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@ Quantum programs are difficult to test or model-check on
classical computers. On the best (classical) computers today:

e Simulation is limited to 50-60 qubits.
o Model-checking algorithms are limited to 25-30 qubits.

Deductive verification can help: no need for simulation or
traversing the state space.
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Quantum variables and states

@ The state of each qubit is a vector in the 2-dimensional
complex vector space, spanned by

|0) and |1)

@ The state space of two qubits is the tensor product of the two
vector spaces, spanned by

00),[01), |10}, and |11)

@ The state space for n qubits has dimension 2.

@ A mixed state on n qubits is given by a density matrix with
dimension 2" x 2",
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Assignment

)

Multiplying the state by a unitary matrix U
(satisfying UTU = 1).

Unitary transformations may act on one or more variables:

Vi

) vj U

U acts on V;

Uactson V;®V,
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)

Measurement using hermitian matrices My, ..., M,
satisfying » M M; = Iy.

1

Measurement returns a result between 1 and n, and can
modify the state!
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Assertions

@ Assertions and entailments are described using
positive (semi-definite) matrices (vIAv > 0 for any v).

@ The Lowner (partial) order on positive matrices is defined as:
A< B<= B — Ais positive.

@ An assertion is a positive matrix P satisfying P <; Iy.

e Evalution of P on density state p is given by tr(Pp).
(intuition: probability that p satisfies P).

@ Assertion P entails assertion Q if P <; Q.
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Quantum Hoare logic (TOPLAS, 2011)

Syntax:

S :=skip | g = U[q] | S1; S2 | measure M[q] : S
| while M[g] =1do S

Semantics (mapping of density matrices):

[skip](p) = p.

[3 = Ulgll(p) = UpU'.

[51: S20(p) = [S20([511(p))-

[measure M[q] : S](p) = 3, [Sm](MmpM}).

[while M[g] = 1 do S](p) = 320 & o (IS] © €1)*(p),
where &i(p) = M,-,OM;r for i =0,1.



Quantum Hoare logic: semantic correctness

The correctness formula {P}S{Q} is true in the sense of partial
correctness, written

Fp {P}S{Q}

if we have

tr(Pp) < tr(QIS1(p)) + [tr(p) — tr([S1(0))]

for all density operator p in the state space of S.



Quantum Hoare logic: reasoning rules

(Skip) {P} skip {P}
(uT) {UtPU} g := Uq {P}
{P} S {Q} {Q} S {R}
(Seq) {P} 51:% {R}
(Mea) {Pm} Sm {Q} for all m

{Z Mpm'PmM,,} measure M[G] : S {Q}
{Q} S {M}PMy+ M QM;}
{MIPMy + M] QM } while M[g] =1 do S {P}

own P sle) e

(Loop)




Isabelle/HOL

@ Proof assistant based on higher-order logic.

@ Extensive library for analysis and linear algebra, including
some material on complex matrices.
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Formalization of Quantum Hoare logic

Our work:

Continued development of Isabelle/HOL's library in linear
algebra, adding properties of positivity, hermitian and unitary
matrices.

Results about limits of matrices.

Formally verified soundness and completeness of the
deduction system (for partial correctness).

Library for working with tensor products of vectors and
matrices (for reasoning about operations on a subset of
variables).
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datatype com =

SKIP

Utrans "complex mat"

Seq com com ("_;;/ _" [60, 61] 60)
Measure nat "nat = complex mat" "com list"
While "nat = complex mat" com



Semantics

fun denote :: "com = state = state" where
"denote SKIP p = p"
| "denote (Utrans U) p = U * p * adjoint U"
| "denote (Seq S1 S2) o = denote S2 (denote S1 p)"
| "denote (Measure n M S) p =
denote_measure n M (map denote S) o"
| "denote (While M S) o =
denote_while (M 0) (M 1) (denote S) p"



Reasoning rules

inductive hoare_partial :: "complex mat = com = complex mat = bool"

(" ({(10)3/ ()7 {(1.)})" 508) where

"is_quantum_predicate P — F, {P} SKIP {P}"

"is_quantum_predicate P = I, {adjoint U * P * U} Utrans U {P}"
"is_quantum_predicate P —> is_quantum_predicate Q = is_quantum_predicate R —>
Fp {P} S1 {Q} — +; {Q} S2 {R} —

F, {P} Seq S1 S2 {R}"

"(Ak. k < n = is_quantum_predicate (P k)) = is_quantum_predicate Q —

(Ak. k <n = F, {P k} S !k {0}) =

o {matrix_sum d (Ak. adjoint (M k) * P k * M k) n} Measure n M S {Q}"
"is_quantum_predicate P = is_quantum_predicate Q@ =—-

Fp {Q} S {adjoint (M 0) * P * M 0 + adjoint (M 1) * Q * M 1} —

Fp {adjoint (M @) * P * M 0 + adjoint (M 1) * Q * M 1} While M S {P}"
"is_quantum_predicate P = is_quantum_predicate Q = is_quantum_predicate P' —-
is_quantum_predicate Q' — P < P' = +, {P'} S {Q'} = Q' <. Q = F, {P} S {Q}"



Soundness and completeness

theorem hoare_partial_sound:
"o {P} S {Q} = well_com S =

=p {P} S {Q}"

theorem hoare_partial_complete:
"=, {P} S {Q} = well_com S =
is_quantum_predicate P —
1s_quantum_predicate Q —

~p» {P} S {Q}"
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Application: Grover's algorithm

@ Given a set of N elements, M of which satisfy f(x) =1 for
some boolean function f (think M < N). Find one such
element.

@ f is given by an oracle.
o Classically, takes N/M calls to the oracle on average.

e Grover's algorithm finds a solution in O(y/N/M) calls to the
oracle.
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Grover's algorithm: intuition

@ |s’) contains bad elements,
UU,|s) |w) contains good elements.
: e Start from |[s), a linear
combination of |s') and |w),
closer to |s').

@ Each iteration rotates the
state towards |w).

@ The number of rotations is

/9/2 O(y/N/M).

!By Danskil4 - Own work, CC BY-SA 3.0, Wikipedia Commons



Grover's algorithm: the verification

qoq1 - - - Gn—1 := H*"[qoq1 - . . gn-1];

while M[g,] =1 do
qoq1 - - - Gn—1 = Ur[qoq1 . . . gn—1];
qoqs - - - Gn—1 = H®"[qoq1 - . . Gn—1];
qoq1 - - - Gn-1 := Phlqoq1 ... gn-1];
qoq1 - - - Gn—1 := H®"[qoq1 . .. gn—1];
qn := Inc[qn];

measure N[qoq: - .. qn_1] : skip
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4091 - - - qn-1:= H®"[qoq1 - . . qn_1]; Initialization
while M[g,] =1 do Compare counter
qoq1 - - - Gn—1 := Ur[qoq1 - - . gn-1]; Oracle call

9091 - - - g1 := H*"[qoq1 . . . gn_1];
qoq1 - - - Gn—1 := Ph[qoq1 - . . gn-1];
qoq1 - - - Gn—1 = H®"[qoq1 . .. gn—1];
= Inc[qn); Increment counter

measure N[qoq: ... gn—1] : skip Project to basis
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{10)(0] ©10)q, (0] }

4091 - - - qn-1:= H®"[qoq1 - . . qn_1]; Initialization
while M[g,] =1 do Compare counter
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Grover's algorithm: the verification

{10)(0] ©10)q, (0] }

9091 - - - qn-1 := H®"[qoq1 - - . qn_1]; Initialization
while M[g,] =1 do Compare counter

{ X0 [Vi)q (bl @ [K)q, (k| }

qoq1 - - - Gn-1 = Ur[qoq1 - - . qn-1]; Oracle call

qoq1 - - - Gn—1 = H®"[qoq1 - . . gn—1];

qoq1 - - - Gn-1 := Ph[goq1 ... gn-1];

qoq1 - - - Gn—1 = H*"[qoq1 - . . gn—1];

an = Inc[qn); Increment counter

measure N[qoq; ... gn—1] : skip Project to basis

{ 2ro=1 X)aix[ @ g, }



Grover's algorithm: end of proof

theorem grover_partial_correct:
"
{tensor_P pre (proj_k 0)}
Grover
{tensor_P post (1, K)}"
using grover_partial_deduct well_com_Grover qp_pre qp_post
hoare_partial_sound by auto



Statistics

Description

Files

Lines of proof

Preliminaries
Semantics
Hoare logic
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Grover's algorithm

Complex_Matrix, . ..

Quantum_Program
Quantum_Hoare
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Grover

4193
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1664
3184

Total

11568



Lessons learned

@ Deductive reasoning about quantum algorithms is more
difficult than for classical algorithms (but quite feasible).



Lessons learned

@ Deductive reasoning about quantum algorithms is more
difficult than for classical algorithms (but quite feasible).

@ Automation for working with linear algebra is very helpful.



Lessons learned

@ Deductive reasoning about quantum algorithms is more
difficult than for classical algorithms (but quite feasible).

@ Automation for working with linear algebra is very helpful.

@ Currently, can automatically prove:
tr(MMT(PPY)) = tr((PTM)(PTM)T)

)
tr(MoAMY) + tr(MiAMD) = tr((Mg Mo + M My)A)
HT(PhT(HTQH)PRYH = (HPhH)' Qx(HPhH)
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Related work

@ Robert Rand’s implementation of Qwire in Coq.
@ Models quantum algorithms using circuits.

@ Program verification proceeds directly from the semantics.
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Future work

@ Verify more complex algorithms, including Shor’s algorithm.

@ Improvements to automation, which leads to more efficient
verification in general:
e Verification condition generator.
e Automatic procedures for dealing with the verification
conditions, involving positivity of matrices and tensor products.

@ Quantum communication protocols?



