+1

πi = πj

CTL 6_(pG}x
NNF U	? CTL g	 ϕ ?5 iZ Mk, s |= ϕ FZw2�

Mk, s |= p z p = ⊤, � p ∈ AP i p ∈ L(s)

Mk, s |= ¬p z Mk, s 6|= p

Mk, s |= ϕ ∨ ψ z Mk, s |= ϕ � Mk, s |= ψ

Mk, s |= ϕ ∧ ψ z Mk, s |= ϕ i Mk, s |= ψ

Mk, s |= Aϕ zMf�e Pk 
W s ,
C?I' π � Mk, π |= ϕ

Mk, s |= Eϕ z3r Pk 
W s ,
C?I' π � Mk, π |= ϕ

Mk, π |= Xϕ z k ≥ 1 i Mk, π1 |= ϕ

Mk, π |= Gψ z rs(π) i ∀i ≤ k,Mk, πi |= ψ

Mk, π |= Fϕ z ∃i ≤ k,Mk, πi |= ϕ

Mk, π |= ϕUψ z ∃i ≤ k,Mk, πi |= ψ i ∀j < i,Mk, πj |= ϕ

Mk, π |= ϕRψ z ∀i ≤ k, z ∀j < i,Mk, πj 6|= ϕ u Mk, πi |= ψ, iz ∀i ≤ k,Mk, πi 6|= ϕ u rs(π)pG}x(�[u<j�u.Pe
M, s |= ϕ :i":3r k ≥ 0 �> Mk, s |= ϕ �FZ Mk |= ϕ :i": M�e s ∈ I � Mk, s |= ϕ �.Pe
M |= ϕ :i":3r k ≥ 0 �> Mk |= ϕ �pGRrC$d/
FVB M vg	 ϕ �5 VB�!�Sw2�

(1) k = 0

(2) z Mk |= ϕ (?�u M |= ϕ ��S��
(3) z3r s �> Mk, s |= ¬ϕ (?�u M 6|= ϕ ��S��
(4) k = k + 1 ��< (2)



§5 BE�=?> 9�Y�z=? ¬ϕ 7�hb��? CTL g	? NNF U	�fR?E	
�D�SSF[j��v�>~r5��
§5.3.2 PLTL 6_(pGRrC$Mf PLTL �.P?l��Y3rSbpDM�
F?g	�Mf k I'�.PGQ0Jz$I'?�C�Ye2[�<V%%q?CC(Sb��zP?�^rS$/lI'�2W:(/lI'M8�FZ

s(i, k, n) =
{ n z i = k �

i+ 1 z i < k �
PLTL 6_(pG}xFZ Mk, π |=i

n ϕ w2�
Mk, π |=i

n p z p = ⊤, � p ∈ AP i p ∈ L(πi)

Mk, π |=i
n ¬p z Mk, π 6|=i

n p

Mk, π |=i
n ϕ ∧ ψ z Mk, π |=i

n ϕ i Mk, π |=i
n ψ

Mk, π |=i
n ϕ ∨ ψ z Mk, π |=i

n ϕ � Mk, π |=i
n ψ

Mk, π |=i
n Xϕ z Mk, π |=

s(i,k,n)
n ϕ

Mk, π |=i
n Gϕ z ∀j ∈ {min(i, n), ..., k},Mk, π |=j

n ϕ

Mk, π |=i
n ϕUψ z ∃j ∈ {min(i, n), ..., k}, Mk, π |=j

n ψ i
i ≤ j → ∀m ∈ {i, ..., j − 1},Mk, π |=m

n ϕ i
i > j → ∀m ∈ {n, ..., j − 1, i, ..., k},Mk, π |=m

n ϕFZ Mk, π |=−1
n ϕ ,a��FZ R(πk, π−1) ,a{�

NNF U	? LTL g	 ϕ ?5 iZ Mk, π |= ϕ FZw2�
Mk, π |= ϕ :i":3r n ∈ {−1, 0, ..., k} ��> R(πk, πn) i Mk, π |=0

n ϕ �pG}x(�[u<j�u.Pe
∃π ∈M,π0 ∈ I.(M,π |= ϕ) :i":3r k ≥ 0 � ∃π ∈Mk, π0 ∈ I.(Mk, π |= ϕ) �FZ

Mk |= ϕ :i":�3r�f I ?I' π ∈ Pk M� Mk, π |= ¬ϕ �.Pe
M |= ϕ :i": ∀k ≥ 0, Mk |= ϕ �pGRrC$d/.Pe Mk 6|= ϕ uM�e i ≥ 0, Mk+i 6|= ϕ �FZ (M,ϕ) ?+
�� ct(M,ϕ) ,�<?M�W~$�? k �Mtw M v ϕ �+
�� ct(M,ϕ) 3r�#O.Pe

M |= ϕ :i":M k = ct(M,ϕ), Mk |= ϕ �
FVB M � ϕ v m ≥ ct(M,ϕ) �5 VB�!�Sw2�
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(1) k = 0

(2) z Mk 6|= ϕ �u M 6|= ϕ ��S��
(3) z k = m �u M |= ϕ ��S��
(4) k = k + 1 ��< (2)�� Mk 6|= ϕ 
d+5 iZ���Y3r+���,R? k I' π �> Mk, π |= ¬ϕ ��F.P%qk�[j~rA�> m ≥ ct(M,ϕ) �fR?E	
�D�SSF[j��v�>~r5��

§5.4 6VuÆxfR <?1'VBW Kripke�i,�.���["4g_En��S�ON�g_E2Wb���x�b���x?Qk��
�O���x2bg	�
�Me>�Æ?g_E2Wb�Æ?�T�
�8{4*6_A=(\6Vu
Fg	�x {ϕ1, ..., ϕn} �SbpDM�{g_E:i":MOb i �\pD/51M�
ϕi �8{4*6_.~�A=(\6Vu
Fg	Qk��x {(ϕ1, ψ1), ..., (ϕn, ψn)} �SbpDM�{g_E:i":MOb i �\pDwp2W��
��M� ϕi �ur\��{e��M� ψi �zb{g_E��flfg	�x {(¬ϕ1 ∨ ψ1), ..., (¬ϕn ∨ ψn)} ?{g_E�8{4*6_.~�A=(X6Vu
Fg	Qk��x {(ϕ1, ψ1), ..., (ϕn, ψn)} �SbpDM�hg_E:i":MOb i �\pDwp2W��
/51AM� ϕi �ur\��{e��M� ψi �8{H&<Ww(6Vu��1'dz^#)�(�#)dz^eU�(�.P2W�T#){g_E� zW#)��2�D?�u\#)�H�DS1�eU{g_E� zWeU��2�D?�u\eU�H�DS1�#)hg_E� zW#)�e2�D?�z�u\#)�H�DS1�eUhg_E� zWeU�e2�D?�z�u\eU�H�DS1�6Vmh(RrC$W~��g_Er1'VB
,eSF?a�E�yN1'VBS�VShVB�!e, fS�S��N�W~��g_E?VS���47lVB�!�S�
§5.5 RrC$5J�f OBDD ?��X0?VB�!?e,e SMV v NuSMV �� SMV �sd CMU 6J.R��Q_bFj	7D�DIO��VR��fI'X0?VB�!e,e SPIN ��
SPIN d�P�O
.R��Q_bFj	7%A?[O��VR� �f5 iZ?VB�!e,e VERDS �� VERDS d
o1Jmy�M(����1Jo�
C�O
.R��el���ReU1'?ZuVB�!h5 VB�!e,�
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§5.6 bQÆx!�VB�!VSve,�ZuVB�!vVB�!e, SMV 2�0 [McM93] ��f�G�l<?VB�!vVB�!e, SPIN 2�0 [Hol90, Hol03] ��f5 iZ?VB�!vVB�!e, VERDS 2�0 [BCCZ99, Zha07, Zha09] �"Lko
[BCCZ99] A. Biere, A. Cimmatti, E. Clarke, and Y. Zhu. Symbolic Model Checking without BDDs.

LNCS 1579:193-207. TACAS 99.

[McM93] K. L. McMillan. Symbolic Model Checking. Kluwer Publisher, 1993.

[Hol90] G. J. Holzmann. Design and Validation of Computer Protocols. New Jersey: Prentice Hall,

1990.

[Hol03] G. J. Holzmann. The SPIN Model Checker. Boston: Addison-Wesley, 2003.

[Zha07] W. Zhang. Model Checking with SAT-Based Characterization of ACTL Formulas. Lecture

Notes in Computer Science 4789 (ICFEM 2007):191-211. Springer-Verlag. 2007.

[Zha09] W. Zhang. Bounded Semantics of CTL and SAT-based Verification. Lecture Notes in Computer

Science 5885 (ICFEM 2009):286-305. Springer-Verlag. 2009.
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