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Example : Home Heating

Attic

Main x3(t) = Temperature in the attic,

Floor X2 (t) = Temperature in the living area,
X1 (t) = Temperature in the basement,

Basement t=Time in hours.
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Example : Home Heating

x3(t) = Temperature in the attic,

x2(t) = Temperature in the living area,
X1 (t) = Temperature in the basement,
t=Time in hours.

. 1, 1
X = 5(4()7)(1)4’5()(27)(1).
X—l(x x)+1(3" x)+1(x X2) + 20
272 1 2 4 o 2 1 3 2 )
. 1 3
X3 = — (X2 — X: —(35 —x3),
3 4(2 3)+4( 3)

with the initial set X = {(x1, X2, x3)" | 1 — (x1 — 45)? — (X2 — 35)2 — (x3 — 35)% > 0}.
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Example : Home Heating

x3(t) = Temperature in the attic,

x2(t) = Temperature in the living area,
X1 (t) = Temperature in the basement,
t=Time in hours.
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272 1 2 1 o 2 1 3 2 )
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X3 = — (X2 — X: —(35 —x3),

3 4(2 3)+4( 3)

with the initial set X = {(x1, X2, x3)" | 1 — (x1 — 45)? — (X2 — 35)2 — (x3 — 35)% > 0}.
Is it possible for the temperature x5 getting over than 70° F (unsafe) ?
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Example : Home Heating

x3(t) = Temperature in the attic,

x2(t) = Temperature in the living area,
X1 (t) = Temperature in the basement,
t=Time in hours.

. 1, 1

X = 5(4()7)(1)4’5()(27)(1).

X 1(x x)+1(3" x)+1(x X2) + 20
272 1 2 1 o 2 1 3 2 )
. 1 3

X3 = — (X2 — X: —(35 —x3),

3 4(2 3)+4( 3)

with the initial set X = {(x1, X2, x3)" | 1 — (x1 — 45)? — (X2 — 35)2 — (x3 — 35)% > 0}.
Is it possible for the temperature x, getting over than 70° F (unsafe) ? UNBOUNDED.
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Background and Contributions

Outline

Background and Contributions
m Background and Preliminaries
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Background and Contributions
®0
Background and Preliminaries

Hybrid Systems

Hybrid systems exhibit combinations of discrete jumps and continuous evolution,
many of which are Safety-critical.

Automobiles

P

- Entertainment
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Background and Contributions
oe

Background and Preliminaries

Safety Verification Using Reachable Set"

-4— unsafe set

exemplary trajectory

[
initial set reachable set

X1

m System is safe, if no trajectory enters the unsafe set.

1. The figure is taken from [M. Althoff, 2010].
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Background and Contributions
[ Jole}

Reachability of LDSs

LDSs with Inputs

m Linear dymamical systems (LDSs) with inputs :
£=A+u, (1)

where £(6) e R”, Ae R™", andu: R — R".
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Background and Contributions
[ Jole}

Reachability of LDSs

LDSs with Inputs

m Linear dymamical systems (LDSs) with inputs :
E=Af+u, O
where £(6) e R", Ac R™" andu: R — R".
m Reachability problem (Unbounded) :

F(X,Y) =3xJydt:x e XAy eYAE>0ANP(x, ) =y.
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Background and Contributions
[ Jole}

Reachability of LDSs

LDSs with Inputs

m Linear dymamical systems (LDSs) with inputs :
£=A+u, (1)
where £(6) e R”, Ae R™", andu: R — R".
m Reachability problem (Unbounded) :
FX,Y):=3xTyt:x e XAy e YAE> 0AD(x, ) =y.
with initial set :

X={xeR"|p1(x)>0,--- , Py, (x) > 0},

and unsafe set :

Y={y eR"|[ps41(y) >0,---,ps(y) > 0}.
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Background and Contributions
[e1 Yo}

Reachability of LDSs

Decidability Results of the Reachability of LDSs

In [LPY 2001], Lafferriere et al. proved the decidability of the reachability problems
of the following three families of LDSs :

Ais nilpotent, i.e. A" = 0, and each component of u is a polynomial;

Ais diagonalizable with rational eigenvalues, and each component of u is of the
form 37, cie?it, where \s are rationals and ¢;s are subject to semi-algebraic
constraints;

Ais diagonalizable with purely imaginary eigenvalues, and each component of u
of the form 3>, ¢;sin(\;t) + djcos(A;t), where \js are rationals and ¢;s and djs
are subject to semi-algebraic constraints.
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Background and Contributions
ooe

Reachability of LDSs

Main Contributions

m Generalization of case 2 and case 3:

Ahas real eigenvalues, and each component of u is of the form > | ceMit, where A\js
are reals and ¢;s are subject to semi-algebraic constraints; [Gan et al. 15]

Ahas purely imaginary eigenvalues, and each component of u of the form
S°T L cisin(Ajb) + dicos(A;t), where \js are reals and ¢;s and djs are subject to
semi-algebraic constraints.

m Abstraction of general dynamical systems where A may have complex
eigenvalues, by reducing the problem to the reachability in the case 2.
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LDSs with Purely Imaginary Eigenvalues

Outline

For Linear Systems with Purely Imaginary Eigenvalues
m Preliminaries
m Decidability of the Reachability
m An Illustrating Example

Aalborg, June 2016 10/28

Decidability of the Reachability for LDSs

Mingshuai Chen Institute of Software, CAS



LDSs with Purely Imaginary Eigenvalues
°

Preliminaries

Tarski Algebra and Quantifier Elimination

m Tarski Algebra (7(RR))= real numbers with arithmetic and ordering.

0:=VxAay: X +xy+b>0Ax+ay +b<0
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LDSs with Purely Imaginary Eigenvalues
°

Preliminaries

Tarski Algebra and Quantifier Elimination

m Tarski Algebra (7(RR))= real numbers with arithmetic and ordering.

0:=VxAay: X +xy+b>0Ax+ay +b<0

m Quantifier Elimination :
TR) ¢+ ¢'

<
TR) EVx3Y(E +xy+b>0Ax+a +b<0)+—a<0Ab>0

[ %’
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LDSs with Purely Imaginary Eigenvalues

[ Jele}

Decidability of the Reachability

LDSs with Trigonometric Function Inputs (LDSTyr)

Definition (TMF)

Aterm is called a trigonometric function (TMF) w.r.t. £if it can be written as

,
> qeos(ut) + disin(ut),
=1

where re N, ¢, dj, 1 € R.

Definition (LDSTMF)
An LDS is a linear dynamical system with trigonometric function input (LDStyr) if

every component of u is a TMF.
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LDSs with Purely Imaginary Eigenvalues
oceo
Decidability of the Reachability

Computing Reachable Set

Given an LDSt)\r Whose system matrix A has purely imaginary eigenvalues, the
reachability can be reformulated as :

The Reachability Problem

F(X,Y) :=3xJydt: x e XAy e YA E>0A

n K
/\,V[=

Z() cos(yikt) + Z5() sin (). (2)
i=1 k=1

where Z (x), 23, (x) € R[x] and v € R.
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LDSs with Purely Imaginary Eigenvalues
ooe

Decidability of the Reachability

Decidability by Reduction to Tarski's Algebra

F(X,Y) :=3xJydt: x e XAy e YA E>0A

n K;
I\ Yi=D Z(x) cos(vikt) + Z5(x) sin(vit)
j= k=1

i=1
3
N
EIxEIyEIqu:xEX/\yEY/\/\u]?-|-vj2 = 1A
J=1
n K
/\yi: Z ( Z (x)f5(ur, v, ..., Un, V) ) ,
=1 io1 \ 2 Of (U v, uw, )

where f;, and f, are polynomials, and X, Y are open sets.

Built on the density results given by Kronecker's Theorem in number theory.

Mingshuai Chen Institute of Software, CAS Decidability of the Reachability for LDSs Aalborg, June 2016 14 /28



LDSs with Purely Imaginary Eigenvalues
®0
An Illustrating Example

An Example of the Reduction

Example

Given an LDSt\ as

ay _ (2 2\ /[(a L ((cos®
&) \-3 -2} \& sin(t) )’

with aninitial point £(0) = (X1, X2). The solution is

_ (x1 +2)a1 + V2(x1 + x2)B1 — 200 — B2
(0, %), 8 = <(X2 —2)ag — ﬁ(%Xl + X2 + 1)B1 + 2a2 + 252) ’

where a1 = cos(v/2t), B1 = sin(v/2t), aa = cos(t), B2 = sin(t).
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LDSs with Purely Imaginary Eigenvalues
oce

An Illustrating Example

An Example of the Reduction

m For X = {(x1, %) | X3 + X3 <1}, Y = {(y1,¥2) | y1 + ¥2 > 4}, the reachability is
equivalently reduced to

F = $+x%<1lnai+pi=1ra3+83=1
1
A (X1 + X2)a *ﬁ(ih +1)B1 + B2 > 4.

Ax1, X2, a1, a2, B1, B2 € Rs.t. F holds. Thus, the system is safe.
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LDSs with Purely Imaginary Eigenvalues
oce

An Illustrating Example

An Example of the Reduction

m For X = {(x1, %) | X3 + X3 <1}, Y = {(y1,¥2) | y1 + ¥2 > 4}, the reachability is
equivalently reduced to

F = X+X8<Iinad+82=1Aa2+p2=1
A (X1 + X2)aq — \@(%n +1)B1 + f2 > 4.
Ax1, X2, a1, a2, B1, B2 € Rs.t. F holds. Thus, the system is safe.
= While if Yis replaced by Y/ = {(y1,¥2) | ¥1 + y2 > 3}, then
F'oi= B4 <inai+pi=1nad+82=1

A (X1 + X2)ar — ﬂ(%xl +1)81+ B2 > 3.

Let x; =0.99,x2 = 0,1 = %,61 = 72?5/57(12 =0,8s = 1,then

(X1 + X2)a1 — V2(3x1 + 1)B1 + B2 & 3.334 > 3, indicating that the system
becomes unsafe.
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Abstraction

Outline

Abstraction of the General Cases
m Preliminaries
m Abstraction of the Reachable Sets
m Examples
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Abstraction
o
Preliminaries

Decidability of an Extension of Tarski Algebra

LDSpgr is decidable due to

F(X,Y) := 3xJy3t: xEX/\er/\t>O/\/\y, qu,,(x b)eVit
i=1

where ¢;; are polynomials.
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Abstraction
[ Jele}

Abstraction of the Reachable Sets

LDSs with Polynomial-exponential-trigonometric Function Inputs
(LDSpETF)

Definition (PETF)
Aterm is called a polynomial-exponential-trigonometric function (PETF) w.r.t. ¢if it

can be written as
Zpk t)e“kt cos(Bkt + i),

where r € N, ay, By, 7, € R, and pg(t) € R[€].

Definition (LDSpgTE)
An LDS is a linear dynamical system with polynomial-exponential-trigonometric
function input (LDSpgTr) if every component of u is a PETF.
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Abstraction
oceo
Abstraction of the Reachable Sets

Computing Reachable Set

Given an LDSpgTF With the system matrix with complex eigenvalues, the
reachability can be reformulated, due to Jordan decomposition, as :

The Reachability Problem

F(X,Y):=3xJydt: x e XAy e YA > 0A

A\ V=D g, k(x, t) cos(vt) + h,, x(x, £) sin(vt). (3)
k=1 yer

where g, ,and ., , are linear on x, and are polynomial-exponential functions w.r.t. t.
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Abstraction
ocoe
Abstraction of the Reachable Sets

Abstraction by Eliminating trigonometric functions

Theorem (Overapproximation of the Reachable Set)

F(X,Y):=3xTydt: x e XAy e YAE>0A

n
N\ V=D gy k(x, t) cos(vE) + h, x(x, &) sin(vt)
k=1 yer

I

IxIyAu, v, X EXAYEYAEZO0ANE + 2 =14
v

n
/\ Yk = Zg'y,k(xv t)u"/ + h'y,k(x? t) Vy.

k=1 ol
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Abstraction
@0000

Examples

Illustrating Examples

Example (Pond Pollution)

X1 (t) = Amount of pollutant in pond 1,
X2 (£) = Amount of pollutant in pond 2,
x3(¢t) = Amount of pollutant in pond 3,

‘ t=Time in minutes.

X1 (6) = 0.001x3(£) — 0.001x (£) + 0.01,
X2 (£) = 0.001x, (£) — 0.001x2(£),
X3(£) = 0.001x2(£) — 0.001x3(E),

with the initial set X = {(x1, x2, x3)" | (1 — 1)® + (X2 — 1)% + (x3 — 1)% < 1} and the
unsafe set Y = {(v1,¥2,¥3)" | ¥2 — ¥3 + 6 < 0}.
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Abstraction
0®000

Examples

Illustrating Examples

XNY =0.
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Abstraction

0®000
Examples

Illustrating Examples

XNY =0.

Note that the system matrix is diagonalizable with complex eigenvalues 0,
(—3 — iV/3) /2000, and (—3 + iv/3)/2000. By using the solution of this system,
the reachability thus becomes

F :=3dx13Ixedx33E: E> 0 A (X1 — 1)2 + (X2 — 1)2 + (X3 — 1)2 —1<0

3t 3t
A a+ bcos V3 + csin L <0,
2000 2000

with @ = 28e3t/2000 p — 3xy — 3x3 — 10, and c = /3 (2x; — X2 — X3 — 10).
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Abstraction
0000

Examples

Illustrating Examples

Reduction to Tarski's algebra by abstracting the second constraint as

a+bu+cv<OAP+ V2 =1.
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Abstraction
0000

Examples

Illustrating Examples

Reduction to Tarski's algebra by abstracting the second constraint as

a+bu+cv<OAP+ V2 =1.

The reduced reachability problem is then verified as safe in LinR.
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Abstraction
0000

Examples

Illustrating Examples

Reduction to Tarski's algebra by abstracting the second constraint as

a+bu+cv<OAP+ V2 =1.

The reduced reachability problem is then verified as safe in LinR.
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Abstraction
00080

Examples

Illustrating Examples

Example (PI Controller)

Consider a proportional-integral (PI) controller which is used to control a plant.

controller plant

N o C(s) o P(s) y

Mx + bx kx = K (r— Ky(r— K: —
i i S %) + Kp(r— %) + ,/(r %)
plan

controller

Safety property :
G(t>05=x>09Ax<1.1).

Proving of this case was failed in [Tiwari et al. 13].
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Abstraction
[eleYelel )

Examples

Illustrating Examples

m Letx =[x, x, X T, then x = Ax + u, where

0 1 0 0

o 0 1 0

"~ |—300 —370 —10 300
0 0 0 0

and u = [0, 0,350, 1]T. The initial value is x(0) = [0, 0,0, 0] and unsafe set is
Y={x|t>05A(x<09Vx>11)}

Figure : Overapproximation (the "broom") of the trajectory of x (the curve) starting from 0
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Conclusions
o
Conclusions

Concluding Remarks

m The decidability of the reachability problem of LDSt\r by reduction to the
decidability of Tarski's Algebra.

= A more precise abstraction that overapproximates the reachable sets of general
linear dynamical systems (LDSpgrTE).

m On-going work : extension of the results to solvable dynamical systems.

m Question : is the abstraction complete (5-decidable) for unbounded verification?
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