Equivalence of CSG and NCG
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1 The problem
1. First transform the following NCG into a CSG,

L={a"b"c"|n>1}:8 - aSBc|abc, ¢cB— Be, bB — bb.

2. Prove that each NCG can be transformed into an equivalent CSG.

2 The solution
1. Assign each rule an identifier.

R1:S—->aSBc Rs:S — abc,
R3:cB—->Bc Ry:bB—>bb

Only Rj is not of the desired form.

Step 1 Introduce new nonterminals C' for the terminal ¢ in order to remove terminals from the
left sides of production rules.

R3:¢B — Bcis replaced by Rs; : CB — BC, R3o: C — c.
R, is replaced by R} :S — aSBC, Ry is replaced by R, : S — abC.

Step 2 Rj3; : CB — BC is replaced by the following rules,

R311:CB - D1B, R312: D1B - D1D2, R313: D1 Dy - BD3, R314: BDy — BC.
Let G’ be the resulting CSG.

Intuitively, one step ¢B — Bc in G is simulated by several derivation steps of the CSG G,

e to start the simulation, C'B is replaced by DiDs using the rule CB - D1B and D1 B —
D1D27

e then DiDs is removed and BC is derived left-to-right by the rule D1 Dy - BDsy, BDy —
BC.

Note that in G’, the execution of the rules R311, R312, R313, R314 may not be consecutive. But
we have the following observation:



If there is a derivation S =* « in G’ such that Rsi1, R312, R313, R314 are used,
then there must be another derivation in which Rsi1, R312, R313, R314 are applied
consecutively.

Let’s illustrate this with an example: The derivation

! ! !
R311 R312

R R R
S — aSBC — aaSBCBC =% aaSBD;BC —> aaabC'BD{BC =% aaabCBD1D>C — ...

can be replaced by

i Ry i R311 R312
S — aSBC — aaSBCBC — aaabCBCBC — aaabCBD1BC — aaabCBD1D;C — ...

2. Suppose G = (N, X, P,S) is an NCG.

Similar to the example above, by introducing a nonterminal A, for each terminal a € 3, we
can get a NCG such that the left sides of all rules only contain nonterminals. Let G’ be the
resulting grammar.

Assign an identifier for each production rule G’, say Ry,..., Ry,.
For each rule R; of the form A;...A,, - By...B, (where 2 <m < n) SllCh‘ that for every i,
B; € N, do the following: Introduce m new (distinct) nonterminals C1,...,C?, and replace R;

by the following rules,

Al...AmﬁC{AQ...Am%Ci‘C%Ag...Am%-'-ﬁ
CiCé.‘..Cﬁn_llAm eCiCﬁ...Cfn_lcﬁn - B,C5...CY —
B1BCy...Cy, - By...By1Cy, » Br...By_1By, ... By.

Note that the nonterminals Cf,...,C% are distinct, thus the position information of the
left-side of the rule R; is encoded by these nondeterminals; in addition, for distinct 7,5, C* # C?
for any r, s, in other words, no newly introduced nonterminals can be reused for different rules.

To prove the correctness of the transformation, we should prove that
Claim. for every o, € (NUX)*, a=¢ S iff a =¢ 5.

In the following, we will prove the claim for the situation that exactly one rule in G, say
Ry:Ay... A, — By...By, is replaced by the a set of new rules (denoted as R;)

AlAmﬁclAQAmﬁclcQAgAm—)%
C1Cy...CpaAp = C1Cy ... Crpim1 Oy = B1Cs ... Cpy —
BlBQC;g...Cm%Bl...Bm_lomﬁBl...Bm_le...Bn.

The proof for the general case can be obtained easily by an induction on the number of
replaced rules in G.
We show the following: In the derivation o =>¢ [, suppose

OzlAl ce Amﬁl ded 04101142 v Amﬂl
:>G/ QQClAQ “ e AmIBQ _>G’ 0120102143 oo AmﬁQ _>G/ oo
=g 10102 ... Cp 1 A Bin-1 =6r an G102 ... Cry 1 A B
= 0 C10s ... Crc1Cra B = r ams1C1C2 ... Crpm1Cr Bt
=g mi1 8102 ... Cp i1 = am2B1Cs ... CpBinso
=G Ums2B1B2C3 ... Cry s =¢r - -
=g @om-1B1... By 1Cpfom-1 =g aomB1 ... By 1CinfBom
=g aamBy ... By 1By, ... Bpfom

such that



e Vi:l<i<m, o =¢r s and Aji1 ... AnBi =¢r A1 ... A Pis1-
o Vi:0<i<m, apiB1... B =g amyis1B1... B; and B =60 Bmvict-

The derivation can be reordered to gather the derivation steps corresponding to the rules in
R (the red color below) together as follows.

CklAlAQ e Amﬂl =G OéQAlAQ e Amﬁg
=qel OégAlAg cen Amﬁg =>aq’ Oé4A1A2 e Amﬁ4
=>q =G amAlAQ e Amﬁm
—q anCiAs ... ApBm —a anC1Cs2 ... Ay B
-G G amCl e Cmﬂm
=g amB1Cs ... Cp B »>ar amB1BaCs ... C B
=g =a OyBr... By 1Cnfm —ar amB1... By 1By ... Bypfm
=6 U1 B1 ... BBl =6 ame2Bi ... BpBinse
=qr =g Qom-1B1 ... Bpfam-1 =6 aamBi ... By fom

From the new derivation, we can continue reordering the derivation steps, and gather other
derivation steps corresponding to the rules in R; together, without separating again those
derivation steps that have been gathered together.

Therefore, finally we get a derivation such that

for each execution of the rules in R; in the derivation, all its derivation steps are
gathered together (called a R; block).

Finally we can replace the R; blocks into one derivation step using the rule A; ... A,, - Bi ... B,
and get a derivation in the original grammar G.
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