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§4.1 D83OF>��+�Æ�oG�xXE$�� 7M1�C
*4t7�y� 74u8V=8�0KF�q (T,Θ) � (B, V ) m8�xXE$��Z< B m8�} I � (T,Θ) B�C
*4t7�y^x ϕ ��� (T,Θ) |=I ϕ �V<Ji%�
(T,Θ) |=I ϕ4[�4B
Q I �}%8 (T,Θ) 8\3 π, π |=I ϕ

Definition 4.1 ��n
gh����
Q ::= {p}t{q}�& p, q ∈WFFB Æn
� t ∈ T Æ���XE^x8VJJh��� I ��FYXE^x {p}t{q} Np6CY Σ → Bool 8h��

I({p}t{q}) : Σ → Bool <Ji%�
I({p}t{q})(σ) = true4[�4

I(p)(σ) = true ∧ σ
t
→σ′ → I(q)(σ′) = trueCY^x {p}t{q} _ I 8�}%�2�|BgI σ � I({p}t{q})(σ) = true ��� |=I

{p}t{q} � <J |=I {ϕ}S{ψ} 4[�4B
Q t ∈ S � |=I {ϕ}t{ψ} �2� _ I Z<8℄)%� |=I {ϕ}S{ψ} B�� ϕ→ [S]ψ �!HQ�
ϕ→ [S0]ψ

ϕ→ [S1]ψ

ϕ→ [S0 ∪ S1]ψ

§4.1.1 �+�TZ< (B, V ) m8�xXE$� (T,Θ) �q t � p −→ (x1, ..., xn) = (e1, ..., en) ∈ T �<J
E(t) = p k E(T ) =

∨

t∈T E(t) �k E(T ) �2�a T vQ#m38XE�
• XE^0�

(p→ ψ[x1/e1] · · · [xn/en]) → [{p −→ (x1, ..., xn) := (e1, ..., en)}]ψ
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• Θ ba�
Θ ⇒ ϕ

ϕ

• O ba�
ϕ⇒ (ψ ∨ E(T ))

ϕ→ [T ]ψ

ϕ⇒ Oψ

• �Aba�
ϕ′ ⇒ ϕ ϕ→ [T ]ψ ψ ⇒ ψ′

ϕ′ → [T ]ψ′

§4.1.2 �
�TPGmbakC
*4t7�y8�0#G5#G%ba�
• XEba�

ϕ ∧ p→ ψ[x1/e1] · · · [xn/en]

ϕ→ [{p −→ (x1, ..., xn) := (e1, ..., en)}]ψ

• R ba�
ζ ⇒ ϕ′

(ϕ′ ∧ ¬ψ) → [T ]ϕ′

ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 ba�
ζ ⇒ ϕ′

ϕ′ → [T ]ϕ′

ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ

• U ba�q ⊑ ∈ P �EX�(Pj� w ∈ QFFB �CX�(^x (�V�7� x) [
W = ({σ(x) | I(w)(σ) = true}, I0(⊑)) �5xzl� e ∈ TB �,�a

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ w
e
x ∧ (ψ ∨ E(T )))

(ζ ∧ e = v) → [T ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ ζ0Uψ

• 3 ba�
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨E(T )))

(ζ ∧ e = v) → [T ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ 3ψ
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§4.1.3 �- O �TO,b8C
*4t7�y�!H#G�XE�aO^x%p�q V = {x1, ..., xn} �Z<CYXE t : p → (x1, ..., xk) = (e1, ..., ek) �<J x̄(t) =

(x1, ..., xk, xk+1, ..., xn) � ē(t) = (e1, ..., ek, xk+1, ..., xn) �!H#G<JG%ba�
ϕ⇒ E(T )

ϕ⇒
∨

t∈T (E(t) ∧Ox̄(t) = ē(t))

ϕ⇒ ¬E(T )

ϕ⇒ Ox̄(t) = x̄(t)�+F>�)(RB�#!4{oqQh
8^xR`P�0$�8^0kba�57#�|
⊢I ϕa
|=I ϕ$�#!48iKC�Q6YKI�{
QP^0�r8^x>{h
8[BS
Q�5ba�qAY�h
�a�?h
���4{o
Qh
8^xR`P�0$�8^0kba�57#�|
|=I ϕa
⊢I ϕCY���8�0$�#GO-iKN.h
8^x�3VvOQm/�)48�  78�0$�P6YKI�CY{Qa 7V�wXE8�0�:CY{ 7
D.8x%�y8�0� PS�y8T℄4�N.�y{�#RQ��8�0$�8�
i�d�Wm8C
�y{�#RQ��8�0$�8� RPS�yJ�8VF)t��0f v5AO68N.4u#REF�.� 
iZ<CYC
�y�CYEX�{O�SCYEX�(8':Æ	{fY�yEF�.8� xSGmYK 78�0$�mQQ��8��8R`N\U 7+a8�0kV
D.8x%�y8�0�!H�CY 7�08�����NN��Lj+B��48VS� CY 7�0$�{+B��8�|_%9�q8Y�%�$�{��8� x%�y8h
4u>�� 7�0$�8^0� 7�0f v5AO68x%�y84u>Q+M8^x#G�.�xSC
*4t7�y8 7�0$�8+B��48iK�#G}t� 74u8?i���Ot7�y^x�.�#P 7Qa8�0ba768iK�~&�!H#GOt7�y%p (T,Θ) �

Φ = Θ ∧ 2(E(T ) →
∨

t∈T (E(t) ∧Ox̄(t) = ē(t))) ∧ 2(¬E(T ) → Ox̄(t) = x̄(t))'d�fY^x{#GP 7�0ba�5#8�|
(T,Θ) ⊢I Φs%8�{iK (T,Θ) |= ϕ a |=I Φ → ϕ �PS Φ �a%p8 (T,Θ) 8"w��k~Æ}ta$�#G[�VJiKf{�28�
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§4.2 CÆ3OF>��+�Æ�oG�(XE$�� 7M1�C
*4t7�y� 74u8V=8�0KF�q (ρ,Θ) � (B, V ) m8�(XE$��Z< B m8�} I � (ρ,Θ) B�C
*4t7�y^x ϕ ��� (ρ,Θ) |=I ϕ �V<Ji%�
(ρ,Θ) |=I ϕ4[�4B
Q I �}%8 (ρ,Θ) 8\3 π, π |=I ϕ

Definition 4.2 ��n
gh����
Q ::= {p}ρ{q}�& p, q ∈WFFB Æn
�XE^x8VJJh��� I ��FYXE^x {p}ρ{q} Np6CY Σ → Bool 8h��

I({p}ρ{q}) : Σ → Bool <Ji%�
I({p}ρ{q})(σ) = true4[�4

I(p)(σ) = true ∧ σ→σ′ → I(q)(σ′) = trueCY^x {p}ρ{q} _ I 8�}%�2�|BgI σ � I({p}ρ{q})(σ) = true ��� |=I

{p}ρ{q} � _ I Z<8℄)%� |=I {p}ρ{q} B�� p→ [ρ]q �
§4.2.1 �+�TZ< (B, V ) m8�(XE$� (ρ,Θ) �q V = {v1, ..., vn} � q ϕ, ψ � Φ(V ) m8^x�

• XE^0�
∀v′1, ..., v

′
n.(ρ→ ψ

v′

1
,...,v′

n

v1,...,vn
) → [ρ]ψ

• Θ ba�
Θ ⇒ ϕ

ϕ

• O ba�
ϕ⇒ (ψ ∨ ∃v′1...v

′
n.ρ)

ϕ→ [ρ]ψ

ϕ⇒ Oψ

• �Aba�
ϕ′ ⇒ ϕ ϕ→ [ρ]ψ ψ ⇒ ψ′

ϕ′ → [ρ]ψ′
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§4.2.2 �
�TPGmbakC
*4t7�y8�0#G5#G%ba�
• XEba�

ϕ ∧ ρ→ ψ
v′

1
,...,v′

n

v1,...,vn

ϕ→ [ρ]ψ

• R ba�
ζ ⇒ ϕ′

(ϕ′ ∧ ¬ψ) → [ρ]ϕ′

ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 ba�
ζ ⇒ ϕ′

ϕ′ → [ρ]ϕ′

ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ

• U ba�q ⊑ ∈ P �EX�(Pj� w ∈ QFFB �CX�(^x (�V�7� x) [
W = ({σ(x) | I(w)(σ) = true}, I0(⊑)) �5xzl� e ∈ TB �,�a

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ w
e
x ∧ (ψ ∨ ∃v′1...v

′
n.ρ))

(ζ ∧ e = v) → [ρ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ ζ0Uψ

• 3 ba�
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨ ∃v′1...v

′
n.ρ))

(ζ ∧ e = v) → [ρ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ 3ψ

§4.3 .�?�J��+BS< � 7�'�84u	+�Nh
k�ah
�f.4u[�8{ 7\3wpt 78�7~Æ�G{ 7{OR`wp�Z< 7 T ∈ L
(B,V )
←֓ k B 8�} I �<J 78VJh���7~Æ6�7~Æ8Th� MI(T ) : Σ →֒ Σ i%�

MI(T )(σ) =
{ σ′ k (beg, σ)

∗
→(end, σ′) �"<J k�,_ σ′ v7 (beg, σ)

∗
→(end, σ′) �

MI(T )(σ) Q<Jwe� 7 T _"w�7~Æ� σ t8\3wp�� MI(T )(σ) ↓ �Hka��MI(T )(σ) ↑ �
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+BSZ<8A=D=�VA=8J�O�(w�(^x�
Definition 4.3 � ϕ q ψ Æ}l�
��& ϕ `��i�� ψ `�si�� T  I y�#�j� ϕ q ψ Æ_k"�g�	 ∀σ ∈ Σ, ϕ(σ) = true→ (MI(T )(σ) ↓→ ψ(MI(T )(σ))) �
Definition 4.4 � ϕ Æl�
� ϕ `��i�� T  I y�#�j� ϕ Æ'%g�	 ∀σ ∈

Σ, ϕ(σ) = true→ MI(T )(σ) ↓ �
Definition 4.5 � ϕ q ψ Æ}l�
��& ϕ `��i�� ψ `�si�� T  I y�#�j� ϕ q ψ Æ��"�g�	 ∀σ ∈ Σ, ϕ(σ) = true→ MI(T )(σ) ↓ ∧ψ(MI(T )(σ)) ��J�Q���8�V6I�19
Definition 4.6 � T �a�� p q q Æ}ln
� T  I y�#�j� p q q Æ_k"�g�w* |=I {p}T {q} �	 T  I y�#�j� I(p) q I(q) Æ_k"�g�

|=I {p}T {q}4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓→ I(q)(MI(T )(σ))) �
Definition 4.7 � T �a��pÆn
�T  I y�#�j� pÆ'%g�w* |=I [p]T [true]�	 T  I y�#�j� I(p) Æ'%g�

|=I [p]T [true] 4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ MI(T )(σ) ↓ �
Definition 4.8 � T �a�� p q q Æ}ln
� T  I y�#�j� p q q Æ��"�g�w* |=I [p]T [q] �	 T  I y�#�j� I(p) q I(q) Æ��"�g�

|=I [p]T [q] 4[�4 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓ ∧I(q)(MI(T )(σ))) ��JV6I�<�q B = (F, P ) k I = (NAT, I0) �Vv F = {0, 1,+}, P = {=} � NAT ��d�� I0 �Pj 0, 1,+�}��d�m8 0, 1k�F��Pj = �}��d�m8+9a$�G%zl�{:b#D�8�
PC = {(ϕ, T, ψ) | T ∈ LB

←֓ , ϕ, ψ ∈WFFB , |=I {ϕ}T {ψ}}

TE = {(ϕ, T ) | T ∈ LB
←֓ , ϕ ∈WFFB , |=I [ϕ]T [true]}

TC = {(ϕ, T, ψ) | T ∈ LB
←֓ , ϕ, ψ ∈ WFFB, |=I [ϕ]T [ψ]}℄74�L�℄5��L

Definition 4.9 � T �a�� ϕ q ψ Æ}l�
��& ϕ `��i�� ψ `�si��mhy� I �
ϕ Æ T q ψ g)
|��i��
ϕ(σ) = true e�ze (MI(T )(σ) ↓→ ψ(MI(T )(σ)))

ϕ Æ T q ψ g)
�i��
ϕ(σ) = true e�ze MI(T )(σ) ↓ ∧ψ(MI(T )(σ))

ψ Æ T q ϕ g)�si��
ψ(σ) = true e�zed (� σ′ �f ϕ(σ′) = true ∧MI(T )(σ′) = σ!HQG%4u�



§4 0/34-, 7k ϕ { T k ψ 8�l(
YA=�aB
Q ϕ′ � T BS ϕ′ k ψ {�Nh
84[�4 ϕ′ → ϕ �k ϕ { T k ψ 8�lYA=�aB
Q ϕ′ � T BS ϕ′ k ψ {�ah
84[�4 ϕ′ → ϕ �k ψ { T k ϕ 8�ZoA=�aB
Q ψ′ � T BS ϕ k ψ′ {�Nh
84[�4 ψ → ψ′ ��+W2BS�Nh
D=�kYA=� ϕ �oA=� ψ �iK 7B�UBYoA=8Cx�={�q 78\3�
(beg, σ0), (l1, σ1), ..., (ln−1, σn−1), (end, σn)doiKk ϕ(σ0) a ψ(σn) �BSwpD=�CxiK�={�q 78\3�wp

(beg, σ0), (l1, σ1), ...,OC�vQNY l ∈ LB _\3v#(")C*�doiKk ϕ(σ0) �2a l _N*#(o�UV
BM8 σ �B�sR`u`m3<J l 8o;8����ah
4#GN��Nh
kwp6KI8iK�ieL_CWiK�Cx�={�q 78\3�
(beg, σ0), (l1, σ1), ...,OCk ϕ(σ0) �2a�f n *� n U"w�7~Æ σ0 +a�~Æ�qo� ln = end [

ψ(σn) �2�"Q/%��+Gm88iK�={xSB 7f 8N#�5A~&
<8 78\3f �BS�28 7�U�={#38�3BST℄8 7�
< 7\3f QC<8Q?� KD!H5A\i8KF�CYyA8Ya{�CY/8 �N��-8 ��BS< � 7�!H#G� 78\3N���8U��Pf.U�8h
4�5gY 78h
4�  7U�O�j79%p���j79�=��
Definition 4.10 mha� T �^p�~ (l0, l1, ..., ln) Æ T g�{e�ze n > 0 �j��
0 ≤ i < n � li+1  li gh�&b��q α = (l0, l1, ..., ln) �C=��=�8VJ<Ji%�

MI(α)(σ0) =
{

σn k,_ {σ1, ..., σn} ⊆ Σv7 (l0, σ0) → (l1, σ1) → · · · → (ln, σn) �"<J k�,_f�8~Æz�k l0 = beg [ ln = end a α = (l0, l1, ..., ln) ���g=��MI(T )(σ) = σ′ 4[�4,_�g=� α v7MI(α)(σ) = σ′ �/	S 7h
4�!H#G<J=�8�Nh
4�
Definition 4.11 � p q q Æ}ln
� α  I y�#�j� p q q Æ_k"�g�w*
|=I {p}α{q} �	 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(α)(σ) ↓→ I(q)(MI(α)(σ))) �
Definition 4.12 � α ��{� p q q Æ}ln
� p Æ α q q g)
|��i��	
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I(p)(σ) = true e�ze MI(α)(σ) ↓→ I(q)(MI(α)(σ)) �
Definition 4.13 � α = (l0, ..., lk) ���{�h� wlp(α, q) ���

k = 1

d T &$� l0: (v1, ..., vn) := (e1, ..., en) goto l1! wlp(α, q) = q[v1/e1] · · · [vn/en].d T &$� l0: if (b) goto l else goto l′! wlp(α, q) =
{ b→ q 	 l = l1;

¬b→ q 	 l′ = l1 �
k > 1 � α0 = (l0, l1), α1 = (l1, ..., lk) �! wlp(α, q) = wlp(α0, wlp(α1, q))

I(wlp(α, q)) {=� α k q 8�l(
YA=�
Definition 4.14 � α = (l0, ..., lk) ���{�h� vc(p, α, q) = p→ wlp(α, q) �k |=I vc(p, α, q) a |=I {p}α{q} �
Definition 4.15 � T �a�� C �^pvr�h� γT (C) ���
(l0, ..., lk) ∈ γT (C) e�ze (l0, ..., lk) Æ T g�{� l0, lk ∈ C � l1, ..., lk−1 6∈ C �	�V6IW2q C {�jzl� beg, end ∈ C, T 8FY;rrnQCY�j	gS C [ C v8FY�j l QCYBM8^x ql �k ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)�a |= {qbeg}T {qend}�\ZI�<�wp4�{C
4u�G% 7_C
�� PA (Peano Arithmetic) 8��M1%BgI�jR`wp�3_ PA 8M��M1��C<wp�

beg: (x) := (0); goto test;

test: if x = y then goto end else goto loop fi;

loop: (x) := (x+ 1); goto test;\ZIW2q C {�jzl� beg ∈ C, T 8FY;rrnQCY�j	gS C [ C v8FY�j
l QCYBM8^x ql � (W,⊑) {C WFS � C′ ⊆ C {�jzl� T 8FY;rrnQCY�j	gS C′ [ C′ v8FY�j l QCYBM8h� gl : Σ → W �kG%���2a
|= [qbeg]T [true]:

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)

(b) ∀α = (l0, ..., lk) ∈ γT (C), I(ql0 )(σ) = true ∧MI(α)(σ) ↓→ glk(MI(α)(σ)) < ql0(σ)"QCÆ�8�\ZIW2q C {�jzl� beg ∈ C, T 8FY;rrnQCY�j	gS C [ C v8FY�j
l QCYBM8^x ql � (W ⊆ D, I0(⊑)) {C WFS [ ⊑∈ P � w ��CQCY�P�78^x[ W = {σ(x) | I(w)(σ) = true} � C′ ⊆ C {�jzl� T 8FY;rrnQCY�j	gS C′ � C′ v8FY�j l QCYBM8, tl [ |=I ql → w[x/tl] �kG%���2a
|= [qbeg]T [true]:

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)

(b) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 ∧ tl0 = a, α, tlk < a)



§4 0/34-, 9fYKF+BSYI8KFQC<8�)4�| WFS 89`�)S W ⊆ D k�(Pj�6_ P v�
§4.4 $� K!�J��+< � 78CYb;{;r8j'k#'�bI�+0 78
?��hH#-�+iK8
?���0
�T℄�+ 7�_-��#�l4����_q;r 7#G$Qf.b;�Z< 7 T ∈ L

(B,V )
© k B 8�} I �<J 78VJh���7~Æ6�7~Æ8Th� MI(T ) : Σ →֒ Σ i%�

MI(T )(σ) =
{ σ′ k (T, σ)

∗
→σ′ �"<J k 7_"w�7~Æ� σ t8\3�wp�PS�_q;r 7#G��{< � 78��2x�< � 78iKKF��|OS�_q;r 7�:��PS�_q;r 7�Q�l4�!H#G[�o�VJk^0VJiK 74u�

§4.4.1 Y�SP�_q;r 7�Q�l4�
iZ< 7 T1 k T2 �!H#�V�l� T1;T2 �^ZCY^x e �!H#�V�l� if e then T1 else T2 fi 9�f�� T1;T2 8VJ�#G�2_ T1k T2 8VJm�
iMI(T1;T2)(σ) = MI(T2)MI(T1)(σ) � PSMI(T1)(σ) �C<Q<J�K)Gm0F�C<{5<J8��effY ��!HB M 8<JWknW�3,!�<J Σω = Σ ∪ {ω} �,!o8VJJh�� Mω
I �Z<�_q;r 7 T �Mω

I (T ) { Σω m8h��<J ite : Bool × Σω × Σω → Σω i%
ite(true, σ, σ′) = σ

ite(false, σ, σ′) = σ′<J Φe,h : [Σω → Σω] → [Σω → Σω] i%
Φe,h(f)(σ) =

{ ω k σ = ω

ite(I(e)(σ), f(h(σ)), σ) k σ 6= ω<J Σω m8T7a$ ≤ i%� a ≤ b 4[�4 a = ω � (Σω,≤) {��T7�<J
Mω

I (T ) : Σω → Σω i%�
Mω

I (x := t)(σ) =
{ ω

MI(x := t)(σ) = σ[x/I(t)(σ)]

Mω
I (T1;T2) = Mω

I (T2)M
ω
I (T1)

Mω
I (if (e) then T1 else T2 fi)(σ) =

{ ω

ite(I(e)(σ),Mω
I (T1)(σ),Mω

I (T2)(σ))

Mω
I (while e do T1 od) = µΦe,Mω

I
(T1)

k σ = ωk σ 6= ωk σ = ωk σ 6= ωBSgI�_q;r 7 T � Mω
I (T ) {5<J[488�xS Mω

I (T ) �!H#G<J
MI(T ) : Σ →֒ Σ i%�
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MI(T )(σ) =
{ Mω(T )(σ) k Mω

I (T )(σ) 6= ω"<J k Mω
I (T )(σ) = ωfY<Jk��VJvB MI(T ) 8<J{Cs8�Hf-�!HQ

Mω
I (T )(σ) =

{

ω k σ = ω �
ω kMI(T )(σ) "<J
σ′ kMI(T )(σ) = σ′	�V6I�Nh
4 {ϕ}T {ψ} �y� ϕ(σ) → (MI(T )(σ) ↓→ ψ(MI(T )(σ))) � ieR`l��f��� MI(T ) �y�CY�2h��aiK�hH8���PS�Nh
�A^ 7C<wp�!HqA��B� Mω

I (T ) ⊑ h 8CY Σ m8h� h �doiK ϕ(σ) → ψ(h(σ)) �_f�8GiKv��*Q8�N{;rV�8VJ�_iKv��5A<JCY�=;
g -BM;rV�8VJ�GiK;rV�"wt8~Æk��t8~Æ8a$�!H#Gl�<JCYiK;rV�"wt8~Æk��t8~Æ8a$8KF�q ϕ : Σ2 → Bool��(�q T=while e do T1 od�kG%L��2�a ∀σ ∈ Σ,MI(T )(σ) ↓→

ϕ(σ,MI(T )(σ)) �
∀σ ∈ Σ, I(¬e)(σ) → ϕ(σ, σ)

∀σ, σ′ ∈ Σ, I(e)(σ) ∧MI(T1)(σ) ↓ ∧ϕ(MI(T1)(σ), σ′) → ϕ(σ, σ′)f�!Hq�� MI(T1)(σ) D��8�=;�K)UKF8MO#G�qC.;rV�h
48iK�\ZI 7 T 8wp4#G[�Fj 7 T ′ 8wp4-iK�k MI(T
′)(σ) �&&Q<J8h�[ MI(T )(σ) ⊑MI(T

′)(σ) a MI(T )(σ) &&Q<J�
§4.4.2 Hoare 0#$8xSo�VJ8 7iK�!Hs#GO�y8KF-iK 784u� Hoare�y�{f�8CY#GO-iK 784u8$��Hoare�yV=�2_�(�yk�_q;r 78x%m�Z< (B, V ) �
Definition 4.16 Hoare n
gh����

H ::= {p}T {q}�& p, q ∈WFFB Æn
� T ∈ L
(B,V )
© Æxot�ua��q I {x�Pjz B 8�}�Hoare^x8VJJh��� I ��FY Hoare^x {p}T {q}Np6CY Σ → Bool 8h�� I({p}T {q}) : Σ → Bool <Ji%�
I({p}T {q})(σ) = true4[�4

I(p)(σ) = true ∧MI(T )(σ) ↓→ I(q)(MI(T )(σ)) = true.



§4 0/34-, 11CY^x {p}T {q} _ I 8�}%�2�|BgI σ � I({p}T {q})(σ) = true ��� |=I

{p}T {q} �kV_gI�}%�2��� |= {p}T {q} �kV_B� W 8�}%�2���
W |= {p}T {q} �
Hoare M;�y^x{CYJ�4u8KF�!H5A_fx%m�3�0�!HQG%^0k�0ba�

(1) Sn^0�q p ∈ WFFB, x ∈ V, t ∈ TB �
{pt

x}x := t{p}

(2) �lba�q p, q, r ∈ WFFB, T1, T2 ∈ L
(B,V )
© �

{p}T1{r}, {r}T2{q}

{p}T1;T2{q}

(3) ��ba�q p, q ∈ WFFB, e ∈ QFFB, T1, T2 ∈ L
(B,V )
© �

{p ∧ e}T1{q}, {p∧ ¬e}T2{q}

{p}if e then T1 else T2 fi{q}

(4) ;rba�q p ∈ WFFB, e ∈ QFFB, T1 ∈ L
(B,V )
© �

{p ∧ e}T1{p}

{p}while e do T1 od{p ∧ ¬e}

(5) �?ba�q p, q, r, s ∈ WFFB, T ∈ L
(B,V )
© �

p→ q, {q}T {r}, r→ s

{p}T {s}CY Hoare^x {p}T {q}#PGmbak^076��� ⊢ {p}T {q}��8�08K�!H#GvO5#ba�5#ba#G��{x�ba8�lMO�kOGmbak^0#G+^x s1, s2, ..., sn �5# s �a#G�rG%5#ba�
s1, s2, ..., sn

sG%{}Y�O85#ba�_Q.tn#GO-�0YQ8Sn^0��lba���bak;rba8vO�
(1’) q p, q ∈WFFB , x ∈ V, t ∈ TB.

p→ qt
x

{p}x := t{q}

(2’) q p0, ..., pn ∈WFFB , T1, ..., Tn ∈ L
(B,V )
© , n ≥ 2.

{p0}T1{p1}, {p1}T2{p2}, ..., {pn−1}Tn{pn}

{p0}T1;T2; ...;Tn{pn}
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(3’) q p1, p2, q ∈WFFB , e ∈ QFFB, T1, T2 ∈ L
(B,V )
© �

p→ (p1 ∧ e) ∨ (p2 ∧ ¬e), {p1}T1{q}, {p2}T2{q}

{p}if e then T1 else T2 fi{q}

(4’) q p, q, r ∈ WFFB, e ∈ QFF, T1 ∈ L
(B,V )
© .

p→ r, {r ∧ e}T1{r}, (r ∧ ¬e) → q,

{p}while e do T1 od{q}PS�5v5AO6 p→ r 9^x�!Hs5AC��5f.^x8KF��8��f.AG�|{SU 7l�+a84u�!H���f.�28x�
SCY0?�_f0?k%�!H#G�f.4�^0-�1��O80?	+�d�0? PA 9��+W2 78�0iK_ 78FYV�YoLml|8A=�MOGmbaiK 78FYV�BSf.A=>{B8�Q.A={#G+5AiK8YoA=�f�2�5768�Q.{A�~�fN# 7��8�)(I�0$�8#!o8{�5#8^x
u{�28�|�kW ⊢ {p}T {q}aW |= {p}T {q}�Z< I �� th(I) �_ I 8�}%�28
Q^x�!H5A
ik th(I) ⊢ {p}T {q}a |=I {p}T {q} �!HQG%4u�
|=I {qt

x}x := t{q}

|=I {p}T1{r} [ |=I {r}T2{q} �a |=I {p}T1;T2{q}

|=I {p ∧ e}T1{q} [ |=I {p ∧ ¬e}T2{q} �a |=I {p}if e then T1 else T2 fi{q}

|=I {p ∧ e}T1{p} �a |=I {p} while e do T1 od{p ∧ ¬e}

|=I {q}T {r} � |=I p→ q [ |=I r → s �a |=I {p}T {q}f.4uBMSYI8CY^0k 4 Y�0ba�
i8�0$�8#!�H��B�I<J ϕ � T k ψ 8�l(
YA=i%�
ϕ(σ) = true 4[�4 MI(T )(σ) ↓→ ψ(MI(T )(σ)) = true.!HQG%4u�

|=I {p}x := t{q} �a |=I p→ qt
x

|=I {p}T1;T2{q} [ I(r) � T2 k I(q) 8�l�PYA=� a |=I {p}T1{r} [ |=I {r}T2{q}

|=I {p}if e then T1 else T2 fi{q} �a |=I {p ∧ e}T1{q} [ |=I {p ∧ ¬e}T2{q}

|=I {p} while e do T1 od{q} �a |=I {p} if (e) T1; while e do T1 od else x := x fi {q}BS��4�!H5A�Q�`Z�.R38 I � I 8�.R3�`Z8gJ�{BgI8 7 T k^x q �,_^x r v7 I(r) � T k I(q) 8�l�PYA=�_)℄)%�!H��( I(r) {#�.8�Z< I [�< I 8�.R3�`Z�B T ��_
P�!HQ
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|=I {p}T {q} a th(I) ⊢ {p}T {q}| Hoare >�$��Q+B��4�K!�T�=��T;rbav8 p ��;r��x�MO Hoare>�iK 784u8Q;_S��l|8;r��x�PSf{Q;�!H#G >+���IiK;rV�8h
4�CY�0;rba8KF#G{+o�VJiK;rV�8KFv5#�o�VJiK;rV�8KFv8�( ϕ(σ, σ′) �{Cx��x�q T=while e do T1 od [ T G σ �"w~Æ�f m * T1 8m3owp�q σ′ = MI(T1)
m(σ) � > ϕ(σ, σ′) �Yo~Æk�8a$�[�

(1) e ��2t ϕ(MI(T1)
m(σ),MI(T1)

m(σ)) �2�
(2) e �2ta ϕ(MI(T1)

m−1(σ),MI(T1)
m(σ)) � ϕ(MI(T1)

m−2(σ),MI(T1)
m(σ)) �lr

ϕ(σ,MI(T1)
m(σ)) �2�!HO^x r �y ϕ(σ, σ′) �Z< σ, σ′ � r k ϕ QG%a$�

ϕ(σ, σ′) = I(r)(σ[x′1/σ
′(x1)] · · · [x

′
n/σ

′(xn)])q p, q, r ∈WFFB, e ∈ QFF, T1 ∈ L
(B,V )
© �a

¬e → rx1,...,xn

x′

1
,...,x′

n

, {¬r ∧ e}T1{¬r}, (p ∧ r) → q
x′

1
,...,x′

n

x1,...,xn
,

{p}while e do T1 od{q}bav p, q qO x, y f�8�7�D r vO x, y, x′, y′ -�y;rV��wk��t8~Æ8a$�*U� Hoare 0#
Hoare �yqRiK 78�Nh
��RiK 78wp4k�ah
��8iK 78wp4k�ah
�Q�AB Hoare �y�3,b�Z< (B, V ) �

Definition 4.17 Hoare n
gh����
H ::= [p]T [q]�& p, q ∈WFFB Æn
� T ∈ L

(B,V )
© Æxot�ua��q I {x�Pjz B 8�}�,b8 Hoare^x8VJJh��� I ��FY,b8 Hoare^x [p]T [q] Np6CY Σ → Bool 8h�� I([p]T [q]) : Σ → Bool <Ji%�

I([p]T [q])(σ) = true4[�4
I(p)(σ) = true→ MI(T )(σ) ↓ ∧I(q)(MI(T )(σ)) = true.�_q;r 78{Owp_�S;rV���8
i;rV�8wp�!HLj WFSzl8MO�~&!H�6
iR`O^x<J5A8 WFS zl�f��B B k I = (D, I0)QG%A^

(1) B 	gCYEX�(Pj��� ≤ �
(2) D 	gCY�z W [ (W, I0(≤)) �C WFS �
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(3),_ w ∈WFFB [ w	g�CSCY�7��� x�v7W = {σ(x)|I(w)(σ) = true}�;rba�
(p ∧ e) → w[x/t], [p ∧ e ∧ t = y]T1[p ∧ t < y]

[p]while e do T1 od[p ∧ ¬e]BSSn��lk��V�8ba�#Gd Hoare >�v8ba� {p}T {q}�t� [p]T [q]|#�
§4.5 �& 7?i{mG�8z℄�5A℄�8�z�G XYZ/VERI-II �1�� XYZ/SE Xx8�_q;r 7�YA=�oA=G{;r��x���j�!H#G76�_q;r 7h
8?i���_)x%m#G�3�q�VT�N8?i℄�#Pf℄��w	Z|G8<0iK℄�/z?i�
§4.6 :2�
�o 7U 7M18�0?iKF��xXE$�8�0?i� [Pel01, MP83]�< � 7k�_q;r 78�0?i� [LS84, Fra92] ��_q;r 7?iRz℄�
XYZ/VERI-II 8�o� [Zha95] � 
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