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§4 H1V`��EnNG[!;z!;P5�Q��Q28z�%K&KT�3:MH�%K*�sG[G�8:�3MH�
�sG2��25!;:�3MH�

§4.1 K>9WNE�G0���sK#|\I(�!!;P5�G�.8x;C|!!;8z:[A:�3MH�
.u (T,Θ) ! (B, V ) q:#|\I(��\> B q:��

I �(T,Θ)E�G�.8x;C|`| ϕ��� (T,Θ) |=I

ϕ �Z>Nm)�
(T,Θ) |=I ϕ6_�6D�V I ��): (T,Θ) :a7 π, π |=I ϕ

Definition 4.1 �1y�rs3�+�
Q ::= {p}t{q}�> p, q ∈WFFB �y�� t ∈ T ��1�\I`|:[NLj��� I �
I[\I`| {p}t{q}St8G[ Σ → Bool :j
� I({p}t{q}) : Σ → Bool >Nm)�

I({p}t{q})(σ) = true6_�6
I(p)(σ) = true ∧ σ

t
→σ′ → I(q)(σ′) = trueG[`| {p}t{q}d I :��)�5��DkM σ �

I({p}t{q})(σ) = true ��� |=I {p}t{q} � >N |=I

{ϕ}S{ψ} 6_�6D�V t ∈ S � |=I {ϕ}t{ψ} �5�
.d I \>:a,)� |=I {ϕ}S{ψ} F�� ϕ→ [S]ψ �%KV�

ϕ→ [S0]ψ

ϕ→ [S1]ψ

ϕ→ [S0 ∪ S1]ψ
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§4.1.1 G0"\\> (B, V ) q:#|\I(� (T,Θ)�u t ! p −→

(x1, ..., xn) = (e1, ..., en) ∈ T �>N E(t) = p m E(T ) =
∨

t∈T E(t) �o E(T ) �5�f T {V&r7:\I�
• \I`3�

(p→ ψ[x1/e1] · · · [xn/en]) → [{p −→ (x1, ..., xn) := (e1, ..., en)}]ψ

• Θ df�
Θ ⇒ ϕ

ϕ

• O df�
ϕ⇒ (ψ ∨ E(T ))

ϕ→ [T ]ψ

ϕ⇒ Oψ

• �Cdf�
ϕ′ ⇒ ϕ ϕ→ [T ]ψ ψ ⇒ ψ′

ϕ′ → [T ]ψ′

§4.1.2 ��"\UKqdfmG�.8x;C|:�3&K7%K)df�
• \Idf�

ϕ ∧ p→ ψ[x1/e1] · · · [xn/en]

ϕ→ [{p −→ (x1, ..., xn) := (e1, ..., en)}]ψ

• R df�
ζ ⇒ ϕ′

(ϕ′ ∧ ¬ψ) → [T ]ϕ′

ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 df�
ζ ⇒ ϕ′

ϕ′ → [T ]ϕ′

ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ

• U df�u ⊑∈ P !G℄"*Rl�w ∈ QFFB !G℄"*`| (�Z�:! x) _W = ({σ(x)|I(w)(σ) =

true}, I0(⊑)) !8{}n� e ∈ TB !0�f
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧w
e
x ∧ (ψ ∨ E(T )))

(ζ ∧ e = v) → [T ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ ζ0Uψ
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• 3 df�

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨ E(T )))

(ζ ∧ e = v) → [T ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ 3ψ2e 4.1.1 � r"3O2e 4.1.2 � !YMMC 4.1 �
B = ({x, y, n, a}, {s0, s1, s2, s3, s4, 0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})xs B �r�1*& (T,Θ) ��> Θ ( a = s0 � T (2+�1�
a = s0 −→ (x, y, a) := (0, 0, s1)

a = s1 ∧ x < n −→ (a) := (s2)

a = s2 −→ (y, x, a) := (y + x ∗ (x+ 1), x+ 1, s1)

a = s1 ∧ ¬(x < n) −→ (a) := (s3)

a = s3 −→ (y, a) := (3 ∗ y, s4)xs I ( B 68!�r9i� �:Æ2+�%k	�
(1) (T,Θ) ⊢I n ≥ 0 → 2(a = s4 → y = n ∗ n ∗ n− n)

(2) (T,Θ) ⊢I n ≥ 0 → 3(a = s4)

§4.1.3 
3 O "\T/g:G�.8x;C|�%K&K
\I eT`|(s�u V = {x1, ..., xn}�\>G[\I t : p→ (x1, ..., xk) =

(e1, ..., ek) �>N x̄(t) = (x1, ..., xk, xk+1, ..., xn) � ē(t) =

(e1, ..., ek, xk+1, ..., xn) �%K&K>NK)df�
ϕ⇒ E(T )

ϕ⇒
∨

t∈T (E(t) ∧Ox̄(t) = ē(t))

ϕ⇒ ¬E(T )

ϕ⇒ Ox̄(t) = x̄(t)G0NE�.-ZI�&$8�tvVmg:`|UbU�3(�:`3mdf�79%��
⊢I ϕf
|=I ϕ

.



HGKLED(�&$8:nNG�V9[ML���VU`3�v:`|��mg:_DX�V�7df�vE℄�mg�f�Bmg�
. �8�t�Vmg:`|UbU�3(�:`3mdf�79%��

|=I ϕf
⊢I ϕG[� �:�3(�&KT0nNQ2mg:`|�5ZzTVo1�-8:�

.!;:�3(�U9[ML�G[�V
!;[�z\I:�3�=G[�!;�H1:{'C|:�3�

.UXC|:Vb8�Q2C|��&UV �:�3(�:�
m�h
\q:G�C|��&UV �:�3(�:�

.WUXC|M�:[H-y��3h!{9ET8:Q28z&UHH�0�

.
m\>G[G�C|�G[G℄��Q�XG[G℄"*:)<Æ	�k[C|HH�0:�

.{XKq^P!;:�3(�oTV �:�!;UbP`Z!;/
:�3mZ�H1:{'C|:�3�%K
G[!;�3:�����PP!�Qn/D �8:XV�

.G[!;�3(��/D �:��d)<�u:℄�)�(�� �:�{'C|:mg8z��!!;�3(�:`3�!;�3h!{9ET8:{'C|:8z�V/R:`|&K�0�{XG�.8x;C|:!;�3(�:/D �8:nN�&K�w�!;8z:Cn���Tx;C|



HGKLED`|�0�&U!;V
:�3df98:nN��*�%K&KTx;C|(s (T,Θ) �
Φ = Θ ∧ 2(E(T ) →

∨

t∈T (E(t) ∧Ox̄(t) = ē(t))) ∧ 2(¬E(T ) → Ox̄(t) = x̄(t))+h�k[`|�&KU!;�3df�7%:��
(T,Θ) ⊢I Φw):��nN (T,Θ) |= ϕ f |=I Φ → ϕ �UX Φ e(s; (T,Θ) :${��m���w
(�&K℄�[NnNk��5:�

§4.2 J�9WNE�G0���sK"*\I(�!!;P5�G�.8x;C|!!;8z:[A:�3MH�
.u (ρ,Θ) ! (B, V ) q:"*\I(��\> B q:��

I �(ρ,Θ)E�G�.8x;C|`| ϕ ��� (ρ,Θ) |=I

ϕ �Z>Nm)�
(ρ,Θ) |=I ϕ6_�6D�V I ��): (ρ,Θ) :a7 π, π |=I ϕ

Definition 4.2 �1y�rs3�+�
Q ::= {p}ρ{q}�> p, q ∈WFFB �y��\I`|:[NLj��� I �
I[\I`| {p}ρ{q}St8G[ Σ → Bool :j
�I({p}ρ{q}) : Σ → Bool >Nm)�

I({p}ρ{q})(σ) = true6_�6
I(p)(σ) = true ∧ σ→σ′ → I(q)(σ′) = trueG[`| {p}ρ{q}d I :��)�5��DkM σ �

I({p}ρ{q})(σ) = true ��� |=I {p}ρ{q} �
.d I \>:a,)� |=I {p}ρ{q} F�� p→ [ρ]q �
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§4.2.1 G0"\\> (B, V )q:"*\I(� (ρ,Θ)�u V = {v1, ..., vn}�u ϕ, ψ ! Φ(V ) q:`|�

• \I`3�
∀v′1, ..., v

′
n.(ρ→ ψ

v′

1
,...,v′

n

v1,...,vn
) → [ρ]ψ

• Θ df�
Θ ⇒ ϕ

ϕ

• O df�
ϕ⇒ (ψ ∨ ∃v′1...v

′
n.ρ)

ϕ→ [ρ]ψ

ϕ⇒ Oψ

• �Cdf�
ϕ′ ⇒ ϕ ϕ→ [ρ]ψ ψ ⇒ ψ′

ϕ′ → [ρ]ψ′

§4.2.2 ��"\UKqdfmG�.8x;C|:�3&K7%K)df�
• \Idf�

ϕ ∧ ρ→ ψ
v′

1
,...,v′

n

v1,...,vn

ϕ→ [ρ]ψ

• R df�
ζ ⇒ ϕ′

(ϕ′ ∧ ¬ψ) → [ρ]ϕ′

ϕ′ ⇒ ϕ

ζ ⇒ ψRϕ

• 2 df�
ζ ⇒ ϕ′

ϕ′ → [ρ]ϕ′

ϕ′ ⇒ ϕ

ζ ⇒ 2ϕ

• U df�u ⊑∈ P !G℄"*Rl�w ∈ QFFB !G℄"*`| (�Z�:! x) _W = ({σ(x)|I(w)(σ) =

true}, I0(⊑)) !8{}n� e ∈ TB !0�f
ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (ζ0 ∧ w
e
x ∧ (ψ ∨ ∃v′1...v

′
n.ρ))

(ζ ∧ e = v) → [ρ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ ζ0Uψ
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• 3 df�

ϕ⇒ (ψ ∨ ζ)

ζ ⇒ (we
x ∧ (ψ ∨ ∃v′1...v

′
n.ρ))

(ζ ∧ e = v) → [ρ](ψ ∨ (ζ ∧ e < v))

ϕ⇒ 3ψ2e 4.2.1 � r"3O
§4.3 4�F�R�G0DX?!�!;�)�:8z	.�Pmgm emg�k28z`	:�!;a7|ux!;:�:���K~!;�QUb|u�\>!; T ∈ L

(B,V )
←֓ m B :�� I �>N!;:[Nj
!�:��8�:��:Wj
 MI(T ) : Σ →֒ Σm)�

MI(T )(σ) =
{ σ′ o (beg, σ)

∗
→(end, σ′) �&>N o�.d σ′ z9 (beg, σ)

∗
→(end, σ′) �

MI(T )(σ)V>Nzj�!; T d${�:��! σx:a7|u��MI(T )(σ) ↓�Jpf��MI (T )(σ) ↑��RQ
!;�Qmg/DX\>:CAFA�ZCA:M�T"*z"*`|�
Definition 4.3 � ϕ } ψ �
w)n��> ϕ j(�t/� ψ j(�t/� T 6 I � ;+u5 ϕ } ψ �hv9�r�� ∀σ ∈ Σ, ϕ(σ) = true → (MI(T )(σ) ↓→

ψ(MI(T )(σ))) �
Definition 4.4 � ϕ �w)n� ϕ j(�t/� T 6
I � ;+u5 ϕ �?=r�� ∀σ ∈ Σ, ϕ(σ) = true →

MI(T )(σ) ↓ �
Definition 4.5 � ϕ } ψ �
w)n��> ϕ j(�t/� ψ j(�t/� T 6 I � ;+u5 ϕ } ψ�'�9�r�� ∀σ ∈ Σ, ϕ(σ) = true → MI(T )(σ) ↓

∧ψ(MI(T )(σ)) ��R�Y�� >�^<Q�7?
Definition 4.6 � T (l-�p } q �
wy��T 6 I� ;+u5 p } q �hv9�r��B |=I {p}T {q}�� T 6 I � ;+u5 I(p) } I(q) �hv9�r�
|=I {p}T {q}6_�6 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓→ I(q)(MI(T )(σ))) �

Definition 4.7 � T (l-� p �y�� T 6 I � ;+u5 p �?=r��B |=I [p]T [true] �� T 6 I � ;+u5 I(p) �?=r�
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|=I [p]T [true] 6_�6 ∀σ ∈ Σ, I(p)(σ) = true→ MI(T )(σ) ↓ �

Definition 4.8 � T (l-� p } q �
wy�� T 6
I � ;+u5 p } q �'�9�r��B |=I [p]T [q] �� T 6 I � ;+u5 I(p) } I(q) �'�9�r�
|=I [p]T [q] 6_�6 ∀σ ∈ Σ, I(p)(σ) = true→ (MI(T )(σ) ↓ ∧I(q)(MI(T )(σ))) ��R^<Q�B�uB = (F, P )m I = (NAT, I0)�Z{ F = {0, 1,+}, P =

{=}�NAT !�h
�I0 
Rl 0, 1,+��!�h
q: 0, 1 m�H�
Rl = ��!�h
q:/;
(�K)}n��<d&G�:�
PC = {(ϕ, T, ψ) | T ∈ LB

←֓ , ϕ, ψ ∈ WFFB, |=I {ϕ}T {ψ}}

TE = {(ϕ, T ) | T ∈ LB
←֓ , ϕ ∈WFFB , |=I [ϕ]T [true]}

TC = {(ϕ, T, ψ) | T ∈ LB
←֓ , ϕ, ψ ∈ WFFB, |=I [ϕ]T [ψ]}f=:�T#f;$�T

Definition 4.9 � T (l-� ϕ } ψ �
w)n��>
ϕ j(�t/� ψ j(�t/�xs� I �
ϕ � T } ψ rA��"�t/�
ϕ(σ) = true p��p (MI(T )(σ) ↓→ ψ(MI(T )(σ)))

ϕ � T } ψ rA��t/�
ϕ(σ) = true p��p MI(T )(σ) ↓ ∧ψ(MI(T )(σ))

ψ � T } ϕ rA��t/�
ψ(σ) = true p��po6�$ σ′ �q ϕ(σ′) = true ∧MI(T )(σ′) = σ%KVK)8z�o ϕ � T m ψ :	p+Æ℄CA�fD�V ϕ′ � T DX ϕ′ m ψ ��Pmg:6_�6 ϕ′ → ϕ �o ϕ � T m ψ :	p℄CA�fD�V ϕ′ � T DX ϕ′ m ψ � emg:6_�6 ϕ′ → ϕ �o ψ � T m ϕ :	^qCA�fD�V ψ′ � T DX ϕ m ψ′ ��Pmg:6_�6 ψ → ψ′ �_8 � ...G0_8DX�PmgFA�o℄CA! ϕ �qCA! ψ �nN!;E�WD℄qCA:G}����u!;:a7!

(beg, σ0), (l1, σ1), ..., (ln−1, σn−1), (end, σn)hqnNo ϕ(σ0) f ψ(σn) �



HGKLED2e 4.3.2a � !YMDX|uFA�G}nN����u!;:a7�|u
(beg, σ0), (l1, σ1), ...,RF�yVQ[ l ∈ LB da7{%,&-E,�hqnNo ϕ(σ0) �5f l dQ,%,q�ZZ�DR: σ�E�vUbxdr7>N l :t>:���2e 4.3.2b � !YM emg8&KP��Pmgm|u9ML:nN�mgNdG[nN�G}����u!;:a7!
(beg, σ0), (l1, σ1), ...,RFo ϕ(σ0) �5f�h n ,� n Z${�:��

σ0 /
����tq� ln = end _ ψ(σn) �5�2e 4.3.2c � !YMMC 4.2 �
(B, V ) = (({0, 1, 2, 3, ...,+,−, ∗}, {<,=, >}), {x, y, n, a})xs2+ L

(B,V )
←֓ >rl- T �

beg: (x, y) := (0, 0) goto l1

l1: if (x < n) goto l2 else goto l3

l2: (y, x) := (y + x ∗ (x+ 1), x+ 1) goto l1

l3: (y) := (3 ∗ y) goto endxs I ( B 68!�r9i� �:Æ2+�%k	�
(1) T u5�t/ n ≥ 0 }�t/ y = n ∗ n ∗ n− n hv9��
(2) T u5�t/ n ≥ 0 �{?=�
(3) T u5�t/ n ≥ 0 }�t/ y = n ∗ n ∗ n− n '�9��'Y5*�G0Kq::nN���{XD!;h!:P'�9E�*g>;!;:a7h!�DX�4:!;�W���&7:�5DXVb:!;�g>!;a7h!VG>:TA�

.PF%K9E^k:MH�G[~E:^f�
G[1:$�P��1:$��DX?!�!;�%K&K
!;:a7P���:XB�Uk2XB:mg8�7l[!;:mg8�



HGKLED2e 4.3.3 � T91

.!;XBT�l;<(s���l;<!���
Definition 4.10 xsl- T �g|-� (l0, l1, ..., ln) �
T r
�p��p n > 0 �u#4 0 ≤ i < n � li+1 6 lirs3>m,�u α = (l0, l1, ..., ln) !G�����:[N>Nm)�
MI(α)(σ0) =

{

σn o.d {σ1, ..., σn} ⊆ Σz9 (l0, σ0) → (l1, σ1) → · · · → (ln, σn) �&>N o�.dkD:��}�o l0 = beg _ ln = end f α = (l0, l1, ..., ln) �! l��� MI(T )(σ) = σ′ 6_�6.d l�� α z9
MI(α)(σ) = σ′ �2
X!;mg8�%K&K>N��:�Pmg8�
Definition 4.11 � p } q �
wy�� α 6 I � ;+u5 p } q �hv9�r��B |=I {p}α{q} �� ∀σ ∈

Σ, I(p)(σ) = true→ (MI(α)(σ) ↓→ I(q)(MI(α)(σ))) �
Definition 4.12 � α (
��p } q �
wy��p �
α } q rA��"�t/��

I(p)(σ) = true p��p
MI(α)(σ) ↓→ I(q)(MI(α)(σ)) �

Definition 4.13 � α = (l0, ..., lk)(0
��s3 wlp(α, q)�+�
k = 1

o6 T ><� l0: (v1, ..., vn) := (e1, ..., en) goto l17 wlp(α, q) = q[v1/e1] · · · [vn/en].o6 T ><� l0: if (b) goto l else goto l′7 wlp(α, q) =
{ b→ q � l = l1;

¬b→ q � l′ = l1 �
k > 1 � α0 = (l0, l1), α1 = (l1, ..., lk) �7 wlp(α, q) = wlp(α0, wlp(α1, q))

I(wlp(α, q)) ��� α m q :	p+Æ℄CA�_8 � ...

Definition 4.14 � α = (l0, ..., lk)(0
��s3 vc(p, α, q) =

p→ wlp(α, q) �o |=I vc(p, α, q) f |=I {p}α{q} �_8 � ...

Definition 4.15 � T (l-�C (g|�~�s3 γT (C)�+�
(l0, ..., lk) ∈ γT (C) p��p (l0, ..., lk) � T r
��
l0, lk ∈ C � l1, ..., lk−1 6∈ C �



HGKLEDÆ�^<Q_8u C ��l}n� beg, end ∈ C, T :I[?uwrVG[�l	iX C _ C {:I[�l l VG[DR:`| ql �o ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk) �f |= {qbeg}T {qend} �_8 � ...2e 4.3.2d � !YMdbQ�B�|u8��G�8z�K)!;dG��� PA (Peano

Arithmetic):��P5)DkM�nUb|u�5d PA:O��P5��G>|u�
beg: (x) := (0); goto test;

test: if x = y then goto end else goto loop fi;

loop: (x) := (x+ 1); goto test;dbQ_8u C ��l}n� beg ∈ C, T :I[?uwrVG[�l	iX C _ C {:I[�l l VG[DR:`| ql � (W,⊑) �G WFS � C′ ⊆ C ��l}n� T:I[?uwrVG[�l	iX C′ _ C′ {:I[�l l VG[DR:j
 gl : Σ → W �oK)���5f
|= [qbeg]T [true]:

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)

(b) ∀α = (l0, ..., lk) ∈ γT (C), I(ql0 )(σ) = true ∧MI(α)(σ) ↓→ glk(MI(α)(σ)) < ql0(σ)2e 4.3.2e � !YM'YJ� >�dbQ_8u C ��l}n� beg ∈ C, T :I[?uwrVG[�l	iX C _ C {:I[�l l VG[DR:`|
ql �(W ⊆ D, I0(⊑))�GWFS_ ⊑∈ P �w!	EVG[�U�::`|_ W = {σ(x) |I(w)(σ) = true}�C′ ⊆ C��l}n�T :I[?uwrVG[�l	iX C′ �C′{:I[�l l VG[DR:0 tl _ |=I ql → w[x/tl] �oK)���5f |= [qbeg]T [true]:

(a) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 , α, qlk)

(b) ∀α = (l0, ..., lk) ∈ γT (C), |=I vc(ql0 ∧ tl0 = a, α, tlk < a)k[MH/DX℄L:MHVG>:�-8��WFS:=e�-X W ⊆ D m"*Rl�:d P {�2e 4.3.2f � !YMMC 4.3 �
B = ({x, y, n, a}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})xs2+ L

(B,V )
←֓ >rl- T �
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beg: (i, j, k, l) := (1, 0, 0, 1) goto l1

l1: if ¬(x = y) goto l2 else goto end

l2: if (x > y) goto l3 else goto l4

l3: (x, i, j) := (x− y, i− k, j − l) goto l1

l4: (y, k, l) := (y − x, k − i, l − j) goto l1xs I ( B 68!�r9i� �:Æ2+�%k	�
(1) T u5�t/ x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0 }�t/ x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b hv9��
(2) T u5�t/ x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0 �{?=�

§4.4 )!%S&�R�G0?!�!;:G[f=�?u:n*m%*�dK�-4!;:
A��lL%/�-nN:
A���3
ÆVb�-!;�a0��&�n8Æ���at?u!;&K'Sk2f=�\>!; T ∈ L
(B,V )
© m B :�� I �>N!;:[Nj
!�:��8�:��:Wj
 MI(T ) : Σ →֒ Σm)�

MI(T )(σ) =
{ σ′ o (T, σ)

∗
→σ′ �&>N o!;d${�:��! σ x:a7�|u�UX�at?u!;&K"��?!�!;:��6|�?!�!;:nNMH�D�TX�at?u!;�=��UX�at?u!;�V�n8�%K&K℄�t�[Nm`3[NnN!;8z�

§4.4.1 a�[X�at?u!;�V�n8�
m\>!; T1 m
T2 �%K&
Z�n� T1;T2 �
\G[`| e �%K&
Z�n� if e then T1 else T2 fi;�kD�T1;T2 :[N�&K	5d T1 m T2 :[Nq�
m MI(T1;T2)(σ) =

MI(T2)MI(T1)(σ) �
.UX MI(T1)(σ) �G>V>N�P+Kq4H�G>�8>N:�!ihk[$��%KDM :>N\ms\�7/#�>N Σω = Σ ∪ {ω} �/#q:[NLj�!

Mω
I �\>�at?u!; T �Mω

I (T )� Σω q:j
�>N ite : Bool × Σω × Σω → Σω m)
ite(true, σ, σ′) = σ

ite(false, σ, σ′) = σ′>N Φe,h : [Σω → Σω] → [Σω → Σω] m)
Φe,h(f)(σ) =

{ ω o σ = ω

ite(I(e)(σ), f(h(σ)), σ) o σ 6= ω



HGKLED>N Σω q:W;
( ≤ m)� a ≤ b 6_�6
a = ω � (Σω,≤) � �W;�>NMω

I (T ) : Σω → Σω m)�
Mω

I (x := t)(σ) =
{ ω

MI(x := t)(σ) = σ[x/I(t)(σ)]

Mω
I (T1;T2) = Mω

I (T2)M
ω
I (T1)

Mω
I (if (e) then T1 else T2 fi)(σ) =

{ ω

ite(I(e)(σ),Mω
I (T1)(σ),Mω

I (T2)(σ))

Mω
I (while e do T1 od) = µΦe,Mω

I
(T1)o σ = ωo σ 6= ωo σ = ωo σ 6= ωDXkM�at?u!; T �Mω

I (T )�8>N_7<:�{X Mω
I (T ) �%K&K>N MI(T ) : Σ →֒ Σ m)�

MI(T )(σ) =
{ Mω(T )(σ) o Mω

I (T )(σ) 6= ω&>N o Mω
I (T )(σ) = ωk[>Nm��[N{D MI(T ):>N�Gx:�Jh0�%KV

Mω
I (T )(σ) =

{

ω o σ = ω �
ω oMI(T )(σ) &>N
σ′ oMI(T )(σ) = σ′Æ�^<Q�Pmg8 {ϕ}T {ψ}�}! ϕ(σ) → (MI(T )(σ) ↓→

ψ(MI(T )(σ))) �
.mgUbq��h���MI(T ) �}�G[�4j
�fnN�lL;���UX�Pmg�Eb!;G>|u�%KvE��E� Mω

I (T ) ⊑ h :G[ Σ q:j

h �hqnN ϕ(σ) → ψ(h(σ)) �2e 4.4.4a � � 

.dkD:KnN{�	-T:�P�?u[�:[N�dnN{��9E>NG[�?= g 0DR?u[�:[N�KnN?u[�${x:��m�	x:��:
(�%K&Kq�>NG[nN?u[�${x:��m�	x:��:
(:MH�u ϕ : Σ2 → Bool !"*�u T=while e do T1 od�oK)O��5�f ∀σ ∈ Σ,MI(T )(σ) ↓→ ϕ(σ,MI(T )(σ))�
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∀σ ∈ Σ, I(¬e)(σ) → ϕ(σ, σ)

∀σ, σ′ ∈ Σ, I(e)(σ) ∧MI(T1)(σ) ↓ ∧ϕ(MI(T1)(σ), σ′) → ϕ(σ, σ′)kD%Kv�� MI(T1)(σ)F�!;�?=�P+WMH:RT&K�tG2?u[�mg8:nN�_8 � ...2e 4.4.4b � � dbQ!; T :|u8&K℄�Jo!; T ′ :|u80nN�o MI(T
′)(σ) !((V>N:j
_ MI(T )(σ) ⊑

MI(T
′)(σ) f MI(T )(σ) ((V>N�2e 4.4.4c � � 

§4.4.2 Hoare 6(&;{Xt�[N:!;nN�%Kv&KTC|:MH0nN!;:8z� Hoare C|��kD:G[&KT0nN!;:8z:(�� Hoare C|[A	5d"*C|m�at?u!;:{'q�\> (B, V ) �
Definition 4.16 Hoare y�rs3�+�

H ::= {p}T {q}�> p, q ∈WFFB �y�� T ∈ L
(B,V )
© ��z�.�l-�u I �{�Rl} B :��� Hoare `|:[NLj��� I �
I[ Hoare `| {p}T {q} St8G[

Σ → Bool :j
� I({p}T {q}) : Σ → Bool >Nm)�
I({p}T {q})(σ) = true6_�6

I(p)(σ) = true ∧MI(T )(σ) ↓→ I(q)(MI(T )(σ)) = true.G[`| {p}T {q}d I :��)�5��DkM σ �
I({p}T {q})(σ) = true ��! |=I {p}T {q} �oZdkM��)�5��! |= {p}T {q}�oZdE� W :��)�5��! W |= {p}T {q} �2e 4.4.5 � `| I({p}T {q})(σ)

Hoare UAC|`|�G[M�8z:MH�%K9Edk{'q�7�3�%KVK)`3m�3df�
(1) Us`3�u p ∈ WFFB, x ∈ V, t ∈ TB �

{pt
x}x := t{p}
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(2) �ndf�u p, q, r ∈ WFFB, T1, T2 ∈ L

(B,V )
© �

{p}T1{r}, {r}T2{q}

{p}T1;T2{q}

(3) ��df�u p, q ∈ WFFB , e ∈ QFFB, T1, T2 ∈

L
(B,V )
© �

{p ∧ e}T1{q}, {p ∧ ¬e}T2{q}

{p}if e then T1 else T2 fi{q}

(4)?udf�u p ∈WFFB , e ∈ QFFB, T1 ∈ L
(B,V )
© �

{p ∧ e}T1{p}

{p}while e do T1 od{p ∧ ¬e}

(5) �Bdf�u p, q, r, s ∈ WFFB, T ∈ L
(B,V )
© �

p→ q, {q}T {r}, r→ s

{p}T {s}G[Hoare`| {p}T {q}&UKqdfm`398��� ⊢ {p}T {q} �!;�3:M�%K&KzT7%df�7%df&K"��{�df:�nRT�oTKqdfm`3&K-`| s1, s2, ..., sn �7% s �f&K�vK)7%df�
s1, s2, ..., sn

sK)��[�T:7%df�dV2xp&KT0�2^V:Us`3��ndf���dfm?udf:zT�
(1’) u p, q ∈WFFB , x ∈ V, t ∈ TB.

p→ qt
x

{p}x := t{q}

(2’) u p0, ..., pn ∈WFFB , T1, ..., Tn ∈ L
(B,V )
© , n ≥ 2.

{p0}T1{p1}, {p1}T2{p2}, ..., {pn−1}Tn{pn}

{p0}T1;T2; ...;Tn{pn}

(3’)u p1, p2, q ∈WFFB, e ∈ QFFB, T1, T2 ∈ L
(B,V )
© �

p→ (p1 ∧ e) ∨ (p2 ∧ ¬e), {p1}T1{q}, {p2}T2{q}

{p}if e then T1 else T2 fi{q}

(4’) u p, q, r ∈ WFFB, e ∈ QFF, T1 ∈ L
(B,V )
© .

p→ r, {r ∧ e}T1{r}, (r ∧ ¬e) → q,

{p}while e do T1 od{q}UX�7{9ET8 p → r ;`|�%Kv9EG��7k2`|:MH�!;�!k2DI���XZ!;q�/
:8z�%K��
k2�5:|�eXG[3B�dk3Bp)�%K&K
k26�`30"3��T:3B	.�h
3B PA ;�



HGKLEDG0_8!;:�3nNd!;:I[[�℄qNqn�:CA�RTKqdfnN!;:I[[�DXk2CA��D:�V2CA�&K-9EnN:℄qCA�h�4�798:�V2�E���hP'!;��:�2e 4.4.4d � � .-Q�3(�:&$t:��7%:`|gy��5:��� o W ⊢ {p}T {q} f W |= {p}T {q} � \> I ��
th(I) !d I :��)�5:�V`|�%K9E
no th(I) ⊢ {p}T {q} f |=I {p}T {q} �%KVK)8z�
|=I {qt

x}x := t{q}

|=I {p}T1{r} _ |=I {r}T2{q} �f |=I {p}T1;T2{q}

|=I {p ∧ e}T1{q} _ |=I {p ∧ ¬e}T2{q} �f |=I {p}if e then T1 else T2 fi{q}

|=I {p ∧ e}T1{p} �f |=I {p} while e do T1 od{p ∧ ¬e}

|=I {q}T {r} � |=I p→ q _ |=I r → s �f |=I {p}T {q}k28zDRX℄L:G[`3m 4 [�3df�
n;�3(�:&$�_8 � ...P��I�Q>N ϕ ! T m ψ :	p+Æ℄CAm)�
ϕ(σ) = true 6_�6

MI(T )(σ) ↓→ ψ(MI(T )(σ)) = true.%KVK)8z�
|=I {p}x := t{q} �f |=I p→ qt

x

|=I {p}T1;T2{q} _ I(r) ! T2 m I(q) :	p�U℄CA� f |=I {p}T1{r} _ |=I {r}T2{q}

|=I {p}if e then T1 else T2 fi{q} �f |=I {p ∧ e}T1{q} _ |=I {p ∧ ¬e}T2{q}

|=I {p} while e do T1 od{q} �f |=I {p} if (e) T1; while e do T1 od else x := x fi {q}DX �8�%K9E�V�b^�0U6: I �
I :�0U6�b^:iN��DkM:!; T m`|
q �.d`| r z9 I(r) ! T m I(q) :	p�U℄CA�d+a,)�%K�"* I(r) �&�0:�2e � {x = 0 ∧ y = 0}

while x < n do y := y + n;x = x+ 1 od

while x > 0 do y := y − n;x = x− 1 od

{x = 0 ∧ y = 0}

.



HGKLED\> I _�> I :�0U6�b^�D T 
�aeS�%KV
|=I {p}T {q}f th(I) ⊢ {p}T {q}� Hoare B�(��V/D �8�_8 � ...S&"\�D�"\?udf{: p �!?u��|�RT Hoare B�nN!;:8z:T=dX��n�:?u��|�UXk�T=�%K&K#A-���LnN?u[�:mg8�G[�2?udf:MH&K�-t�[NnN?u[�:MH{7%�t�[NnN?u[�:MH{:"* ϕ(σ, σ′) ��G}��|�u T=while e do T1

od _ T K σ !${���h m , T1 :r7q|u�u σ′ = MI(T1)
m(σ) �#A ϕ(σ, σ′) !℄q��p�:
(�_�

(1) e ��5x ϕ(MI(T1)
m(σ),MI(T1)

m(σ)) �5�
(2) e�5xf ϕ(MI(T1)

m−1(σ),MI(T1)
m(σ))�ϕ(MI(T1)

m−2(σ),MI(T1)
m(σ))�qw ϕ(σ,MI(T1)

m(σ)) �5�%KT`| r �} ϕ(σ, σ′) �\> σ, σ′ � r m ϕ VK)
(�
ϕ(σ, σ′) = I(r)(σ[x′1/σ

′(x1)] · · · [x
′
n/σ

′(xn)])u p, q, r ∈WFFB, e ∈ QFF, T1 ∈ L
(B,V )
© �f

¬e→ rx1,...,xn

x′

1
,...,x′

n

, {¬r ∧ e}T1{¬r}, (p ∧ r) → q
x′

1
,...,x′

n

x1,...,xn
,

{p}while e do T1 od{q}df{ p, q vT x, y kD:�:�F r{T x, y, x′, y′0�}?u[�!{m�	x:��:
(�2e 4.4.4e � � /℄� Hoare 6(
HoareC|vUnN!;:�Pmg��UnN!;:|u8m emg�!;nN!;:|u8m emg�V�ED Hoare C|�7/g�\> (B, V ) �

Definition 4.17 Hoare y�rs3�+�
H ::= [p]T [q]�> p, q ∈WFFB �y�� T ∈ L

(B,V )
© ��z�.�l-�u I �{�Rl} B :���/g: Hoare `|:[NLj��� I �
I[/g: Hoare `| [p]T [q] St8G[ Σ → Bool :j
� I([p]T [q]) : Σ → Bool >Nm)�
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I([p]T [q])(σ) = true6_�6

I(p)(σ) = true→ MI(T )(σ) ↓ ∧I(q)(MI(T )(σ)) = true.�at?u!;:�Q|u
 X?u[��!;
n?u[�:|u�%KQn WFS }n:RT��*%K�:
nUbT`|>N9E: WFS }n�kD�D
B m I = (D, I0) VK)Eb

(1) B 	iG[G℄"*Rl��� ≤ �
(2) D 	iG[�} W _ (W, I0(≤)) !G WFS �
(3) .d w ∈ WFFB _ w 	i�EXG[�:��! x �z9 W = {σ(x) | I(w)(σ) = true} �?udf!

(p ∧ e) → w[x/t], [p ∧ e ∧ t = y]T1[p ∧ t < y]

[p]while e do T1 od[p ∧ ¬e]DXUs��nm��[�:df�&Ki HoareB�{:df� {p}T {q}�w� [p]T [q] �&�2e 4.4.4f � � MC 4.4 �
B = ({i, j, k, l, x, y, a, b}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})xs2+ L

(B,V )
© >rl- T �

i:=1; j:=0; k:=0; l:=1;

while ¬(x = y) do

if x > y then

x:=x-y; i:=i-k; j:=j-1;

else

y:=y-x; k:=k-i; l:=l-j;

fi

odxs I ( B 68!�r9i� �:Æ2+�%k	�
(1) ⊢I {x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0} T {x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b} �
(2) ⊢I [x = a ∧ y = b ∧ a > 0 ∧ b > 0] T [x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b]

§4.5 �+!;Cn�oI�:~a�9E_�:���K XYZ/VERI-II !4�
 XYZ/SE Z|:�at?u!;�℄CA�qCAK~?u��|�!�n�%K&K98�at?u!;mg:Cn���d+{'q&K�7�t�ZY�P:Cn_�&Uj_ �z�\�J:>3nN_�3�Cn�
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