On Effective Construction of the Greatest Solution
of Language Inequality XA C BX

Olivier Ly ® Zhilin Wu >*
2LaBRI, Université Bordeaux/CNRS, 33400, Talence, France
b State Key Laboratory of Computer Science, Institute of Software, Chinese Academy of Sciences,
P.O.Box 8718, 100190, Beijing, China

Abstract

In this paper, we consider effective constructions of the greatest solution of the language inequality X A C BX. It has been proved
by Kunc in 2005 that the greatest solution of X A C BX is regular provided that B is regular, no matter what A is. However this
proof is based on Kruskal’s tree theorem, and does not provide any effective way to construct the greatest solution.

We focus on this gap in this paper. We give an effective construction of the greatest solution for the following two cases:

(i) A, B are regular and there exists k > 1 such that pref(B)A* N BS*pref(B) = (), where pref(B) is the set of prefixes of
words in B,

(ii) A, B are regular and B is a code with finite decoding delay.

Our construction takes the point of view of games. As shown by Kunc in his regularity proof, the construction of the greatest
solution can be reduced to the construction of the winning region of a two-player game. Our contribution is to show that the winning
regions of the two-player game for the two cases can be constructed effectively.

The main ingredient of the construction for the first case is a shrinking lemma for the words on which one of the players has a
winning strategy. While the construction for the second case is based on the observation that the two-player game can be reduced
to a two-player reachability game played on the transition graph of a one-counter machine.
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1. Introduction

Language equations appear as a natural generalization of word equations, and exist in computer science from the
early beginning of formal language theory. One can think about Arden’s lemma for instance, or context-free languages
which are components of the least solutions of systems of polynomial equations. Actually, many natural classes of
formal languages have gotten characterizations in terms of equations (see [17,18]).

However, even simple equations may appear to be very difficult. This is the case of the equation X L = LX where
X is unknown: The long-standing Conway’s problem asks whether the greatest solution of this equation is regular
provided that L is regular ([6], see also [9,5,7,8]).
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Many advances have been achieved in this domain in the last few years ([9,7,8]). Recently Conway’s problem has
gotten a solution: Surprisingly, it has been proved by Kunc in [13] that there exists a finite language L such that the
greatest solution of XL = LX is not recursively enumerable.

For the language inequality X A C BX, it has been proved by Kunc in [12] that the greatest solution of XA C BX
is regular provided that B is regular, whatever A is. But the situation is tight: If one imposes on X to be contained
in some given star-free language, then the greatest solution of XA C BX can become non-recursively enumerable
([11D.

Kunc’s regularity proof is obtained by showing that the greatest solution of XA C BX is upward-closed with
respect to a well-quasi-ordering, where the well-quasi-orderedness follows from Kruskal’s tree theorem ([10]). The
proof is not constructive, i.e., it does not give any effective construction of the greatest solution. We focus on the
effective construction of the greatest solution in this paper. We give such an effective construction for the following
two cases:

(i) A, B are regular and there exists k > 1 such that pref(B)A* N B<Fpref(B) = (), where pref(B) is the set of

prefixes of words in B,

(ii) A, B are regular and B is a code with finite decoding delay (cf. Section 2).

Note that the first case above subsumes the situation that A and B are both finite and max,cp [v| < min,eca |u|
considered in [14]: Let k = max, ¢ |v| + 1. It holds that pref(B)A* N B<Fpref(B) = 0.

As in [12,14], our construction takes the point of view of games. We consider a game G(A, B) with two players:
Attacker and Defender. Configurations of the game are words. The game consists of a succession of rounds as follows:
First, Attacker chooses a word u € A and appends it to z, where x is the current configuration of the game. If xu
has no prefix in B then Attacker wins and the game stops. Otherwise, Defender chooses a prefix of zu which belongs
to B, say v, and cuts it from zu, driving the game to a new configuration x’ (i.e. zu = vz’) for the next round.
Defender wins if the game consists of infinitely many rounds. Whether a given word belongs to the greatest solution
of XA C BX is equivalent to the existence of a winning strategy for Defender over that word, and the greatest
solution of X A C BX is exactly the winning region of Defender (see [12]).

The main ingredient of the effective construction for the first case is a shrinking lemma for words on which Attacker
has a winning strategy (see Section 3.1), from which it can be deduced that the winning region for Defender is a union
of equivalence classes of a right congruence of finite index over ¥*.

Codes with finite decoding delay are particular codes which generalize prefix codes (cf. Section 2, also [1]).

The idea of using codes to simplify the discussion of language equation (or inequality) problems is not new. In
[19,7], Conway’s problem was solved positively for regular prefix codes and codes, i.e. it was shown that the greatest
solution for the language equation X L = L X is regular if L is a regular prefix code or code. On the other hand, it was
shown that the greatest solution for the language equation X A = B X is regular provided that A, B are finite biprefix
codes [4].

Under the assumption that A, B are regular and B is a code with finite decoding delay, we observe that the game
G(A, B) can be reduced to a two-player reachability game played on the transition graph of a one-counter machine.
For the situation that A, B are finite, the state space of the one-counter machine is finite and the transition relation
is finitely branching. Since such a one-counter machine is a special case of pushdown automata and it is well-known
that the winning region of a pushdown game is regular and can be constructed effectively [21,3,20], it follows that the
greatest solution of XA C BX can be constructed effectively from A, B for the situation that A, B are finite and B
is a code with finite decoding delay. Nevertheless, if A, B are infinite, then the state space of the one-counter machine
is infinite and the transition relation is infinitely branching, which goes beyond the scope of pushdown automata.

To tackle the difficulty, we first show that a congruence can be defined to make the state space finite. We thus obtain
a one-counter machine with finite state space, but still with infinitely-branching transition relation ! . We go one-step
further to illustrate how the one-counter game can be simplified so that the transition relation can be trimmed into a
finitely-branching one, without modifying the winning regions. Then the effectiveness of the greatest solution follows
from the classical results on pushdown games as mentioned before.

This paper is organized as follows. Preliminaries are given in the next section. Then in Section 3, the effective
construction for the first case is presented. Section 4 considers the second case, where the game G(A, B) is reduced

1 Reachability games played on counter machines, or vector addition systems with states, including a different kind of infinitely-branching transi-
tion relation, have been considered in [2].



step-by-step to a one-counter reachability game of finite state space and finitely-branching transition relation. Finally
in Section 5, some conclusion is given and the future work is discussed.
Throughout this paper, we assume that the languages A, B in X A C BX are regular.

2. Preliminaries

A finite alphabet X is fixed in this paper.

Let v be a prefix (respectively a suffix) of w. We denote by v~ !w (respectively wv ") the unique word v’ such that
w = vv’ (respectively w = v'v).

Suppose L, M C ¥*. Let LM denote the concatenation of L and M, L\ M = {v € ¥* |v € L,v ¢ M} and
L=X*\L.Let ML and LM ~! denote respectively the left and right quotient of L by M, i.e. ML = {v= w |
vis a prefix of w,v € M,w € L}, LM~! = {vw™! | wis asuffix of v,v € L,w € M}. Let pref (L) denote the set
of prefixes of words in L. Let L° = {¢} and L = L*~'L for any i > 0. Moreover, for any i > 0, let L=? (respectively
L=%) denote the union of the languages L7 for j : j > i (respectively for j : 0 < j < 4).

Suppose L C X* is a regular language. Let ~;, denote the Myhill-Nerode equivalence relation of L, that is, for
every x,y € X*, x ~, y iff forevery z € ¥*, zz € Liff yz € L. In addition, let [x], denote the equivalence class of
~, containing x, £(L) denote the set of equivalence classes of ~ 1, and N, denote the cardinality of £(L). For every
x,y € pref(L), we have x ~, y; and for every = € pref(L), z € pref(L), we have z «, 2. So if pref (L) # (), then
pref(L) is an equivalence class of ~,. Let L denote this equivalence class of ~..

Given A, B C ¥*, let C(A, B) denote the greatest solution of XA C BX.
Let w € ¥*. A play in the game G(A, B) starting from w is

— either an infinite sequence (u1,v1)(u2,v2) ... such that uy,us,... € A, v1,v2,... € B, and for every i > 1,
v1...v; is a prefix of wug . .. u;,
— or a finite sequence (u1,v1) ... (ug, vg)(ugt1, ?) (Where k& > 0) such that uq, ..., ug41 € A, v1,...,v; € B, for

everyi:1<i<k,vy...v;isaprefix of wuy ... u; and (vy ... ) H(wuy ... upy1) € BES.

Attacker is the winner of every play of finitely many rounds and Defender is the winner of every play of infinitely
many rounds.

Let (u1,v1)... be a play of the game G(A, B) starting from w. Then a prefix of the play (uq,v1) ... is either a
sequence (u1,v1) ... (ug, vg) or a sequence (uy,v1) ... (Uk, Vg )Uk+1-

Letw € ¥*, f be a partial function from ¥* x (A x B)* to A. Then a prefix of a play of the form (u1,v1) ... (ug, vg)
in the game G(A, B) starting from w is said to be consistent with f, if u; = f(w,e) and forevery i : 1 < i < k,
wip1 = f(w, (ug,v1)...(us,v;)). A play is said to be consistent with f if every prefix of the play of the form
(u1,v1) ... (ug,vx) is consistent with f. A strategy for Artacker in the game G(A, B) starting from w is a partial
function f from X* x (A x B)* to A such that for every prefix of a play of the form (uy,v1) ... (ug,vy) consistent
with f, f(w, (ui,v1) ... (ug,vg)) is defined. A winning strategy for Attacker in the game G(A, B) starting from w
is a strategy f such that every play consistent with f in the game G(A, B) starting from w is finite (thus winning
for Attacker). Strategies and winning strategies for Defender can be defined similarly, with the modification that f is
changed to a partial function from ¥* x ((A x B)*A) to B, and prefixes of plays of the form (u1,v1) ... (ug, Vg )Ukt1
are considered. The winning region for Attacker (respectively Defender), denoted by Win, (G(A, B)) (respectively
Wing(G(A, B))), is the set of words w € £* such that Artacker (respectively Defender) has a winning strategy in the
game G(A, B) starting from w.

It was proved in [12] that for every w € 3*, Defender has a winning strategy in the game G (A, B) starting from w
iff w € C(A, B). Combining this with Martin’s determinacy theorem ([15]), we get the following result.

Theorem 1 ([12]) The game G(A, B) is determined. More precisely, we have the following.
— Attacker has a winning strategy in the game G(A, B) starting from w iff w & C(A, B).
— Defender has a winning strategy in the game G(A, B) starting from w iff w € C(A, B).

Observation 2 Let w € X* and f be a winning strategy for Attacker in the game G(A, B) starting from w. Then
there is a number My > 1 such that every (finite) play consistent with f has length at most M.

A strong strategy for Artacker (respectively Defender) is a strategy in the game G(A, B) modified such that Artacker
(respectively Defender) can choose the concatenations of several words of A (respectively B) in the same round.
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Formally, a strong strategy for Attacker (respectively Defender) is a strategy in the game G(A™, B) (respectively
G(A, BT)) instead of G(A, B).

Proposition 3 In the game G(A, B), Attacker (respectively Defender) has a winning strong strategy iff he (respec-
tively she) has a winning strategy.

PROOF. We illustrate the proof for Attacker.
“If” direction:
The proof is trivial, since a winning strategy of Atfacker is a winning strong strategy of Attacker.
“Only if” direction:
Suppose f is a winning strategy for Attacker in the game G(A™, B) starting from w. We construct a strategy f’ for

Attacker in the game G(A, B) starting from w as follows.

— Suppose f(w,&) = uy ...u;,. Then f'(w,e) = uy.

— Suppose that in the first round of G( A, B), the choice of Defender is vy, and f(w, (uy ... Uiy, V1)) = Uiy g1 - - - U
Define f/(w, (u1,v1)) = us.

— In general, suppose that in the game G(A, B) starting from w, j rounds have been played, the choices of De-
fender are vy, ...,v;, and for every 0 < k < j, f'(w,(u1,v1)...(uk,vg)) = ug41. Our goal is to define
J'(w, (u1,v1) ... (uj,v;)). For this purpose, consider the game G(A™, B) starting from w. Suppose that in the
j rounds of G(A™, B), the choices of Defender are vy, . ..,v;, and Attacker has played by following f. Then for
every k : 0 < k < 4, f(w, (ur ... %, 01) .. (Wip_ 41 -+ Uiy, Vk)) = Ugy41--- Uiy, (ip = 0 by convention),
where uy, ..., u;,,, € A. Evidently, i;,1 > j + 1. We define f'(w, (uy,v1) ... (uj,v5)) = wjq1.

Because f is a winning strategy in the game G(A™, B) starting from w, from Observation 2, we know that there is

My > 1 such that every play in the game G(A™, B) consistent with f has length at most M. Therefore, every play

in the game G(A, B) consistent with f’ has also length at most M. We conclude that f’ is a winning strategy for

Attacker. O

9

It is easy to show the following upper bound for C(A, B).
Proposition4 C(A, B) C B*pref(B).

As a result of Proposition 4, in the rest of this paper, we will concentrate on the set of configurations belonging to
B*pref(B). We also would like to remark that the set B*pref(B) is prefix-closed.

In the rest of this paper, for the language inequality X A C BX, it is assumed that
A, B areregular, A, B # (), A, B C X+,
Note that the assumption that A, B C ¥ is justified by the following observation.

Observation 5 Ifes € B, then the greatest solution of XA C BX is X.*; on the other hand, ife € Aand e & B, then
the greatest solution is .

PROOF. If ¢ € B, then Defender has the following winning strategy in the game G(A, B) starting from any word:
Cut the current configuration by the empty word ¢ in each round, no matter what Attacker chooses. Therefore, the
winning region of Defender, that is, the greatest solution, is 2*.

On the other hand, if ¢ € A and € ¢ B, then Attacker has the following winning strategy in the game G(A, B)
starting from any word: Append the empty word ¢ in each round, no matter what Defender chooses. Because € ¢ B,
Defender has to cut at least one letter from the current configuration in each round, and the length of the configuration
(word) decreases strictly in each round. Therefore, Defender loses the game starting from any word, and the winning
region of Defender, i.e. the greatest solution, is . O

Definition 6 (Finitely lengthening) Let A, B C X% and k > 1. Then the pair of languages (A, B) is said to be k
lengthening if pref(B)A* N B<*pref(B) = 0. Intuitively, if (A, B) is k lengthening, then for every w € pref(B),
the words obtained by concatenating any k choices of Attacker to the right of w, will take Defender at least (k + 1)
rounds to cut. In addition, (A, B) is said to be finitely lengthening if (A, B) is k lengthening for some k > 1.
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Definition 7 (Codes and finite decoding delay) Let L. C . L is a code if for every x1, ..., 2Tn, 2, ..., 2}, € L,

X1...Tn = Ty ... 2}, implies that n = m and x; = x} for all i. L is called a prefix code if for every u,v € L, u is

not a strict prefix of v. L is called a code with finite decoding delay if there is a natural number d > 0 such that
Vo, o' € LVy € LY Yu € ¥* ayu € o' L* = x = 2.

If L has finite decoding delay, then the smallest integer d satisfying the above condition is called the decoding delay

of L.

Intuitively, suppose that L is a code with decoding delay d, then given a word € L* (which has a unique
decomposition into words in L), if the words vy, ...,v4+1 € L have been found during the decoding of = such that
T =101 ...v4412 for some ' € ¥*, then the unique correct decoding of x into words in L must start with v;.

A code has decoding delay 0 iff it is a prefix code ([1]). On the other hand, it is not hard to verify that L. = {a, abc, ¢}
is a code with decoding delay 1.

Definition 8 (Strategy trees) For each v € B*pref(B), define the strategy tree > of , denoted by S(x), as follows:

— The nodes of S(x) are the sequences [v1,...,v,| such that vy,...,v, € B, and x = vy ...v,y for some y €
B*pref(B).

— For every node [v1,...,v,—1] and node [v1, ... ,v,] in S(x), [v1,...,vn_1] is the parent of [v1, ..., vy,]. In par-
ticular, the root of S(x) is €, and the leaves of S(x) are the nodes [v1,...,v,] such that x = vy ...v,y with
y € pref(B) \ Btpref(B).

— For every node [v1, ... ,v,] in S(x) such that x = vy . .. vy, the label of [v1, . .., v,] is [y] .

Note that in the above definition of S(z), if = vy ...v,y such that vq,...,v, € B and y ¢ B*pref(B), then
[v1,...,vy,] is not included as a node of S(x)?

Definition 9 (Subtrees, tree morphisms and isomorphisms) Let ' be a finite alphabet.

— Suppose that T is a T-labeled finite tree and x is a node in T. Then let T'|, denote the subtree of T rooted at x.

— Let T, T be two I'-labeled finite trees.
- A morphism 7 from T} to Ts is a mapping from T to Ts which preserves the root, the parent-child relation and
the labels of nodes. Let < and ~ denote respectively the quasi-order and the equivalence relation induced by
the morphisms over I'- labeled finite trees. More specifically, Ty < T iff there is a morphism from Ty to Ts, and
T _Tglﬁch §TgandT2§T1.

- An isomorphism from T to T is a bijective morphism from Ty to Ts. If there is an isomorphism from T} to T,

then T and Ts are said to be isomorphic, denoted by Ty =2 T5.

Let ~g denote the equivalence relation on B*pref(B) defined as follows: x ~g y iff S(z) = S(y).

Proposition 10 Let x,y € B*pref(B) such that x ~g y. Then for every z € ¥*, xz € B*pref(B) iff yz €
B*pref(B). Moreover, if xz,yz € B*pref(B), then S(zz) =2 S(yz).

PROOF. Suppose z,y € B*pref(B), x ~g y,and z € ¥.*.

At first, we show that xz € B*pref(B) iff yz € B*pref(B). By symmetry, it is sufficient to show that zz €
B*pref(B) implies that yz € B*pref(B).

Suppose xz € B*pref(B). Then xz = vy ...v;2’' forsome vy, ...,v; € B and 2’ € pref(B).

There are the following two situations, z is a suffix of 2z’ or 2’ is a suffix of z.

If z is a suffix of 2/, then x = vy ...v;2’ and 2/ = 2’z for some 2’ € X*. Because S(z) = S(y), then there are
vi,...,v, € Bandy suchthaty = v]...v}y’ and 2’ ~p y'. Therefore, 2’z ~p y'z. Because 2’ = 2’z € pref(B),
it follows that 'z € pref(B). Consequently, yz = v} ... v,(y'z) € B*pref(B).

On the other hand, if 2’ is a suffix of z, then x = v1...v;_12/, 2 = 2"vj41...v;7, and v; = z'z"” for some
j:l1<j<ianda 2" € E* From the fact that S( ) = S(y), we know that there are v{,...,v;_; € B and
y € ¥ such thaty = vy...v;_;y" and 2’ ~p y'. Then y'z” € B, since 2’2" = v; € B. Therefore, yz =
vy (Y v 02 € B*pref( ).

2 The concept of strategy trees was introduced in [12], where each node of the strategy tree is labeled by a set of equivalence classes of ~,
instead of a single one.

3 In the definition of [12], [v1, ..., vn] is also included as a node of S(x), which is another difference between our definition of strategy trees and
that in [12].



Suppose zz,yz € B*pref(B). Then S(xz) is obtained from S(x) as follows: For each node [v1,...,v;] in S(z)
such that x = vy ... v;2" and 2’ € pref(B), do the following:
For every nonempty prefix 2’ of z suchthat 'z’ € Band 2" = (2')~'z € B*pref(B), add [v1, . . . ,v;,x'2'] labeled

by [2"] g as a child of [v1, . . ., v;), and add the strategy tree S(z") as the subtree of the node [vy, . . ., v;, '], which
means that every node [vy,...,vi] in S(z") becomes a node [v1, ..., v;,x'2', v}, ..., vi] in S(zz), with the label
preserved.

Similarly, S(yz) can be obtained from S(y).
From the above procedure to obtain S(zz) and S(yz) from respectively S(x) and S(y) and the fact that S(x) and
S(y) are isomorphic, it is not hard to see that S(zz) and S(yz) are isomorphic as well. O

The following result follows from Proposition 10.
Proposition 11 Let x,y € B*pref(B) such that S(x) = S(y). Then Defender has a winning strategy in G(A, B)
starting from x iff Defender has a winning strategy in G(A, B) starting from y.

3. The case that (A, B) is finitely lengthening

At first, we would like to point out a fact that the condition that (A, B) is finitely lengthening subsumes the condition
that A, B are finite and maxye g |b| < minge4 |a| considered in [14]: Let k = max,ep |[v| + 1, then pref(B)A* N
B=Fkpref(B) = (). Moreover, this subsumption is strict, since A and B are not required to be finite for finitely
lengthening (A, B). For instance, let A = {bba}, B = a*band k = 1, then it is not hard to verify that pref(B)A* N
B=Fkpref(B) = pref(B)A N B<!pref(B) = 0.

Let us assume that £ > 1 and (A, B) is k lengthening in the rest of this section.

Proposition 12 Suppose that (A, B) is k lengthening. Then (B*pref(B))A*" 0 BE*+Un=1pref(B) = () for every
n > 1.

PROOF.

Atfirst, we show that pref(B) A*» N B=(:+1)n=1pref(B) = () implies (B*pref(B)) A" N B=F+1n—1pref(B) =
0.

Suppose (B*pref(B))AF" N BS*k+1n=1pref(B) # (). Then there are € B*pref(B), uy, ..., up, € A, t <
(k4+1)n—1,v1,...,v € B,y € pref(B) such that zu ... ug, = v1 ... VY.

— Ifrisaprefix of vy ... vy, then @ = v ... 0;_1V), Ut ... Uy, = v}’vﬂ_l .. vy, and vy = v’.v;’ for some j : 1 <
j < tandvj,v) € $*. It follows that v}u; . .. Upy = v; . .. vey. Therefore, pref (B) Ak N BSHUn=1pref(B) #
0.

— If vy ... v is a prefix of z, then © = vy ... vy, uy ... up, = 3", and y = y'y” for some 3,y € X*. It follows
that y'u; ... ug, = y'y” =y € pref(B), so pref(B)AF"» N BEE+Dn—1pref(B) +# () as well.

Next, we show that pref(B)A*" N B<(F+1n=1pref(B) = () and complete the proof.

The proof goes by induction on n.

Induction base n = 1: Follows from the assumption.

Induction step n > 1: To the contrary, suppose that pref(B)A¥" N B<(:+1n—lpref(B) # (). Then there are = €
pref(B), u1, ..., ukn € A, i < (k+1)n—1,v1,...,v; € B, and y € pref(B) such that zu; ... ug, = v1 ... ;9.
— If zuy ... ug is a prefix of vy ... v;, then zuy ... up = vy .. .vj_lvé, Ul .- Uy = ’u;.’vﬂ_l ...vy, and v; =

vy for some j : 1 < j <4, v}, 07 € X*. It follows that v%ugy1 ... ugn = vj ... v;y. Because pref(B)A*F N

B=Fpref(B) = () from the assumption, and pref(B)A*"~1) N B=k:+D(=1)~1pref(B) = () according to the

induction hypothesis, it follows that j —1 > kandé — j + 1 > (k + 1)(n — 1). Therefore, i > (k + 1)n, a

contradiction.

— If vy ...v; is a prefix of zuy ... ug, then xuy ... up = vy ... %Y, Ugy1 .. -Ukn = y” and y = y'y” for some
Y, y" € X Thus, y'upy1 ... g, = y'y" =y € pref(B). Therefore, pref(B) A*™ =V Npref(B) # (). We deduce
that pref(B)AF("—1) n B=(k+D(n=D=1pref(B) # ), a contradiction to the induction hypothesis. O
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Proposition 12 tells us that for every word w € B*pref(B), the words obtained by concatenating any kn choices
of Attacker to the right of w, will take Defender at least (k 4+ 1)n rounds to cut.

3.1. A Shrinking Lemma on Attacker’s Strategies

We fix a number N1 = 2k(k + 1) max {k + 2, oNE2E 4 1} (recall that N is the number of equivalence classes

of ~p) in this section, whose purpose will become clear later.
Let € X*. Define the visibility of Defender through x, denoted by Vis(x), as follows:

Vis(z) := {[y]s | v € pref(B) and x € B*y}.

Intuitively, Vis(z) consists of the labels [y|p of all nodes [v1,...,v,] in S(x) such that z = vy ... v,y and y €
pref(B).
Note that Vis(z) = 0 for every « ¢ B*pref(B) and L ¢ Vis(z) for every x € B*pref(B).

Proposition 13 Let x,y, w € ¥* such that Vis(x) = Vis(y). Then Vis(xw) = Vis(yw).

PROOF. Suppose z,y,w € ¥* and Vis(x) = Vis(y). In the following, we will show that Vis(zw) C Vis(yw). The
argument for Vis(yw) C Vis(zw) is symmetric.

Let z € pref(B) such that zw € B*z. We show that [z]p € Vis(yw).

Suppose zw = vy ...v.z forvy, ..., v, € B.

There are the following two cases.
—z=uv... .0V, w= v;’vﬁl .. vpz,and v; = v/ forsome j : 1 < j <, U;‘,U;'/ € X*.
—x=v1...v.2,w=2"and z = 2’2" for 2/, 2" € ¥*.

For the first case above, because [vj]p € Vis(z) = Vis(y), there is y' € pref(B) such that y € B*y’ and

1B = [v'] p. From the fact that vjv = v; € B, itis deduced that y'v} € B. Therefore, yw = (yv})vji1... 0,2 €

[Uj J
B*(y'v})vjs1...v,2 C B*z, we conclude that [z]p € Vis(yw).
For the second case above, because [2'| g € Vis(z) = Vis(y), there is ' € pref(B) such thaty € B*y' and [¢'|p =

[v'] 5. Therefore, [z]g = [2'2"]p = [¢/2"]| B and yw = yz" € B*y'2". It follows that [z] g = [¢/2"]5 € Vis(yw). O

Definition 14 (IV;-visibility tree) Ler x € B*pref(B), define the N;-visibility tree of x, denoted by Sy, (z), as
follows:
SN, () is obtained from the strategy tree S(x) by the following two steps:
(i) remove all the nodes at depth (strictly) greater than Ny (the root has depth 0),
(ii) relabel every node [v1, . ..,vn,]| (at depth Ny) such that x = vy ... v,y by Vis(y).

Note that Sy, (z) is a 26(P)-labeled finite tree.

Proposition 15 Let ©,y € B*pref(B) and 7 be a morphism from Sy, (x) to Sy, (y). For every node [vy, ..., vy,]
in Sy, (), suppose x = vy ... v, w([vr,...,v5]) = [V],...,vL], and y = v} ... v}y, then we have Vis(z') C
Vis(y').

PROOF. Suppose [¢”]g € Vis(z'), that is, 2’ € B*z" with 2" € pref(B). We show that [z"] 5 € Vis(y').

Since ' € B*z”, there are v,11,...,v;, € B (where m > n) such that @’ = v,41...v2". Then z =
V1. U =01 U Unt - U

If m < Ny, then [vq,...,v,,] is anode in Sy, (x), so there are v], , ¢, ...,v;, € B such that [v],...,v],] is a node
in Sy, (y) and w([v1, ..., vm]) = [v],...,v),]. Suppose y = v} ...v},y". Theny' = v, ...v,,y". Since [y"] 5, the
label of [v],...,v},], is equal to [z"] g, the label of [v1, ..., vy,], it follows that y” € pref(B) and [z"']p = [y]5 €
Vis(y').

On the other hand, if m > Ni, then [vy, ..., vy,] is anode in Sy, (z), so there are v, q,..., vy, € B such that
m([v1, - ow]) = [V, vy Jand y' = v, .. vy, y” for some y” € B*pref(B). It follows that Vis(y”), the
label of [v],..., v}y | in Sy, (y), is equal to Vis(vn, 41 ... V"), the label of [vy,...,vN,] in Sy, (). Therefore,
[2"]B € Vis(un, 41 ... vma”) = Vis(y") C Vis(vy,, ;... v, y") = Vis(y'). O
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Definition 16 (Reduced N;-visibility tree) Let « € B*pref(B). The reduced Ni-visibility tree of x, denoted by
RSy, (), is obtained from Sy, (x) by the following algorithm.

Initially let i = Ny, Ty, (x) = SN, (z), repeat the following procedure until i = 0.

T;_1(x) is obtained from T;(x) by applying the following operations:

For each node [v1, . ..,v;_1] in T;(x), select a subset of the children of [v1,...,v;_1], say [v1,...,0i—1,01), ...,

[V1,y ..., Viz1, 4 ), Such that

— for each child [vy,...,v;—1,v]] of [v1,...,v;—1], there is j : 1 < j < r such that E(x”[vl,.--,w_l,v;] <
Ti(‘r)|[U1»--~7'Ui—l,vi,j]’

— the subtrees T; () (v, ..o,y wia]s -+ s Li(@) o . vi 1 ;] JOrm an antichain of <.

Keep the subtrees of [v1, . ..,v,—1] rooted at [v1,...,v;_1,V;1],...,[V1,...,Vi—1,Vir| and remove all the other

subtrees of [v1, ..., v;—1].

Seti:=1i—1.Ifi =0, set RSy, (x) := Ty(x).
By an induction on the depth of trees, it is not hard to show that there are only finitely many non-isomorphic reduced
Nj-visibility trees.

Proposition 17 Let x,y € B*pref(B). Then RSy, () = RS, (y) iff RSn, () ~ RSN, (y).
PROOF. The “Only if” direction is trivial.

“If”” direction:
Suppose RSy, () ~ RSp, (y), i.e. there are two morphisms 71 : RSy, (x) — RSN, (y) and 72 : RSN, (y) —

RSNl (x)
In the following, we will show that for every node [vy, ..., v;] in RSN, (z), m2(m1([v1,...,v])) = [v1,...,v4].
Symmetrically, we can also show that for every node [v],...,v}] in RSy, (y), m1(me([v],...,vi])) = [vi,...,vl].

From these two facts, it is deduced that 7; and 79 are both injective mappings. We conclude that 7; and 79 are in fact
isomorphisms, so RS, () = RSN, (v).

The proof of 7o (71 ([vy, ..., v;:])) = [v1,...,v;] is by an induction on 4.

Suppose [v1, ..., v;] is anode in RSy, ().

Induction base: 4 = 0. From the definition of morphisms, we know that 7o (71 (g)) = €.

Induction step: ¢ > 0.

Let [’Ul, ey Vil Ui,0]7 [’Ul, cey Vi, 'Ui,l]7 RN [Ul, e, Ui, Ui,r] be a list of all the children of [’Ul, - ,’Uifl] in
RS, (z) with v; o = v;. Then by the induction hypothesis, w2 (71 ([v1, . .., vi—1])) = [v1, ..., vi—1].

From the definition of morphisms, we know that 7r; maps the children of [vy, . .., v;_1] to those of 71 ([v1, . . ., vi—1])
and 7o maps the children of 71 ([v1, . .., v;_1]) to those of [vy, ..., v;—1]. Therefore, mo (71 ([v1, ..., v;])) is a child of
[’Ul, N ,’07;71].

On the one hand, we have RSN, (2)|(v,,....0;] S BN, () |ry (vr,0i]) S RSN (T) s (1 ([o1,...,04])) - ON the other
hand, according to the construction of RSy, (z) from Sy, (), it is impossible that there is a morphism between the
two subtrees of RSy, (x) rooted at two distinct children of [v1,. .., v;—1]. We conclude that mo(m([v1,...,v;])) =
[1)17...,1)2‘]. a

Proposition 18 Let x,y € B*pref(B). Then RSy, (x) = RSy, (y) iff Sy, () = Sn, ().

PROOF. From Proposition 17, we know that RS, (z) = RSy, (y) iff RSN, (z) ~ RSN, (v).

Since RS, (x) is a subgraph of S, (z), it is evident that there is a morphism from RSy, (z) to Sy, ().

Moreover, according to the construction of RSy, () from Sy, (x), it is not hard to see that there is also a morphism
from S, (z) to RSy, ().

Therefore, Sy, (x) ~ RSy, (). Similarly, Sn, (y) ~ RSN, (v).

Since ~ is an equivalence relation, it follows that RSy, () & RSn, (y) iff RSN, (x) ~ RSN, (y) iff Sy, (z) ~
SNy (y) U

Definition 19 (B-relation) Ler w,w’ € ¥*. Then w,w’ are said to be B-related, denoted by w <5 w', iff
— either w,w' ¢ B*pref(B),



— orw,w’ € B*pref(B) and Sy, (w) ~ Sy, (w').

Lemma 20 The relation <> g is a right congruence of finite index.

PROOF. From Proposition 18 and the fact that there are only finitely many non-isomorphic reduced N1-visibility
trees, we know that < g is of finite index.

It remains to show that <+ p is a right congruence.

Suppose that w <»>p w’ and x € X*.

If w,w’ ¢ B*pref(B), then obviously wz, w'z ¢ B*pref(B). Therefore, wz +>p w'z.

In the following, we assume that w,w’ € B*pref(B). Then Sy, (w) ~ Sy, (w'). Let 7 be a morphism from
SN1 (w) to SN1 (w’).

We first prove that wx € B*pref(B) iff w'z € B*pref(B). By symmetry, it is sufficient to show that wz €
B*pref(B) implies w'z € B*pref(B). Suppose wx € B*pref(B). Then wx = vy ...v,y for vq,...,v, € B and
y € pref(B).

— If w is a prefix of v1...v,, then there are 7 : 1 < j < n, v;,v/ € X* such that w = vy . ..vj,lv}, T =

3V
Vivj41. .. vny, and v; = vjv}. So v} € pref(B) and [v}]p € Vis(w). From Proposition 15, we know that

Vis(w) C Vis(w’). ThereforeJ, fv;]B e]Vis(w’), so there is z € pref(B) such that w’ € B*z and [v}]p = [2]5.
From this, we deduce that zv} € B and w'z € B*(2v})vj11... v,y C B pref(B).

— If vy ... v, is a prefix of w, then there is ' € X* such that w = vy ...v,2’ and 2’z = y. So [2']p € Vis(w).
From Proposition 15, we know that Vis(w) C Vis(w’). Therefore, there is z € pref(B) such that w’ € B*z and

[#'] B = [2] p. From the fact that 2’z ~p zz and 2’2 = y € pref(B), we deduce that w'z € B*(za) C B*pref(B).

If we, w'x ¢ B*pref(B), then we are done.

Now suppose that wx, w'z € B*pref(B), we show that Sy, (wz) ~ Sy, (w'z).

In the following, we show that there is a morphism from Sy, (wz) to Sy, (w’z). The argument for the existence of
a morphism from Sy, (w'z) to Sn, (wz) is symmetric.

Let [v1,. .., v;] be a non-root node in Sy, (wz). Then there is &' € B*pref(B) such that wx = v ... v;2’. There
are two situations:
— x is a suffix of /. Then w = vy ... v;y and 2’ = yx for some y € ¥*. Therefore, y € B*pref(B), and we deduce

that [v1, ..., v;] is a node in Sy, (w).
— 2’ is a suffix of z. Then v; ... v; = wz” and 2”2’ = z for some =" € ¥*.

We define a mapping 7’ : Sy, (wz) — Sy, (w'z) as follows.

!
!

— For each node [vq,...,v;] in Sy, (wz) such that [v,...,v;] is also a node in Sy, (w), let ©’([v1,...,v;]) =
7([v1,...,v;]). The definition is justified by the fact that 7 ([vy,...,v;]) is a node in Sy, (w'x). The argument
goes as follows: Let y € ¥* such that w = vy ...v;9. Since [vy,...,v;] is a node in Sy, (wx), it follows that

yx € B*pref(B). Let y’ € ¥* such that w’ = 7([v1,...,v;])y’. From Proposition 15, we know that Vis(y) C
Vis(y'). From the facts yx € B*pref(B) and Vis(y) C Vis(y'), we deduce that y'z € B*pref(B). Because

w'x =m([vg,...,v])y x, it follows that 7 ([vy, ..., v;]) is anode in Sy, (w'z).

— For each node [v1,...,v;] in Sy, (wz) such that vy ...v; = wa” and "2’ = x for some 2,2’ € ¥*, there
aIej 1 S j S i, V4,1, V4,2 € ¥* such that w = V1...05-1Y5,1, U5 = V;1V;2, and .73” = Vj2Uj41...0;.
Then [v1,...,v;-1] is a node in Sy, (w). Let 7([v1,...,vj-1]) = [v,...,vj_4]. There is y € B*pref(B) such
that w’ = v} . ..v.;-_ly and [y]p = [vj1]B. Since vj1v;2 = v; € B, we deduce that yv;» € B, and w'z =
vV gy = vy v ya e’ = vy ) (yuge)ve - . via’. Because o' € B*pref(B), we deduce that
[V1,. V1, YV 2, V41, - - -, 0] s anode in Sy, (w'x), let 7' ([vr, ..., vi]) = [v],..., 01,4052, V541, ..., 03]

Now we show that 7’ is a morphism.

Preservation of the parent-child relationship:

For every pair of nodes [vy,...,v;—1] and [v1,...,v;] in Sy, (wz), we show that 7’ ([vy, ..., v;—1]) is the parent of

7T/([’U1, ey 'UZ])

— If [v1,...,v;—1] and [vy,...,v;] are both nodes in Sy, (w), then 7'([v1,...,v;—1]) = 7([v1,...,v;-1]) and
7' ([v1,...,v;]) = 7([v1, ..., v;]) are both nodes in Sy, (w'). So 7([v1, . ..,v;—1]) is the parent of 7([v1, ..., v;])

in Sy, (w'z).



— If [vg,...,v;_1] and [vy,...,v;] satisfy that wz” = vy ...v;_1 and z = 2’2’ for some 2", 2’ € ¥*, then from

the definition of 7', we know that 7' ([vy, ..., vi—1]) = [v], .., Vj_1,yvj2, V541, .. ., vi—1] and 7' ([v1, ..., v4]) =
(U], V1, YV 2, Vi1, - - -, 0] With 7,0, .. 0%y, v; 2 satisfying the conditions specified in the definition of
7. Bvidently, [v],..., v} _1,Yvj2,Vj41,...,vi—1] is the parent of [v,...,v}_1,yvj2,v41,...,vi] in Sn, (w'z).
— If [v1,...,v;—1] and [vy, ..., v;] satisfy that vy ...v;_ is a prefix of w and w is a prefix of v; ... v;, then from
the definition of 7/, we know that 7' ([vy, ..., v;—1]) = 7([v1, ..., vi—1]) = [v],...,vi_y], and 7' ([v1, ..., v]) =
[v],...,vi_y,yv; 2] with y, v; o satisfying the conditions specified in the definition of . Evidently, [v], ..., v[_{]
is the parent of [v],...,v,_;,yv; 2] in Sy, (w'z).
Preservation of the label:
Let [v1,...,v;] be anode in Sy, (wz). Then there is 2’ € B*pref(B) such that wz = vy ... vz’
— If wis a prefix of vy ... v;, then 7'([v1, ..., v]) = [V, .., V51, Y2, V541, -0y vi), With 7,07, .0 0%y, v)0

satisfying the conditions specified in the definition of 7’. Because w'z = vy ... v}_,yv;2v;41 ... v;z’, we deduce
that [vy,...,v;] and 7'([v1, ..., v;]) are either labeled by [x'] 5 (if i < N7) or Vis(z') (if ¢ = Ny), so they have the
same label.

— If v1...v; is a prefix of w, then from the definition of 7', we know that 7/([v1,...,v;]) = 7([v1,...,v]) =
[v],...,v]].Letw =01 ...v;yand w' = v} ... v}y fory,y € X*.
- Ifi < Ny, then [y] g, the label of [vy, . .., v;] in Sy, (w), is equal to [y'] g, the label of [v], ..., v]] = 7([v1, ..., vi])
in Sy, (w'). From this, we know that [yz]p, the label of [v1,...,v;] in Sy, (wz), and [y'x]p, the label of
' ([v1, ..., 05]) = [v],...,vi] in SN, (w'z), are the same.

- If i = Ny, then Vis(y), the label of [vq,...,v;] in Sy, (w), is equal to Vis(y'), the label of [v],...,v]] =
7w([v1,...,v]) in Sn, (w"). From Proposition 13 and the fact Vis(y) = Vis(y’), we know that Vis(yz) =
Vis(y'z). So Vis(yz), the label of [v1, . . ., v;] in Sn, (wz), and Vis(y'x), the label of 7' ([v1, . . ., v3]) = [v], ..., V}]

» U
in Sy, (w'x), are the same. O

Lemma 21 (Shrinking Lemma) Given rmwo B-related words w,w' € B*pref(B), and a strategy f for Attacker in
the game G(A, B) starting from w, there exists a strong strategy f' for Attacker in the game G(A, B) starting from w'
with the following property: Whatever the plays of Defender, by following ', in a finite number of rounds,

— either Attacker wins,

— or he drives the game from w' to a configuration w) such that there exists a non-void prefix of a play consistent
with f in the game G(A, B) starting from w, driving the game from w to a configuration wy which is B-related to
wy.

Before going into its proof, let us state the main consequence of this result.

Theorem 22 Let w,w’ € B*pref(B) be two B-related words. Then Attacker has a winning strategy in the game
G(A, B) starting from w iff he has one in G(A, B) starting from w'.

PROOF. By symmetry, it is sufficient to show that if Affacker has a winning strategy in the game G(A, B) starting
from w, then Attacker also has a winning strategy in the game G (A, B) starting from w’.

Let f be a winning strategy of Attacker in the game G (A, B) starting from w.

Lemma 21 provides us with a strong strategy f’ in the game G(A, B) starting from w’, satisfying the following
condition: Let Attacker start playing according to this strategy. Then in a finite number of rounds,

— either Attacker wins (that is what we want and the game stops here),

— or else, he drives the game to a word w/ such that there exists a non-void prefix of a play consistent with f in the
game G(A, B) starting from w, driving the game to a new word w; which is B-related to wj.

The strategy f induces a winning strategy in the game G(A, B) starting from this new word w;, we then start again

the process with the words w; and w/, and so on.

Therefore, we obtain a sequence wy, ws, ..., w, ... of words which are configurations of a prefix of a play con-
sistent with f in the game G(A, B) starting from w. Let us note that for every ¢ > 1, the two configurations w; and
w;+1 are separated by at least one round. In particular, when the game arrives at the word wy, at least [ rounds have
been played. Because f is a winning strategy for Attacker in the game G(A, B) starting from w, from Observation 2
we know that there exists a number My such that Aftacker wins for sure in less than M rounds in the game G(A, B)
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starting from w, no matter what Defender chooses. Therefore, [ is bounded by M ;. This implies that our process stops
after at most My applications of Lemma 21. Consequently, Attacker wins for sure no matter what Defender plays in
the game G(A™, B) starting from w’, in other words, Attacker has a winning strong strategy in the game G(A, B)
starting from w’. From Proposition 3, we conclude that Affacker has a winning strategy in the game G(A, B) starting
fromw’. O

For the proof of Lemma 21, we need the concept of waiting loops.

Definition 23 (Waiting Loop) Let w = wiwswswy. Then ws is called a waiting loop of wy with respect to ws in w

if the following three conditions hold,

— wy € BZMipref(B)\ BSN1~pref(B) (this condition ensures that the labels of all the non-leaf nodes in Sy, (wy)
are | and all the leaves in Sy, (w1) are of depth N1 and labeled by Vis(y) for some y € B*pref(B)),

— w3 IS nonempty,

— for every y € pref(B) such that wy € B*y, Vis(yws) = Vis(ywaws).

Proposition 24 Suppose w = wiwewswy, and for every y € pref(B) such that wy € B*y, it holds that Vis(yws)
Vis(ywows). Then for every z € B*pref(B) such that wy = vy ...v;z with v1,...,v; € B, we have Vis(zws)
Vis(zwaws).

PROOF. Let z € B*pref(B), wy = vy ...v;2z,and vy,...,v; € B.

In the following, we will show that Vis(zws) C Vis(zwsws). The proof of Vis(zwyws) C Vis(zws) is similar.

Suppose 2’ € pref(B) and zwq € B*z'. We show that [2'] g € Vis(zwaws).

Let zwy = vy ...v,2" forn € Nand vq,...,v, € B.

If 2’ is a suffix of ws, then z = vy . ..Uj,lvé, Wy = v;/vjﬂ ... vp2 and v; = v;v;-’ for some 7 : 1 < j < n and
03,113’ € ¥*. It follows that v; € pref(B) and wy; € B*z = B*v; ... vj,lv; C B*vé. So Vis(v§w2) = Vis(véwgwg)
from the assumption. Therefore, [2']p € Vis(v;wg) = ViS(U;-U)QU}:g). Because zwows = vy .. .vj_l(v;-wgwg), we
conclude that [2'] g € Vis(zwaws).

If ws is a suffix of 2/, then z = vy ...v,2" and 2”"we = 2’ for some 2" € ¥*. It follows that 2’/ € pref(B)
and wy € B*z = B*(v1...v,)2" C B*Z"”. So Vis(z"ws2) = Vis(z"wews) according to the assumption. Since
[2']B € Vis(z"ws), we have [2'] g € Vis(z"waws3). Because zwows = vy ... v, (2" wows), we conclude that [2'] 5 €
Vis(zwows). O

Proposition 25 Let w = wiwswswy, and ws be a waiting loop of wy with respect to wsy in w. Then for every
y € BZN1pref(B) \ BSN1~pref(B) such that wy = vy ... vy for vi,...,v; € B, it holds that w3 is a waiting loop
of y with respect to wa in ywswWswy.

PROOF. Suppose w = wjwowswy, w3 is a waiting loop of w; with respect to wy in w, y € BZNpref(B) \
B<Ni—lpref(B), and wy = vy ... vy forvy,...,v; € B.

To prove that w3 is a waiting loop of y with respect to we in ywowswy, it is sufficient to show that for every
z € pref(B) such that y € B*z, Vis(zws) = Vis(zwaws).

Let z € pref(B) such that y € B*z. Because w; = vy ...v;y € B*y, we have w; € B*z. From the assumption
that ws is a waiting loop of w; with respect to ws in w, we deduce that Vis(zws) = Vis(zwows). O

Lemma 26 (Waiting Loops and B-Relation) Lef w = wywowswy, and ws be a waiting loop of wy with respect to
wa in w. Then w is B-related to every word in wiwawiwy.

PROOF.
Let w = wjwowswy, and w3 be a waiting loop of w; with respect to ws in w.
We first prove the following claim.

Claim. For each ¢ > 0 and every y € B*pref(B) such that w; = vy ...v;y and [vq,...,v;] is a node in Sy, (w1),
it holds that Vis(yws) = Vis(ywaws) = Vis(ywaw}).
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We prove this claim by an induction on .
Induction base i = 0: From Proposition 24, we know that Vis(yws) = Vis(ywaws).
Induction step ¢ > 1:
By the induction hypothesis, Vis(ywsz) = Vis(ywaw}'). Then from Proposition 13, we know that Vis(ywaws) =
Vis(ywow}i tws3) = Vis(ywaw} ). Therefore, Vis(yws) = Vis(ywaw}).
The proof of the claim is complete.
In order to prove that w is B-related to every word in w;wow3wy, it is sufficient to prove that wywz <+ p wiws wf;,
for every ¢ > 1, since > p is a right congruence.
From the claim, it follows that for every i > 1, Vis(wjws) = Vis(wjwawy). So wiwe € B*pref(B) iff wiwew? €
B*pref(B).
If wywq, wywowy ¢ B*pref(B), then we are done.
So in the following, we assume that wyws, wywawl € B*pref(B).
It remains to prove that Sy, (w1w2) =~ Sx, (wiwewy), in order to show that wiws <5 wWiwaws.
Because ws is a waiting loop of w; with respect to wy in w, it follows that w; € B=Mpref(B)\ BSN1~1pref(B).
Then every leaf in Sy, (w1 ), Sn, (wiwz), and Sy, (w1 wow?) must be of depth exactly N1. So Sy, (wyws)(respectively
S, (wiwaw})) is obtained from Sy, (w1 ) through the following two-step procedure:
(i) Replace the label of each leaf [vy,...,vn,], say Vis(y) such that wy; = vy ...vn,y and y € B*pref(B), by
Vis(yws) (respectively Vis(ywow?)).

(ii) Remove all the subtrees such that all the leaves [v1,...,vy,] in the subtree are labeled by the empty set. In
other words, remove all the subtrees in which all the leaves [v1, ..., vn,] such that wy = vy ... v,y satisfy
that Vis(yws) = 0 (respectively Vis(ywaw$) = 0).

From the claim and the above constructions of Sy, (wiwz) and Sy, (wiwew}) from Sy, (w1), it follows that
Sn, (wiwa) =~ Sy, (wiwaw}) (in fact, they are isomorphic). O

Lemma 27 (Existence of waiting loops, Version 1) For every w € X* and every prefix wy of w such that wy €
B=Nipref(B) \ BEN'~'pref(B) and the length of wi ‘w is at least 2NB2"E 4 1 there exists a decomposition of w
into wiwowswy such that ws is a waiting loop of wy with respect to wo in w.

PROOF. Let w; € B=Npref(B)\ B<N1~1pref(B) be a prefix of w, and w; 'w = 0y ... o, with r > 2V52"7 41
andoy,...,0, € 2.

In the following, we will show that there are 4, j : 1 < i < j < r such that for each y € pref(B) such that wy €
B*y, Vis(yoi ...0;) = Vis(yoy ...o;). If this holds, let wy = 01...04, w3 = 0541...0j, and wy = 0j41...0p,
then w3 is a waiting loop of w; with respect to we in w.

Let [v11,...,V14,],---, V1,1, .., be a collection of the nodes in S(w1) and y1,...,y; € B*pref(B) such
that
— forevery j: 1 <j<lwy =vj1. V5L Ygs
— for every y € B*pref(B) such that wy € B*y, thereis I’ : 1 <’ <[ such that Vis(y) = Vis(yy/).

It is not hard to see that such a collection of nodes with [ < 2V& exists.

Consider the following sequence of tuples

(Vis(y101), ..., Vis(yio1)) , ..., (Vis(y101 ...0.),...,Vis(y,o1...0,)) .
For each 7 : 1 < 4 < r, it holds that (Vis(y101 ...0),..., Vis(yio1...0;)) € (25(3))l. Because | < 2VB and
r> oNp2YB + 1, it follows that there are 7, 7 : 1 <4 < j < r such that
(ViS(y10'1 . (Ti), e ,ViS(yldl . O'l)) = (Vis(y101 . Uj), . ,Vis(ylal N O'j)).

In the following, we will complete the proof by showing that for every y € pref(B) such that w; € B*y, it holds
that Vis(yo ...0;) = Vis(yoi ... 0;).

Suppose y € pref(B) and wy € B*y. Then there is I’ : 1 < I’ <[ such that Vis(y) = Vis(y;/ ). From Proposition
13, it follows that Vis(yoi ...0;) = Vis(yp o1 ...0;) = Vis(ypoi1 ...0;) = Vis(yoi ...0;). O

Similarly, we can show the following result.
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Lemma 28 (Existence of waiting loops, Version 2) Let w = cics...c, be a decomposition of w into n factors.
Let ny be such that c; ...c,, € B=Nipref(B)\ BSN1~lpref(B) and n — n; > oNE2"P | Then there is a
decomposition of w into wiwowswy such that ws is a waiting loop of w1 with respect to wo in w, and for every
1=1,2,3,4 w; =cp,_,4+1...Cp,, Where 0 =ng <nj; <ng <ng <ng =n.

Now we are ready to prove Lemma 21.

PROOF. [ of Lemma 21]

Suppose w <+ p w'. Then there is a morphism 7 : Sy, (w') = S, (w).

We describe round by round a strong strategy f’ in the game G(A, B) starting from w’.

During this description, we shall use f as an oracle to which we provide choices of Defender and which tells us
what f suggests for Attacker’s choices.

There are three stages in the strategy f”.

At first we remark that if during the three stages, the game arrives at a configuration belonging to B*pref(B), then
Attacker wins and the description of f’ ends there.

1. Informally, the first stage starts at the beginning and goes on until the word obtained by concatenating all choices
of Attacker is sufficiently long, actually in B="Nipref(B) \ BSN1~lpref(B).

Let N| = kmax{k 42, 2NB2VE | 1}.

Precisely, the first stage consists of knq rounds of the game (uy,v1), (u2,v2), ..., (Ukn, , Vkn, ), Where n is such
that (kK +1)(n1 — 1) < Ny + Ny +1 < (k + 1)n;. It follows that

ny="(Ny + N/ +1)/(k+1)7 = r((k(2k + 3))/(k + 1)) max {k +2,2V82"F 1} +1/(k+1)7.

Note that
P
Ny — kny > 2k(k + 1)max{k—|— 9, 9Ne2"P | 1} 2 ::13 max{k 49, 9NB2"E | 1} — kLH —k
k(k + 2 k
- %ma’({kmﬂm”’s +1}‘f+1"“
_ Np2NB k Np2NB -
—kmax{k+2,2 +1}+k+1<max{k+2,2 +1} (k+2))

> kmax{k+2,2N’32NB n 1} — N

We also would like to remark that k + 2 in max{k + 2,2~ s2VE 1} is used to get the last inequality above. The
inequality N7 — kny > Nj guarantees that in the game G(A, B) starting from w’, Aftacker is able to follow f by
utilizing the morphism 7 in this stage and Stage 2 below.

During the kn; rounds of the game starting from w’, Attacker utilizes the morphism 7 and follows f as follows.

Suppose f(w,e) = uy; € A. Then in the first round of the game G (A, B) starting from w’, Attacker just follows f
and chooses u;. Let v} be the choice of Defender in the first round of the game G (A, B) starting from w’'.

If w’ is completely erased by v}, then there are z,y € X* such that vj = w’z and u; = zy. So the game
G(A, B) starting from w’ reaches the configuration (v])~!(w'u;) = y. Because 7(c) = ¢ and 7 preserves the
labels of nodes, we deduce that [w']p = [w]p. Therefore, wx € B as well, since w'z = v} € B. Suppose in
the first round of the game G(A, B) starting from w, Attacker has followed f and chosen u;, and Defender has
chosen wz. Then the game G(A, B) starting from w reaches the configuration (wx)~!(wu;) = y. Therefore, the
game G(A, B) starting from w’ and the game G(A, B) starting from w reach the same configuration after the first
round. Consequently, in this situation, after the first round of the game G(A, B) starting from w’, Attacker is able
to completely follow f, so the description of f’ ends here.

If w’ is not completely erased by v, then the description of f’ continues.
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For the general situation, suppose that ¢ rounds (where 1 < i < kni) have been played in the game G(A, B)
starting from w’, and in these 7 rounds, Attacker has followed the strategy f by utilizing the morphism . In addition,
w’ has not been erased completely after the 7 rounds.

Let (u1,v]) ... (u;,v}) be the choices of Artacker and Defender in these first ¢ rounds of the game G(A, B)

starting from w’, then [v], ..., v}] is a node in Sy, (w’). So there are vy, ...,v; € B such that w([v],...,v]]) =

[v1,...,v;]. In the first ¢ rounds of the game G(A, B) starting from w’, Artacker has followed the strategy f in
the game G (A, B) starting from w by utilizing the morphism 7. Therefore, (u1,v1) ... (u;,v;) is a prefix of a play
consistent with f in the game G(A, B) starting from w. Let u;11 = f(w, (u1,v1) ... (u;,v;)). Then in the strategy
f', we let Attacker choose u;41 in the (i + 1)-st round of the game G (A, B) starting from w’. Let v, ; € B be the
choice of Defender in the (i + 1)-st round of the game G(A, B) starting from w'.

If w’ is completely erased by v; ... vjvi, , since w’ is not completely erased by v} ... v}, it follows that there are
x',y" € ¥* such that w' = v ...vjz’, v} ... vjvj,; = w'y’, and vj , = 2'y’. Then after the (i 4- 1) rounds, the
game G(A, B) starting from w’ reaches the configuration (y') ~!(u; ... u;11). From the above discussion, we know
that 7([v],...,v}]) = [v1,...,v]. Letz = (v1...v;) *w. Then [2']p = [z]p. So xy’ € B, since 2’y = v}, €
B. Therefore, (u1,v1) ... (us,v;)(u+1,2y’) is a prefix of a play consistent with f in the game G(A, B) starting
from w. Then after i + 1 rounds, the game G (A, B) starting from w reaches the configuration (y") ! (uy ... u;41).
Therefore, the game G(A, B) starting from w’ and the game G(A, B) starting from w reach the same configuration
after the ¢ + 1 rounds. Consequently, in this situation, after the ¢ + 1 rounds of the game G(A, B) starting from w’,
Attacker is able to completely follow f, so the description of f’ ends here.

If w’ is not completely erased by v ... vjv; ,, thenleti := i + 1, the description of f’ continues.

If after the kn; rounds of the game G(A, B) starting from w’, Aftacker has not won yet and w’ has not been
completely erased, then we go to Stage 2. Note that the choices of Defender in the kn, rounds of the game G(A, B)
starting from w’ are vy, ..., vy, , according to the above description.

Because w'uy . .. ug,, € B*pref(B) (otherwise, Artacker wins), it follows from Proposition 12 that w'u; . . . ugn, €
BZF+nipref(B)\ B+ —1pref( B). From the fact that (k-+1)n; > N;+Nj+1, we deduce that w'u; . . . up,, €
B2NANiHlpref(B) \ BEN1+Nipref(B).

2. In Stage 2, Artacker still follows f by utilizing the morphism 7 until a waiting loop is found.

The description of f in Stage 2 is the same as that in Stage 1. The description of f’ in Stage 2 ends in the (kng)-th
round such that

(i) either w’ has been completely erased after the kno rounds,

(ii) or else, there exists n}, : n; < nf < ngy such that Uknf 41 - - - Wkny is a waiting loop of w'u; . . . uk,, with respect

t0 Ukny+1 -+ - Uy, I (WU Uk ) (Whomy 41 - - - Uk ) (Wbt 41 - - - Uk ) (€)-

Because Ny —kny > N{ > k(2N 525 +1), from Lemma 28 (where we take each ¢; as a concatenation of k£ words
u;), we know that by following the strategy f’, in the game G(A, B) starting from w’, a number ny exists such that
kny < kng < kny + N{ < N; and ny satisfies the property stated above. Moreover, we choose ns to be minimal for
the property.

If w' has not been completely erased after the kny rounds, then let vy, 1, .., v}, be the choices of Defender in
Stage 2, and 7([vy, ..., V. ]) = [V1,- - ., Vkn,], We go to Stage 3.

3. During Stage 3, Attacker no longer follows f. He plays the sequence wyn; +1, - - - , Ukn, in loop until Defender erases
w’ completely, i.e., until the (n3 + 1)-st round for some n3 : ng > kngy such that w’ is a prefix of v} ... v v,
!/

and vj ... vy, is a (proper) prefix of w’, where vy, . ,,..., v, ., are all the choices of Defender after the (knz)-th

round. It follows that there are 27, 25 € X* such that w’ = v} ... v, 2] and v;,, .| = 2] 25. Evidently, z; € pref(B).
We would like to remark that because B C ¥, such a number ns + 1 exists.

Let us note that in the (n3 + 1)-st round, Artacker may be inside the loop, i.e., he may be playing some u, with
knf +1 < r < kng. Then after the (n3 + 1)-st round in the game G(A, B) starting from w’, Attacker finishes the
current loop. This drives the game G(A, B) starting from w’ to some round kny. Let vy, 5, . .,v},, be the choices
of Defender from the (n3 + 2)-nd round to the (kng4)-th round. Because kny — knb < kng — kny < N7, it follows
that kny — ng < Nj. Note that while Aftacker is finishing his loop, starting from the (n3 + 1)-st round, Defender

erases the choices of Attacker, actually, the choices uy, .. ., ugy,, of Artacker in Stage 1. Because z; € pref(B) and
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we know from Proposition 12 that pref(B)A*" N BS(k+Umi—1pref(B) = (), it follows that
2y . gy, € BEFUMpref(B) \ BSkHUmi—lnref(B) C BZNlJrNHlpref(B) \ BSNlJrN{pref(B).

_ _ -1
Let u = (V] ... v}, ) " (w'ut .. tpn, ) = (250, 0 V) " (Ua oo Uiy ) = (Vg1 -+ Vhn,) (ZhU1 - Uy
From the fact that kny — nz < N7, it is deduced that u € B=N *lpref(B) \ B pref(B).
Now, the sequence of choices which have been made by Attacker and Defender in the game G(A, B) starting from
w' is

(u17 Ull) s (ukné71};¢n’2)(uk7ﬂ2+1a Ul/qn’2+1) s (uknzvv;cnz)(ukné-i-l’ U;€n2+1) s (uT" U;13+1) s (uk7bzvv;cn4)'

Recall that in the end of Stage 2, kny rounds have been played and 7([v}, ..., vy, ]) = [v1,..., Ukn,|. Because

2y = (vf...v,,) "W € pref(B) and ng > kny, it follows that [2]]p € Vis((v] ... v}, )~ "w’). From Proposition

15, we know that Vis((v] ... v}, )~ w’) C Vis((v1 ... Vkn,) " 'w). So [2]] € Vis((v1 ... Vkn,) ~'w). Consequently,
there are ¥1, ..., ,, € B such that [(v; ... Vg, 01 ... 0y)  tw]p = [2]] . Now, let us consider the following prefix
of a play consistent with f in the game G(A, B) starting from w,

(ul, Ul) e (uknz,van)(ﬂl, 171) e (ﬂm, @m),

where for each j : 1 < j < m, u; = f(w,(u1,v1) ... (Ukny, Vkn,)(U1,01) ... (Uj—1,0j—1)). Suppose z; =
(V1. Vkny01 ... Um) ‘w. Then 2125 € B, since z{zy = v}, ,; € B and [21]p = [2]]p. After kny + m rounds
in the game G(A, B) starting from w, the configuration z1u; . . . Ugn, U1 - . - U, is reached. Let vy, 11 = 2125. Then

(Un3+11}1/13+2 S U;Cn4)_l(2’1ul N V3 ’H,m) =

(250740 - - V) (U1 o Uy Ty - i) =
(250042 - Viny) ™ (U1 Upey)) (Wkepy 41 - - - Uk Ut - - - Ui) =
Ulgp4+1 -+ - Ukng UL -+« Uy
Thus, we can obtain the following prefix of a play consistent with f in the game G(A, B) starting from w,

(u17 7)1) s (uknzvvknz)(ﬂlﬂ 771) s (’ﬁm, @m)(a;ngrlﬂ Un3+1)(a’/n3+27 ’U;L3+2) s (a;cn4avl/cn4)ﬂ

where @), 1 = f(w, (u1,v1) .. (Uknys Vkny ) (U1,71) - - - (U, U )) and for each j : nz +2 < j < kny,

@y = [ (w, (u1,01) - (Ukng Vkng) (A1, 01) - - (T T) (T 415 Vngt1) (T g0 Vg ) - - (@15 051)) -

Therefore, after kny + m + kny — ng rounds above in the game G(A, B) starting from w, the following configuration
is reached,

— — ’ ’ -1 — — —/ —/ _

(V10 Vkno U1 -+ O Vng 410540 - - V) (WU« o Uk U+ o U Ty 1 Ty g - Uy, ) =
/ / -1 — _ _/ —/ _
(Vns41Vngto - Vkp, ) (Z1UL -+ o Uk U« o U Ty 1 Uy g - Uy, ) =

— —— —/
Ulny+1 - - Ukno U1« oo Uy g - U, -

—/ .
Let Wy r1 =

f(wa (ula Ul) tee (uknzvvknz)(ﬂla 171) s (’amv @m)(ﬂ;zg-&-lv Un3+1)(ﬂiz3+27 ’U;L3+2) s (a;cmp U;cm;))?

in other words, @}, ., is the choice of Attacker by following the strategy f in the (kng +m + kng —n3z +1)-st round
of the game G(A, B) starting from w.

Let us go back to the description of f” in the game G(A, B) starting from w’. We are in the (kn4 + 1)-st round, and
Attacker is going to play. Let uy,, ., denote @y ... Uy, 1 ... Uy, ;- Thenin f’, we define the choice of Artacker
in the (kny + 1)-st round to be uj,, ., (recall that our goal is to define a strong strategy f'). Let v, ., be the choice
of Defender in the (kn4 + 1)-st round.

The description of f ends here.
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From the above description of f’, we deduce that in the game G(A, B) starting from w’ by following f’, the
following configuration is reached,

_ _x _
w1 _ w: w
o 3 4

— f_/% — — — —
W = ((Vhnas1) ™ ) Wy 1 - - - Uk (U411 -+ - Uk ) - -+ (Ukond 41 - - Uk ) U -+ - Uil g - Uy, 4 -

On the other hand, in the game G( A, B) starting from w, let the choice of Defender in the (kng+m—+kng—nz+1)-st
round be v}cm 41 € B, then by following the strategy f, the following configuration is reached,

_ / —1 — — =/ —/
w1 = (Vg 11) " W) Ukny 41 - - - Uknl, Uknfy41 - - - Ukny U1 - Uy g - e Uy, 11 -

w1 w2 w3 Wy

Recall that u = (v} ... v}, ) (Wi .. Ukn,) = (2905400 Vkn, ) (U1 - . Uk, ) is a suffix of uy ... upp,,
moreover, v € B=N1*lpref(B) \ B<Mpref(B). Then it follows that @, = (v, ;) 'u € B=Ntpref(B) \
B=N1=lpref(B). In addition, w; satisfies that w'us ... ukn, = (V] ... 0%, Vkn, 1)W1 On the other hand, ws =
Ugn! 41 - - - Ukn, 1S @ waiting loop of w'uy . . . ugy,, with respect to We = Ugp, +1 - - - gy 10 (WUT - . . Upp, )Wa D30y

2 .. — . .. 2 — . — .
(see Stage 2 above). Then from Proposition 25, we know that w3 is a waiting loop of w; with respect to w9 in
W1 WaW3Wy = wi. According to Lemma 26, we conclude that wy is B-related to wj.

The proof of the lemma is complete. O

3.2. Effective construction of the greatest solution

From Theorem 22, every pair of B-related words either both belong to C(A, B) or both do not.
From the definition, B*pref(B) is an equivalence class of <+ 5. The other equivalence classes of g are determined
completely by the reduced IV, -visibility trees.
For each reduced N -visibility tree 7', it is not hard to show the following facts:
— The equivalence class of <+ corresponding to 7" is regular and a finite automaton for this equivalence class can be
effectively constructed from 7'.
— Itis decidable whether the equivalence class of <+ g corresponding to 7 is a subset of C(A, B) or does not intersect
with C(A, B): Pick an arbitrary word w from the equivalence class and decide whether w € C(A, B), whose
decidability follows from Kunc’s regularity proof ([12]).

Because there are only finitely many non-isomorphic reduced N;-visibility trees, it follows that C(A, B) can be
effectively constructed from A, B.

4. The case that B is a code with finite decoding delay

In this section, for the language inequality X A C BX, it is assumed that
A, B are regular, and B is a code with decoding delay d > 0.

Moreover, the set of words B*pref(B) \ B41X* is called the set of bottom configurations of G(A, B), denoted
by Confy (A, B), and the set of words Confy,(A, B) N BIY* = (B*pref(B) N BYY*) \ B4T1Y* is called border
configurations of G(A, B), denoted by Confy,4(A4, B).

4.1. Reduction into a two-player one-counter reachability game

In the following, we first observe that with the assumption that A, B are regular and B is a code with finite decoding
delay, the game G(A, B) can be reduced to a two-player reachability game played on the transition graph of some
one-counter machine. If A, B are finite, then the one-counter machine has finite state space and finitely-branching
transition relation, so the effectiveness of the greatest solution follows from the well-known results on two-player
games played on the transition graph of pushdown automata ([21,3,20]). Nevertheless, if A, B are infinite, then the
one-counter machine has infinite state space and infinitely-branching transition relation, which goes beyond the scope
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of pushdown automata. We solve the problem by showing that the one-counter reachability game can be reduced
further to one with finite state space and finitely-branching transition relation.

4.1.1. From G(A, B) to a two-player one-counter reachability game
We first state a property of codes with finite decoding delay, which is pertinent to the reduction of the game G(A, B)
into a one-counter reachability game.

Lemma 29 Let B be a code with decoding delay d > 0. Then for every x € B4T1%* N B*pref(B), there are v € B
and y € BYY* N B*pref(B) such that x = vy. In addition, for every v' € B,z € B*pref(B) such that x = v'z, it
holds that v = v' and y = z.

PROOF.
Let z € B¥1Y* N B*pref(B). Then there are vy, . ..,vq+1 € B and 2’ € ¥* such that z = vy ... vg 12"
Because © € B*pref(B), there is ”/ € X* such that zz” € B*. Let v € B such that zz” € vB*. Then
zax” = vy ... vg12'2" = v1(ve ... v441)(2'x”) € vB*. From the definition of finite decoding delays, we deduce

!0

thatv; = vand vy ... v 12'2" € B*. Lety = va...v4412". Then y € B*pref(B) N BYY* and 2 = vy.

Suppose v’ € B, z € B*pref(B) such that x = v'z. In the following, we will show that v = v’ and y = 2.

From the fact that z € B*pref(B), we know that there is 2’ € X* such that zz' € BT. Because v(zz") =
2z’ =1 .. 0412’2 = v1(va ... vg41)2' 2, it follows that v1 (vs . . . v441)2'z" € v/ B*. From the definition of finite
decoding delays, we deduce thatv' = v; =vandy = z. O

Corollary 30 Let B be a code with decoding delay d > 0. Then for every x € B*pref(B) N BT, there is a
unique pair (i,y) such thati > 1, y € Conf,q(A, B) (recall that Confy,q(A, B) = (B*pref(B) N BYY*)\ B¥1¥*),
and x € B'y.

PROOF. Suppose = € B*pref(B) N B¥T1¥*. Then according to Lemma 29, there is a unique pair (v;,y;) such that
v1 € B,y € B*pref(B) N BYY*, and z = v1y1.

If y; € B4T1¥*, then we can apply Lemma 29 to ; to get vo € B and yo € B*pref(B) N BYY* such that
Y1 = VaY2, and so on.

Evidently this process will terminate. Finally we get vy, ...,v; € B and y; € (B*pref(B) N BYY*) \ B4TIy* =
Confy,q(A, B) such that z = vy ... v;y;. So we get a pair (4, ;) such that i > 1, y; € Conf,q(A, B), and x € B'y;.

In addition, Lemma 29 guarantees that the words vy,...,v; € B and y; € Confpq(A, B) are unique. Therefore,
there is one unique desired pair (i,y). O

Definition 31 (Index and Remainder) Foreachx € B*pref(B)NBYt1Y*, define the index of x, denoted by idx (),
and the remainder of x, denoted by rmd(x), as respectively the number i > 1 and the word y € Conf,q(A, B) stated
in Corollary 30. Moreover; if v € Confyi (A, B), i.e. © € B*pref(B) \ B'Y*, then idx(x) = 0 and rmd(z) = =
by convention.

Now we illustrate how the game G(A, B) can be reduced to a one-counter game. From Proposition 4, we know that
C(A, B) C B*pref(B). Therefore, in the game G(A, B), it is sufficient to consider the configurations belonging to
B*pref(B).

Lemma 32 Let B be a code with decoding delay d and x,y € B*pref(B). If idx(z) = idx(y) and rmd(z) =
rmd(y), then x € Wing(G(A, B)) iff y € Wing(G(A, B)).

PROOF. If idx(z) = idx(y) and rmd(z) = rmd(y), then we know that S(x) = S(y). From Proposition 11, we
conclude that x € Wing(G(4, B)) iffy € Wing(G(A4, B)). O

Lemma 33 Ler x € B*pref(B) and u € A such that xu € B*pref(B). Then rmd(zu) = rmd(rmd(z)u) and
idx(zu) = idx(z) 4 idx(rmd(z)u).
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PROOF. If idx(z) = 0 and rmd(x) = z, then it is evident that the conclusion of the lemma holds.

In the following, we assume that idx(z) = ¢ > 0.

Let 2’ = rmd(z). Then 2’ € Confpq(A, B) and x = vy ... v;2’ forvy,...,v; € B.

Because zu € B*pref(B), there are y € X* and v € B such that zuy € vB*. From zuy = vy ... v;x'uy, we have
V1Vs ... v;2'uy € vB*. According to the fact that 2/ € BYY* and the definition of finite decoding delays, we deduce
that v;1 = v and v ...v;2'uy € B*. Then there is v/ € B such that vy ... v;2’uy € v’ B*. By a similar argument,
we deduce that v/ = vy and v ...v;x'uy € B*, and so on. At last, we deduce that z’uy € B*. This implies that
r'u € B*pref(B) N BY*.

From the fact that xu = vy . .. v;(2'u) and the proof of Corollary 30, we know that vq, . . ., v; are exactly the first
words from B to cut from the beginning of zu, in order to get the remainder of zu. Therefore, rmd(zu) = rmd(z'u)
and idx(zu) = i + idx(2'u) = idx(z) + idx(rmd(z)u). O

From Lemma 32 and Lemma 33, we reduce the game G(A, B) into a two-player one-counter reachability game,
denoted G = (V, W, —), as follows,
— V is the set of game positions for Attacker,

V ={(2,0,a) | z € Confp (A, B)} U{(z,i,a) | z € Confra(4, B),i > 0}.
— W is the set of game positions for Defender,
W ={(L,8)}U{(x,0,5) | z € Confpt(A, B)} U{(x,i,8) | z € Confra(A4, B),i > 0}.

— - CV xWUW x V is defined as follows.
Let (z,i,«) € V, (y,4,8) € W. Then
- (x,1,a) = (L, B) iff there exists some u € A such that xu ¢ B*pref(B),
- (x,4,a) = (y, 7, B) iff there exists some u € A such that y = rmd(zu) and j = i + idx(zu).
Let (x,i,8) € W, (y,j,a) € V. Then (z,14,8) — (y, j, @) iff one of the following conditions holds,
-1>0,7=1—1y=u=x.
- ¢ =0, 7 = 0and there is v € B such that x = vy.
There are no arcs out of (L, 3).

The dead points of G are (L, 3) or those vertices (x,0,3) € W without successors, which happens when x €
pref(B) \ BT pref(B).

Each play of the reachability game G starts from some vertex in V' U W, and goes as follows: If the game reaches
some vertex (z,4, ) € V, then Attacker selects a successor (y, j,3) € W of (z,4, ) and the game continues on
(y, 4, ). Similarly for Defender when the game reaches a vertex in .

Attacker wins a play if some dead point in W (thus Defender is not able to move) is reached, and Defender wins
every infinite play.

The winning strategies and regions can be defined in a standard way, similarly to those for parity games ([16]), e.g.
a winning strategy for Astacker in the game G starting from (z, ¢, ) is a partial function f from (VW)*V to W such
that for every prefix of a play, say (z, jo, @)(z1, j1, ) (22, j2, @) . . . (Tag, jor, @) (Where ¢ = x, jo = i, and k > 0),
consistent with f, that is, for every r : 0 < r < k, f((x0, jo, @) (z1,j1,8) . . . (T2r, Jor, @) = (T2r41, Jor+1, B), it
holds that f((zo, jo, @) (21,71, 8) - - . (Tok, jokr, ) is defined and is a successor of (zay, jok, ) in G.

The winning region of Attacker and Defender are denoted as respectively Win,, (G) and Wing(G).

From Lemma 32, it follows that the winning regions of G correspond to those of G(A, B) as follows.

Lemma 34 For each x € B*pref(B),

xz € Wing(G(A, B)) iff (rmd(z), idx(z), ) € Wing(G).

For each (z,i,p) € V. UW (where p € {«, 8}), let suc((z,4,p)) denote the set of successors of (z, i, p) in G. The
following result shows some regularity of the structure of the transition graph of G.

Lemma 35 Let x € Confyq(A, B) and j = i + v with r > 0. Then the mapping ¢ : suc((z, i, ) — suc((z, j, )
defined by p((L, B)) = (L. B) and w((y, k. 8)) = (y, k + . 5) for each (y, k, B) € suc((z. , a)) is a bijection.
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Remark 36 [f A, B are finite, then G is a one-counter reachability game with finite state space and finitely-branching
transition relation, i.e. a pushdown game with unary pushdown alphabet. From the classical results on pushdown
games [21,3,20], it follows that the winning regions of G are regular and can be constructed effectively.

Nevertheless, if A, B are infinite, then G is a game with infinite state space and infinitely-branching transition
relation, which goes beyond the scope of pushdown automata. But we can still reduce the game G to a game with the
finite state space and the finitely-branching transition relation.

4.1.2. Making the state space finite and the transition relation finitely-branching

In this subsection, we first show that the right congruence ~g over the state space of G, that is, Confy,;(A, B),
satisfies that the quotient of Confy (A, B) with respect to ~g is finite. Then we show how to trim the transition
relation into a finitely-branching one.

It is easy to see that the strategy tree S(z) for each = € Confy, (A, B) has depth at most d (the root has depth 0).
Lemma 37 For each x € Confy (A, B), no two distinct leaves of S(x) have the same label.

PROOF. To the contrary, suppose that there are two distinct leaves [v1,...,v;] and [v],...,v}] of S(x) such that
T=wv1...vy =0 ...z, [y|p = [2]p, and y, z € pref(B) \ BT pref(B).

Because y, z € pref(B) and y ~p z, it follows that there is u € ¥* such that yu, zu € B.

Then zu = vy ...v;(yu) = v} ...v}(zu). Because B is a code, zu € B* has a unique decomposition into words
in B, so we have that i = j, v, = v for each ¢ < ¢, and y = 2, a contradiction to the distinctness of [vy, ..., v;] and

[v1,...,v5]. O

From Lemma 37, we know that the number of leaves of S(x) for every x € Confy(A, B) is bounded by Np.
Because the depth of S(x) is bounded by d, it follows that the number of nodes in S(x) is bounded by (d + 1) Np.
Thus the number of non-isomorphic strategy trees for words in Confy (A, B) is bounded by a number, say Ng, which
depends on d and Np.

For each « € Confy (A, B), let [z]s denote the equivalence class of ~g containing x. The number of equivalence
classes of ~g on Confy, (A, B) is bounded by Ng.

From Proposition 10, it is easy to deduce the following fact.

Proposition 38 Suppose x,y € Confii(A, B),  ~g y and z € ¥*. Then xz € B*pref(B) iff yz € B*pref(B).
Moreover, if xz,yz € B*pref(B), then idx(xz) = idx(yz) and rmd(xz) ~g rmd(yz).

Lemma 39 The transition relation — is compatible with ~g. Let x,y € Confy, (A, B) and x ~g y. Then
(i) (z,i,a) = (L,8) iff (y,i,) = (L, B) forany i € IN.
(ii) Suppose (x,i,a) — (z,7,8) for z € Confy (A, B), i,j € IN. Then there exists z' € Confy (A, B) such that
(y,i,) = (2/,4,8) and z =g 2.
(iii) Suppose (z,i,8) — (z, 4, @) for z € Confw (A, B), i,j € IN. Then there exists z' € Confy (A, B) such that
(y,i,8) = (#,j,a) and z =g 2.

PROOF.

(i). Since = and y have the isomorphic strategy trees, it follows from Proposition 38 that for any u € A, zu €
B*pref(B) iff yu € B*pref(B). Therefore, according to the definition of G, (z,4, «) — (L, 8)iff (y,4,a) — (L, )
for any 7 € IN.

(ii). Suppose (z,4,a) — (2, j, B) such that there exists u € A satisfying that xu € B*pref(B), j = i + idx(zu),
and z = rmd(zu). Since x ~g y, from Proposition 38, it follows that idx(zu) = idx(yu) and rmd(zu) ~g rmd(yu).
Let 2’ = rmd(yu). Then (y,i,a) — (2/,4,8) in G and z =g 2’

(iii) Suppose (z,14, 8) — (2, j, ).

Ifi > 0, then 2 = z and j = ¢ — 1. Let 2’ = y. Then we have (y,4,8) — (2/,7,0) and z =g 2.

Otherwise, j = 0 and there is v € B such that x = vz. Because z ~g y, we know that there are v’ € B and
2" € Confy (A, B) such that y = vz’ and z &g 2’. Then we have (y,0,) — (2/,0,8) and z =g 2/. O
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Corollary 40 Let x =g y, i € IN, and p € {a, B} such that (z,i,p), (y,i,p) € VUW. Then (z,i,p) € Wing(QG)
iﬁc(vap) € Wlnﬂ(G)

Therefore G can be reduced to the quotient of G with respect to =g, denoted G /~g = (V/~g, W/xg,— [~s),
as follows,
- V/ms ={([zls,i,a) | (z,i,a) € V},
- W/rs ={(L,8)} U{llz]s, i, B) | (x4, 5) € W},
- ([x]s, 4, @) = [=g (L, B) iff (z,4, ) = (L, B).
- ([%]s,4,p) = /=5 ([y]s, J, q) iff there exist y’ € [y]s such that (z,i,p) — (v, j,q), where p, q € {a, 5}.
Remark 41 Although the game G /=g has finite state space, its transition relation — =g is still infinitely-branching.
This infinity is due to the fact that A may be infinite, and in game G(A, B), Attacker may append an arbitrarily long
word from A to the end of the current configuration. For pushdown automata, allowing to push into the stack the
words from an infinite regular language does not increase the expressive power, since this kind of pushing can still be
simulated by pushdown automata. This is not the case in general for one-counter automata. In the following, we will
show that some transitions of G /=g can be trimmed to make the transition relation of G /=g finitely-branching.

We finally trim the transition relation of G /~g into a finitely-branching one and reduce G/~g to a one-counter
reachability game (G/~g), = (V/~g, W/=g,~>) as follows.
- ([:c]s,i,a) ~ (J—aﬂ) iff ([‘T]Svia a) - /R"S (J—vﬁ)
- ([z]s, 4, @) ~ ([yls, 4, B) iff ([z]s,i,a) = /=~s ([y]s,J,B) and j is the minimal j' such that ([z]g,i, @) —

NS ([y]57jlaﬂ)' ) )

- ([.’E]S, 2, ﬁ) ~ ([y]S,J’ Oé) iff ([l’]s, 2, ﬁ) — /zS ([y]s»j’ Oé).
Lemma 42 Suppose ([z]s,, ) € V/=g. Then ([z]g,1,a) € Wing(G/~g) iff ([x]s, i, o) € Wing((G/~g)1).

From Lemma 42, Corollary 40, and Lemma 34, we get the main result of this section.
Theorem 43 C(A, B) = U Bi[z]s.

([2]s,i,0)EWing ((G/~s) 1)

To prove Lemma 42, we introduce a concept of strong strategies of Defender in G and G/ ~g.
Definition 44 (Strong strategies of Defender in G and G /~g) Strong strategies of Defender* in G starting from
(z,1, ) are the same as strategies of Defender in G starting from (x,1, &), that is, they are functions f from (VW)*
to V, with the difference that (xar, jor, ) = f((x0,jo, @) (x1,j1,8) - .. (¥2k—-1, jok—1, B)) may not be a successor
of (rak—1, jok—1, B) in G. Instead, (xay, joi, ) satisfies the following condition:

Either xo), = wop—_1 and 0 < joi < jog—1, or jor, = 0 and (x25—1,0, 8) — (z2k, 0, @).

Strong strategies of Defender in G /=g starting from ([z]s, i, ) are defined similarly. A strong strategy f of Defender
in G or G /=g is winning if every play consistent with f is winning for Defender.

Intuitively, if the counter value of the current configuration ([z]s,, ) for Defender is greater than zero, then by
applying a strong strategy, Defender may decrease the counter value arbitrarily in G and does not change the state, or
decrease the counter value to zero and choose a successor of ([z]s, 0, 3).

From Lemma 34, it is easy to observe that every strong strategy of Defender in GG induces a strong strategy of
Defender in G(A, B). Therefore, from Proposition 3 and Lemma 34, we have the following result.

Lemma 45 [f Defender has a winning strong strategy in G starting from (x,i,«), then Defender has a winning
strategy in G starting from (z, 1, «v).

It is also easy to observe that every winning strong strategy of Defender in GG induces a winning strong strategy in
G/ =g, and vice versa. From Lemma 45, we deduce the following result.

Lemma 46 [f Defender has a winning strong strategy in G/~g starting from ([z]s, 1, o), then Defender has a win-
ning strategy in G /=g starting from ([z]s, i, @).

Now we are ready to prove Lemma 42.

4 We do not define strong strategies of Attacker in G and G/ g here, since they are not needed for the proof of Lemma 42.
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PROOF. (Lemma 42)

It is sufficient to prove ([x]s, ¢, o) € Wing(G/~g) iff ([z]s, %, @) € Wing((G/~s) ).

“Only if” direction:

From the fact that (G/=2g) is obtained from G/~ by restricting the choices of Attacker, we know that a winning
strategy of Defender in G /=g starting from ([x]s, ¢, o) induces a winning strategy of Defender in ((G /~g), starting
from ([z]g, i, @).

“If” direction:

Suppose f is a winning strategy of Defender in (G /=~g) . starting from ([z]g, i, o). From Lemma 46, it is sufficient
to show that there is a winning strong strategy f’ of Defender in G /~g starting from ([z]g, 7, @).

The description of f’ is as follows.

In a play of G/~g, f' follows f if all the choices of Attacker so far belong to (G /~g) 1 until some round such that
the choice of Atacker in that round does not belong to (G/~g) .

Suppose k rounds have been played in G/~g starting from ([z]s,?,«) and all the choices of Attacker so far
belong to (G/~2g) . Let ([xo]s, jo, @) - .. ([x2k—1]s, J2k—1, B) ([X2k] s, J2k, @) (Where [z0]s = [z]s and jo = i) be
the history of the k rounds. Suppose in the (k + 1)-st round of G /=g starting from ([z]s,%, o), Attacker chooses
a successor of ([zak]s, jor, @), say ([Tak+1]s, jok+1, B), such that ([xok]s, ok, @) ~ ([T2k+1]s, j2k+1,3) does not
hold. Then there is j" : j* < jory1 such that ([zox]s, jor, @) ~ ([T2r41]s, 5", B)-

Suppose f(([zo]s, jo, @) - .- ([x26-1]s, Jok—1, B) ([T2k]s, Jok, @) ([22641]5, 55 B)) = ([72142]5, 5", ).

Let f'(([zo]s, jo, @) - - - ([w2k-1]s, Jak—1, B) ([T2k]s, Jok, @) ([T2r+1]s, Jort1, B)) = ([P2r+2]s, 57, ).

Notice that either j' > 0, [Zagt2]s = [X2r+1]s and 7 = j' — 1 < jag41, or j” = §/ = 0 and ([x2x+1]s,0, 5) —
/s ([T2r+2]s,0, ). So f’ defined above satisfies the condition stated in the definition of strong strategies.

The game G/~ starting from ([z]g, i, «) continues with the configuration ([z2xt2]s,7”, @) in the beginning of
the (k + 2)-nd round. Starting from the (k¥ + 2)-nd round, f’ still follows f, until some round such that the choice of
Attacker in that round does not belong to (G/a:s) | . If this happens, then we can repeat the above argument to define
/', and so on.

Since f is a winning strategy in (G /~g) | , it follows that f’ is a winning strong strategy in G/~g. O

4.2. Effective construction of the greatest solution

In the last subsection, we have reduced G(A, B) to a one-counter reachability game (G/~g)  with finite state
space and finitely-branching transition relation. In the following, we show that the reduction is effective. Because
(G/=g) . is areachability game played on the transition graph of a one-counter machine, it is sufficient to show that
the a finite representation of the one-counter machine can be computed effectively from (A, B). To be more precise,
the one-counter machine is defined as follows.

— The state space of the one-counter machine, denoted by @, is the union of {(_L, )} and the set of ([x]g, p)’s, where

x € Confy (A4, B) and p € {a, 5}.

— The transition relation of the one-counter machine, denoted by d, is a subset of @ x @ x {= 0,# 0} x Z, where

{= 0,# 0} is the set of guards testing whether the current counter value is zero, and Z is a set of finitely many

instructions +c, —c for ¢ € IN. The transition relation ¢ is defined by the following rules.

-1 ([2]5,0, @) ~ (L, B), then (([z]s, a), (L, ), = 0,+0) € 4.

I ([z]s, 1, 0) ~ (l» B), then (([z]s, @), (L, B), # 0, +0) € 6.
If([x]s,o,a) ~ ([y]Sa 7B) then (([ } ) ([y}Sv )7_ 0,—1—0) €94.

-t ([2]s,1, @) ~ ([y]s, ¢, B). then (([z]s, @), ([y]s, B), # 0, +(c — 1)) € 6.

-1 ([2]5,0,8) ~ ([yls, 0, @), then (([z]s, 8), ([ys], @), = 0,40) € 6.

- If ([z]s,1, B) ~ ([z]s,0, @), then (([z]s, B), ([zs], @), # 0, 1) € 6.

In the following, we illustrate that both the state space and the transition relation of the one-counter machine can
be computed effectively from (A, B).

Effective computation of the state space Q).

The equivalence classes of ~p correspond to the states of the minimal automaton recognizing B. The non-
isomorphic trees of depth at most d, labeled by the equivalence classes of ~p, can be effectively enumerated.
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By an induction on i < d, we can show that for each such tree 7', a finite automaton A can be constructed effec-
tively from B to recognize all words 2 € Confy, (A, B) whose strategy tree is isomorphic to 7. So each equivalence
class of ~g can be finitely represented by a finite state automaton Ar.

Because @ is the union of {(L,3)} and the set of ([z]s,p)’s with z € Conf,(A4, B) and p € {a, 8}, we
conclude that a finite representation of the state space () can be computed effectively from (A, B).

Effective computation of the transition relation 0.
It is sufficient to show how to compute from A, B the (finite) set of transitions of the form ([z]g,0, ) ~»
([y]S’ G B)’ ([‘T]S7 L, O‘) ~ ([y]& = 6)’ ([:L‘]s, 0, a) ~ (J—7 B)’ ([l‘]s, L, a) ~ (J-7 6)’ ([33]5’ 0, 6) ~ ([y]& 0, O‘)’
and ([z]s,1,8) ~ ([x]s,0, ) in (G/=g) 1. In the following, we only illustrate how to compute the transitions of
the form ([z]s, 0, @) ~ ([y]s, ¢, B). The computation of the other transitions is similar.
For each pair ([z]s, @), ([y]s, 5) € Q, we do the following computation.
() If y ¢ Confhq(A, B), then test whether [z]sA N [y]s # 0. If the answer is yes, then set ([z]g,0, ) ~
([4]5.0. 8).
(ii) If y € Confpq(A4, B), then test whether [z]g A N B*[y|s # 0. If the answer is yes, then compute the minimal
¢ > 0 such that [z]gA N B¢[y]s # 0. Denote such a minimal ¢ as ¢y, and set ([z]s, 0, @) ~ ([y]s, co, B).

Therefore, we have shown that a finite representation of the one-counter reachability game (G/~2g) can be com-
puted effectively from (A, B). Finally, from the classical results on pushdown games ([21,3,20]), we conclude that
the greatest solution of XA C BX, which corresponds to the winning region of Defender in (G/~g) ., can be
constructed effectively from (A, B).

5. Conclusion

In this paper, we gave an effective construction of the greatest solution for the language inequality X A C BX for
the two cases: (i) A, B are regular and there exist & > 1 such that pref(B)A* N B<Fpref(B) = 0, and (ii) A, B
are regular and B is a code with decoding delay d. In both cases, we adopted the view of a two-player game and
reduced the problem to the computation of winning region of one of the players. While the solution of the first case
relied on a shrinking lemma for winning strategies, that of the second case was based on the observation that the
game can be reduced to a two-player one-counter game. If A, B are infinite, then the one-counter game for the second
case has infinite state space and infinitely-branching transition relation. We further reduced the game to a one-counter
reachability game with finite state space and finitely-branching transition relation. Then it follows from the classical
results on pushdown games that the greatest solution can be effectively constructed.

There are several directions for the future work. The first direction is to extend the approach proposed in this paper
to the more general cases. The most interesting and promising case seems to be the case that B is a code without finite
decoding delay. The second direction is to investigate whether the game-solving approach proposed in this paper can
be used to construct effectively the greatest solution for language equations, e.g. XA = BX.
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