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学位论文中文摘要：
约束求解是计算机科学中的基础问题，它与大量的理论发现和实际应用密切相关。如何为不同形式的约束求解问题提出高效的计算方法，一直以来也受到相关领域研究者的高度关注。传统的约束求解算法一般基于枚举搜索和演绎推理等人工智能中的符号方法，经过数十年的发展，已经可以处理很大规模的问题实例，并带动了数学定理证明、电子设计自动化和程序分析测试等领域的大量进展。此外，随着深度学习技术的快速发展，基于图神经网络的神经方法也被认为有潜力改进符号方法的一些固有缺陷。本文旨在推动有关约束求解的符号与神经方法的研究，在拓展已知算法的效率和应用价值的同时，探索具有广阔前景的新技术。本文的研究内容主要包括以下三个方面：
 (1) 在组合数学领域，带洞拉丁方 (HLS) 是一种特殊的组合设计，由于其有助于构建组合设计理论中的许多高级的重要结构，因此对相关领域数学家具有重要的研究意义。本文提出了一种基于自动推理技术的方法，对于满足七种恒等性质之一的各种 HLS 的存在性问题进行研究。首先，将 HLS 的存在性问题表述为命题逻辑公式，并使用布尔可满足性问题 (SAT) 求解器对其存在性进行证明。然而，由于这些实例的计算难度过高，许多 HLS 的存在性都无法在一周时间内被现有的 SAT 求解器判定。因此，本文进一步提出了一种静态打破对称方法，称为部分有序的 HLS (POHLS)，在保证不改变存在性结果的前提下，缩减了问题的搜索空间。通过大量实验评估，本文达成了以下四个目标：首先，对于数学家感兴趣的多种存在性长期未知的 HLS 实例，本文首次确定了它们是否存在；其次，验证了不同的编码技术对 HLS 问题的影响；第三，展示了 SAT 求解器相比其它基于一阶逻辑的求解器的优势；第四，展示了所提出的 POHLS 打破对称可以有效提升求解效率，并发现了它与自动打破对称技术之间的互补性。该研究的技术贡献和产出结果可以作为组合设计领域诸多后续工作的基础。


(2) 对于约束求解问题，传统的符号方法计算复杂度高，且专家策略难以有效迁移到不同背景和分布的问题实例上。图神经网络 (GNN) 在过去几年时间里已经展现出其在许多复杂任务上的强大能力，也被认为是一种有潜力联结机器学习和符号推理两类人工智能方法的关键技术。已有研究表明，一些 NP 难的约束求解问题可以被 GNN 模型进行很好的学习，但这些问题形式中并不涉及数值信息，这影响了此类模型的应用范围。本文提出了一种基于 GNN 的分类模型，可以用于学习伪布尔问题的可满足性。在将问题规范化并转换为二分图表示之后，该模型通过执行一个两阶段的消息传递过程，输出其预测结果。在 0-1 背包和加权独立集这两种有代表性的伪布尔问题上的实验表明，该模型能够有效地学习到与问题分布和可满足性相关的特征，并取得了很高的准确率，优于其它的神经方法。此外，该模型在一定程度上实现了对更大规模问题的泛化。该研究表明，GNN 在学习求解带有数值型系数的约束满足问题方面具有很大的潜力。


(3) 尽管有许多最新的研究尝试应用 GNN 来预测诸如 SAT 问题等 NP 难问题的可满足性，但它们与真实的约束求解任务还有一定差距，一个重要问题就是无法提供相应的解（即变量赋值）来支持其预测。本文从理论和实践两个角度对 GNN 学习约束求解的能力进行了深入探究。具体而言，本文针对 SAT 问题的优化变体——最大可满足性问题 (MaxSAT) 构建了旨在端到端对问题的解给出预测的 GNN 模型。理论方面，本文首次证明了基于两种图表示的 GNN 模型的等价性；此外，受到算法对齐理论的启发，本文首次提出单层 GNN 模型可保证以 1/2 的近似比求解 MaxSAT 问题。实验评估表明，与最先进的求解器相比，所提出的 GNN 模型在求解困难的 MaxSAT 实例时仍取得了非常有竞争力的结果，这也是神经方法首次在一般的 MaxSAT 问题上表现出优于符号方法的性能。最后，为了全面了解该模型的相关特性，本文还报告了关于 GNN 层数变化对于性能的影响，以及在其它问题分布上的泛化性。
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学位论文英文摘要：
Constraint solving is a fundamental problem in computer science that is closely related to a large number of theoretical discoveries and practical applications. Developing efficient computational methods for different types of constraint solving problems has long been a major focus of researchers in this field. Traditional constraint solving algorithms generally rely on symbolic methods from artificial intelligence such as enumerative search and deductive reasoning. After decades of development, these algorithms can now handle large-scale problem instances and have driven significant progress in fields such as mathematical theorem proving, electronic design automation, and program analysis and testing. In addition, with the rapid development of deep learning techniques, neural methods based on graph neural networks are also considered to have the potential to improve some inherent weaknesses of symbolic methods. This thesis aims to promote research on both symbolic and neural methods for constraint solving, exploring new technologies with broad prospects while expanding the efficiency and application of known algorithms. The research in this thesis mainly includes three aspects:
(1) In combinatorial mathematics, Holey Latin Square (HLS) is a special combinatorial design that is of great significance to mathematicians in related fields, as it helps to construct many advanced and important structures in combinatorial design theory. We propose a method based on automated reasoning techniques to investigate the existence problem of various HLS instances that satisfy one of seven identity properties. First, the existence problem of HLS is formulated as propositional logic formulas, and a Boolean Satisfiability (SAT) solver is used to prove their existence. However, due to the high computational difficulty of these instances, the existence of many HLSs cannot be determined by existing SAT solvers within one week. Therefore, we further propose a static symmetry breaking method called Partially Ordered HLS (POHLS), which reduces the search space of the problem without changing the existence result. Through extensive experimental evaluations, we achieve the following four goals: first, we prove the existence of many long-standing unknown HLS instances that are of interest to mathematicians for the first time; second, we determine the impact of different encoding techniques on the HLS problem; third, we demonstrate the advantages of SAT solvers over other first-order logic-based solvers; fourth, we show that the proposed POHLS symmetry breaking can effectively improve the efficiency of solving and find its complementarity with automatic symmetry breaking techniques. The technical contributions and results of this research can serve as the basis for many future works in combinatorial design.


(2) For constraint solving problems, traditional symbolic methods exhibit high computational complexity, and expert strategies are difficult to effectively transfer to problem instances with different backgrounds and distributions. In recent years, Graph Neural Networks (GNNs) have shown strong capabilities in many complex tasks and are considered a key technique with the potential to bridge the two categories of artificial intelligence methods: machine learning and symbolic reasoning. Previous studies have shown that some NP-hard constraint satisfaction problems can be effectively learned through GNN models. However, their forms do not involve numerical information, which affects the applicability of such models. We propose a GNN-based classification model that can be used to learn the satisfiability of pseudo-Boolean problems. After normalizing the problem and converting it into a bipartite graph representation, the model outputs its prediction by performing a two-stage message passing process. Experiments on two representative pseudo-Boolean problems, 0-1 knapsack and weighted independent set, demonstrate that the model can effectively learn features related to problem distribution and satisfiability, and achieve high accuracy, outperforming other neural methods. In addition, the model achieves some degree of generalization to larger problems. It suggests that GNNs have great potential in learning to solve constraint satisfaction problems with numerical coefficients.


(3) Despite many recent studies attempting to apply GNNs to predict the satisfiability of NP-hard problems such as SAT, there is still a gap between these models and real constraint solving tasks, as an important issue is the inability to provide corresponding solutions (i.e., variable assignments) to support their prediction. We investigate the ability of GNNs to learn constraint solving from both theoretical and practical perspectives. Specifically, we build a GNN model that aims to predict solutions end-to-end for an optimization variant of SAT, known as the Maximum Satisfiability (MaxSAT) problem. From the theoretical perspective, we first prove the equivalence of GNN models based on two kinds of graph representations. Inspired by the algorithmic alignment theory, we also propose that a single-layer GNN model can guarantee a 1/2 approximation ratio for solving the MaxSAT problem. Experimental evaluations demonstrate that the proposed GNN model achieves highly competitive results when solving difficult MaxSAT instances compared to state-of-the-art solvers, marking the first time that neural methods have outperformed symbolic methods on general MaxSAT problems. Finally, to fully understand the characteristics of this model, we report on the impact of varying the number of GNN layers on performance, as well as its generalization capabilities to other problem distributions.
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