
§1  S"I7VaO{WQb(G�(GYA�Z%
Z>D��0T,U^*8�XS�0T6�yQbQ	D�*8XS�o�yQ>��7A(G�*8XS�
§1.1 W.=XMF!H6x9�yUQ�
S4(-(GYA�Q�:D�GK�-(GD��gK�*8XS�{ (T,Θ) - B x�Q�
S4(�
G B x��� I � (T,Θ) M�Q�:D�GK�g� ϕ ��� (T,Θ) |=I ϕ �aGYs5�

(T,Θ) |=I ϕ<f�<N�a I ��5� (T,Θ) �mC π, π |=I ϕ
G B x�Q�
S4( (T,Θ) �N t ∈ T , ϕ, ψ ∈
QFFB �Qb
Sg�-wi��

{ϕ}t{ψ}
GBx��� I �
GQb
S t : p→ (x1, ..., xn) =

(e1, ..., en)�s?b�� σ, σ′�GY σ
t→σ′<d�< σ |=I pf σ′ = σ[x1/I(e1)σ] · · · [xn/I(en)σ] � Qb
Sg�p I5�Qbp�

I({ϕ}t{ψ}) : Σ → BoolaGYs5�
I({ϕ}t{ψ}(σ)) = true<f�<
I(ϕ)(σ) = true ∧ σ t→σ′ → I(ψ)(σ′) = trueg� {ϕ}t{ψ}p�� I 5&;�<f�< ∀σ ∈ Σ, I({ϕ}t{ψ}(σ)) =

true ���
|=I {ϕ}t{ψ}
G (T,Θ) �0TaU5g8skr�

Θ kr�
Θ ⇒ ϕ

ϕ
Sg8�
{p→ ψ[x/e1] · · · [x/en]} p −→ (x1, ..., xn) := (e1, ..., en) {ψ}
GQb
S t : p→ (x1, ..., xn) = (e1, ..., en) �GY
CONDt = p�
GQb
S4( (T,Θ)�GY CONDT =
∨

t∈T CONDt �
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O kr�
ϕ⇒ (CONDT ∨ ψ)

∀t ∈ T, {ϕ}t{ψ}
ϕ⇒ Oψ*Mkr�

ϕ′ ⇒ ϕ {ϕ}t{ψ} ψ ⇒ ψ′

{ϕ′}t{ψ′}`x>krsQ�:D�GK��*8,U=+U5kr�
S�
p ∧ ϕ→ ψ[x/e1] · · · [x/en]

{ϕ} p −→ (x1, ..., xn) := (e1, ..., en) {ψ}

O kr�
ϕ⇒ CONDT

∀t ∈ T, {ϕ}t{ψ}
ϕ⇒ Oψ

U Qd{ w ∈ QFFB -Qi./g� (�a��- x); e ∈
TB -<� ⊑∈ P -Ri./[r� ({σ(x) | I(w)(σ) =

true}, I0(⊑)) ->��t�
U kr�

ϕ⇒ (ψ ∨ ζ)
ζ ⇒ (ζ0 ∧ we

x ∧ (ψ ∨ CONDT ))

∀t ∈ T, {ζ ∧ e = v}t{ψ ∨ (ζ ∧ e < v)}
ϕ⇒ ζ0Uψ

3 kr�
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ (we

x ∧ (ψ ∨ CONDT ))

∀t ∈ T, {ζ ∧ e = v}t{ψ ∨ (ζ ∧ e < v)}
ϕ⇒ 3ψ

R Qd
R kr�

ζ ⇒ ϕ

∀t ∈ T, {ϕ ∧ ¬ψ}t{ϕ}
ϕ⇒ ϕ′

ζ ⇒ ψRϕ′

2 kr�
ζ ⇒ ϕ

∀t ∈ T, {ϕ}t{ϕ}
ϕ⇒ ϕ′

ζ ⇒ 2ϕ′
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GQb
S t : p→ (x1, ..., xn) = (e1, ..., en) �GY
EXPLt = (e1, ..., en) � EFLTL ��kr�
ϕ⇒ CONDT

ϕ⇒ ∨

t∈T (CONDt ∧Ox̄ = EXPLt)

ϕ⇒ ¬CONDT

ϕ⇒ Ox̄ = x̄8f
B x�
S4( (T,Θ)

T -U5
S�
a = s0 → (y, t, a) := (1, 1, s1)

a = s1 ∧ (x = 0 ∨ t = 0) → (a) := (s2)

a = s2 → (y, a) := (0, s3)

a = s3 → (y, t, a) := (1, 1, s1)

b = t0 → (x, t, b) := (1, 0, t1)

b = t1 ∧ (y = 0 ∨ t = 1) → (b) := (t2)

b = t2 → (x, b) := (0, t3)

b = t3 → (x, t, b) := (1, 0, t1)

Θ = (a = s0 ∧ b = t0 ∧ x = 0 ∧ y = 0 ∧ t = 0) �{W 2(a = s1 ∧ b 6= t1 ∧ b 6= t2 → a = s2Rb 6= t2) �#	
ζ = (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ϕ = (b 6= t2)

ψ = (a = s2)EO ζ ⇒ ϕ s ∀t ∈ T, {ϕ ∧ ¬ψ}t{ϕ} �	{�
{ϕ ∧ ¬ψ}t6{ϕ} �EO

(b 6= t2) ∧ (a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1) → (t2 6= t2)D
ζ = (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ϕ = (a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ b 6= t2)

ψ = (a = s2)

ϕ′ = (b 6= t2)	{�
{ϕ ∧ ¬ψ}t6{ϕ} �EO

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ b 6= t2))∧
(b 6= t2) ∧ (a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ t2 6= t2)
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((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0)))∧
(b 6= t2) ∧ (a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ t2 6= t2)

((a = s1 ∧ ((b = t1 ∧ x = 1 ∧ t = 0))) ∧ (y = 0)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0))) ∨ (a = s2 ∧ t2 6= t2)D
ζ = (a = s1 ∧ b 6= t1 ∧ b 6= t2)

ϕ = (a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2)

ψ = (a = s2)

ϕ′ = (b 6= t2)	{�
{ϕ ∧ ¬ψ}t6{ϕ} �EO

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2))∧
(b 6= t2) ∧ (a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ t2 6= t2)

((a = s1 ∧ (b = t0 ∨ b = t3 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1)))∧
(b 6= t2) ∧ (a 6= s2) ∧ b = t1 ∧ (y = 0 ∨ t = 1)

→ (a = s1 ∧ (t2 = t0 ∨ t2 = t3 ∨ (t2 = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ t2 6= t2)Z0 a = s1 ∧ b 6= t1 ∧ b 6= t2 ⇒ a = s2Rb 6= t2 �� 2(a = s1 ∧ b 6= t1 ∧ b 6= t2 → a = s2Rb 6= t2) �Y?	h15{W�Y2��v,^X�>�0Ta ζ → ζ1 ∨ ζ2 �a� ζ1 = (a = s1 ∧ b = t0), ζ2 = (a = s1 ∧ b = t3),D
ϕ1 = (a = s1 ∧ (b = t0 ∨ (b = t1 ∧ x = 1 ∧ t = 0 ∧ y = 1))) ∨ (a = s2 ∧ b 6= t2)r ζ1 ⇒ ψRϕ1 �Z0 ζ1 ⇒ a = s2Rb 6= t2 �'8 ζ2 ⇒ a = s2Rb 6= t2 �Z0 ζ ⇒ a = s2Rb 6= t2 �

· · ·8f{W 2(a = s1 → 3a = s2) �Iq f M�
I(f(t0, 0)) = 1 I(f(t1, 0)) = 0 I(f(t2, 0)) = 2 I(f(t3, 0)) = 1

I(f(t0, 1)) = 1 I(f(t1, 1)) = 3 I(f(t2, 1)) = 2 I(f(t3, 1)) = 1D
W = ({0, 1, 2, 3},≤)

w = (0 ≤ x ≤ 3)

e = f(b, t)

ϕ = (a = s1)

ψ = (a = s2)

ζ = (a = s1)
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EO
ϕ⇒ (ψ ∨ ζ)
ζ ⇒ we

x ∧ (ψ ∨ Vt∈TCONDt)

∀t ∈ T, {ζ ∧ e = v}t{ψ ∨ (ζ ∧ e < v)}	{�
{ζ ∧ e = v}t6{ψ ∨ (ζ ∧ e < v)} �EO
((a = s1 ∧ f(b, t) = v) ∧ b = t1 ∧ (y = 0 ∨ t = 1))

→ (a = s2 ∨ (a = s1 ∧ f(t2, t) < v))

((a = s1 ∧ f(t1, t) = v) ∧ b = t1 ∧ (y = 0 ∨ t = 1))

→ (a = s2 ∨ (a = s1 ∧ f(t2, t) < v))D
W = ({0, 1, 2, 3},≤)

w = (0 ≤ x ≤ 3)

e = f(b, t)

ϕ = (a = s1)

ψ = (a = s2)

ζ = (a = s1 ∧ y = 1)Z0 ϕ⇒ 3ψ �LE{ B = ({x, y, n, a}, {s0, s1, s2, s3, s4, 0, 1, 2, 3, ...,+,−, ∗}, {<
,=, >})�
G B x�
S4( (T,Θ)�a� Θ- a = s0f T -U5
S�
a = s0 −→ (x, y, a) := (0, 0, s1)

a = s1 ∧ x < n −→ (a) := (s2)

a = s2 −→ (y, x, a) := (y + x ∗ (x+ 1), x+ 1, s1)

a = s1 ∧ ¬(x < n) −→ (a) := (s3)

a = s3 −→ (y, a) := (3 ∗ y, s4)
G I - B py�x�z$���{WU5X!&;�
(1) (T,Θ) ⊢I n ≥ 0 → 2(a = s4 → y = n ∗ n ∗ n− n)

(2) (T,Θ) ⊢I n ≥ 0 → 3(a = s4)

§1.1.1 H6MF!43[J�H6MF!43[J�,+D���azn�g�^i`*84(�g8skr*=?+��
⊢I ϕr
|=I ϕ
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4(,+D�{WQ	a?bXU"��a`g8"|�g�I�zn�fNd�a*=kr��Od zn�r�Izn�,
D���azn�g�^i`*84(�g8skr*=?+��
|=I ϕr
⊢I ϕQb�,
�*84(,U^5{WZ>zn�g��;a�^au6#9D��(G�*84(`?bXU�Qb�aj(Gg&�
S�*8�CQb�(G�R6��-K��*8�`dK��^nD�Z>K���,^a,
�*84(���s�o�hx�Q�K���,^a,
�*84(��
`dK�V��gS9��*8n(�EO^>�Z>D�,^QS�5��s
GQbQ�K��QbRi��ZÆdQbRi./�.D���xbK�QS�5���dUxjZ(G�*84(u℄a,
��-A^iYgf(G;j�*8sa�R6��-K��*8�0T�Qb(G*8��'�&�YY(�[t;N,
D�`_�Qb(G*84(�;N,
���p5B�{�d 5�4(�,
���-K��znD�I�-(G*84(�g8�(G*8n(�EO^>��-K��D�Ia;\�g�,U�5��dQ�:D�GK��(G*84(�;N,
D�{W�,U�}&(GD��M{%��^�GK�g��5�,`(Gaj�*8kr?>�{W�
6�0T,U^�GK�.y (T,Θ) �

Φ = Θ ∧ 2(CONDT → ∨

t(CONDt ∧Ox̄ = EXPLt)) ∧ 2(¬CONDT → Ox̄ = x̄)7o�xbg��,U`(G*8kr*=+���
(T,Θ) ⊢I Φ~5�"�{W (T,Θ) |= ϕ r |=I Φ → ϕ �`d Φ,l.yA (T,Θ) �*�%�s���}j4�,Ud$gY{Wx�&;��

§1.2 9�G�R!H6E()(G�Q�K��4)�agSkrsgYV��
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9�G
G[r� F s P �0T,Up B = (V, F, P ) x�;QbQ�K��px�-x�0Tt
U5�t�[r�
AUX = {:=, ; , :, goto, if, else}
LAB = {begin, end, l1, l2, ....}

B x�E()(G��Da?	B��GYs5�
• l1 : (x1, ..., xn) := (t1, ..., tn); goto l2a� l1, l2 ∈ LAB,

l1 6= end,

t1, ..., tn ∈ TB,

x1, ..., xn ∈ VfN 0 ≤ i < j ≤ n, xi 6= xj �
• l1: if (e) goto l2 else goto l3a�
l1, l2, l3 ∈ LAB,

l1 6= end, l2 6= l3,

e ∈ QFFB .Qb�D�Oq����rÆOqb�����GY� B x�E()(G T - B x�D��t�f T M�U5%��
• �r�GY�
^�
• �a+8p T ���r,A end IaGY�
• �r beg Ep T �+8�
B xE()(G��t�- LB

1 �8f{
B′ = ({x, y1, y2, y3}, {0, 1, 2, 3, ...,+, ∗}, {≤})U5(G��- T0 �� LB

1 �Qb:��
beg: (y1, y2, y3) := (0, 1, 1); goto test

test: if (y3 ≤ x) goto loop else goto end

loop: (y1, y2) := (y1 + 1, y2 + 2); goto inloop

inloop: y3 := y3 + y2; goto test℄P
G B = (V, F, P ) �Qb�� I �0T�a4)> B′ = (V ∪ {lab}, F ∪ LAB,P ) x�Qb�����Y σ′ &?�Y�Q�Y- lab ���CQ�Y-a�������- (l, σ) �� σ′(lab) = l f σ′(x) = σ(x)
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a� l - D0 = {I(a) | a ∈ LAB} �i��^U8�
lab ���(G T ����}j4�- T⇒ �

(li, σi)
T⇒(li+1, σi+1) <f�<U5Q<&;�

• 3p�D li: (v1, v2, ..., vn) := (e1, e2, ..., en) goto li+1f σi+1 = σi[v1/I(e1)(σi)] · · · [vn/I(en)(σi)]

• 3p�D li: if (b) goto l′ else goto l′′ � σi+1 = σi f
σi |=I b r li+1 = l′ �Zr li+1 = l′′

• �3pGY li ��D�f li = li+1 f σi = σi+1 �p�[b~=��v�0T� T⇒ �� T }H�&
⇒ �GY ∗⇒ - ⇒ ��U��� {(l, σ) | (l0, σ0)

∗⇒(l, σ)}��` (l0, σ0) ,5����(Gp*�����- σ ��mC���<f�<3p σ′ �?
(beg, σ)

∗⇒(end, σ′)(G�gYp��2��>���p�MI(T ) : Σ →֒
Σ �GYs5�

MI(T )(σ) =
{ σ′ u (beg, σ)

∗⇒(end, σ′) �1GY u(Gp*�����- σ ��mC����
MI(T )(σ) aGY�w�(G T p*�����- σ ��mC���� MI(T )(σ) ↓ �9�G�R4[W.=XMFE()(G,U)&�Q�
S4(��7�QbQ�
S4(aQb���Y�"���[r�

B = (V, F, P )0T� V Y-?�Y
V = {lab} ∪ V1� F Y-?�Y
F = F0 ∪ F1

F0 s F1 1���f beg, end ∈ F0 �{ B′ = (V1, F1, P ) �E()(G�M�U59��
B = (V, F, P ) x�Q�
S4( (T,Θ) �

• 
S�B�s5
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–

lab = l → (v1, v2, ..., vn, lab) := (e1, e2, ..., en, l
′)a�

l, l′ ∈ F0

v1, v2, ..., vn ∈ V1

e1, e2, ..., en ∈ TB′

–

lab = l ∧ e→ (lab) := (l′)a�
l, l′ ∈ F0

e ∈WFFB′

• 
S�t T �9�s5
– lab = beg � T �Zb
S�d %��
– u lab = l � T �Zb
S�d %��r lab = l �� T �a�
S�d %��
– u lab = l ∧ e � T �Zb
S�d %��r lab = l ∧ ¬e � T �Zb
S�d %��
lab = l �- T �a�
S�d %�f�3p e′ 6∈ {e,¬e}�? lab = l∧ e′ - T �a�
S�d %��

– end �+8p T �d %���, end +� F0 ��i��uap T +8�raWp T �Zb
S�d %���
• *�%��B�- lab = beg �Nd B ��� I = (D, I0) �0TOi a, b ∈ F0, a 6= b r I0(a) 6= I0(b) �xN�0T^i�{4(mC�nGD�

§1.2.1 �RQd)`<NdE()(G�.(�D��3�Yzns,lzn��Zzn;Nd
G�MKQK�MK�V�^./�./g���%_A
Definition 1.1 % ϕ � ψ )�~2q��K ϕ n1�x8� ψ n1�x8� T B I v
*G4yA ϕ � ψ )m}E v�t�Æt

∀σ ∈ Σ�ϕ(σ) = true∧MI(T )(σ) ↓→ ψ(MI(T )(σ))�
9



8f
Example 1.1 F�p6 T0 B
* I = (NAT, I0) 4yA�x8 x ≥ 0 ��x8 y1 =

√
x )m}E v��{(GmCn(s5�

(beg, σ0)(test, σ1)(loop, σ2)(inloop, σ3)(test, σ4)(loop, σ5) · · · (test, σn−1)(end, σn) · · ·x�
Sb�- n �� ln = end �0TEO{W�� (y1 =
√
x)(σn) � σn(y1) =

√

σn(x) �`d σn = σn−1 f (test, σn−1) ⇒ (end, σn) r
¬(σn(y3) ≤ σn(x))Z0�sm ϕ′(σn−1) &;f

¬(σn(y3) ≤ σn(x)) ∧ ϕ′(σn) → σn(y1) =
√

σn(x)r
σn(y1) =

√

σn(x){ ϕ′ -
x = σ0(x) ∧ y2

1 ≤ x ∧ y2 = 2 ∗ y1 + 1 ∧ y3 = (y1 + 1)2

¬(σn(y3) ≤ σn(x)) ∧ ϕ′(σn) → σn(y1) =
√

σn(x) �&;��0TE{ ϕ′(σn−1) ��
σn−1(x) = σ0(x)∧
σn−1(y1)

2 ≤ σn−1(x)∧
σn−1(y2) = 2 ∗ σn−1(y1) + 1∧
σn−1(y3) = (σn−1(y1) + 1)20T^l\S{WUxg��`d n− 1 ��N\��r� test �0T�O{WNqX k < σk �N\���a�r-

test �
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2&;�

• k = 0 ��`d�r- beg �1F{W�
• k = 1 ���r- test �`d σ1(y1) = 0, σ1(y2) =

1, σ1(y3) = 1, σ1(x) = σ0(x) f σ0(x) ≥ 0 �Z0
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2&;�
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• �{ k ≤ i ��[�&;�< k = i+ 1 f i ≥ 1 ��u�r�- testr1F{W�u�r- testr k ≥ 4f
(test, σk−3) ⇒ (loop, σk−2)

(loop, σk−2) ⇒ (inloop, σk−1)

(inloop, σk−1) ⇒ (test, σk)Z0
σk = σk−1[y3/I(y2 + y3)(σk−1)]

σk−1 = σk−2[y1/I(y1 + 1)(σk−2][y2/I(y2 + 2)(σk−2)]

σk−2 = σk−3 ∧ I(y3 ≤ x)(σk−3)Z0
σk(x) = σk−3(x) = σ0(x)

(σk(y1))
2 = (σk−3(y1) + 1)2 = σk−3(y3) ≤ σk−3(x) = σk(x)

σk(y2) = σk−3(y2) + 2 = 2 ∗ σk−2(y1) + 3 = 2 ∗ σk(y1) + 1

σk(y3) = σk−3(y2) + σk−3(y3) + 2 = (σk−3(y1) + 2)2 = (σk(y1) + 1)2Z0NqX k < σk �N\���a�r- test �
σk(x) = σ0(x)∧
σk(y1)

2 ≤ σk(x)∧
σk(y2) = 2 ∗ σk(y1) + 1∧
σk(y3) = (σk(y1) + 1)2&;�e


Definition 1.2 % ϕ � ψ )�~2q��K ϕ n1�x8� ψ n1�x8� T B I v
*G4yA ϕ )LIv�t�Æt
∀σ ∈ Σ � ϕ(σ) = true→ MI(T )(σ) ↓ �8f

Example 1.2 F�p6 T0 B
* I = (NAT, I0) 4yA�x8 true )LIv��{(G����r(G�mCn(-
(l0, σ0)(l1, σ1)(l2, σ2)(l3, σ3)(l4, σ4)(l5, σ5) · · ·a� l0 = beg, N�a k ≥ 0 a

l3k+1 = test, l3k+2 = loop,l3k+3 = inloopf σ3k+1(y3) ≤
x U50T{WN�a k ≥ 0a σ3k+1(y3) ≥ k f σ3k+1(x) = σ0(x) �

• `d σ1(y3) = 1 f σ1(x) = σ0(x) �Z0 σ3∗0+1(y3) ≥ 0 f σ3∗0+1(x) = σ0(x) �
11



• �{ k = i �a σ3i+1(y3) ≥ i f σ3i+1(x) = σ0(x) �0TE{ k = i + 1 �a σ3(i+1)+1(y3) ≥ i + 1 f
σ3i+1(x) = σ0(x) �d$dU�Y20Ta
σ3(i+1)+1(x) = σ3(i+1)+1−3(x) = σ0(x)

σ3(i+1)+1(y3) = σ3(i+1)+1−3(y2) + σ3(i+1)+1−3(y3) + 2 ≥ i+ 1Z0 k = i+ 1 �a
σ3(i+1)+1(y3) ≥ i+ 1 f σ3i+1(x) = σ0(x) �Z0N�a k ≥ 0a σ3k+1(y3) ≥ kf σ3k+1(x) = σ0(x)�j k = σ0(x) + 1 �r σ3k+1(y3) ≤ σ3k+1(x) �&;�f(G����d NO�J�_A

Definition 1.3 % ϕ � ψ )�~2q��K ϕ n1�x8� ψ n1�x8� T B I v
*G4yA ϕ � ψ )0�E v�t�Æt
∀σ ∈ Σ�ϕ(σ) = true→ MI(T )(σ) ↓ ∧ψ(MI(T )(σ))�8f

Example 1.3 F�p6 T0 B
* I = (NAT, I0) 4yA�x8 x ≥ 0 ��x8 y1 =
√
x )0�E v�
6{W[8�N�a�� σ ∈ Σ s�a 0 ≤ k ≤

√

σ0(x) �
(l0 = beg, σ0) ⇒ (l3k+1, σ3k+1)f

l3k+1 = test

σ3k+1(x) = σ0(x)

σ3k+1(y1) = k

σ3k+1(y2) = 2k + 1

σ3k+1(y3) = (k + 1)2[8�{W�^l\Ss5�
• k = 0 ��7o[8&;�
• �{ k = i f k ≤

√

σ0(x) �a
l3k+1 = test

σ3k+1(x) = σ0(x)

σ3k+1(y1) = k

σ3k+1(y2) = 2k + 1

σ3k+1(y3) = (k + 1)2r k = i+ 1 f k ≤
√

σ0(x) �a
l3(i+1)+1 = test

σ3(i+1)+1(x) = σ3i+1(x) = σ0(x)

σ3(i+1)+1(y1) = σ3i+1(y1) + 1 = i+ 1 = k

σ3(i+1)+1(y2) = σ3i+1(y2) + 2 = 2(i+ 1) + 1 = 2k + 1

σ3(i+1)+1(y3) = σ3i+1(y3) + σ3i+1(y2) + 2 = (i+ 2)2 = (k + 1)2
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Z0[8&;�{ k =
√

σ0(x)r σ3k+1(y3) = (k + 1)2 = (
√

σ0(x) + 1)2 > σ0(x) =

σ3k+1(x) �Z0
(l0 = beg, σ0)

∗⇒(l3k+1, σ3k+1)⇒(end, σ3k+2)f σ3k+2(y1) = σ3k+1(y1) = k =
√

σ0(x) �O$Z'C!_AQ
Definition 1.4 % ϕ � ψ )�~�(�

• T B I v
*G4yA ϕ � ψ )m}E v��Q
|=I {ϕ}T {ψ}t�Æt T B I v
*G4yA I(ϕ) � I(ψ) )m}E v�

• T B I v
*G4yA ϕ )LIv��Q
|=I [ϕ]T [true]t�Æt T B I v
*G4yA I(ϕ) )LIv�

• T B I v
*G4yA ϕ � ψ )0�E v��Q
|=I [ϕ]T [ψ]t�Æt T B I v
*G4yA I(ϕ) � I(ψ) )0�E v�gB>#T)g?*#T

Definition 1.5 % T ∈ LB
1 1p6�ϕ� ψ )�~2q��K ϕ n1�x8� ψ n1�x8��w
* I �

• ϕ ) T � ψ vP#�,�x8�"
ϕ(σ) = truet�Æt MI(T )(σ) ↑ ∨(MI(T )(σ) ↓ ∧ψ(MI(T )(σ)))�

• ϕ ) T � ψ vP#�x8�"
ϕ(σ) = truet�Æt MI(T )(σ) ↓ ∧ψ(MI(T )(σ)) �

• B I v
*G4� ψ ) T � ϕ vP��x8�"
ψ(σ) = truet�ÆtrBM. σ′ 'u

ϕ(σ′) = true ∧MI(T )(σ′) = σ

13



1.
(1a) T Nd ϕ s ψ ��Yzn��
(1b) T Nd ϕ′ s ψ ��Yzn��r ϕ′ → ϕ �

2.
(2a) T Nd ϕ s ψ �,lzn��
(2b) T Nd ϕ′ s ψ �,lzn��r ϕ′ → ϕ �

3.
(3a) T Nd ϕ s ψ ��Yzn��
(3b) T Nd ϕ s ψ′ ��Yzn��r ψ → ψ′ �{W�

(1)%��ϕ(σ) ↔ (MI(T )(σ) ↑ ∨(MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))

(1a) T Nd ϕ s ψ ��Yzn��`%� (1) a
ϕ(σ) → (MI(T )(σ) ↑ ∨(MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))Z0
ϕ(σ) ∧MI(T )(σ) ↓→ ψ(MI(T )(σ))

(1b)

T Nd ϕ′ s ψ ��Yzn�r ϕ′ → ϕ �d � ϕ′(σ) ∧ (MI(T )(σ) ↓→ ψ(MI(T )(σ))� ϕ′(σ) → (MI(T )(σ) ↑ ∨(MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))`%� (1) � ϕ′(σ) → ϕ(σ)

(2)%�� ϕ(σ) ↔ (MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))

(2a) T Nd ϕ s ψ �,lzn��`%� (2) "a
ϕ(σ) → (MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))

(2b) T Nd ϕ′ s ψ �,lzn��r ϕ′ → ϕ �d � ϕ′(σ) → (MI(T )(σ) ↓ ∧ψ(MI(T )(σ))))`%� (2) � ϕ′(σ) → ϕ(σ)

(3)%�� ψ(σ′) ↔ ∃σ′′.(ϕ(σ′′) ∧MI(T )(σ′′) = σ′)

(3a) T Nd ϕ s ψ ��Yzn��O{ ϕ(σ) ∧MI(T )(σ) ↓→ ψ(MI(T )(σ))� ϕ(σ) ∧MI(T )(σ) = σ′ → ψ(σ′)`%� (3) �
ϕ(σ) ∧MI(T )(σ) = σ′ → ∃σ′′.(ϕ(σ′′) ∧MI(T )(σ′′) = σ′)7o&;�

(3b) T Nd ϕ s ψ′ ��Yzn��r ψ → ψ′ �d � ϕ(σ) ∧ (MI(T )(σ) ↓→ ψ′(MI(T )(σ))� ϕ(σ) ∧MI(T )(σ) = σ′ → ψ′(σ′)
`%� (3) a ψ(σ′) → ∃σ′′.(ϕ(σ′′) ∧MI(T )(σ′′) =

σ′) Z0 ψ(σ′) → ψ′(σ′)

Theorem 1.1 % T ∈ LB
1 1p6�ϕ � ψ )�~2q�

• % ϕ ) T � ψ vP#�,�x8�Cy-� ϕ′ � T yA ϕ′ � ψ )m}E vt�Æt ϕ′ → ϕ �
14



• % ϕ ) T � ψ vP#�x8�Cy-� ϕ′ � T yA ϕ′ � ψ )0�E vt�Æt ϕ′ → ϕ �
• % ψ ) T � ϕ vP��x8�Cy-� ψ′ � T yA ϕ � ψ′ )m}E vt�Æt ψ → ψ′ �LE{
B = ({x, y, n, a}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})
GU5 LB

1 ��(G T �
beg: (x, y) := (0, 0) goto l1

l1: if (x < n) goto l2 else goto l3

l2: (y, x) := (y + x ∗ (x+ 1), x+ 1) goto l1

l3: (y) := (3 ∗ y) goto end
G I - B py�x�z$���{WU5X!&;�
(1) T NddMK n ≥ 0 swMK y = n ∗ n ∗ n− n �Yzn�
(2) T NddMK n ≥ 0 ^i���
(3) T NddMK n ≥ 0 swMK y = n ∗ n ∗ n− n ,lzn�

· · ·
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§1.2.2 ,Z:0!H6xQ��{W�dN(Gn(�Y2�
6nGA(G�mCn(-s5GB�
(beg = l0, σ0)(test, σ1)(loop, σ2)(inloop, σ3)(test, σ4)(loop, σ5) · · · (test, σn−1)(end, σn) · · ·xb:�uÆ:��aQbJ{�Q	5��nG(GmCn(aQG�℄K�
Example 1.4 s��~7�vp6��1 T2 �

beg: (y1, y2) := (x, 1); goto test-1;

test-1: if y1 > 100 then goto test-2 else upd-1 fi;

test-2: if y2 6= 1 then goto upd-2 else res fi;

upd-1: (y1, y2) := (y1 + 11, y2 + 1); goto test-1;

upd-2: (y1, y2) := (y1 − 10, y2 − 1); goto test-1;

res: z := y1 − 10; goto endUx(Ga?bJ{�̀ d�T;x�^��,^^Qb��b7J{1����GB5����oÆ:BJB(GmCn(aQG�℄K�;sm0THkmCn(��%"�����0T,U�mCn(��s5
beg, (test1, ((upd1)|(test2, upd2)))

∗, test1, test2, res, end;sm0TaXSY2Q>j���r|
�j4s{WZ>D�pQ>j���r�&;�0T",U{W(G�%a�D��UxmCn(P,U�&
(beg), ((test1, upd1)

∗, (test1, test2, upd2)
∗)∗, (test1, test2, res, end)0T,U*GU5�rGB

(beg, test1)

(test1, test2, upd2, test1)

(test1, upd1, test1)

(test1, test2, res, end)0T��rGB%-F!��{
∀σ.(ϕ(σ) ∧ (beg, σ)⇒(test1, σ

′) → ζ(σ′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(test2, σ
′)⇒(upd2, σ

′′)⇒(test1, σ
′′′) → ζ(σ′′′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(upd1, σ
′)⇒(test1, σ

′′) → ζ(σ′′))

∀σ.(ζ(σ) ∧ (test1, σ)⇒(test2, σ
′)⇒(res, σ′′)⇒(end, σ′′′) → ψ(σ′′′))r {ϕ}T2{ψ} &;�NdxN�Y2�0Ta?bXUEO	H�I��CQ�$IF!�XS��sN�{0T*GA�a\_*G�F!�CR�F!znD�{WXS��sN{WF!Nd
G�g��zn��0T*GU5XS�
60T
+�bGY�
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Definition 1.6 % α = (l0, l1, ..., ln) 1:���
MI(α)(σ0) =

{

σn "rB {σ1, ..., σn} ⊆ Σ'u (l0, σ0) ⇒ (l1, σ1) ⇒ · · · ⇒ (ln, σn) �3w< "lrBD9vM.
�u l0 = begin f ln = end r α = (l0, l1, ..., ln) %-,yF!� MI(T )(σ) = σ′ <f�<3p,yF! α �?
MI(T )(α) = σ′ �
Definition 1.7 % p � q )�~�(�

• α B I v
*G4yA p � q )m}E v��Q
|=I {p}α{a} �"
∀σ ∈ Σ�I(p)(σ) = true∧MI(α)(σ) ↓→ I(q)(MI(α)(σ))�

• αB I v
*G4yA p)LIv��Q |=I [p]α[true]�"
∀σ ∈ Σ � I(p)(σ) = true→ MI(α)(σ) ↓ �

• α B I v
*G4yA p � q )0�E v��Q
|=I [p]α[q] �"
∀σ ∈ Σ�I(p)(σ) = true→ MI(α)(σ) ↓ ∧I(q)(MI(α)(σ))�

Definition 1.8 % α 1��� p � q )�~�(�
• p ) α � q vP#�,�x8�"
I(p)(σ) = truet�Æt MI(α)(σ)3w<	 MI(α)(σ)�w<� I(p)(MI(α)(σ)) o��

• p ) α � q vP#�x8�"
I(p)(σ) = truet�Æt MI(α)(σ)�w<� I(q)(MI(α)(σ))o��

• q ) α � p vP��x8�"
I(q)(σ) = true t�ÆtrBM. σ′ 'u I(p)(σ′) =

true � MI(α)(σ′) = σ �
Definition 1.9 % α = (l0, ..., lk) 1:���wlp(α, q) w<!4�

• k = 0 C wlp(α, q) = q �
• k = 1 &�" l0: (v1, v2, ..., vn) := (e1, e2, ..., en) goto l1 1 T KvH��C

wlp(α, q) = q[v1/e1] · · · [vn/en]." l0: if (b) goto l else goto l′ �1 T KvH��C
wlp(α, q) =

{ b→ q " l = l1;

¬b→ q " l′ = l1.

17



• k > 1 &�% α0 = (l0, l1), α1 = (l1, ..., lk) �C
wlp(α, q) = wlp(α0, wlp(α1, q)).

Theorem 1.2 I(wlp(α, q)) )�� α � q vP#�,�x8�O{W
I(wlp(α, q))(σ) = true↔MI(α)(σ) ↑ ∨(MI(α)(σ) ↓ ∧I(q)(MI(α)(σ)){ α = (l0, l1, ..., ln) -QF!�

(1) n = 0.

(2) n = 1.

(2a) l0: (v1, v2, ..., vn) := (e1, e2, ..., en) goto l1

wlp(α, q) = q[v1/e1] · · · [vn/en].

MI(α)(σ) = σ[v1/e1] · · · [vn/en]

(2b) l0: if (b) goto l else goto l′ �
(2b1) l = l1

wlp(α, q) = b→ q

(a) I(b)(σ) = true

MI(α)(σ) = σ

(b) I(b)(σ) = false

(2b2) l′ = l1

wlp(α, q) = ¬b→ q

(a) I(b)(σ) = true

(b) I(b)(σ) = false

MI(α)(σ) = σ

(3) α0 = (l0, l1), α1 = (l1, ..., lk) �
wlp(α, q) = wlp(α0, wlp(α1, q))O{

I(wlp(α0, wlp(α1, q)))(σ) = true↔MI(α)(σ) ↑ ∨(MI(α)(σ) ↓ ∧I(q)(MI(α)(σ))a
I(wlp(α0, wlp(α1, q)))(σ) = true↔MI(α0)(σ) ↑ ∨(MI(α0)(σ) ↓ ∧I(wlp(α1, q))(MI(α0)(σ))

(1) MI(α0)(σ) ↑ r?bb�A��
18



(2) MI(α0)(σ) ↓ O{
MI(α)(σ) ↑ ∨(MI(α)(σ) ↓ ∧I(q)(MI(α)(σ)) ↔ I(wlp(α1, q))(MI(α0)(σ))�

MI(α)(σ) ↑ ∨(MI(α)(σ) ↓ ∧I(q)(MI(α)(σ))

↔

(MI(α1)(MI(α0)(σ)) ↑ ∨(MI(α1)(MI(α0)(σ)) ↓ ∧I(q)(MI(α1)(MI(α0)(σ)))7o&;
Definition 1.10 % α = (l0, ..., lk) 1:���

vc(p, α, q) = p→ wlp(α, q)

Theorem 1.3 " |=I vc(p, α, q) C |=I {p}α{q} �O{W
I(vc(p, α, q))(σ) = true→ I(p)∧MI(α)(σ) ↓→ I(q)(MI(α)(σ))

Definition 1.11 % T 1p6�C 1k�
��w< γ(T,C)1�O;4/�v��
�� (l0 , ..., lk) ∈ γ(T,C) t�Æt (l0, ..., lk)) T v���k > 0, l0, lk ∈ C � l1, ..., lk−1 6∈
C �
Theorem 1.4 % C )k�
�� beg, end ∈ C, T v�~7�J$�:~k�i�A C � C Kv�~k� l �:~y=v�( ql �"

∀α = (l0, ..., lk) ∈ γ(T,C), |=I vc(ql0 , α, qlk)C
|= {qbeg}T {qend}`<0T6{WQbe-Q	��I��u la, lb ∈ C f α = (la, ..., lb) - T �F!�r |= {qla}α{qlb} �0T�{G8�d &;�{ len(la, ..., lb) - (la, ..., lb) � C �i��b��0T^l\S{W |= {qla}α{qlb} �

• u len(la, ..., lb) = 2rd$�{ |=I vc(qla , (la, ..., lb), qlb)&;�Z0 |=I {qla}(la, ..., lb){qlb} &;�
19



• �{NqX la, lb ∈ C � len(la, ..., lb) ≤ k �
|=I {qla}(la, ..., lb){qlb} &;�NqX la, lb � len(la, ..., lb) ≤ k + 1 ��0T,� (la, ..., lb)Y&?L (la, ..., lc)s (lc, ..., lb)�a� lc ∈ C f len(la, ..., lc), len(lc, ..., lb) ≤ k �d$�{0Ta |=I {qla}(la, ..., lc){qlc}s |=I {qlc}(lc, ..., lb){qlb}�Z0 |=I {qla}(la, ..., lb){qlb} &;�d$l\SNqX la, lb ∈ C � |=I {qla}(la, ..., lb), {qlb} &;�`d l0 = beg ∈ C,ln = end ∈ C �Z0 |=I {qbeg}(l0, ..., ln){qend} &;�Z0N�aU beg, end -(�s��E�F! α � |=I

{qbeg}α{qend} &;�8f
Example 1.5 % I = (NAT, I0) �>��x8|{F�
{x = c}T1{y1 =

√
c} �{WYwb���

• nG�r�t C = {beg, test, end}�
• $IMK qbeg, qend, qtest

qbeg x = c

qend y1 =
√
c

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• nGEO{W�F!
(beg, test)

(test, loop, inloop, test)

(test, end)

• {WF!znD
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

|=I vc(qtest, (test, end), qend)

Example 1.6 % I = (NAT, I0) �>��x8|{F�
{x ≤ 100}T2{z = 91} �{WYwb���

• nG�r�t C = {beg, test1, end} �
• $IMK qbeg, qend, qtest1

qbeg x ≤ 100

qend z = 91

qtest y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)
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• nGEO{W�F!
(beg, test1)

(test1, test2, udp2, test1)

(test1, udp1, test1)

(test1, test2, res, end)

• {WF!znD
|=I vc(qbeg, (beg, test1), qtest1 )

|=I vc(qtest1 , (test1, test2, udp2, test1), qtest1)

|=I vc(qtest1 , (test1, udp1, test1), qtest1 )

|=I vc(qtest1 , (test1, test2, res, end), qend)
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Theorem 1.5 %
• C )k�
�� beg ∈ C, T v�~7�J$�:~k�i�A C � C Kv�~k� l �:~y=v�( ql

• (W,⊑) ): WFS

• C′ ⊆ C )k�
�� T v�~7�J$�:~k�i�A C′ � C′ Kv�~k� l �:~y=v�+
gl : Σ →W";4/�o�C |= [qbeg]T [true]:

∀α ∈ γ(T,C), |=I vc(ql0 , α, qlk)

∀α ∈ γ(T,C′), I(ql0 )(σ) = true ∧MI(α)(σ) ↓→ glk(MI(α)(σ)) < gl0(σ)8f
Example 1.7 F�p6 T1 B
* I = (NAT, I0) 4yA�x8 x = c ∧ c ≥ 0 )LIv�{W�

• nG�r�t C = {beg, test} �
• $IMK qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• $I (W,⊑) = ({0, 1, 2, ...},≤)

• nG�r�t C′ = {test} �
• $I< gtest : Σ →W

gtest(σ) = σ(x) + 1 − σ(y3)

• nGEO{W�F!
(beg, test)

(test, loop, inloop, test)

• {WF!znD
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• nGEO{W�F!
(test, loop, inloop, test)

• {WF!znD
I(qtest)(σ) = true ∧MI(test, loop, inloop, test)(σ) ↓
→
gtest(MI(test, loop, inloop, test)(σ)) < gtest(σ)
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��Æ:b�}HA[r σ �
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ (y3 ≤ x)

→
x+ 1 − (y2 + y3 + 2) < x+ 1 − y3

Example 1.8 F�p6 T1 B
* I = (INT, I0) 4yA�x8 x = c ∧ c ≥ 0 )LIv�{W�
• nG�r�t C = {beg, test} �
• $IMK qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest y2 ≥ 0

• $I (W,⊑) = ({0, 1, 2, ...},≤)

• nG�r�t C′ = {test} �
• $I< gtest : Σ →W

gtest(σ) =
{ σ(x) + 1 − σ(y3) u σ(y3) ≤ σ(x)

0 Zr�
• nGEO{W�F!

(beg, test)

(test, loop, inloop, test)

• {WF!znD
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• nGEO{W�F!
(test, loop, inloop, test)

• {WF!znD
I(qtest)(σ) = true ∧MI(test, loop, inloop, test)(σ) ↓
→
gtest(MI(test, loop, inloop, test)(σ)) < gtest(σ)�

y2 ≥ 0 ∧ (y3 ≤ x)

→ x+ 1 − (y2 + y3 + 2) < x+ 1 − y3�
y2 ≥ 0 ∧ (y3 ≤ x)

→ 0 < x+ 1 − y3
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Theorem 1.6 %
• C )k�
�� beg ∈ C, T v�~7�J$�:~k�i�A C � C Kv�~k� l �:~y=v�( ql

• (W, I0(⊑)) ): WFS � ⊑∈ P

• w 1Pz�:~N?j�v�(�
W = {σ(x) | I(w)(σ) = true}

• C′ ⊆ C )k�
�� T v�~7�J$�:~k�i�A C′ � C′ Kv�~k� l �:~y=v5 tl� |=I ql → w[x/tl] �";4/�o�C |= [qbeg]T [true]:

∀α ∈ γ(T,C), |=I vc(ql0 , qlk)

∀α ∈ γ(T,C′), |=I vc(ql0 ∧ tl0 = a, α, tlk < a)8f
Example 1.9 F�p6 T1 B
* I = (NAT, I0) 4yA�x8 x = c ∧ c ≥ 0 )LIv�{W�

• nG�r�t C = {beg, test} �
• $IMK qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

• $I (W,⊑) = ({0, 1, 2, ...},≤)

• $I w = true �{W W = {σ(x) | I(w)(σ) = true}

• nG�r�t C′ = {test} �
• $I< ttest = x+ 1 − y3 �{W qtest → wttest

x

• nGEO{W�F!
(beg, test)

(test, loop, inloop, test)

• {WF!znD
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• nGEO{W�F!
(test, loop, inloop, test)
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• {WF!znD
|=I vc(qtest ∧ ttest = v, (test, loop, inloop, test), ttest < v)�
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ x+ 1 − y3 = v

→
((y3 ≤ x) → x+ 1 − (y2 + y3 + 2) < v)

Example 1.10 F�p6 T1 B
* I = (INT, I0) 4yA�x8 x = c ∧ c ≥ 0 )LIv�{W�
• nG�r�t C = {beg, test} �
• $IMK qbeg, qtest

qbeg x = c ∧ c ≥ 0

qtest x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ y2 ≥ 1

• $I (W,⊑) = ({0, 1, 2, ...},≤)

• $I w = (x ≥ 0)�{WW = {σ(x)|I(w)(σ) = true}

• nG�r�t C′ = {test} �
• $I< ttest = x+ 1 − y3 + y2 �{W qtest → wttest

x

• nGEO{W�F!
(beg, test)

(test, loop, inloop, test)

• {WF!znD
|=I vc(qbeg , (beg, test), qtest)

|=I vc(qtest, (test, loop, inloop, test), qtest)

• nGEO{W�F!
(test, loop, inloop, test)

• {WF!znD
|=I vc(qtest ∧ ttest = v, (test, loop, inloop, test), ttest < v)�
x = c ∧ y2

1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ y2 ≥ 1 ∧ x+ 1 − y3 + y2 = v

→
((y3 ≤ x) → x+ 1 − (y2 + y3 + 2) + (y2 + 2) < v)

25



LE{
B = ({x, y, n, a}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})
GU5 LB

1 ��(G T �
beg: (i, j, k, l) := (1, 0, 0, 1) goto l1

l1: if ¬(x = y) goto l2 else goto end

l2: if (x > y) goto l3 else goto l4

l3: (x, i, j) := (x− y, i− k, j − l) goto l1

l4: (y, k, l) := (y − x, k − i, l− j) goto l1
G I - B py�x�z$���{WU5X!&;�
(1) T NddMK x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0 swMK x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b �Yzn�
(2) T NddMK x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0 ^i���

§1.3 /(+�R!H6E()(G�mE�J{�t/s+/�kV2�(G��K��rV+4�2{W��K��*8��^n�2(G�h5��,�tD�!��hz(G,U-\x>mE�x9GY��hz(G�Q�K��4)�
Gp�[r� F s./[r� P �0T,Up B = (F, P ) x�;QbQ�K��px�-x�0Tt
U5�t�[r�
{:=, ; , if, then, else, fi, while, do, od}�hz(G�gSGYs5�

A ::= x := t

S ::= A | S;S | if e then S else S fi | while e do S od�d B ��hz(G��t�- LB
2 �8fU5�Qb���'��hz(G��- Tjc �

y := 1; while x > 0 do y := y ∗ x;x := x− 1 od
G a, b ∈ NAT �GY gcd(a, b) s5�u a, b > 0 r gcd(a, b) - a, b ��6gk��Zr
gcd(a, b) QGY�U5�Qb�� gcd(x, y) �(G��- Tgcd �
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while ¬(x = y) do if (x > y) then x := x− y else y := y − x fi od

§1.3.1 �h\Y�hz(G T ∈ LB
2 �gYj'd B ����
G B �Qb�� I ��hz(G��t��`(G�~e�Ys����'G�{ Σ -������t�(G��t���t- (LB

2 × Σ) ∪ Σ �(G�
Sj4 ⇒ - (LB
2 × Σ)× ((LB

2 ×Σ) ∪ Σ) �Qb���
(1) (S0, σ0)⇒(S1, σ1) <f�<U5Q<&;�

S0 %� S1 σ1

x := t;S S σ0[x/I(t)(σ0)]

if (e) then S else S’ fi σ0 |=I e S σ0

if (e) then S else S’ fi σ0 6|=I e S′ σ0

if (e) then S else S’ fi; S” σ0 |=I e S;S′′ σ0

if (e) then S else S’ fi; S” σ0 6|=I e S′;S′′ σ0

while (e) do S od σ0 |=I e S; while (e) do S od σ0

while (e) do S od σ0 6|=I e - -

while (e) do S od; S’ σ0 |=I e S; while (e) do S od; S’ σ0

while (e) do S od; S’ σ0 6|=I e S′ σ0

(2) (S0, σ0)⇒σ1 <f�<U5Q<&;�
S0 %� σ1

x := t σ0[x/I(t)(σ0)]

while (e) do S od σ0 6|=I e σ0(G T p*�����- σ ��mC���<f�<3p σ′ �? (T, σ)
∗⇒σ′ �(G�gYp��2��>���p� MI(T ) : Σ →֒ Σ �GYs5�

MI(T )(σ) =
{ σ′ u (T, σ)

∗⇒σ′ �1GY u(Gp*�����- σ ��mC����(G�znDV�,U�*���s�����j4�U�(G�Z����s�0T,UOi(G Tjc M�
MI(T )(σ)(y) = σ(x)!�wOi(GM�

σ(x) > 0 rMI(T )(σ)(y) = σ(x)! �
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§1.3.2 b�\Y�hz(G�_E�a%a�tD��s
G(G T1 s T2 �0T,�a�t& T 1;T2 �o
Qbg� e �0T,�a�t& if (e) then T1

else T2 fi A�xN� T1;T2 �gY",U�;p T1 s T2 �gYx��s MI(T1;T2)(σ) = MI(T2)MI(T1)(σ) �x8aQb/!��smMI(T1)(σ) QGY�xP�"�t��-AX�x	�t�0TNM�C4)���Mω �a7A- Mω
I (T ) : Σω → Σω �a� Σω = Σ ∪ {ω} �Mω

I (T ) ,UGYs5�
Mω

I (x := t)(σ) =
{ ω u σ = ω

MI(x := t)(σ) = σ[x/I(t)(σ)]

Mω
I (T1;T2)(σ) =

{ ω u σ = ω

Mω
I (T2)Mω

I (T1)(σ)

Mω
I (if (e) then T1 else T2 fi)(σ) =

{ ω u σ = ω

ite(I(e)(σ),Mω
I (T1)(σ),Mω

I (T2)(σ))

Mω
I (while (e) do T1 od) = µΦa� Φ : [Σω → Σω] → [Σω → Σω] GYs5

Φ(f)(σ) =
{ ω u σ = ω

ite(I(e)(σ), f(Mω
I (T1)(σ)), σ) u σ 6= ω
6�0TO{WxbGY�t����A�b�g���� Σω �i��x,U`x>g��=Hp�5{W��dMω

I (T ) �0T,UGYMI(T ) : Σ →֒ Σ s5�
MI(T )(σ) =

{ Mω(T )(σ) u Mω(T )(σ) 6= ω1GY u Mω(T )(σ) = ωxbGYs��gY�N MI(T )�GY�Q���Un5�0Ta
Mω

I (T )(σ) =
{

ω u σ = ω �
ω uMI(T )(σ) 1GY
σ′ uMI(T )(σ) = σ′

Example 1.11 F�"MI(Tjc)(σ)�w<�CMI(Tjc)(σ)(y) =

σ(x)! �{W��E{WMω
I (Tjc)(σ)(y) ⊑ (σ)(x)! �`da

Mω
I (T1;T2) = Mω

I (T2)Mω
I (T1)
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0T,UY�Y2 Mω
I (y := 1)(σ)sMω

I (while (x >

0) do y := y ∗ x;x := x− 1 od)(σ) �{
σ1 = Mω

I (y := 1)(σ) = σ[y/1]�E{W Mω
I (while (x > 0) do y := y ∗ x;x := x − 1

od)(σ1)(y) ⊑ (σ)(x)! �GY Φ : [Σω → Σω] → [Σω → Σω] s5�
Φ(f)(σ) =

{ ω u σ = ω

ite(I(x > 0)(σ), f(Mω
I (y := y ∗ x;x := x− 1)(σ)), σ) u σ 6= ωr

Mω
I (Tjc)(σ) = µΦ(σ1)0TEO{W
µΦ(σ1)(y) ⊑ σ(x)!GY g : [Σω → Σω] s5

g(σ) =
{ ω u σ = ω

σ[x/0][y/σ(x)! · σ(y)] u σ 6= ω0T{W µΦ ⊑ g �
60T{W g � Φ�Qb�HE�� Φ(g)(σ) = g(σ) �s5�
(1) u σ = ω �r Φ(g)(σ) = ω = g(σ) �
(2) u σ 6= ω f σ(x) = 0 �r Φ(g)(σ) = σ =

σ[x/0][y/σ(x)! · σ(y)] = g(σ) �
(3) u σ 6= ω f σ(x) > 0 �r

Φ(g)(σ)

= g(Mω
I (y := y ∗ x;x := x− 1)(σ))

= g(Mω
I (x := x− 1)Mω

I (y := y ∗ x)(σ))

= g(Mω
I (x := x− 1)(σ[y/σ(y) · σ(x)])

= g(σ[y/σ(y) · σ(x)][x/σ(x) − 1]){ σ2 = σ[y/σ(y) · σ(x)][x/σ(x) − 1] �r g(σ2) =

σ2[x/0][y/σ2(x)! · σ2(y)] �EO{W σ2[x/0][y/σ2(x)! · σ2(y)] = σ[x/0][y/σ(x)! ·
σ(y)] �EO{WNqX z � σ2[x/0][y/σ2(x)! · σ2(y)](z) =

σ[x/0][y/σ(x)! · σ(y)](z) �u z �� x,y r?�IAd σ(z) �u z � x r?�IAd 0 �u z � y r?�IAd σ(x)! · sigma(y) �Z0A�&;�Z0 g � Φ �Qb�HE�Z0
µΦ ⊑ gZ0

µΦ(σ1)(y) ⊑ g(σ1)(y) = σ1(x)! · σ1(y) = σ(x)!
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Example 1.12 % T 1
z = 1; while (x 6= y)doz := (y+1)∗ (y+2)∗ z; y := y+2odF�"MI(T )(σ)�w<�CMI(T )(σ)(z) = σ(x)!/σ(y)!�,GY
g(σ) =

{

σ[y/σ(x)][z/(σ(x)!/σ(y)!)] u σ(x) ≥ σ(y)f σ(x) − σ(y) -`�
ω Zr�

g(σ) =
{ σ[y/σ(x)][z/(σ(x)!/σ(y)!)] u σ(x) ≥ σ(y)

ω ZrpUx{W���2℄��Y�J{g&�gY�p{W�GYAQbp� g 5N\J{g&�gY�U{Wg&*�����s�������j4�U50TGYQbXS}�{WJ{g&*�����s�������j4�{ ϕ : Σ2 → BOOL -./�{ S =while (e) do S1 od �
∀σ ∈ Σ,MI(S)(σ) ↓⇒ ϕ(σ,MI(S)(σ))u

∀σ ∈ Σ, I(¬e)(σ) ⇒ ϕ(σ, σ)

∀σ, σ′ ∈ Σ, I(e)(σ) ∧MI(S1)(σ) ↓ ∧ϕ(MI(S1)(σ), σ′) ⇒ ϕ(σ, σ′){W�� ϕ)��� ω-4u�r ∀σ ∈ Σ,MI(S)(σ) ↓⇒
ϕ(σ,MI(S)(σ)) �

∀σ ∈ Σ, ϕ(σ,Mω
I (S)(σ)) ⊑ trueGY Φ s5�

Φ(f)(σ) =
{ ω u σ = ω

ite(I(e)(σ), f(Mω
I (S1)(σ)), σ) u σ 6= ωrE{ ∀σ ∈ Σ, ϕ(σ, µΦ(σ)) ⊑ true �^�HEl\S�
6 ∀σ ∈ Σ, ϕ(σ,⊥(σ)) ⊑ true &;�~5�"�O{NqX
G f : [Σω → Σω] � ∀σ ∈

Σ, ϕ(σ, f(σ)) ⊑ true r ∀σ′ ∈ Σ, ϕ(σ′,Φ(f)(σ′)) ⊑ true ��O{NqX
G σ′ �
ϕ(σ′, ite(I(e)(σ′), f(Mω

I (S1)(σ
′)), σ′)) ⊑ trueu I(e)(σ′) = false�r ϕ(σ′, ite(I(e)(σ′), f(Mω

I (S1)(σ
′)), σ′)) =

ϕ(σ′, σ′). d$d %� ϕ(σ′, σ′) ⊑ true &;�u I(e)(σ′) = true�r ϕ(σ′, ite(I(e)(σ′), f(Mω
I (S1)(σ

′)), σ′)) =

ϕ(σ′, f(Mω
I (S1)(σ

′))). Yw	h1�
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• u f(Mω
I (S1)(σ

′)) = ω �r ϕ(σ′, f(Mω
I (S1)(σ

′))) ⊑
true &;�

• u f(Mω
I (S1)(σ

′)) 6= ω Q Mω
I (S1)(σ

′) = ω �`d f�:FD� f(Mω
I (S1)(σ

′))) = f(σ′) �d$l\�{
ϕ(σ′, f((σ′)) ⊑ true &;�

• u f(Mω
I (S1)(σ

′)) 6= ω f Mω
I (S1)(σ

′) 6= ω �d$l\�{ ϕ(Mω
I (S1)(σ

′), f(Mω
I (S1)(σ

′))) ⊑ true &;�`d Mω
I (S1)(σ

′) 6= ω f f(Mω
I (S1)(σ

′)) 6= ω �
ϕ(Mω

I (S1)(σ
′), f(Mω

I (S1)(σ
′))) = true �d$d �{ ϕ(σ′, f(Mω

I (S1)(σ
′))) = true &;�

Example 1.13 F�"MI(Tjc)�w<�CMI(Tjc)(σ)(y) =

σ(x)! �{W��E{W Mω
I (Tjc)(σ)(y) ⊑ (σ)(x)! �`da

Mω
I (T1;T2) = Mω

I (T2)Mω
I (T1)�0T,UY�Y2Mω

I (y :=

1)(σ) s Mω
I (while (x > 0) do y := y ∗ x;x := x − 1od

od)(σ) �{
σ1 = Mω

I (y := 1)(σ) = σ[y/1]�E{W Mω
I (while (x > 0) do y := y ∗ x;x := x − 1

od)(σ1)(y) ⊑ (σ)(x)! �{ S1 -
y := y ∗ x;x := x− 1GY

ϕ(σ, σ′) = true <f�< σ′(y) = σ(x)! · σ(y).u I(x > 0)(σ) = false r ϕ(σ, σ) = true <f�<
σ(y) = σ(x)! · σ(y) �`d x = 0 � ϕ(σ, σ) = true &;�u I(x > 0)(σ) = true�MI(S1)(σ) ↓f ϕ(MI(S1)(σ), σ′) =

true �`d MI(S1)(σ) = σ[y/σ(y) · σ(x)][x/σ(x) − 1] �
σ′(y) = σ(y) · σ(x) · (σ(x) − 1)! = σ(y) · σ(x)! �Z0
ϕ(σ, σ′) = true �Z0 ∀σ ∈ Σ, ϕ(σ,MI(while (x > 0) do S1 od)(σ)) ⊑
true �Z0 ϕ(σ1,MI(while (x > 0) do S1 od)(σ1)) ⊑ true �Z0u MI(while (x > 0) do S1 od)(σ1) aGY�r
MI(while (x > 0) do S1 od)(σ1)(y) = σ1(x)!·σ1(y) = σ(x)!.

§1.3.3 Hoare ;-�d�%gY�(G{W%aQG�^nD�0T|,U^K��XS5{W(G�D�� Hoare K�"�xN�Qb,U^5{W(G�D��4(� Hoare K�gK�;p./K�s�hz(G��-x�{ B �Qb./K������ Hoare g��GYs5�
H ::= {p}T {q}
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a� p, q ∈WFFB �g��T ∈ LB
2 ��hz(G�:sU5�Qb Hoare g��

{x > 0}y := 1; while(> 0)doy := y∗x;x := x−1od{y = x!}{ I ���� B ����Hoareg��gYWp��� I ��Rb Hoareg� {p}T {q}℄z>Qb Σ → BOOL�p�� I({p}T {q}) : Σ → BOOL GYs5�
I({p}T {q})(σ) = true<f�<

I(p)(σ) = true ∧MI(T )(σ) ↓⇒ I(q)(MI(T )(σ)) = true.Qbg� {p}T {q}p I ���5&;��- |=I {p}T {q}�uapqX��5&;��- |= {p}T {q} �uapM�
W ���5&;��- W |= {p}T {q}�
§1.3.4 Hoare UDK�g��QbV�D��XS�0TEOpx�-x�C*8�0TaU5g8s*8kr�

• ℄�g8�{ p ∈WFFB , x ∈ V, t ∈ TB �
{pt

x}x := t{p}

• �G^tkr�{ p, q, r ∈WFFB, S1, S2 ∈ LB
2 �

{p}S1{r}, {r}S2{q}
{p}S1;S2{q}

• %�kr�{ p, q ∈WFFB, e ∈ QFFB, S1, S2 ∈ LB
2 �

{p ∧ e}S1{q}, {p ∧ ¬e}S2{q}
{p}if e then S1 else S2 fi{q}

• J{kr�{ p ∈WFFB , e ∈ QFFB, S1 ∈ LB
2 �

{p ∧ e}S1{p}
{p}while (e) do S1 od{p ∧ ¬e}

• *Ikr�{ p, q, r, s ∈WFFB, S1 ∈ LB
2 �

p ⊃ q, {q}S1{r}, r ⊃ s

{p}S1{r}QbHoareg� {p}T {q},`Uxkrsg8?>��� ⊢ {p}T {q} �-A*8�X�0T,U�^=+kr�=+kr,U)����kr��t\^�u^Uxkrsg8,U2g� s1, s2, ..., sn *=+ s �r,U"|U5=+kr�
s1, s2, ..., sn

sU5��b$^�=+kr�pa>�v,U^5#8ja�℄�g8��G^tkr�%�krsJ{kr��^�
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• { p, q ∈WFFB , x ∈ V, t ∈ TB.

p ⊃ qt
x

{p}x := t{q}

• { p0, ..., pn ∈ WFFB, S1, ..., Sn ∈ LB
2 , n ≥ 2.

{p0}S1{p1}, {p1}S1{p2}, ..., {pn−1}Sn{pn}
{p0}S1;S2; ...;Sn{pn}

• { p1, p2, q ∈ WFFB, e ∈ QFFB, S1, S2 ∈ LB
2 �

{p1}S1{q}, {p2}S2{q}
{(p1 ∧ e) ∨ (p2 ∧ ¬e)}if e then S1 else S2 fi{q}

• { p, q, r ∈WFFB, e ∈ QFF, S1 ∈ LB
2 .

p ⊃ r, {r ∧ e}S1{r}, (r ∧ ¬e) ⊃ q,

{p}while (e) do S1 od{q}`d*=�EO^> p ⊃ r Ag��0T|EOQ�*=x>g��XS�-A�(x>LT�Æ
df(G}�;j�D��0T&$�x>&;���ldQb8I�px8I|5�0T,U�x><&g85)9�$^�8I�3�o��8I��� PA �8f
GU5(G��- T1 �
y1 := 0; y2 := 1; y3 := 1;

while y3 ≤ x do

y1 := y1 + 1;

y2 := y2 + 2;

y3 := y2 + y3;

od{W PA ⊢ {x = c}T1{y1 =
√
c} �`<
6�(GY-��Y��- S1, S2, S3, S4 �0Ta

{x = c}S1{x = c ∧ y1 = 0}

{x = c ∧ y1 = 0}S2{x = c ∧ y1 = 0 ∧ y2 = 1}

{x = c∧y1 = 0∧∧y2 = 1}S3{x = c∧y1 = 0∧y2 = 1∧y3 = 1}
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Z0d$�G^tkr�a
{x = c}S1;S2;S3{x = c ∧ y1 = 0 ∧ y2 = 1 ∧ y3 = 1}d$�G^tkr�|EO{W

{x = c∧y1 = 0∧y2 = 1∧y3 = 1}S4{y2
1 ≤ c∧c < (y1 +1)2}0Ta

{x = c ∧ (y1 + 1)2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}
y1 := y1 + 1

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1)

2 ∧ y2 = 2 ∗ (y1 − 1) + 1}

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1)

2 ∧ y2 = 2 ∗ (y1 − 1) + 1}
y2 := y2 + 2

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1)

2 ∧ y2 = 2 ∗ y1 + 1}

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1)

2 ∧ y2 = 2 ∗ y1 + 1}
y3 := y2 + y3

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}Z0d$�G^tkr�a

{x = c ∧ (y1 + 1)2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}
y1 := y1 + 1; y2 := y2 + 2; y3 := y2 + y3

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}`d

y3 ≤ x ∧ x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1

→ x = c ∧ (y1 + 1)2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1a
{y3 ≤ x ∧ x = c ∧ (y1)

2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}
y1 := y1 + 1; y2 := y2 + 2; y3 := y2 + y3

{x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}Z0d$J{kr�a

{x = c ∧ (y1)
2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}

S4

{¬(y3 ≤ x) ∧ x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1}Z0

{x = c∧y1 = 0∧y2 = 1∧y3 = 1}S4{y2
1 ≤ c∧c < (y1 +1)2}
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8f
GU5(G��- T2 �
y1 := x;

y2 := 1;

while y1 ≤ 100 ∨ y2 6= 1 do

if y1 ≤ 100 then

y1 := y1 + 11;

y2 := y2 + 1;

else

y1 := y1 − 10;

y2 := y2 − 1;

fi

od

z := y1 − 10;{W PA ⊢ {x ≤ 100}T2{z = 91} �`<d$�G^tkr��EO{W
{x ≤ 100 ∧ y1 = x ∧ y2 = 1}S1{y1 = 101}a

{y1 ≤ 121 ∧ y2 ≥ 2 ∧ (y1 ≥ 111 ∧ y2 = 2 → y1 = 111)}
y1 := y1 − 10; y2 := y2 − 1

{y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}

{y1 ≤ 100 ∧ y2 ≥ 0 ∧ (y1 ≥ 100 ∧ y2 = 0 → y1 = 100)}
y1 := y1 + 11; y2 := y2 + 1

{y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}Z0
{ y1 ≤ 100 ∧ y1 ≤ 100 ∧ y2 ≥ 0 ∧ (y1 ≥ 100 ∧ y2 = 0 → y1 = 100)∨
¬(y1 ≤ 100) ∧ y1 ≤ 121 ∧ y2 ≥ 2 ∧ (y1 ≥ 111 ∧ y2 = 2 → y1 = 111) }
if y1 ≤ 100 then y1 := y1 + 11; y2 := y2 + 1;

else y1 := y1 − 10; y2 := y2 − 1; fi

{ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}Z0
{ y1 ≤ 100 ∧ y2 ≥ 0 ∧ (y1 ≥ 100 ∧ y2 = 0 → y1 = 100)∨
y1 > 100 ∧ y1 ≤ 121 ∧ y2 ≥ 2 ∧ (y1 ≥ 111 ∧ y2 = 2 → y1 = 111) }
if y1 ≤ 100 then y1 := y1 + 11; y2 := y2 + 1;

else y1 := y1 − 10; y2 := y2 − 1; fi

{ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}
a
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(y1 ≤ 100 ∨ y2 6= 1) ∧ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)

→
y1 ≤ 100 ∧ y2 ≥ 0 ∧ (y1 ≥ 100 ∧ y2 = 0 → y1 = 100)∨
y1 > 100 ∧ y1 ≤ 121 ∧ y2 ≥ 2 ∧ (y1 ≥ 111 ∧ y2 = 2 → y1 = 111)Z0
{ (y1 ≤ 100 ∨ y2 6= 1) ∧ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101∧ y2 = 1 → y1 = 101) }
if y1 ≤ 100 then y1 := y1 + 11; y2 := y2 + 1;

else y1 := y1 − 10; y2 := y2 − 1; fi

{ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}Z0�d$J{kr
{ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101) }
S1

{ ¬(y1 ≤ 100 ∨ y2 6= 1) ∧ y1 ≤ 111 ∧ y2 ≥ 1 ∧ (y1 ≥ 101 ∧ y2 = 1 → y1 = 101)}d$*Ikr�
{x ≤ 100 ∧ y1 = x ∧ y2 = 1}S1{y1 = 101}\^ Hoare L�{W(G�D��℄EpdJ{����̀dx�℄E�0T,U*G2�' U{WJ{g&�znD�{ S -

while (e) do S1 od�*���- σ fg& n m 1~Cw���*G
ϕ(σ, σ′)-dw��|
�j4�p e �&;� ϕ(MI(S1)

m(σ),MI(S1)
m(σ)) &;�Q e &;�r

ϕ(MI(S1)
m−1(σ),MI(S1)

m(σ))�ϕ(MI(S1)
m−2(σ),MI(S1)

m(σ))�}� ϕ(σ,MI(S1)
m(σ)) �F&;�0T,U^g� r �� ϕ(σ, σ′) �
G σ, σ′ � r s ϕ aU5j4�

ϕ(σ, σ′) = I(r)(σ[x′1/σ
′(x1)] · · · [x′n/σ′(xn)])�s σ′(y) = σ(x)! · σ(y) ^ y′ = x! · y 5���{ p, q, r ∈WFFB, e ∈ QFF, S1 ∈ LB

2 . r
¬e ⊃ rx1,...,xn

x′

1
,...,x′

n

, {¬r ∧ e}S1{¬r}, (p ∧ r) ⊃ q
x′

1
,...,x′

n

x1,...,xn
,

{p}while (e) do S1 od{q}xkr� p, q�^ x, yxN����Q r�^ x, y, x′, y′5��J{g&(�s�������j4�
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8f{W
{x = a ∧ y = 1}
while x > 0 do y := y ∗ x;x := x− 1 od

{y = a!}{ r - y′ = x! ∗ y.d$krE{
¬x > 0 → y = x! ∗ y
{x > 0 ∧ ¬y′ = x! ∗ y}y:=y*x; x:=x-1{¬y′ = x! ∗ y}
(x = a ∧ y = 1 ∧ y′ = x! ∗ y) → y′ = a!

§1.3.5 43[J�*84(�,+���*=+�g�n��&;���u W ⊢ {p}T {q} r W |= {p}T {q} �
6Ndg8
{pt

x}x := t{p} �� ⊢ {pt
x}x := t{p} �0T�F{W

|= {pt
x}x := t{p} ��NqX I � |=I {pt

x}x := t{p} �0T�F{WNqX σ � I({pt
x}x := t{p})(σ) = true �d$GY I({pt

x}x := t{p})(σ) = true <f�<
I(pt

x)(σ) = true∧MI(x := t)(σ) ↓⇒ I(q)(MI(x := t)(σ)) = true`d
I(pt

x)(σ) = I(p)(σ[x/I(t)(σ)] = I(q)(MI(x := t)(σ))Z0
I(pt

x)(σ) = true∧MI(x := t)(σ) ↓⇒ I(q)(MI(x := t)(σ)) = trueZ0
I({pt

x}x := t{p})(σ) = trueNd�G^tkr�0T�F{W |=I {p}T1{q} f
|=I {q}T2{r} r |=I {p}T1;T2{r} �u MI(T1;T2)(σ) 1GY�r I({p}T1;T2{r})(σ) = true ��{ MI(T1;T2)(σ) aGYf MI(T1;T2)(σ) = σ′ �EO{W�"� I(p)(σ) r
I(r)(σ′) �MI(T1;T2)(σ) = σ′ r (T1;T2, σ)

∗⇒σ′ �Z03p σ′′ �?
(T1;T2, σ)

∗⇒(T2, σ
′′)

∗⇒σ′Z0
(T1, σ)

∗⇒σ′′ f (T2, σ
′′)

∗⇒σ′d$ |=I {p}T1{q} s |=I {q}T2{r} �u I(p)(σ) �r
I(q)(σ′′) �r I(r)(σ′) �Z0

I({p}T1;T2{r})(σ) = true
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Nd%�kr�0T�F{W |=I {p ∧ e}T1{q} f
|=I {p ∧ ¬e}T2{q} r |=I {p}if e then S1 else S2 fi{q} �u MI(if e then S1 else S2 fi)(σ) 1GY�r�I&;�u MI(if e then S1 else S2 fi)(σ) = σ′ �0TY?	h1�I�u I(e)(σ) &;r

MI(if e then S1 else S2 fi)(σ) = MI(S1)(σ)d$ |=I {p∧e}T1{q}�u I(p)(σ)r I(q)(MI(S1)(σ))&;�Z0
|=I {p}if e then S1 else S2 fi{q}'8�u I(¬e)(σ) &;�d$ |=I {p ∧ ¬e}T2{q} �UxX!P&;�NdJ{kr�0T�F{W |=I {p ∧ e}T1{p} r

|=I {p}while (e) do S1 od{p ∧ ¬e} �u MI(while (e) do

S1 od)(σ) 1GY�r�I&;�u MI(while (e) do S1

od(σ) = σ′ �r (while (e) do S1 od, σ)
k⇒σ′ �0T^l\S{WNqX σ � I(p)(σ) r I(p∧¬e)(σ) �u k = 1 �r

σ′ = σ�I(e)(σ) = false�Z0 I(p)(σ) ⇒ I(p∧¬e)(σ′)�u k > 1 ��{NqX σ � i < k � (while (e) do S1

od, σ)
i⇒σ′ �r I(p)(σ) ⇒ I(p ∧ ¬e)(σ′) �`d (while (e)

do S1 od, σ)
k⇒σ′ f k > 1 �r

I(e)(σ) f (while (e) do S1 od, σ)⇒(S1;while (e) do S1

od, σ)
k−1⇒ σ′ �3p σ′′ �?

(S1, σ)
k1⇒σ′′ f (while (e) do S1 od, σ′′)

k2⇒σ′d$ |=I {p∧e}T1{p} �̀ dTa I(e)(σ)�u I(p)(σ)�r I(p)(σ′′)�d$l\�{a I(p)(σ′′)r I(p∧¬e)(σ′)�Z0
|=I {p}while (e) do S1 od{p ∧ ¬e}Ux{WA4(�,+D�O$!J�QNd,
D�0T�^{W;N�,
D�
60TEO%a�ie�5^<� I �I ��5^<�ie�oY"�NqX�(G T sg� q �3pg� r �? I(r)- T s I(q) ��v0�dMK�p0h15�0T%./ I(r) �,�5��Nd
G� I f I ��5^<�ie�0T{W |=I {p}T {q} r th(I) ⊢ {p}T {q} �{W�d T ��h�0T
6{WU5���
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|=I {p}S1;S2{q} f I(r) - S2 s I(q) ��v0�dMK�r |=I {p}S1{r} f |=I {r}S2{q}
|=I {p} if (e) then T1 else T2 fi{q} �r |=I {p ∧ e}T1{q} f |=I {p ∧ ¬e}T2{q}
|=I {p}while (e) do T1 od{q} �r |=I {p}if (e) then T1;while (e) do T1 od else x := x fi{q}u |=I {p}x := t{q} rd$gYa |=I p ⊃ qt

x �Z0
th(I) ⊢ p ⊃ qt

x �d$℄�g8s*Ikr,U?+
th(I) ⊢ {p}T {q}u |=I {p}S1;S2{q} �{ I(r) - S2 s I(q) ��v0�dMK�̀ d |=I {p}S1{r}f |=I {r}S2{q}�r th(I) ⊢

{p}S1{r} f th(I) ⊢ {r}S2{q}�d$�G^tkr,U?+
th(I) ⊢ {p}S1;S2{q}u |=I {p}if (e) then T1 else T2 fi{q} �`d |=I {p ∧

e}T1{q}f |=I {p∧¬e}T2{q} �r th(I) ⊢ {p∧ e}T1{q} f
th(I) ⊢ {p ∧ ¬e}T2{q} �d$%�kr,U?+

th(I) ⊢ {p}if (e) then T1 else T2 fi{q}u |=I {p}while (e) do T1 od{q}�{ I(r) - while (e)

do T1 od s I(q) ��v0�dMK�r
|=I p ⊃ r f

|=I {r}if (e) then T1; while (e) do T1 od else x := x fi{q}r
|=I {r ∧ e}T1;while (e) do T1 od{q} f

|=I {r ∧ ¬e}x := x{q} �r
|=I {r ∧ e}T1{r} f |=I (r ∧ ¬e) ⊃ q �d$J{krs*Ikr,U?+ th(I) ⊢ {p}T {q}�Ux�	h1{WA4(�;N,
D�

§1.3.6 5^! Hoare ;-
HoareK��^{W(G��Yzn��^{W(G���Ds,lzn�-A{W(G���Ds,lzn�a�ON Hoare K��C4u�{ B �Qb./K������4u� Hoare g��GYs5�

H ::= [p]T [q]a� p, q ∈WFFB �g��T ∈ LB
2 ��hz(G�:sU5�Qb4u� Hoare g��

[x > 0]y := 1; while(x > 0)doy := y∗x;x := x−1od[y = x!]
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{ I ���� B ����4u� Hoare g��gYWp��� I ��Rb4u� Hoare g� [p]T [q] ℄z>Qb Σ → BOOL �p�� I([p]T [q]) : Σ → BOOL GYs5�
I({p}T {q})(σ) = true<f�<

I(p)(σ) = true⇒ MI(T )(σ) ↓ ∧I(q)(MI(T )(σ)) = true.�hz(G��Z��j'dJ{g&�-A�{J{g&����0T[t WFS �t�\^�
60T�F�{^i^g�GYEO� WFS �t�xN�N B s
I = (D, I0) aU5Oi

• B �oQbRi./[r��� ≤ �
• D �oQb�� W f (W, I0(≤)) -Q WFS �
• 3p w ∈ WFFB f w �o�PdQb����-
x �M� W = {σ(x) | σ ∈ Σ, I(w)(σ) = true} ⊆ D �xNJ{kr,U�-

(p ∧ e) ⊃ w[x/t], [p ∧ e ∧ t = y]S1[p ∧ t < y]

[p]while (e) do S1 od[p ∧ ¬e]Nd℄���G^ts%�g&�kr�,Uv HoareL���kr� {p}T {q}#}& [p]T [q] �,�8f
Example 1.14 F� PA ⊢ [x = c]T1[y1 =

√
c] �E{W

[x = c ∧ (y1)
2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1]

S4

¬(y3 ≤ x) ∧ x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1j w = true � t = x+ 1 − y3E{W

[x = c ∧ (y1)
2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ (y3 ≤ x) ∧ x+ 1 − y3 = a]

y1 := y1 + 1; y2 := y2 + 2; y3 := y2 + y3

x = c ∧ y2
1 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ x+ 1 − y3 < aE{W

x = c ∧ (y1)
2 ≤ x ∧ y3 = (y1 + 1)2 ∧ y2 = 2 ∗ y1 + 1 ∧ (y3 ≤ x) ∧ x+ 1 − y3 = a

→
x = c ∧ (y1 + 1)2 ≤ x ∧ y3 + (y2 + 2) = (y1 + 1 + 1)2 ∧ y2 = 2 ∗ (y1 + 1) + 1∧
x+ 1 − (y3 + (y2 + 1)) < a
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§1.3.7 &1(GM{�uT���h�EOf%�
��U XYZ/VERI-II -:�� XYZ/SE a��J{(G�dMK�wMKU�J{����-�t�0T,U?>J{(Gzn�%��p0�-x,U�>Æz�ae�Y�M{f�,`pf,&��
ÆS�G8{Wf%?�M{�8f7adMK�wMKsJ{���� XYZ/SE a��(G�
{x=c}
%PROC wl(%INP/x:INT;%IOP/y1:INT)==

%LOC [y2,y3:INT]

%STM [

LB=START => $Oy1=0 ∧ $Oy2=1 ∧ $Oy3=1 ∧ $OLB=l2;

*[

LB=l2 ∧ (le(y3,x)) => ($OLB=l3 | $OLB=END)

LB=l3 => $Oy1=+(y1,1) ∧ $Oy2 = +(y2,2) ∧ $OLB=l4;

LB=l4 => $Oy3=+(y2,y3) ∧ $OLB=l2;

{x = c ∧ le(∗(y1, y1), x)∧ y3 = ∗(+(y1, 1),+(y1, 1))∧ y2 = +(∗(2, y1), 1)}
]

]

{le(∗(y1, y1), c)∧ lt(c, ∗(+(y1, 1),+(y1, 1)))}-lJX��0T le, lt,+, ∗ A��-0T
3��S�`xb(G�0T,U^ XYZ/VERI-II �jU5M{%�
y3 ≤ x ∧ x = c ∧ y1 ∗ y1 ≤ x ∧ y3 = (y1 + 1) ∗ (y1 + 1) ∧ y2 = 2 ∗ y1 + 1

→
x = c ∧ (y1 + 1) ∗ (y1 + 1) ≤ x

∧(y2 + 2) + y3 = ((y1 + 1) + 1) ∗ ((y1 + 1) + 1)

∧y2 + 2 = 2 ∗ (y1 + 1) + 1

¬y3 ≤ x ∧ x = c ∧ y1 ∗ y1 ≤ x ∧ y3 = (y1 + 1) ∗ (y1 + 1) ∧ y2 = 2 ∗ y1 + 1

→
y1 ∗ y1 ≤ c ∧ c < (y1 + 1) ∗ (y1 + 1)

x = c

→ x = c ∧ 0 ∗ 0 ≤ x ∧ 1 = (0 + 1) ∗ (0 + 1) ∧ 1 = 2 ∗ 0 + 1&n�HzÆ?>U5%��
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(y1 + 1) ∗ (y1 + 1) ≤ c, y1 ∗ y1 ≤ c→ 2 + (1 + y1 ∗ 2) = 1 + 2 ∗ (y1 + 1)

y1 ∗ y1 ≤ c→ c < (y1 + 1) ∗ (y1 + 1), (y1 + 1) ∗ (y1 + 1) ≤ c

T → 1 = 1 + 2 ∗ 0

(y1 + 1) ∗ (y1 + 1) ≤ c, y1 ∗ y1 ≤ c

→ (2 + (1 + y1 ∗ 2)) + (y1 + 1) ∗ (y1 + 1) = (1 + (y1 + 1)) ∗ (1 + (y1 + 1))

T → 0 ∗ 0 ≤ c

T → 1 = (1 + 0) ∗ (1 + 0)LE{
B = ({i, j, k, l, x, y, a, b}, {0, 1, 2, 3, ...,+,−, ∗}, {<,=, >})
GU5 LB

1 ��(G T �
i:=1; j:=0; k:=0; l:=1;

while ¬(x = y) do

if x > y then

x:=x-y; i:=i-k; j:=j-1;

else

y:=y-x; k:=k-i; l:=l-j;

fi

od
G I - B py�x�z$���{WU5X!&;�
(1) ⊢I {x = a ∧ y = b ∧ a ≥ 0 ∧ b ≥ 0} T {x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b} �
(2) ⊢I [x = a ∧ y = b ∧ a > 0 ∧ b > 0] T [x = gcd(a, b) ∧ x = i ∗ a+ j ∗ b]�2KN
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