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学位论文中文摘要：

泊松方程是一种十分常用的偏微分方程(Partial Differential Equation, PDE)。许多学科的问题都可以用泊松方程来表示，泊松方程在物理学与计算机科学中尤为重要。其中，图像处理与计算机图形学的许多应用都需要求解非矩形域上的大规模泊松方程。然而，求解大规模泊松方程会消耗大量计算资源。因此，泊松方程的求解速度对应用的性能有很大影响。

尽管泊松方程的求解方法众多，但高效求解大规模泊松方程仍具有挑战性。在泊松方程的众多求解方法中，有限差分方法与有限元法是离散泊松方程的两种主要方法，都可以精确求解大规模泊松方程。然而，在适用于有限差分方法与有限元法的方法中，即使是其中最快的一类求解方法——多重网格方法，也存在多重网格构建复杂、收敛较慢等问题。深度学习方法虽然可以快速求解泊松方程，但精度往往不如有限差分方法与有限元方法高，且可求解的泊松方程会受到训练数据与网络学习能力的限制。而传统快速傅里叶变换(Fast Fourier Transform, FFT)方法虽然能高效求解泊松方程，但局限于矩形求解域上。因此，如何高效求解非矩形域上的大规模泊松方程仍然有很高的探索价值。

为了高效求解非矩形域上的大规模泊松方程——即在保证精度符合泊松方程应用需求的前提下提高泊松方程的求解速度，本文提出了一种高效的基于FFT的非矩形域上泊松方程求解器。

本文方法遵循如下思想：利用树结构与传统FFT方法加快非矩形域上泊松方程的求解速度。首先对泊松方程的求解域构建四叉树或八叉树数据结构，利用主流的多重网格方法快速求解树结点上的泊松方程以便得到边界近似值；然后通过边界条件在包含求解域的矩形域上构造出等价的新方程，从而利用传统FFT方法快速准确地求解矩形域上的等价方程，进而加快非矩形域上泊松方程的求解速度。

基于上述思想，本文主要贡献可以总结为以下三点：

(1) 本文针对Dirichlet边界条件与Neumann边界条件的不同特点，分别设计了求解流程不同的基于FFT的非矩形域上泊松方程求解器，用以快速求解非矩形域上的大规模泊松方程。

(2) 本文还推导出基于FFT的高效求解非矩形域上线性偏微分方程(Linear Partial Differential Equation, LPDE)的理论框架，为所有包含Dirichlet边界条件与Neumann边界条件的LPDE的求解速度提升提供了一种新的可行思路。

(3) 本文在图像处理与三维流体仿真应用上分别验证了本文所提出的基于FFT的非矩形域上泊松方程高效求解器在非矩形域上二维与三维大规模泊松方程上的性能。

实验结果表明，本文提出的基于FFT的非矩形域上泊松方程求解器具有如下优势：

(1) 与以平滑聚合代数多重网格(Algebraic MultiGrid, AMG)作为预处理共轭梯度(Preconditioned Conjugate Gradient, PCG)方法的预处理器的方法(Preconditioned Conjugate Gradient Method with Smoothed Aggregation Algebraic MultiGrid Method as Preconditioning, AMG+CG)相比，本文所提出的泊松方程求解器可以在图像处理所能接受的精度下提升非矩形域上大规模二维泊松方程的求解速度。

(2) 与以几何多重网格(Geometric MultiGrid, GMG)作为PCG方法的预处理器的方法(Preconditioned Conjugate Gradient Method with Geometric MultiGrid Method as Preconditioning, GMG+CG)相比，本文所提出的泊松方程求解器可以在三维流体仿真所能接受的精度下提升非矩形域上大规模三维泊松方程的求解速度。

(3) 与AMG+CG方法相比，本文提出的泊松方程求解器在求解非矩形域上大规模二维泊松方程时可以节省大量内存资源。

因此，与现有方法相比，本文提出的基于FFT的非矩形域上泊松方程求解器可以更高效地求解非矩形域上的大规模泊松方程，为泊松方程相关应用的性能提升做出了贡献。
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学位论文英文摘要：

Poisson's equation is a very popular partial differential equation (Partial Differential Equation, PDE). Problems in many subjects can be represented by Poisson's equation, which is particularly important in physics and computer science. Especially, in image processing and computer graphics, many applications require solving large-scale Poisson's equations in non-rectangular domain. However, solving large-scale Poisson's equations consumes a lot of computing resources. So the solving speed of Poisson's equation has a great impact on application performance.

Although there are many methods for solving Poisson's equation, efficiently solving large-scale Poisson's equation remains a challenge. Among numerous methods of solving Poisson's equation, finite difference method and finite element method are two main methods of discretizing Poisson's equation, which can solve large-scale Poisson's equation accurately. Yet among the methods suitable for finite difference method and finite element method, even the fastest one, multigrid method, has the problem of complex construction of multigrid structure and slow convergence. Though deep learning method can quickly solve Poisson's equation, the solving accuracy is always not as high as that of finite difference method and finite element method. And the Poisson's equations that can be solved by deep learning method are limited by training data and network learning ability. While the traditional fast Fourier transform (Fast Fourier Transform, FFT) method can solve Poisson's equation efficiently, it is limited to rectangular solution domain. Therefore, how to solve large-scale Poisson's equation in non-rectangular domain efficiently still has very high exploration value.

In order to efficiently solve large-scale Poisson's equation in non-rectangular domain, that is, to improve the solving speed of Poisson's equation under the premise of ensuring that the accuracy meets the requirements of the applications about Poisson's equation, we propose an efficient FFT-based Poisson solver in non-rectangular domain.

The proposed method follows the idea that using tree structure and the traditional FFT method to speed up the solution of Poisson's equation in non-rectangular domain. First, it creates a quadtree or octree structure for the solution domain of Poisson's equation, and uses the mainstream multigrid method to quickly solve the Poisson's equation on tree nodes to get the boundary approximation. Then it constructs an equivalent new equation in a rectangular domain containing the solution domain by boundary conditions, so that it can quickly and accurately solve the equivalent equation in rectangular domain by the traditional FFT method. So it further improves the solving speed of the Poisson's equation in non-rectangular domain.

Based on the above idea, the main contributions of this paper can be summarized as the following three points:

(1) According to the different characteristics of Dirichlet boundary conditions and Neumann boundary conditions, we design different FFT-based Poisson solvers in non-rectangular domain with different solving processes to quickly solve large-scale Poisson's equations in non-rectangular domain.

(2) We also deduces the theoretical framework of efficiently solving linear partial differential equation (Linear Partial Differential Equation, LPDE) in non-rectangular domain based on FFT. It provides a new feasible way to improve the solving speed of all LPDEs including Dirichlet boundary conditions and Neumann boundary conditions.

(3) In this paper, the performances of the proposed FFT-based efficient Poisson solver in non-rectangular domain on the large scale two-dimensional (Two-Dimensional, 2D) and three-dimensional (Three-Dimensional, 3D) Poisson's equations in non-rectangular domain are verified respectively in image processing and 3D fluid simulation applications. 

Experiments show that the proposed FFT-based Poisson solver in non-rectangular domain has the following advantages:

(1) Compared with the preconditioned conjugate gradient (Preconditioned Conjugate Gradient PCG) method with smoothed aggregation algebraic multigrid (Algebraic MultiGrid, AMG) method as preconditioning (Preconditioned Conjugate Gradient Method with Smoothed Aggregation Algebraic MultiGrid Method as Preconditioning, AMG+CG), the proposed Poisson solver can improve the solving speed of large-scale 2D Poisson's equation in non-rectangular domain with acceptable accuracy in image processing. 

(2) Compared with the PCG method with geometric multigrid (Geometric MultiGrid, GMG) method as preconditioning (Preconditioned Conjugate Gradient Method with Geometric MultiGrid Method as Preconditioning, GMG+CG), the proposed Poisson solver can improve the solving speed of large-scale 3D Poisson's equation in non-rectangular domain with acceptable accuracy in 3D fluid simulation. 

(3) Compared with AMG+CG method, the Poisson solver proposed in this paper can save a lot of memory resources when solving large-scale 2D Poisson equations in non-rectangular domain. 

In conclusion, compared with the existing methods, the FFT-based Poisson solver proposed in this paper can solve large-scale Poisson's equations in non-rectangular domain more efficiently, which makes a contribution to the performance improvement of applications related to Poisson's equation.
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